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Abstract

A relativistic version of the Kinetic Theory for polyatomic gas is considered and a new
hierarchy of moments that takes into account the total energy composed by the rest energy
and the energy of the molecular internal modes is presented. In the first part, we prove via
classical limit that the truncated system of moments dictates a precise hierarchy of moments
in the classical framework. In the second part, we consider the particular physical case of
fifteen moments closed via maximum entropy principle in a neighborhood of equilibrium
state. We prove that this symmetric hyperbolic system satisfies all the general assumptions
of some theorems that guarantee the global existence of smooth solutions for initial data
sufficiently small.
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1 Introduction

The kinetic theory offers an excellent mathematical model for rarefied gases. The celebrated
Boltzmann equation'

8 fC+8 0= 0" M
is widely used in many applications and is still now a challenge for its difficult mathematical
questions. The state of the gas is described by the distribution function f€(x, ¢, ), being
respectively x = (x!) the space coordinates, & = (£') the microscopic velocity and ¢ the
time. Q€ denotes the collisional term and 9; = a/dt, 9; = d/dx; withi = 1,2, 3. There are
many results on Boltzmann equation, in particular we quote for the mathematical treatment
the books of Cercignani [1, 2] who was one of the world leaders that gave fundamental papers
on this subject.

The relativistic counterpart of Boltzmann equation is the Boltzmann—Chernikov equation
[3-5]:

P f =0, (@)

in which the relativistic distribution function f depends on (x¢, pf), where x* are the
space-time coordinates, p“ is the four-momentum, 9, = 9/9xy, Q is the collisional term
ande, 8 =0,1,2,3.

Formally the relativistic equation converges to the classical one if we take into account
the following expressions (see for example [6])

. . A _ £2\ "2
x'=ct, p=mlc, p'=mlE&", F:(l——2> ,
¢ (3)

. I ¢ . 1 ¢
Jm f=o5 /0 dm Q=50
where ¢ denotes the light velocity, m is the particle mass in the rest frame and I is the Lorentz
factor.

The weak point of the Boltzmann equation both in classical and relativistic regimes is
that its validity holds only for monatomic gas even if the classical kinetic theory was used
in fields very far from gas dynamics like in biological phenomena, socio-economic systems,
models of swarming, and many other fields (see, for example, [7-9] and references therein).

A more realistic case which is important for applications is the kinetic theory of polyatomic

gas. In the classical framework, it was proposed based on two different approaches:

e the description of the internal structure of a polyatomic gas is taken into account by a
large number of discrete energy states, so that the gas might be considered as a sort of
mixture of monatomic components, which interact by binary collisions with conservation
of total energies, but with possible exchange of energy between its kinetic and internal
(excitation) forms. The model can be used also in a reactive frame, even in the presence
of its self—consistent radiation field [10].

e Another approach in the development of the theory of rarefied polyatomic gases was
made by Borgnakke and Larsen [11]. The distribution function is assumed to depend on

I As usual, repeated indices indicate omitted sum symbol.
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an additional continuous variable Z representing the energy of the internal modes of a
molecule in order to take into account the exchange of energy (other than translational
one) in binary collisions. This model was initially used for Monte Carlo simulations of
polyatomic gases, and later it has been applied to the derivation of the generalized Boltz-
mann equation by Bourgat et al.[12]. In this case the Boltzmann equation (1) has the
same form but the distribution function f ¢ (x, 1, &,7) is defined on the extended domain
R3 x [0, 00) x R3 x [0, 00) and the collision integral takes into account the influence
of the internal degrees of freedom through the collisional cross section. The case of non
polytropic gases in which the internal energy is a non-linear function of the temperature
was considered by Ruggeri and coworkers in a series of papers [13—15]. A more refined
case in which the internal mode is divided into the rotational and vibrational modes was
presented by Arima, Ruggeri and Sugiyama [16, 17]. Concerning the production terms it
was used a BGK model [15] or an extended one with two or more relaxation times [16—19].

