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Abstract

In this paper, we stress the importance of the Mittag—Leffler function of two parameters and a
single variable in the framework of mathematical physics and applied mathematics. We begin
with pseudo hyperbolic and trigonometric functions and progress to introduce an arbitrary
order Mittag—Leffler-type function. We study its properties, basic relations, integral represen-
tations, pure relations, and differential relations. We then justify the relevance of the arbitrary
Mittag—Leffler-type function as a solution to the fractional kinetic equation. Also, we discuss
the connection with known families of Mittag-Leffler functions and elementary functions
and use operational tools to analyze all associated problems from a unified perspective.
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1 Introduction and definitions

The special functions

0 an+k
Ek(z;j>=2m(j,keN,jzl,kzm, (1.1)
n=0
- A
. (=Dngtk .
Sk(Z§j)=ZW(],k€N,J >1,k>0), (L.2)
n=0

The manuscript is belongs to Special issue T.C.: Kinetic Theory editor by Jose Carrillo.

B Maged G. Bin-Saad
mgbinsaad @yahoo.com

M. A. Pathan
mapathan @gmail.com

1 Center for Mathematical and Statistical Sciences, KFRI, Peechi P.O., Thrissur, Kerala 680653,
India

Department of Mathematics, College of Education, Aden University, Aden, Yemen

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s42985-023-00234-2&domain=pdf
http://orcid.org/0000-0001-6922-9020

15 Page2of25 Partial Differential Equations and Applications (2023) 4:15

and their general form

x )\nznj-f-k

F* = —— (j,keN,j>1,k>0,A1eC), 1.3
1@ ;}WH)! (j j=1lk> ) (13)

are called the pseudo-hyperbolic functions of order j, the pseudo-trigonometric functions
of order j and the A-hyperbolic functions of order A respectively. The former (1.1) was
introduced by [9]; see also [27]. The function defined by (1.2) appeared in the work of
Er&elyi et al.([9]; see also [4, 5] and [3]). The function F ;\ «(2) was introduced by Muldoon

and Ungar [23]. It should be mentioned the generalized A-hyperbolic functions F' J)‘ «(2) are
related to the functions in (1.1) and (1.2) by the relations

Fj o) = Ex(z ), (1.4)
Fii(2) = Sk(z ) (15)

The importance of the pseudo-hyperbolic and pseudo-trigonometric functions in (1.1) and
(1.2) in applications has been recognized recently within the context of problems involving
arbitrary order coherent states (see [6, 7, 19, 24, 33], and [16]) and the emission of elec-
tromagnetic radiation by accelerated charges [6]. The concepts of [27] have opened a wider
scenario on the possibility of employing larger classes of pseudo-type functions.

It is important to note that the functions in (1.1) to (1.3) are related to the Mittag—Leffler
function of one parameter

o0 Zn
E,(z) = ”2:;) Fan s (M@ >0,z €C, (1.6)

introduced and investigated by Mittag—Leffler [20-22], which is important in the theory of
entire functions. The relations are

Flo(2) = E;(@)). Eoz: j) = Ej(z)), Soz: j) = Ej(=2)).

The Mittag—Leffler function of two parameters E, ;(z) is defined by the power series

00 "
Eap(z) = g Tan s R(a) > 0, R(b) > 0,z € C), (1.7)

first appeared in the work of Wiman [35]. For the Mittag-Leffler function of two parameters
E, »(z), we infer that

Ex(z j) = 2YEjii1(2), Sk j) = 2XEj jp1 (=29).

Besides Wiman [35], the function E, 5 (z) has been studied by many other researchers, for
example, by Agrawai [1], Humbert [14], and Humbert and Agrawal [15]. Ever since its
introduction in 1905, the Mittag-Leffler function E, ;(z) has received considerable attention
from several researchers. The fact that it not only furnishes an interesting generalization of
the Mittag—Leffler function of one parameter E, (z) but it also naturally arises in the solution
of fractional order integral or differential equations, and especially in the investigations of
fractional generalization of the kinetic equation, random walks, Lévy flights, superdiffusive
transport and in the study of complex systems, as illustrated in [11-13], [17] and [30]. These
functions E, ;(z) interpolate between a purely exponential law and power-law-like behavior
of phenomena governed by ordinary kinetic equations and their fractional counterparts ( see
e.g. [29]). The most essential properties of these entire functions E, ,(z), investigated by
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many mathematicians, can be found in [9, 10, 34], and [17]. Moreover, several authors have
studied the properties of some important particular cases and slightly modified forms of the
function E, 5 (z). In this regard, Humbert and Agarwal [14] and [15] introduced the modified
Mittag—Leffler function

o ezl

b—1 Z
Eab@) =2 @ Eqp(2) =Y

2 Tantb) (1.8)

Rabotnov, in his works on viscoelasticity, see e.g.[9] and [25] introduced the function of time
t, that he denoted by

Ra(b,t) =1

n=0

bntn(aJrl)

- - _qa a+1
F@t sy | Fartan®rm). (1.9)

