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Abstract

We construct a linear approximation of the solution to the surface quasi-geostrophic equation
in 2-dimensional Euclidean space, and obtain a convergence rate in the Lebesgue norm
between the solution and this approximation with respect to time. We also demonstrate that
the nonlinear term of the solution is bounded sharply by the same function of time.
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1 Introduction
This paper is concerned with the surface quasi-geostrophic equation.

90 + (=A)*20 + (u- V)0 =0, in (0, 00) x R2,
u = (—Ry0, Ri6), in (0, 00) x R2, (1.1)
;=0 = 6o, in R2.

Here, 6 : (0, 00) x R? — R is an unknown function, representing the potential temperature
of a fluid parcel at a point (¢, x) in spacetime; and u represents the velocity of a fluid parcel.
R; = E)J-(—A)’l/2 = }"l[iéj/lél ] is the jth Riesz transform; and o € [1, 2]. We refer
to references [1, 3, 11, 16—18] for the physical meaning and derivation of the equations. We
will prove existence and uniqueness results for given initial data; and, under some slightly
stronger restrictions, we will consider the large-time behaviour of solutions.
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Let us recall several existing results related to the regularity of solutions. In the subcritical
case, o € (1, 2], unique global existence and regularity can be shown, for initial data

boeL'NLP, pe (ioo]
a—1

by classical methods using the Banach fixed point theorem, similarly to [8, 13]. Global unique
existence and regularity for the subcritical case are also proven on the torus in [5].

In the critical case, « = 1, we can guarantee local existence of a solution for uniformly
continuous initial data (see [20], which studies the problem in the framework of Besov spaces
larger than L°°). The local smooth solutions are then extended to global smooth solutions,
as in the papers [2, 4, 15].

Finally, for the supercritical case, « € [0, 1), the paper [7] proves global regularity for all
a € [agp, 1), where g grows with respect to the size of the initial data. Global regularity for
large data in the supercritical case is an open problem.

In this paper, we discuss an optimal decay estimate of the nonlinear part of the solution in
the subcritical and critical cases. This is the first paper to prove such optimality for equations
with divergence-free flow. We also construct a linear approximation of the solution in L?.

We begin our study of (1.1) by defining the following function

Poja(t,x) = F~! [e—"él“] (x), fort > 0, x € R?, (1.2)

which is the fundamental solution to the fractional heat equation, the linear part of (1.1). We
will use this new function to introduce the idea of mild solutions.
For this paper, we set the initial data as follows

6 e whinwhoee, (1.3)

which provides us with sufficient regularity for global existence and smoothness of solutions
in the subcritical and critical cases.

Definition (Mild solution) A function 6 is a mild solution of (1.1) if

t
0(t) = Pya(t) % 6o —/ Py (t —5) % (u(s) - V)(s) ds, forallt > 0, (1.4)
0
li161+9(t) =6, in L?, forall p € [1, 00), (1.5)
t—
0 € C([0, 00); LP(RZ)), for all p € [1, 00), (1.6)
6 € C((0, 00); W>P(R?)) N C((0, 00); LP(R?)), forall p € [1, c0]. 1.7

We also define M, the “mass” of the solution 6 as
M = / Bo(x) dx,
R2
and denote the linear part of 6 by
U(t) := Py2(1) * 6.
We state an existence result for global solutions.

Proposition 1.1 Let o € [1,2] and 6 € W' N W%, Then there exists a unique global
mild solution 6 € C ([0, 00); W-PYNC((0, 00); WEINW1L2) of (1.1), forall 1 < p < oc.
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The above proposition can be easily shown in the subcritical case o € (1, 2] using the
Banach fixed point argument. In fact, for the subcritical case it is sufficient to set g € L' NL?
with p € (azj, oo]. For existence in the critical case, we refer to [14, 15].

As a first step in creating a linear approximation of the solution, it is possible to prove
that, for 1 < p < oo,

L 2(1-1)
Jim <3P0 (1) = M Poyp (e = 0.