In the relativistic framework, Pennisi and Ruggeri [6] used a similar technique, and they postu-
late the same Boltzmann-Chernikov equation (2) but with a distribution function f (x*, p%, 7)
depending on the microscopic energy due to the internal modes. The same authors constructed
a new BGK model both for monatomic and for polyatomic gas in [20]. The existence and
asymptotic behavior of classical solutions for this model when the initial data is sufficiently
close to a global equilibrium was the subject of the paper [21].

Both in the classical and relativistic theory, we can associate macroscopic quantities,
called moments, which satisfy an infinite set of balance laws. The choice of the moments is
a controversial question in particular in the polyatomic gas.

The closure of moments when the number is finite is the starting point of modern Rational
Extended Thermodynamics (RET). The aim of this paper is to discuss first the classical
limit of a new hierarchy of relativistic moments and in the particular case of a RET with
15 moments to discuss the qualitative analysis of the solutions. In particular, we prove that
these systems, both in relativistic and classical cases, satisfy the conditions of the well-known
theorems for the existence of the global smooth solutions for sufficiently small initial data.

In the present paper, in Sect. 2, we first discuss the relativistic Boltzmann—Chernikov
equation for polyatomic gases, and after we present a brief review on the possible physical
moments that take into account the total energy composed of the rest energy and the energy
of molecular internal states. Then in Sect. 3, we will study the non-relativistic limit of the
system of balance equations for any number of moments. As a particularly interesting case,
we summarize in Sect. 4 the results of the RET theory with 15 moments. In Sect. 5, we show
that the relativistic RET with 15 moments and its classical limit satisfy the theorems of the
existence of the global smooth solutions under given sufficiently small initial data.

2 Moments associated to the kinetic equation

In the classical case and for monatomic gases the moments are:

Frkyk; = m /R b EgdE (=0.1,..), )
ki, k2, ... =1,2,3, and by convention when j = 0, we have
F=m / FCde.
]R3
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Due to the Boltzmann equation (1), the moments satisfy an infinite hierarchy of balance
laws in which the flux in one equation becomes the density in the next one:

0 Fa+0iFia=Ps, (A=0,1,..) 5)

where we introduce the following multi-index notation:

Fa=Fiiy.iy» Fia = Fiiy.iyo Pa = Pijiy.iy» (6)
with
Pk1k2...kj = m/ chkl'gkz ce fkjdg- @)
R3
The relativistic counterpart of the moment equations for monatomic gas are
Og AXKL@n = o1 (. =0,1, ...), (8)
with
Qo]0 ¢ o o (o7
A% —mnq/fppl...p dP,
R%
c
JHLOn — o /Qp"‘l L.p*dP,
R3
where the Greek indices run from O to 4, and
dp" dp? dp?
ap = A dp’
p
If we truncate the moments (8) until the index N, i.e., n = 0,1,2,..., N, the following

theorem was proved in [22]:

Theorem 1 (Pennisi—Ruggeri [22]). — For a prescribed truncation index N, for any integer
0 < s < N and for multi-index 0 < B < N — s, the relativistic moment system for a
monatomic gas (8) withn =0, 1, ..., N converges, when c — o9, to the following classical
moments system.:
0:Fp +0;F;p=Pp, if s=0, 0<B<N, and ©
O Fjijiojsisiriaein-y T 0 Fijijisjsjsivieing = Piijiojsisiria.in_ss
with 1 < s < N. The moments F’s are given by (4) and the productions P’s are given by
(7). In particular, for s = 0, we have the F’s moments with all free indexes until index of
truncation N and for 1 < s < N there is a single block of F’s moments with increasing
number of pairs of contracted indexes. The truncated tensorial index in (9) is N = 2N.

This theorem has solved the old problem how to choose in an optimal way the moments in
the classical case. In fact, there are several degrees of freedom depending on how many indices
are saturated in the truncated tensors. For example, in the Grad system which truncation order
of (5)is N = 3, instead of taking all free indices, it was considered two indexes saturated in
the triple tensor: (F, F;, Fij, Fiki).