Also, in a recent paper [2], the authors introduced the following normalization of the Mittag-
Leffler function:

n+1

Eas(2) = T(B)zEan(@) =T(B) ) (Z (1.10)
n=0

an +b)’
Motivated by the aforementioned important connections between the Mittag—Leffler function
E, »(z) and hyperbolic and trigonometric functions, the role of all these functions in a variety
of fields of physics and engineering, and the contributions in [2, 6, 7,9, 12—14] and [15] toward
the unification and generalization of the Mittag-Leffler function E, ;(z), this work aims at
introducing and investigating several properties and representations of new Mittag—Leffler
function-type of arbitrary order. We establish basic properties, integral representations, and
differential and pure recurrence relations. As applications of our findings, we will investigate
the solutions of six generalized forms of generalized fractional kinetic equations. Also, we
discuss the link for the various results, which are presented in this paper, with known results.
Throughout this paper, let N, Z, R and C be the sets of natural numbers, integer numbers,
real numbers, and complex numbers, respectively, and Ng = NU {0}, Z; = Z\N.

2 The arbitrary order Mittag-Leffler-type function

Based on the previous definitions of the Mittag-Leffler function E, (z) including its interest-
ing special cases as well as hyperbolic and trigonometric functions, we present the following
new definition of arbitrary order Mittag-Leffler-type function £ ;Ig (2)-

Definition 2.1 The arbitrary order Mittag—Leffler-type function E éz (z) is defined by the
power series:
. 00 nj+k
b4
E@=Y — "
ar@ nX::O T+ a(nj +k)
(j=1,k>0,ze€C,N@a) > 0;%0b) > 0). 2.1

Observe that, definition (2.1), is another rewriting (formulation) of definition (1.7). Indeed,
we have

o0 nj+k

. . .
Ely(2) =2 Egjpra @) = Z

_ 2.2)
= I'(b+alnj+k))
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Clearly, for the function E ;1; (z) we have the following relationships:
. ik e ki -1 .
() E{} () = Ex(z; j), (D) (=1)7J Ef,f((—l) 7z2) = Si(z; J)
kg1 .
(i) 277 E{{ 077 2) = F1@), (iv) By (2) = Ea(2), WELY (@) = Eap(2)

i0 00 2 o0 Zt]
(V)E, o(Z) 2} T (anj) = nX:(:) I'(anj +aj)’

and hence

Eijg(z) =2/ E4jaj (@),

(V11)E b (z) 3 r?:;) ﬁ izﬂj, (2.3)
and hence

. 1
Eé”g(z) = Tk d—2)

(viii) E2)(2) = Eaa(22),
) i 0 | b b+j—1 . 2
(IX)Ef,b(Z)ZWIF.i[l*?’”" 7 TI]

J
where | F} is the generalized hypergeometric function (see e.g. [2]),

(x) E1 1(z) [ez +2¢7 cos IZ]
() E)1(2) = & [f =27 cos (452 + 47|
(xii) El ) = 3 [e —2¢7 C°S<\/2>Z - %”)]’

(xiii) El"l (z) = 3 [cosh(z) — cos(2)],

(xiv) E}](z) = } [sinh(z) — sin(2)] .
The fractional forms of the sine and cosine functions have been suggested by Luchko and
Srivastava [25, p. 19(1.69) and (1.70)]:

o0 (_1)nz2n+l

o I'Ran+2a—b+1)

sing 5 (2) =

o0

( ) Z (_l)nZZn
COS = 5
a,b2 2T Qan+a—b+1)

which can be expressed in terms of the arbitrary order Mittag—Leffler-type function (2.1) as
follows:

Singp(2) = (1) TEXT (—1)22),  cosep(@) =2 ' EX]_,(~2).

Proposition 2.1 Let j > 1,k >0,z € C, N(a) > 0, N(b) > 0, then

1<
J.k <
b(z) [Ea b—aj (@) = T —al = k))] . (2.4)
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Proof We have
Z]n+k Z]n+k—J

Jok oo _ = 3
Ea,b(Z)_Z[‘(b+a(jn+k)) Zr(b+a(jn_j+k))

n=0 n=1

;i 9] Zj]1+k Zk
o ,;F(b+a(jn—j+k)) T Th—a(—k) |’

which is the desired result (2.4). |

An interesting special case would occur when we set b = b + aj in (2.4) of the form
k
ok R N
MOES [Ea,b(z) i k)] : @5)
which for b = k = 0, we find again (2.3). If » = 4+ ma in (2.4), then we obtain recursion
inm

k
jk _ ik z
Ea,ﬁ+mzt(z) = Z7 |:Ea,/ﬁ+a(m—j)(z) - T(B+a(m+k— ]))i| :