This explains that the L”-decay of the solution is essentially equivalent to that of the linear
solution. In this paper, we will extract the optimal decay of the nonlinear part of . Our result
reads as follows:

Theorem 1.2 Let o € [1,2], p € [1, 00] and

2(1-4)+2-1
by, p(t) = ! ffo e (.2, (1.8)

A2 0 =1,

Let6y € W N W% and let 6 be a mild solution. Also assume |x|290 € LY (R?). Then we
have the following convergence:

2
by, p()||0(t) — M Py (1) +VPa/2(l)'/ yOo(y)dy — Z 3x,-3ija/2(l)/ yiyjtody
R2 R2

i,j=1

— 0, ast — o0, (1.9)
P

t
+/ Paa(t =) %V - ((RUGHU () ds
0

where R := (— R, Ry). Furthermore, there exists 0y such that the nonlinear component is
optimally bounded by by, ,(t) in the p = 2 case. That is

1
~ 1.10
2 baa(t) (110

t
H / Papa(t =)+ V - ((RUGHU(s)) ds
0

for all sufficiently large t.

Our proof of (1.10) is fully self-contained, with all necessary work shown explicitly in this
paper. For the bound from above in (1.10), the proof mainly consists of carefully taking Besov
norms of the solution via Littlewood-Paley decomposition; and, in the case of the L” norm
for 1 < p < 2, applying the Hardy—Littlewood—Sobolev and Gronwall inequalities. For the
bound from below, we force the initial data to take a shape resemblant of a Gaussian function
with a narrow support, and exploit this assumption to achieve the necessary inequalities.

The first term inside the norm of (1.9) is the solution 6. The second, third, and fourth
terms are a (Taylor-expanded) approximation of the linear term of 6. The final term is a
linear approximation of the nonlinear term in 6.

Remark 1.3 If the initial data 6y is radially symmetric, the approximation of the nonlinear
term becomes 0 (see e.g. [9, page 46]). That is,

/2 Pypa(t —s)* (RU(s) - VIU(s)ds = 0.
R

@ Springer



60 Page4of17 Partial Differential Equations and Applications (2022) 3:60

Notation. For a function f we denote the Fourier transform of f as follows:

A 1 .
FIAUE) = f) = 5 f e f(x) dx.
T JR2
The inverse Fourier transform is then written as

—1r 1 ix& p
FLf1x) i= 5 | e f(§)dE.
2w R2
For the purpose of calculating inequalities, we will frequently omit the factor of 1/27, as it
will have no influence on the proofs. Let S’ = S’(R?) be the space of tempered distributions.
Let P = P(R?) be the set of all polynomials.

2 Preliminaries

We recall the definition and some basic properties of Besov spaces, and write the L”-norm
decay of the solution, 6.

2.1 Besov spaces

We use the Littlewood-Paley decomposition of unity to define homogeneous Besov spaces.

Definition Let {¢y}rcz be a set of non-negative measurable functions such that

L Yz du(®) = 1, forall & € R2\{0},
2. (&) = do(278),
3. supp dk(€) C & € R? |28~ < |g| < 2k+1),

The Besov norm is then defined as follows. For f € S'/P,1 < p,q < 00, and s € R,

1y, = H (211¢ * fllpheez

14

Finally, the set B]SJ’ p is defined as the set of distributions, f € S’/P, whose Besov norm is
finite.

We introduce the following propositions, and refer to [19] for their proofs.

Proposition 2.1 Let 1 < p,q < 00, and s € R. Then for f € B;‘Ll,
V s < DS .
191y, < Cll Al

(1-1

.2
Proposition 2.2 Let 1 < p < oco. Thenfor f € B, | ",

0 <C .
17159, = €11y,

2.2 [P-norm decay

Proposition 2.3 (Hardy-Littlewood—Sobolev [10]) Let0 <o <nand1 < p <r < oo,

such that % = % — % Then there exists a constant C > 0 such that

I(=A) "2 fllzrgey < CILF Lo @e.-
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Proposition2.4 Letn € N, p € [1,00], k € N, @ € [1, 2]. Then there exists C > 0 such
that, forall 1 < j <n,andt > 0,

n—ly_k
105 Paya (1) l| Lo ny < Cre' ™9 e, @1

The decay rate is easily obtained by a change of variables, recalling (1.2). The overall
boundedness is proven using the Hausdorff-Young inequality.

Proposition 2.5 Ler6y € WhInWh>® and 1 < p < o0. Let 0 be a solution to (1.1).