We remark that, for N = 1, the system (8) is the Euler relativistic fluid and the classi-
cal limit is the Euler classical fluid with moments (F', F;, Fy;) of which balance equations
correspond to the mass, momentum and energy conservation laws. While, for N = 2, the
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relativistic system (8) is the one proposed by Liu et al. [23] and the classical limit converges
to the 14 moments model proposed by Kremer [24]: (F, F;, Fij, Fyji, Fkjj), instead of the
Grad system. The Grad 13 moments model doesn’t correspond to any classical limit of a
relativistic theory!

How to construct moments in the polyatomic case was an open problem. Starting from
the equilibrium case of 5 moments proposed by Bourgat et al. [12] a double hierarchy of
moments was proposed first at macroscopic level with 14 field by Arima et al. [25] and
successively at kinetic level in the papers [26, 27], (see [28] for more details):

+00
Fiy.ij=m / / fCE&, .. & o(T)dTdE,

R3

2
G zk—szfc< ms I)sil...sik o(T) dTdE.

Here ¢ (Z) is the state density corresponding to Z, i.e., ¢(Z)dZ represents the number of
internal state between Z and 7 + dZ. As (for k = 0) Gy, is the energy, except for a factor
2, we have that the F’s are the usual momentum-like moments and the G's are energy-like
moments.

From the Boltzmann equation (1), we obtain a binary hierarchy of balance equations called
(F, G)-hierarchies:

0t Fiyky.dy  F 0i Fiykydi = Plyka. ey n=01,....N, (10)
0 Glikiky..ky + 0i Glikiky.kini = Qlikiky.. ki » m=0,1,..., M.
From the requirement of the Galilean invariance and the physically reasonable solutions, it
is shown that M = N — 1 [27]. The case with N = 1 corresponds to the Euler system, and
the one with N = 2 corresponds to RET with 14 moments [25, 26].

Pennisi and Ruggeri first in [6] and then in [22] proved that the relativistic theory of
moments for polyatomic case contains in the classical limit the (F', G)-hierarchies if we
consider a system (8) but with the following moments:

AT

= / / F PP p® (mc? +nI) $(T)dIdP,
m=c
(1n

IO“...O(,, —

“ L pon (mc? 4+ nZ) ¢(2)dZdP,

where the distribution function f (x%, p#, T) depends on the extra energy variable Z, similar
to the classical one, and ¢ (7) is the relativistic counterpart of the state density function ¢ (7).

Pennisi in [29] noticed first the unphysical situation in which, instead to have the full
energy at molecular level, i.e., mc? + 7 , we have in (11) the term mc? + nZ but he observed
that (mc?)" 1 (mc? 4 n7Z) are the first two terms of the Newton binomial formula of (mc* +
7)"/(mc*)"~ 1. Therefore he proposed in [29] to modify, in the relativistic case, the definition
of the moments by using the substitution (see also [30]):

(mc?)r! (mc2 +nZ)  with (mc2 + I)n ,

@ Springer



39 Page6of21 Partial Differential Equations and Applications (2022) 3:39

i.e., instead of (11), the following moments were proposed:

2n—1
e = () f f S (né +2)" (@) dTaP,

mc

1 2n—1
[ = <—> / f Qp* ... p*n (mc +I) ¢ (T)dIdP. (12)
mc
R3
In the next section, we determine what is the classical limit of the truncated system (8)
withn =0, 1, ..., N and moments given by (12).

3 The non relativistic limit

In this section we prove the following

Theorem 2 For a prescribed truncation integer index N and 0 < s < N, the relativistic
moment system for polyatomic gases (8) (withn = 0,1, ..., N) with (12), converges when
¢ — 400 to the following N + 1 hierarchies of classical moments:

31H;""ih+3i Hsiil...i;, _ J;'l...i;,
' (13)
withs =0, ..., Nandh =0, ..., N —s
where
Hi- —m/ / FEE gD (2—1 +sz)‘ (D) dTdk,
Hiit- ”'—m/ffc gEi g <—+s>‘ $(T)dTds.
Jir- ’h—m/[Q g s( +s> $(T)dTdg, (14)

£€ and QF are the classical limits of f and Q respectively. In particular, for s = 0 we have
the momentum-like block of equations (10)1, for s = 1 the energy-like block (10)> and for
2 < s < N there are new blocks never considered before in the literature.