Proposition2.2 Letm e N, j > 1,k >0,z € C, R(a) > 0; R(b) > 0, then

Pk ik e Tk
mj gl ) —E _ e — 2.6
L= EO- S @
Proof We have
. o0 Jjn+k
Ej’k (z2) = z
aptmai ;0 D(B +maj +a(jn + k)
i Zjn+k7mj
£ T(B+al(jn + k)
- i Zintk ~ mi:l Ltk |
—TB+a(n+k)  ZTB+alj+h)
which leads us to the desired result (2.6) | B
Similarly, one can show that
. . m nj+k
—mj E]ak ) — E]’k — o . 2.7
TVE) e (D) = EN (@) ;r<ﬁ+a(nj+k>> 2.7)
Subtracting (2.7) from (2.6) yields
2 Et{:/];—&-maj )=z Ei:g—znaj )
_ mz—l itk - i Ltk
ZT(B+anj+h) S TP +anj+h)
) ) m—1 Ij+k
ij/’k . _ —ij/!k . — Z 28
ey @ =5 Bapomay @) Em Trati+hy Y
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illustrating for R(a) > 0, z > 0 and positive B > ma that

k
ij E; B+maj (Z) < Ea B—mayj (Z) (29)

Corollary2.1 Letm = 4,j > 1,k > 0,z € C,N(a) > 0; N(b) > 0, then there holds the
formulas:

LA ik gk P Tk L2tk
E 5(2) + + +
aﬁ+4a](Z) a,ﬂ(Z) T(B+aj) T +al+h) T +aC)+h)
3j+k
Z
te T T 2.10
IF'(B+a@Bj+k) (2.10)
9 L
;ZE;Z’%(Z”’) =" E @M. @2.11)

Proof The proof of the assertion (2.10) is the direct use of the result (2.6). Using definition
(2.1), we get

) . 0 mnj—1 o0 mnj +mj—1
B = ¥ oy
oz ™ (mnj = D!~ = T(mnj +mj)’
n= ml =
which leads us to the desired result (2.11). | R

Note that, from
Zk o z Jjn+k

(b + ak) +; C(b+a(jn+k)’

E;f:lb((z) =
we observe that
ali)ngo Eijlg(z) =0.
The generalized arbitrary order Mittag-Leffler-type functions E;lg (z) have the following

connections with the Wright generalized hypergeometric function , ¥, and Fox H-function
H'" [31]:

(1, 1
Ely(2) = 2w 7|, (2.12)
(b + ak, aj);
0, 1)
=l | -2 : (2.13)

0,1, (1 = b —ak, aj);

3 Integrals

Several integrals associated with Mittag-Leffler-type function E’ b(z) are presented in this
section, which can be easily established using Beta and Gamma functlon formulas and other
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techniques, ( see e.g. [31, 32] and [28]). The Beta function B(a, b) is a function of two
complex variable a and b, where N (a) > 0 and N (b) > 0, defined by:

D) (111 = nb-lar
@ Jo ( ) AP,

B(a,b) = (ii)ZfO% (sinaé’l)za’l(cos@)z;’*lde =T+’ (a,b e C\Zy).

(iii) [y° (1+u)a+bd
3.1

Proposition 3.1 Letr j > 1,k >0,z € C,N(a) > 0; R(b) > 0, then

ENEL (2 = i [ (o)t sing Egt (csin6)%; ja)do, (3.2)

2

T'(b)

Elb () = 7/ (c0s0)2 1 sin 6 Su (( 1)47 2(sin 0)?; Ja)de (3.3)
(=1)7T(®)

Proof it follows from (1.1) that

2 (3
ﬁ/ (cos 0)* 7 sin @ Egy (z(sin0)?; ja) do
anj+ak

/ Z —( osO)Zb_l(sjng)z(anj+ak+l)—1.
Y0} < T'(anj +ak + 1)

The desired result now follows by changing the order of integration and summation and
employing the formula (ii) of equation (3.1) and this completes the proof of (3.2). Similarly,
by employing (1.2) one can prove the formula (3.3). LB

Now, other integral representations for the function E L{Ib( (z%) are based upon the integral
formula (iii) in (3.1).

Proposition3.2 Let j > 1,k >0,z € C,N(a) > 0; R(D) > 0, then

EJ b+1(Za) = + /00 (14+u)~ "D Ey (i; ja) du, (3.4)
(=D () I+u

EJyy (@) = %/w (1+uw)~ O s, (1 ,ja) du. (3.5)
(=17 (D) +u

Proof By employing definitions (1.1), (1.2), the integral relation (iii) of equation(3.1) and
exploiting the same procedure leading to the results (3.2) and (3.3), one can derive the
formulas (3.4) and (3.5). | B

Next, it is not difficult to infer the following proposition.
Proposition3.3 Letr j > 1,k >0,z € C, N(a) > 0; R(b) > 0, then
Jk z* ! k+b—1 i j
v ’ a - a
B ® = rgyam Jy 0 B (- o)ar (3.6

E)3(2) = /0 M= B (0 -0 )de, B

I' (ak)
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j a 1 ! - a. :
Elp ) = %/O (=01 Ea (2¢% ja)dg, (3.8)
. 1 1
By @) = ———— / (=" Sax (—2¢% ja)dg. (3.9)
(=DJ7T(b) 70

Proof From (1.1), we have

* /1 i (Zj(l _ ;)aj) de
T +ak) Jo A
Z & b (@nj+1)—1 pak+b—1
" T(b + ak) /0 zz;) (anj + 1)(1 -9 ¢ ag.