(1) Forall x € [1, 2], there exists C > 0 such that, for all t > 0,
,Z(lfl)
leol, <Ce+1) « ». (2.2)

(it) Fora =1, B > 0, there exists Cg > 0 such that, forall t > 1,

1
2(1—;)—;‘3’ (2.3)

V1o, < Cpt™
where
IVIPO() == F 11 (1))

For the proof of (i), see [6]. For the proof of (ii), see Proposition 4.3 in [12].

3 Large-time behaviour

We will now begin to discuss the large-time behaviour of the solution 6. Before beginning
our proof of Theorem 1.2, we begin with a less strong approximation of the solution. Results
similar to the below have been proven with respect to the N -dimensional convection-diffusion
equations [8] and the critical Burger’s equations [13].

3.1 Approximation by the fractional heat kernel

Proposition3.1 Leta € [1,2] and p € [1, 00]. Let 6y € wllnwl® and also assume
|x|60 € L. Then the solution 0 to (1.4) satisfies

1—

2 1 1
16(t) = M Py ()ll, < Ct a0 7a | forallt > 1. 3.1)

In order to prove the above proposition, it is useful to split the norm into linear and
nonlinear parts as follows:

10(t) = M Poyp(Dllp < || Pay2(t) % 6o — M Poy2(0)]l p

t
+ H/ Poya(t —s) % (u(s) - V)0 (s)ds
0

P

We then prove the bound (3.1) in parts as two separate lemmas. The first concerns the linear
part, and has been adapted from Escobedo-Zuazua [8] to apply to the fractional heat kernel.

Lemma3.2 [8] Let p € [1, 0], and a € [1,2]. Let ¢, |x|¢p € LY with M := fRz ¢ (x) dx.
Then there exists C > 0, such that

1

201y
1Paja(t) % ¢ — MPopp@)llp < Clll 1 gyt 7% (32)
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Lemma3.3 Let1 < p <00, and a € [1,2]. Suppose that 6 is a mild solution satisfying the
decay properties in Proposition 2.5. Then there exists C > 0 such that, forall t > 1,

< Cbq,p(1),
p

t
H / Pypp(t —s) % (u(s) - V)0 (s)ds
0

where by, p is defined by (1.8).

Proof Step 1. (p > 2 case) We will need to split the time interval into two halves, and handle
the « = 1 and @ > 1 cases separately. The proof below is only for the p < oo case, as the
p = oo case is almost identical.

We utilise the L? decay of the solution and its derivative. For values ¢ € (0, 1], we can
increase the powers of s in our estimates by taking

0@, < 6ol < C, forallz >0,

by which we ensure that the time-integral does not blow up locally.
We start on the second half of the time-interval, with « > 1. By the boundedness of the
Riesz transform,

t
‘ / Pypp(t —s) %V - (u(s)d(s)) ds
12

t
S/ IV Poya(t — )l llu(s)0 ()l p ds
P t/2

t
< / C(t - )" 16()1, ds
12

< ¢t Verlmg=2p)
— Ct*%(l*%)*%‘l’l.

In the = 1 case,

t
/ Pyt —s)* V- (u(s)0(s)) ds
12

t
s/ 1P = )1 ws) - D) ds
P t/2

t
< //2 ClO)N2pIVO$)l2p ds
t

2(1-1

p)fz,

<Ct
where we have used (2.3) to handle the derivative of 6.

For the first half of the time-interval, we will distinguish between the > 1 and o =1
cases when it becomes necessary. We will take the Fourier transform inside the norm, and
manipulate the resulting multipliers from the derivative and Riesz transform. In particular,
let us first note that the following Fourier multiplier can be written in the following forms

2 2

(=DJ& ma—j | &j—m-j\ %L_ 1
2 Cor + e >_J§ s (i)

=i<—1)-fs,»n3_,» 1§ —n —InP?
2 Inlig = nldg = nl + D)

j=1

2 Inll& —nl(1& —nl + 0D
(3.3)

2 .
o EDE s §-(6—2n)
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Now we begin estimating our L” norm.

1/2
H / Pypp(t —s)* V- (u(s)0(s)) ds
0

P
12 2

1 ——s) g (=1 & Mm=j\s, . o '
Z}' [ (=)l /Rzg, . <|n| +ﬁ>9(s,é—n)@(s,n)dn]ds

4

P2 (1) e —nP =1 ;
F e A n " 6(s. & — mB(s.mdn]d
/0 ; it e 503 e i & ~ MO mn]as

P

We start with the p = 2 case. By the Plancherel theorem,

12
H / Paja(t =) %V - (u()6(s) ) ds
0 2

1/ ol - 2 A O
< | [Trepeemer] [ E Wi ¢ pyits, | anas
0 r2 011§ = nl(& —nl + 0D 2
The large multiplier inside the 7 integral is easily estimated from above by
2
& —nl’
Next, we take the Littlewood-Paley decomposition of both 6 functions:
0,6 —m =Y ¢ —mb(s, & —n) =Y Oils, & —n),
keZ keZ
OCs.m) =Y dim(s, ) =Y Gi(s, ).
leZ IEZ
We also split the L? norm by Holder’s inequality.
ol - 2 N
| [t [ ME I i, ans
R2 IUIIE—UI(IE—UHMI) 2
=2 / 1§12~ H / 865, & = miéics, Mdn” ds
Loz r2 [§ — 1l
201y 2
<critb / 3 e I35 ds
kleZ
<crall- 2“/ D 10 £l16:(s) 4 ds. (34)
k,eZ

The final step is obtained by applying the Hausdorff—Young inequality and the following
Holder inequality

10l = 193015 < IFell219xlla < €201k la,

where &k = ¢A>k71 + qgk + qASkH. The above sum in (3.4) can be written as the product of
Besov norms of the solution 8. We give estimates for the necessary Besov norms next.
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Recall that 0 is made up of a linear and nonlinear term. We will take the norms of each
separately, and will see that both hinge on the Besov norm of the fundamental solution, P />.
We start with the linear term. Clearly

_ 1
| Py (t) * 90||33 <I Pa/z(t)llgg 6ol < Ct™2|6oll;.
3.1 3.1
Let us now consider the Besov norms of the whole solution 6. In the following, we must

distinguish between the noncritical and critical cases. We start with the noncritical & € (1, 2]
case.

!
10l gy =< Ci73% + H/O Poya(t = 5) % (u(s) - V)6 (s) ds
i

BY, 1
3.
. t/2
<Ct +f IV Papa(t =)l go Nu(s)6(s)lds
0 3.1

t
+/ IV Papa(t = s)ligo lu(s)0(s)l4 ds
1/2 : 3

. t/2 1
<Ci % +f C(t —5)"% ul|u(s)8(s)1 ds
0

t
+/ C(t— )" u(s)6(s)|| s ds
/2 3

1 _a_1 12 Y _1_2 ! /e
<Ct 2« +Ct 2« @ s+1) ds +Ct 2"« (t—5) ds
0 t/2
<C17%, forallt > 1, andalla € (1,2].
We now look at the critical case, « = 1. Here, the only difference is that we leave the

derivative on the right hand side of the convolution for the second half of the time-integral,
and apply the decay estimate of the derivative.

1

t)2
10llgg =Cr2 +/ IV P12t =)l o llu(s)O(s)llrds
§<l 0 j.l

t
+/ 1 Prja —s)llilluls) - VO(s)|l4 ds
)2 3

t

12
sCr*%+/ C(t—sr%nu(s)e(s)nldw/ CIOW 5 IV 5 ds
0 12

| 3 t/2 t 4
<Ct 2 +cr7/ (s+1)*2ds+c/ s72ds
0 t/2
< Ct’%, forallr > 1.

Returning to (3.4), we get

1/2 1 1)2
r0bE [Thowid, aszcrithd] e [Teva)
0 41 0 1

< 1/ba2(1).
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The above result is easily extended to all p > 2 by Young’s convolution inequality. We
simply split the fundamental solution into two parts as follows, and then proceed through the
exact same steps as above.

t/2
H / Pypp(t —s)* V- (u(s)@(s)) ds
0

p

t/2
< / 1Pyt = $)/D)] 20
0 2+p

X

e N i
((t=5)/2)|&1* _ 0(s, & — (s, n)d ” ds.
¢ 2/]1@2@2'“ SR i — g+ g & T WG mdn ds

Step 2 (1 < p < 2 case) We take the j = 1 term of the Fourier multiplier in (3.3):
2 .
Z(—1)~’Ejn3—j /)
2 Inllg —nl(§ —nl+ [0

j=1

For simplicity of notation, we also only take one term from the dot product above. We then
split the Fourier multiplier into two parts:

—EimE =) —EmE —n) Etnin
20nl1& —nl(& —nl+1nD — 20nllé = nl(& —nl+Ial) ~ 20llE —nl(1E —nl+ D’

and we focus on the first term above, as both cases have almost identical proofs. We write

261 — n1)
InllE —nl(& —nl+ )"

Next, the most crucial step to this method is to split the Euclidean space into squares, whose
size depends on time. For k = (k1, k2) € 72, define the set

m( —mn,n) =

Qrii={x = (x1,x2) e R*| xj € [t"/%k;, t"/*(k; + 1)), j =1,2}.

Then we can once again fit our inverse Fourier transform into an L? norm, and thus estimate
away the Riesz transforms. That is,

t/2 o R R
Hf‘l[f e [ e =i, = mis.n dnas] (35)
0 R? »
/2 . R R
=S| [ g me - nonde. s~ mic.n dnas]
kez? 0 R LP(Q14)
2(1_1) 1 12 (f_ o 2 — A
< 3 EG [ [Tk [ e i .~ miGs.nydnds]
) 0 R2 L2(Q1 1)

where we have used Holder’s inequality. We are able to eliminate the Riesz transform by
taking advantage of the Plancherel theorem, and split one of the solution functions € into
parts defined on squares Q;; as follows:

0= lg,0=)Y 6p,.

leZ? €72

Next, we split up the above double sum into two cases: k = [, and k # [.
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In the case when k = [,

t/2 o o .
FA[ e [ e~ nwiio 5.& ~ i manas]
0 R?

kez? L2(Qrp)
| e IQ/Q:(S £ =i, n)’
S Z [(x(p 2)/ ||e—(f—5)|§| 512”2 / |$ ]/2| |1/2 dn” dS
kez? 0 R K o
_4
< i / > IVIT 00, )I201VI720(5) 12 ds
kezZ?
< Crin” f D 100, () llas3116(s) a3 ds. (3.6)
keZ?

The steps above have used Young’s convolution inequality and the Hardy-Littlewood—
Sobolev inequality, as we have seen before in our original estimations of the nonlinear term
of 6.

In the k # I case, we multiply by 1 by inserting |¢1/%k — ¢t1/¢1|2/|t1/*k — ¢'/%]|?, and thus
write

2(1,%)|t1/”‘k—t1/“l|2
ZZM g |[1/ak_t1/al|2

1e7? k#l

t/2 o — A
H = / o5k / & m(& — 1, mBg, (5, & — (s, m) dds |
0 R?

L2(Qr1)

<Y criGos ‘5(Z{|tl/ak—tl/“l|2 3.7)

le7? k#l
20 12
Lz(Qt,k)} )
2

<Y criGoE (3.8)

€72

[/2 o —_— A
| /0 e (T fR & m(& =0, mBg,,(s.& — s, n) diyds

t/2 o — A~
Hf*l[/ e =l / &t m(E —n.mbo,,(s.& = (s, ) dy ds]
0 R?

2
The step (3.7) was obtained by simply using Holder’s inequality for sequences, noting that
D 1k — Ve < €Y foralle € [1,2], ¢ > 1, and each fixed [ € Z7.

k£l

Our next concern is with the boundedness of the sum over /. The key points to the following
steps are that 1%k is close to x, where x is the variable of our L2(Q,,k) norm; and that we
thus treat 1'%k as a derivative in & after moving it inside the inverse Fourier transform. For
each /,

‘2

t/2 — ~
= Hj.‘*ll:(lvs _ tl/al)Z/(; e*(?*5)|£|a /};2 %'lzm(f —-n, n)thl (S,é — 7])9(5, 7']) dT} dS]

1/2 o — A
o= tVaPE [ [ [ e = n g .6 — i m dnds]

2
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Briefly, the & derivative results in a factor of !/%, which simply cancels with the inverse
factor emerging from the & 12 already present inside the integral. The resulting estimate is thus

essentially similar to

t/2 " o R
Hf‘[ / e UK f m(& = n,mBo, (s, & = MAls, n) diyds
0 R?