The desired result now follows by changing the order of integration and summation and
employing the formula (i) of Eq. (3.1) and this completes the proof of (3.6). Similarly, one
can prove the results (3.7) to (3.9). LB

Additionally, as shown below, we can construct another integral kind for the function E i ’Ib‘ (2).

Proposition 3.4 Let j > 1,k = 0,z € C, %i(a) > 0, R(b) > 0, then
T Ny T ) VA
ab T(ak) Jo "

Proof Denote, for convenience, the right-hand side of (3.10) by 1. Then by using (1.7) and
changing the order of integration with the summation, we can write

— ! - 1 ‘ ak—1 .anj+b—1
"= Tan X:(:) T(anj + b) /0 @rom 9

By letting { = zt and rearranging, we obtain
1 o Zanj—}—(/zk+b—l

I =
I'(ak) = I'(anj + b)

1
/ (1 _ l‘)ak_ltanj+b_ldt.
0

Now, using (i) of Eq. (3.1) and considering the definition (2.1), we lead to the left-hand side

of the assertion (3.10). | R

Next, we first recall the definition of the well-known Hankel$ integral for the reciprocal of
the Gamma function (see e.g. [25]), namely
1 1

=— | €t7dr. (3.11)

F'(x) 2niJy,

Proposition 3.5 Let j > 1,k >0,z € C,N(a) > 0; R(b) > 0, then

X k t —(b+a(j+k))
Z et
ERy = 2 ——dt. 3.12
a,b(z ) 27 H, (ta/ _ZJ) ( )

Proof Let x = b + a(nj + k) in (3.11), multiply by z"/*+* and sum to get

00 Stk & © ‘
Z o — — 2 : ol t—(h-&-ak) Zznj M gy
T +anj+k) i JH, s
k iNTt
z t  —(b+ak) z
=— et 11— — dt,
2mi H, 14

@ Springer



Partial Differential Equations and Applications (2023) 4:15 Page90f25 15

which gives the desired result (3.12). | B

Proposition 3.6 Let j > 1,k >0,z € C, R(a) > 0, N(D) > 0, R(c) > O then

1 .
f PTVEDy @) (1= 0T ELE (01— )1
0
k_ji.k
o'z’ E; b+c+ak(z) Z w Ea b+c+uk(w)

- : T (3.13)

Proof Denote by I the first member. By using the definition of the arbitrary order Mittag—
Leffler-type function with (2.1) and changing the order with the integration we obtain

. 00 .
Zn/+k ™ +k

= Z; F(b + alnj + k) 2 [ +a(mj + k)

1
(aiHRIFb=1 (] _ palmjthyte=1 g,

The remaining integral is nothing more than the definition of the beta function which on
using the relation with the Gamma function (7) in equation (3.1) and simplifying, allows us
to write

an+kwmj+k

=’§)F(b—l—c—i—a(nj—i—k)—i—a(mj—i—k))'

Entering the index change s = m + n that is m = s — n, and rearranging, we obtain

xj+k

° $ z\"J
Z F(b+c + a(sj + 2k)) Z(i) '

s=0

Noting that the second summation is a geometric series with a finite number of terms, we
can write

° k k ZG6DI _ G+DJ
7 —w '

Tw
]:
g L+ c+a(sj+ 2k))

Finally, using the definition of the arbitrary order Mittag-Leffler-type function (2.1), we lead
to the desired result (3.13). .

In its special case when k = 0, j = 1, the assertion (3.13) would correspond to the known
formula (see e.g. [8, p.88(13)]):

1
f P EL b (2t (1= 1) Eg (w1 — 1)*)dt
0

ZEa h+c(z) - wEa b+c(w)
z—wl

Upon setting w = z, we have an indeterminacy on the second member. To raise it, we use
the IHOpital rule from which we can write the elegant formula

/ VBN (1) (1 — e ERE (1 — )

0

== et E KEDE

=5 JEG hietar(?) +2 ab+c+ak(z) wbtetak @]
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which for k = 0 and j = 1 reduces to another known result [8, p.89(14)]:

1
f PV E b (2t (1 = 1) Eg o (z(1 = 1))t = Eqpyc(2) + 2Ea pic(2).
0

In view of the relationship Elj,’f(z) = Ei(z; j),in (3.13), we seta = b = ¢ = 1. We thus
find for the pseudo-hyperbolic function Ex(z; j) that

Corollary 3.1 Let j > 1,k > 0,z € C then

1 ki Bz ) — 2ol Ex(w: j
/ Ecat: ) Ex((l — 1) jydr = L2 B @D = Zol Bl j) 54,
0 7) — wl

4 Pure and differential relations

The arbitrary Mittag—Leffler-type functions EZI]; (z) as a function satisfies some pure and

differential recurrence relations. Fortunately, these properties of E ;z (z) can be developed
directly from the definition (2.1). First, we establish a relation for the Mittag—Leffler-type

relaxation function E ZZ »(—2) when z is a non-negative real variable.

Proposition4.1 If j > 1,k > 0, k even number,z € C, R(a) > 0, R(b) > 0, then there
holds the formula
E}y(=2) = (~DFELS P + (DI EL @), @.1)
Proof After splitting odd and even indices in the n-sum of (2.1), we obtain
. .
: (=)t
Elf(—2) =
a(72) Z T(b +a(nj + k)
2nj+k T o Z2nj-§—k
= (- + (—=1)/ 7/ S .
= Z Toraaim T L e am 10

Hence, we get the desired pure recurrence relation (4.1). B

Next, we deduce some useful results. In (4.1) replace z by —z, we obtain

jk j k)2 i oiik/2
Ely@) = ELP @) + (=D EL @), (42)
Adding (4.2) to (4.1) leads to
E/f (@) + Elf(—2)
= B + 2 B @) + CDREL @) + DRI L @),
4.3)
which for k — 2k yields the interesting result
EjZk() E]Zk( 2)
EJF, (D) = . : (4.4)
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and, similarly,

ElF @+ ENJ (- 2]

2a b+aJ( ) = 27) 4.5)

Two interesting special cases of the assertions (4.4) and (4.5) involving the pseudo-hyperbolic
function would occur when we seta = b = 1:

i k Ex(z; j) — Eak(—=2z; j)
Eff @ = ; ,
and
E2(z; ) + Ea(—2z; J)
E5’ 1+,( %) = 2 .

In (4.4) and (4.5) let j = 1 and k = 0, to get the known results ( see e.g.[10]):

Eip(z) — Eqp(—2
E2a,b(Z2): a,b() 5 a,b( )7

and
Eqp5(2) + Eqp(—2)
2z ’
Next, by recalling the definitions of Mittag-Leffler functions of six and three parameters (see
[10, p.77(34)] Ch. 3] and [26]):

E2a,b+a (Zz) =

o0

,0 8.q (p)nqzn
- 4.6
Fap.®) = X_;)F(Om-l-ﬁ)(a)kp *0
and
oo
(Y)nz"
EY = —r 4.7
. }12:(:) T(an + B)n! &0
and the operational formula
" r 1
e 0D e, 4.8)

3" T Thh—m+1)
we aim now to derive the following differential relation for E ;}]j (2).

Proposition4.2 I[fm € N, j > 1,k > 0,z € C,N(a) > 0, R(b) > 0, then the following
results hold:
"

k 1,1
a m Ei b (Z) Z;_;%l»al‘(] j( ) (49)
1-b
521 Pak(zaj) = PN, 4.10)
1 b
-n7 W Sak (( 1z a})—zb VED ) (29). 4.11)
Proof Starting from definition (2.1) and making use of formula (4.8), we get

P b= 3 (iDL e ke
0z G T +a@mj+)nj +k—m! b +anj+ m))(nj)!’

J
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Now, by using the formula (1), = F(r)‘(j{;") , we lead to the desired result (4.9). Similarly,
one can prove the formulas (4.10) and (4.11). LB

If we set j = 11n (4.9), we get the following differential equation involving the Mittag-
Leffler function (4.7):

am
8Zm

Furthermore, by using definition (2.1) and the operator (4.8) is not difficult to infer the
following differentiation recursion formula.

Eyy(2) =mEM! . (2, 4.12)

Proposition4.3 I[fmeN, j > 1,k >0,z € C, R(a) > 0, R(D) > 0, then:
am k
e {,h 1E]b(xz )} = b= lEljlb (29, (4.13)
a 9
219z
Proof Using the definition (2.1), we write

ik ey = pik b+ak+1 K pik ) (414
Eyy@) =Ey vy () — (b+ak + )Eaa/+b(z)+;Ea,b(Z)' 4.14)

oo ni+k d"’ a(n/+k)+h 1
97

am b X
ﬁ{ lE]b(xz )] g L'+ anj+k))

The result now follows from the general derivative formula (4.8).
Next, we have

9 X (nj + k)Rl
—El@z) = Z%
’ — T'(b+a(nj +k)
~1 A s
— +k E’ (2
Z '+ a(nj + k)) b( )
- anj +aj+ak+b—1 b+ak—1 itk
= jz/ IZ - _ ‘ .
n=0 aj aj L'b+amj+j+k)
+k ‘lEfb(z)
9 ik ! 1 ik
&Ea b= 7Ea ‘aj+p—12) = —(b+ak + l)Ea b+aj(z) +kz T E) L (2),
which gives us the formula (4.14). m

Applying the formula (2.5) to the relation (4.14), we can obtain a helpful relation in this
work’s subsequent investigations:

3
az—E’ W@ =Ely ()~ (- DEL, (). (4.15)

Further, we make use of (4.13) with a = % and x = 1, to derive differentiation recursion
involving Fractional values of the parameter a.