2
C/fﬂ”P ‘9l / ’9Q,,z(s,§—n)é(s,n)'d H ;
= 2(f = 5)ll2 n s
o k2 (E—nl+ D .
t/2
scr—”“f 1VI~260,, () 12011VI720(s) [l ds
0
t/2
<cr '/ f 100, ,($)1l4/3110(s) |43 ds.
0
Returning to (3.8),
ZZ&%—%)V”‘Y"—I”"‘”Z
i |ll/ak—ll/al|2
l/2 o —_— A
H]_—ll:/ o~ (—9)lE] / glzm(g—n,n)QQ”(S,S—n)@(s,n)dnds]
0 R2 L2(Q )
2 4 t/2
< Cran @ /0 > 160, ()llas3llO(s)lla3 ds. 3.9)

leZ?

It is a delicate process to prove that the above sums (3.6) and (3.9) are bounded properly.
As such, we provide an outline of the proof, beginning with the following estimates.

a1 24 (12
Z 100, (Dllajz < Ct™ 2 + Crar @ / Z 100, , () 1l4/3110(s)]l4/3 ds
keZ? 0 kez?

t
+C//2 > g, Puplt = 9)llall(s) - V)O()lh ds
t 3

kez?

1 1 1/2 3
<Ctw +Cr*@/ > 100, Sllaa(l+5) 2 ds, 1> 1,
0
keZ?

i L[ 3
sCt‘ﬁ+Ct‘ﬂ/ 3 100, ) llas(+5) % ds, 121,
0
ke7?

where here we have applied the decay estimate of the solution and its derivative, and the
elementary inequality 1~! < C(1 4 s)~!, for r > max{l, s}. By Grénwall’s inequality we

.4
have the same decay as in L3,

_ L
Y 1160, (Dllays < C172, 1> 1.
kez?

We apply the decay above to the inequalities (3.6) and (3.9), and so (3.5) is bounded by

4

2 _ 1/2 1 1
Ctor @ / (I4+s) 21 +s) 2ds =1/bg,,(1).
0

This completes the proof in the case when 1 < p < 2. O
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We thus have completed the proof of (3.1), and also obtained a useful bound on the
nonlinear term of our solution, which we will use later. For all p € [1, oo], and with initial
data satisfying (1.3),

< /b, p(1) (3.10)
p

t
H / Popp(t —s) * (u(s) - V)0 (s)ds
0

forallo € [1,2], t > 1.

3.2 Improving the decay rate

We now begin our proof of Theorem 1.1. We will show convergence for the linear and
nonlinear approximations separately. The convergence of the linear part is expressed in the
next lemma.

Lemma3.4 Leta € [1,2]and p € [1,00]. Let ¢, |x|*¢p € L' and M := [2 ¢(x) dx. Then

20q-1y,2
PGk Pt = MPap )+ Vo) [ 30000y

= 3t Pun®) [ i)yl — 0, ast — o,
i,j=1

Proof This lemma is proven analogously to Lemma 3.2. Indeed, by the Taylor expansion

2
Pa(t,x = y) = Papa(t,x) = VPup(x) -y + D 30y Papp(yiyj, y =0,
i,j=1

the convergence result becomes clear; and so we omit the details. m]

Finally, we discuss the nonlinear approximation.

Lemma3.5 Leta € [1,2] and p € [1, oo].
t
Ut) = Pyp(t) x6y, 1(t):= / Pyya(t —5) * (u(s) - V)O(s)ds.
0
Then

— 0, ast — 0.
P

() —/ Papalt =) %V - ((RUGHU (o)) ds
0

ba,p(1)

Proof The convergence can be shown by a similar method to the bounds from above that we
have calculated up to this point. We split the time interval into two halves. The second half
is estimated simply using Holder’s inequality and Young’s convolution inequality. The first
half is estimated using the same method as in Sect. 3.1.

The key point is that a faster decay is achieved when taking the difference between the
two terms above than when they are estimated separately. This is accomplished by splitting
the difference of the integrand as follows:

(u(s) - V)O(s) — (RU(s) : V)U(s) = N(U(s), —1(s)) — N(I(s), 6(s)), (3.11)
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where

1 — A
N(fig)i=) F! / 5 r 2) (i Tg_ZT)f<s—n>§(n>dn].
J#k

We know that there are faster decay estimates for the two terms in the right hand side of
(3.11) than for (u - V)8, since the nonlinear part / decays faster than the linear part.