Proposition4.4 Ifm,s,je Nm <s,j>1,k>0,z € C,N(a) >0, R(b) > 0, then:

A b1 EA b—1
Em )= Em 5] 4.16
Py { ,,(z )} z E F(b “ B (k) +z b(z ). (4.16)
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Proof We have

g s - b - 2 SF i+ —m
87{ Ew, (zsf)} nX_(:) Db —m+ 2(nj + k)
= 5 (i k=s)
Z_: T+ 2 (nj+k —sj)’ (weletn =n+s)
R 2 (nj+k)

_ b1 z ¥ -1
w° ZF(b—%(nj—k)) Zr<b+’"<nj+k>>

n=1
b—1 : 50 b—1 ik
=z - +z EJ (Z r])
,; L(b— 2(nj — k) b

which is the desired result. | B
Fors =1, (4.16) is

ﬂ{ b— lE/k(Z;)}

az™m

Zb7m+771

b-1

= +z Em @) (4.17)
k b

F(b—m-i-j)

Evidently, for j = 1 and k = 0, (4.16) reduces to the known result [34, Equation 20)]
N _m
o [Zb_lEﬂ b(Z?)] =771 Z e +2"7VEm ,(z7).
az™m i = L'b—"%n s
Now, we establish the derivation of £ élg (z) with respect to the parameters a and b.
Proposition4.5 If j > 1,k >0,z € C,N(a) > 0, R(b) > 0, then:
d ik 3?
—E —
pa b =255
Proof starting from definition (2.1), partial differentiation yields

——E}'} (). (4.18)

. ik _i 00 anJrk
pa Lav@ =3, Z(:) T +aj+ k)
1
r'@)
o V()

y)

3)/ n]+k

9
dy y=b-+a(nj+k) da"

Fod

8)1 n]+k

y=b+a(nj+k) 8(1

o)

(nj + k)" +k
y=b+a(nj+k)

while similarly

an+k

y=b-+a(nj+k)

9 — V()
—E] — R e
2@ = XZ(:) L(y)
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or

(nj + k)" t-.
y=b+a(nj+k)

92 =YW
“ozob Ep@ = _g T(y)

Hence, we observe that

) ik ()= - EJS(@).
da @b = Szppab'
This complete the proof of (4.18). B

Proposition 4.6 For any integer m > 0 and any y independent of a,b and v, j > 1,k >
0,z € C,N() > 0,NDb) >0, we have

am 2m

a .
S Eap(0e?) = 5 B (v, (4.19)

Proof Partial differentiating m-times gives

0 ik i - (nj + k"2,
I z7) = o T o "
dam b =0 " T ympraj+h

which suggest to let z = ye® so that

" ik 91
E] ( e ) — (nj +k)m nj+k a)(nj+k)
ga™ Z 0™ T ly=prawmj+h
ke (nj+k)
y" e
awm Z aym F(y) y=b+a(nj+k)
Similarly, we can show that
2, o
7}” (ye ) a" a" L ynj+kew(nj+k)
da™ dbm do™ = Jy y=b+a(nj+k)
Hence, the assertion (4.19) is proved. .

The logarithmic derivative of function £ ; ’/; (z) is investigated in the following proposition.

Proposition4.7 For j > 1,k >0,z € C, R(a) > 0, R(D) > 0, we have

dlog EI¥(2) 1 (Ei:;_l(z) oo 1)) o 420,
dz az \ EJ ()
Proof The logarithmic derivative [34]:
dlog Eyy(a) i log £y (2)
dz El)(2)

follows directly from (4.15) as

dlog EJ () 1 (Ejjgl(z) " 1))
dz az Ej:];(z) '
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which is the first part of the assertion (4.20). Next, since b + anj > (b — 1), forn > 0
because a > 0, we have for positive real z and b > 1

o nj+k

ElY <
b(@) = ZO (b—1+a(nj+ k)b —1+amj+k)

00 .
Zn/-&-k

Jj.k
Ear@ =G ;0 (b—1+a@j+k)

: Ely (@)
j.k a,b—1
Ea,b(z) < (b _ l)
and that
(b B 1) a b 1(2)
EtG)

So, for b > 1, we get
dlogE LJII; (2)
S ab ™ o,
dz
which is the proof of the second part of the assertion (4.20). B

With a little more precision, we establish another inequality for the logarithmic derivative of
the function £ é ’g in the result that follows.

Proposition4.8 For j > 1,k >0,z € C,R(a) > 0, R (D) > 0, withb —anj > b—1+aj,
forn > 0, we have for positive z and for b > 1 —aj:

dlogEZ* () 1
08 Zapt® T - 4.21)
dz z T'(b)E],(2)

Proof We have
1 00 vnj+k

JokeoN <
E (@) = T (b + ak) +r; I'(b—14+amj+k)

1 1 TN 1
“Th+ao " Th-1+aG+h) (E“’bfl(Z) T(b+ ak — 1))

1 1 1
= r(b)+r(b—1+aj)< ap-12) = (b—l))

1 aj
“To—1+a) (r(m HE I(Z)>

E""k
aj (1 - L ) < ( ap1@ b— 1))
k k
F(B)E],(2) Egy(2)

and (4.20) becomes
dlog Eilb( (2) j | 1
R A I I —
dz z FB)ES} (2)

Hence
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and this completes the proof of (4.21). B