We split the time interval into two halves again. The second half is simply calculated using
estimates of 0, U, I that we have seen above. For the first half of the time interval, we again
split up the proof into the p > 2 and 1 < p < 2 cases.

Step 1 (First half of time interval, p > 2 case) We will show the proof for p = 2, and
again the result can be easily extended to all greater values of p afterwards. We handle the
two terms in (3.11) separately.

M2 e nllg —nl+nl*> - -
2= t=5)l] O(s.& —mi(s.n)dyd
‘/0 51 /R e =l —nl £ pp 0 & & 7 WA mdnds

2

t/2
21y 2
<cral=d) / IIU(S)IIBO III(S)IIBO ds

,3/0, /ds+/ (148~ % ba’%(s)ds),

which proves that

— 0, t— oc.
2

t/2
ba,z(r)/o Poyp(t) x N(U(s), —I(s)) ds

The convergence of the second term N (I (s), G(s)) follows from almost the same argument
as above, by applying the decay of 6 instead of U.

Step 2 (First half of time interval, | < p < 2 case) We again take the terms from (3.11),
and use the same technique as was used for the bound from above in Sect. 3.1. That is, we
split the Fourier multiplier and divide the time-integral into two halves, and split the space
into squares Q; x. We omit the details. O

3.3 Optimal decay of nonlinear term
We lastly discuss the optimality (in the p = 2 case) of our estimate in Lemma 3.3. The decay

rate for our estimate from above is optimal if we can bound the nonlinear estimate from
below by the same power of ¢. That is, we need

H /Z Poalt =) %V - ((RUGHU () ds
0

> ba2 (1), (3.12)
2

forall @ € [1,2], and t > O sufficiently large.

Since we are taking the L?-norm, taking the Fourier Transform inside the norm does not
change its value.
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t
H / Pyp(t —5)* V- (RU(s)U(s)) ds
0

2

2 .
- H /IZg‘je*“ﬂ)w 1’ / ('7371‘ L5 '7371‘)@7“57»7\"
0 2 Jre \ Inl 1§ —nl

x ¢S B0 (& — mbo(n) dn ds

2

We rewrite the divergence operator and Riesz transform as two separate Fourier multipli-
ers.

Wl

_ 25152< ni —m )+2n1n2( & — & )
(€ =0l \Inl(nl + 1€ =nD) )~ 1& =l \Inl(inl + & = n])

2 2
Z [&1°8m3—;

+ .
o & — nlnl + 1§ — 0D

2 .

(=1’ (7737,/' £3-j — 773—/')
Y & +
= Y2 & — 1l

Let

25152( nt—n3 ) 2mnz< £ — &7 )
Cpm) e .
e T I AN A )
2 2

_ — §1°8m3—)
maE ;mns—mumﬂs—m)

The key difference between these two multipliers is that the numerator of m; features a
second-order derivative, whereas that of m, has a third-order derivative. We show that, for
some initial data 6y, the first part with m; has the optimal decay and the remainder with m,
is smaller.

Lemma3.6 Letd, e > 0. Letfg € WH N WL as before, but with the following additional
conditions:

° éo >0, on R?,

o suppfy C {& € R?| |&] < dl&11}, A
e 0g(&) > C, for some C > 0, forall& € supp 6 N{& e R? | €] < 1}

Then, for sufficiently small § and €, we have

t
’/easm“/ my(E — . n) eI =S g g
0 R2

L2(|§|<er=1/%)

1-4 3
o € 1 2
. Ct . 36 , fora € (1,2], (.13)
Ct™€’ In(t), fora =1,
t
’f e—(z—sm”/ ma(E — 1. 1) =611 =S g g
0 R? L2(jg|<er=1/)
< C\7%, foralla € [1,2). (3.14)
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Proof We consider (3.14) and (3.13) separately. Beginning with (3.14), we consider just the
Jj = 1 part, as the estimates of both terms are identical.

t 2
e (el f ST U(s.& = mU(s, n) dyds
0 r2 711§ —nl(nl + 1§ —nl) L2(||<er—1/2)
t
/ g 3=k / 12 e =s I Gy (& — m)bo () dip ds
0 e Inl1E —nl(nl +1& — 0 L2 (6| <et-1e)

i
< CH/ \§|3€_(t_s)‘5|u/ 1 eS8 o=l gy g
0 r2 [711€ = nl(nl +1& —nD

as 0o is bounded. We bound the above norm by considering the integral

/ n o SIEI sl g
r2 (11§ —nl(nl + 1§ —nl)