5 Applications in kinetic equations

This section looks at the solutions to six generalized versions of Saxena and Kalla’s fractional
kinetic equations (see [29]; see also [30]):

N(L) = Nof(r) = —€"oD; " N(x) (M) > 0), (5.1

where N (7) denotes the number density of a given species at time 7, Ny = N(0) is the
number density of that species at time T = 0, € is a constant, f € £(0, oo) and oD, " is the
Riemann-Liouville integral operator defined as (see e.g. [8] and [25]):

oDV f(1) = ﬁ /r(r — )" f(s)ds, K(v) > 0. (5.2)

The results are obtained in a compact form containing the arbitrary order Mittag- Lefﬂer type
function E/¥ ub (z). To begin, we demonstrate that the Mittag—Leffler function £ J -k ab (z) arising
in the solutlon of a generalized fractional kinetic equation with an elementary functlon in the
kernel.

Proposition 5.1 If6 > 0,v > 0, j > 1, k > 0, then the solution of the equation
N(<) = Ny TP = 7, D7V N (1), (5.3)
is given by
N(<) = No(=1)7 T( + vk) 577 71 Eg’;,’;((—lﬁ 87)"), (5.4)
where E ﬂ,’i (t) is the arbitrary order Mittag—Leffler-type function (2.1).

Proof The Laplace transform of the Riemann-Liouville fractional integral operator is given
by [8]

LoD f(x) :s] =s""F(s), (5.5)
where

F(s) = /Ooe_”f(r) N(s) > 0. (5.6)
0

Applying the Laplace transform to both sides of (5.3) gives

N(s) = No </ e*”z/””’“dz) — 8V sTVIN(s)
0

T(u+ vk o
— No (%) — 8%V N(s)
T(u+ vk o
— N\ <(5TZ)) (1 + 8% s~y (5.7)

Taking the Laplace inverse of (5.7) and using

v—1

£t [s_” : 1'] =7

) (R(v) > 0), (5.8)
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it is found that
> . .
LTHNS)) = N+ vk) Y (17807 271 =t |
r=0

00 . .
B (_1)r8urj.cvrj+vk

N@) = NgT(w 4 p) t#71 E _—.
— TuAv(rj + k)

Now, from (2.1) we get (5.4). LB

On letting j = 1 and k = 0, in Proposition 5.1, we obtain the result given by Saxena, Mathai,
and Haubold [30], whereas for © = 1, j = 1 and k = 0, Proposition 5.1, gives us the result
given by Haubold and Mathai [11].

Proposition 5.2 [f6 > 0,v > 0, j > 1,k > 0, then the solution of the equation

N(<) = No (=) TV EJ% ((—1)%”1“)) = —8")D; N (<), (5.9
is given by
(= 1))
NO =N |——7

x [ELS (D760 ) + ) — vk =+ DESL (=17 60)")],

(5.10)
where E ,{,]j (7) is the Mittag-Leffler function (2.1).
Proof Using (2.1) and (5.5) and projecting (5.9) to the Laplace transform, we can
N(S) — ﬁ{N(‘L’) . S} :NO SUkS*(Vk+Ii) Z(_l)ravrjsfvrj(l +81)]S7v1)71
r=0
= No 5Vk S—(Uk'H‘-) a +5U‘js_v'/)_2
0 . o
(_ l)r (2)r5wj+1)ks (vrj4vk+p)
= No Z r! ’
r=0
Hence
0 . .
) (Svrj+uk£—l —(vrj+vk+p)
L) =AY @ (s )
r!
r=0
0 .
—1)'(r + 1)(=81 vrj+vk
N(‘E) _ /\/—ofﬂ_l Z ( ) (V )( : )
= C'(w+v(rj+k)
o )
3 (—l)r((S‘L’)WJ'H)k
N(T) = Npr™! -
®=No E)F(M—i-v(rj—i-k))
1
xv—j[(vrj—l—vk—l—u—1)+(vj—vk—,u+1)]. (5.11)
From (5.11) we lead to the desired result (5.10). .
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Now, we look at the solution of a generalized fractional kinetic equation with two parameters
8 and o when delta does not equal o.

Proposition5.3 If6 > 0,0 > 0,8 # o,v > 0,j > 1,k > 0, then the solution of the
equation

k . 1 . .
N(€) = N (=)t ESk ((—1)75“1“) — 0" DIVIN(<), (5.12)
is given by
(—1))Ti=ls
it . 1
_ J.k _1)7 8V VY
N =N | i | Bl (=17s'e). (5.13)

Proof Using (2.1) and (5.5) and projecting (5.12) to the Laplace transform, we can
N(s) = LIN(z) : s} = /\/0 §%s *<”k+“)(1 + 8% s A oM 577!

N(S) — NO 5"1{3*(‘)](*#) Z(_l)ravrj Z(_l)lovljsf(vrj+vlj)

r=0 =0

8" j+vk vrjtvk+
__ 1\ svrj+vk Jvrj+vk+p
N(s) = Ny ((W _ij) EO( '8 s .
=

Hence
§vJ > ) .
“UN ()} = No <m> ZO(_l)r(Sw/—s-uk £Vt
r=
gives
§vi 00 (1) gVrivk purjtvktp—1

N =Ny <5vj_gw'>§( )F(u—i-v(rj—i-k) ' G-19

The assertion (5.13) now follows from (2.1) and (5.14). .

In the next application, we show that the trigonometric function Sk (z; j) in the kernel of the
generalized fractional kinetic equation leads to the Mittag—Leffler-type function £ Jk ap(2) as
a solution of the equation.

Proposition5.4 If6 > 0,0 > 0,8 # o,v > 0, > 1,k > 0, then the solution of the
equation

N(<) = No T8k (8”25 vj) = —0" oD N (<), (5.15)
is given by
k .
(=1)7ig¥izh ; 1
N =N | = | Bl (cn7ete). (5.16)
Proof We refer to the proof of proposition 5.3. u

Follows this, we solve a generalized fractional kinetic equation involving the Mittag—Leffler
function of three parameters E, (C) (z) (see [26]).
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Proposition 5.5 If6 > 0,0 > 0,8 # o,v > 0, > 1,k > 0, then the solution of the
equation

N = No e ED (<027 ) = =0 oD IN(<), (517)
is given by
. P k
oVl — §vi A (_1)7 i L
N () = No (57— — | ik (nrer). (5.18)

Proof Using (2.1) and (5.5) and projecting (5.12) to the Laplace transform, we can

( I)r (}L)ravr/s (vjr4+vk+p)

N(s) =My Z 3 (l—i-cr”jsfvj)_]
—A 00

N(s) =N M Z(—l)la"jss—("/“‘”k“‘ﬂ)
=70 oV ot .

Hence
—1 ij _Svj S I _vjs p—1y ., —js+vk+p)
W =N (——) Do (=D oL s sty
oVl
1=0
vji _ §vi -1 1 U]S.L,U]S+Uk+,ll.*l
Noy =N (=20 (D™ (5.19)
" = Ttvisj+k)
The assertion (5.18) now follows from (2.1) and (5.19). | B
Now, we recall the definition of the Wright function in the form[18]
o0 z"
W, = —— A>—-1,ueC. 5.20
o (2) go Tontw Tl (5.20)

Finally, we demonstrate that the Mittag—Leffler-type function E ;lg (z) arising in the solution
of a generalized fractional kinetic equation with the Wright function Wj_, (z) in the kernel.

Proposition5.6 If6 > 0,0 > 0,8 # o,v > 0,j > 1,k > 0, then the solution of the
equation

N() = No T Wy e (—avir”i) = —o" DIVIN(<),  (521)
is given by
k
(=DJ j.k Lo v
N =Ny | =5 | Bl (n7e'e). (5.22)
Proof We refer to the proof of Proposition 5.5. B
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6 Conclusions

Based on the Mittag-Leffler fucntion E, 5 (z), the pseudo-hyperbolic function Ej(z; j) and

the pseudo-trigonometric function Si (z; j), we proposed the Mittag-Leffler function E élg (2)
with arbitrary order. The significance of this generalization comes from the fact that the new
Mittag-Leffler function satisfies most of the properties of the original functions mentioned
above and provides new relations. In this work, we obtained basic properties, expansion
relations, integral representations, differentiation with respect to z, differentiation recursion,
and logarithmic derivative for the function E ;I,; (z). In addition It is important to note that

the function E ilb( (z) is very compatible with fractional calculus, specifically with fractional
differential equations. The results establihed in this work are significant from an application
standpoint since we demonstrated that the function E ;Ib( (z) arises in the solutions of six
general forms of the fractional kinetic equation integral representation. We conclude by
pointing out that the Mittag—Leffler functions are crucial in locating analytical solutions to
the fractional diffusion equations. For this particular class of fractional differential equations,
we anticipate establishing analogous results in a forthcoming publication.
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Appendix

In this section, we summarize the main results obtained in the previous sections in the form
of three tables as follows.
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Table 2 Pure and differential relations for the Mittag-Leffler-type function E i ]Ij (2)

No. Pure \ differential relation Proposition
j k j k)2 k/2
1. Ejb(—z):(—l)kEéa,é @) + (DI B @) 4.1
"M L.k m+l 1,j
2. S Ey (@ =mlES () 42
3. ;]ﬁEak(Z; aj) = zb’lEj’k(z“) 42
al-
4. (=1 7 m Sak (( l)“fz a]) = VED 42
3. ;ﬁ:’l” { b— lE]ab(xza)} _Zb m—lE]ak (XZ“) 43
Kk
6. R EL @ = EJy () — b+ ak+ DES L @) + %E] @) 43
7 N 1E”‘ R e I AT @) 4.4
: 7" n=1 T (h— ’"(n] k) 5 :
0 ik
8. da Ealb (Z)_ZEJszEab(Z) 4.5
gm 2m
9. o ’b(yew = gasmgam u:b<yew) 4.6
dlog E/* gk
10. € Pap® _ 1 (L@ ) so 47
T “\ Bl
a,b
dlog V' ;
1. A S R 438
2 < T(b)ES e
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