Note that, by making the substitution n — & — 71, we can rewrite the integral as

/ m o SIE=nl slal® g
r2 [0l —nlnl + 15 —nl)

_ 1 / (2 + (52— m2)) e_s|g_,,|ae_sm|a dn
r2 1l —nlnl + 1§ —nl)

2
1

= *Sz(/ +/ +/ )
2 Inl<318| 3 1€I<Inl=<2l8| 21&1=Inl

L2(|g|<er—1/a)

« ! oslE=nl y=slnl® g
Inll& —nl(nl +15 —nl)
=: A1 + Ay + Az,

where we have split the integral into three parts with || small, |5| close to |£], and |n| large.
We start with the small part.

|A1| = CI§]

mi<digl 1€11n]

Next we take || large.

A < Clg| —
=2l 17

and finally we take || close to |&].

e—slE—l® . eI’
Ay < CI§ If HSCISI_/ ——d7g
l<n<2le] 1E2IE —nl lil<lgl 1l

-1 -1 e~shl® ,1 N 1
=Cl§|" s @ . dn < Cl¢| “mm{S“IEI,l}
lil<s@ g 17l

S C|$|71/2571/2a.

Therefore, we obtain

t
H / (£ Be—-slEr / n —SIE=nI =5l g 4
0 r2 [nl1§ = nl(nl + 1§ —nl)

t
< | [ epe s i crer s 0

L2(|§|<er=1/)

L2(§|<er=1/)
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t
< Hm3 Cds

t
+ H|s|5/2/ Cs™'/2*ds
0

L2(§|<er=1/) L2(|g|<er—1/a)
< C(e4 +67/2)t1—g.

We note that all of these terms are smaller than

7213

fore < 1and ¢ > 1, and thus we have (3.14).
We next will show (3.13), for sufficiently small €, and for sufficiently large . We begin
by labelling the two terms in our integral.

H /tef(t,mg\ﬂ/ <2§1$2 < 77%_’7% )+ 2112 ( 522_512 >)
0 r2 \ & =0l \InlUnl+ 15§ —nD 1€ —nl \Inl(nl+ 15§ —nl)

Uts, & —mU(s, n)dnds

(3.15)
L2(|E|<er=1/)

=t [|[(L) + (Bl L2 <er-1/e- (3.16)

Our plan is to make (L) the larger term. This is accomplished by the conditions on 6y that
we have imposed. Taking the norm of (L) on its own,

r 261 & < n? — n? )_,_o“ Cin
(t—s)l| 142 L= SE=11%G, 6 _ =% G () di d
‘/oe /]RZ & — ol \Inl(nl + & — D )¢ 0§ —me 0 bo () diy ds

: . 2, 516113 (£ — me—sIn®g
- S1E2/ o~ =9)IE] / ne (€ — n)e o (1) dnds
0 R2 g —nlnl +1& — 0D L2(jE|<et—1/e)

e—esinl®
sclag [ [ e anas
1 20€] <yl <1 Inl

where in the first step we made use of the shape of supp 00, and in the second we used the
fact that the integrands are positive and the bound from below for 6o on supp 6o close to 0.
We next convert the integral over 7 to polar coordinates and use substitution of variables to
produce the final powers of ¢ in the subcritical case, and the In function in the critical case.

2 —cs\nl"
f16 f | Me " 4y ds
2e|<lyl<1 Il

> él%‘z[ e*/ e dpds
I 20%| L2(5| etV

t sl/e
= “;‘1%‘2/ e_E/ e_de,os_l/“ds
2E|sl/e
%‘152/ —l/e gy

Ct'=4é3, fora e (1,2],
Ct7363In(r), fora = 1.

L2(|g|<er—1/e)

L2(fg|<er— /ey

L2(|g|<er1/e)

L2(|§|<er=1/)

%

L2(§|<er= 1)

b

Finally, by our setting of supp 6o, we obtain
IR L2 g <er-1y < Ct™ et n (1),

by estimations of integrals similar to before. Thus we obtain (3.13). O
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