Proof Let us write our equations in 3-dimensional form. Taking into account that x* = c¢
and dp = 1/c 9;, they become

181A00t|...otn + 3iAi0(|...Otn — Iotl...oln ,
C
or

n—h n— h n—h
——

aAOO -01y.. lh+a AIO 20iy...0p :C_IO-”OIA]..Aih
with h=0,...,n, and n=0, ..., N. (15)

@ Springer



Partial Differential Equations and Applications (2022) 3:39 Page70of21 39

n—nh

——
Here O - - - O represents a set of n — h zeros. From (3) and (12), we have

.”‘n_h“. . . 7 \"
AlO...Oll...lh —m / / fc" hF”+5.§ §“ g <1+mc2) ¢ (D) dTdE ,
R3
and
ek +o0 N
AOO-"Oilmih :m4 / / fcn7h+11—~n+5$i| . Elh <] + 2) (f)(I)dIdE .
R3 0

Eq. (15) divided by ¢"~"*! becomes
oy Alrin 4 g Alinwin — fit-in
for h=0,...,n, and n=0,..., N, (16)

with

+00
o . . z\"
Alv-n =m4//fF”+5§“...$”’ <1+72> d(@)dTdE ,
mc
R3 0

+00
U — /Rz f FrnSgigh g <1+%) $(D)dTdE

[it-in — L pirin — //fr”“g gL g <1+%> ¢(D)dIdE. (17)

cn—h

We can see that the equations (16) with different n but the same value of / have the same non
relativistic limit, so that the number of independent equations is reduced. In order to preserve
the number of independent equations, for every fixed value of 4, we define a new tensor as a
linear combination of the AL from (17);:

N_
pyitin def 5 N-n'x~ (N —n [YN=n—r Fit-in _
rel, N—n ( c) Z r (=D rn T

r=0

+00
2) 7"\//f%.i1...%-ih
R} 0
N—n

N—n N—n—r pr+n+5 T o
Z( . )(—1) e <1+m—cz> ¢@)dTdg
=m //f%‘” %-t/,FVH-S (1+i>
N—n
{2c2 [r (1 +i2> — 1” &) dTdE.
mc
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The non relativistic limit of the underlined part of the above expression is 2Z/m + £2
that
i1...0p _ i1...0p .
c—lir-Ii-loo Hrel Nen = Hy~," with

N—n
ﬁ,’,”—m//fcé” gl (—+§) d(D)dTdE,

,n, and n=0
conditions 0 < h < N

the law N —

forh =0,

N. This set of indexes can be expressed also by the
0 <n < N and h < n. Now we can change index according to
n = s so that

Hit- ’h—m//fcé‘” s( +s) $(D)dTds,

and the above set of indexes transformsin 0 < h < N
equivalently, s =0,

O<s<Nandh < N — s or
.,N, and h=0,

, N —s.Eq. (14); is proved.
The same passages can be followed starting from (17); and (17)3. Finally, starting from

(16) we can prove our theorem, showing that the non relativistic limit is (13)

We observe that also in the classical limit now appears in the moments (17) the full energy
given by the sum of kinetic energy plus the energy of internal modes: m&</2 + 7

3.1 Particular cases

As an example we consider the cases N = 1,2

When N = 1 the relativistic moment equations (8) with n = 0, 1 reduce now to

0 AY =0, 9,4 =0

(18)
that correspond to the Euler relativistic polyatomic gas. Its limit according with the Theorem
2 is:

s=01 H)+0H,=0, < &F+0F =0,
3IH0‘ + 8i H(l)/ =0, <« 8,Fj + a,'Fij =0, (momentum)
WHY +8;H =0, < 8Gy+8G" =0,

(mass)
s=1

i.e. the Euler classical polyatomic gas

(energy),
In the case N =

2 the relativistic moments (8) with n = 0, 1 reduce now to the 15
moments that generalize the LMR theory to the polyatomic gases [30]

gAY =0, 9,A% =0,

Oy APy — [BY
and the corresponding classical limit is the system

(19)

s=01 8H)+dH, =0, o WF+09F =0,
atHf+a<H"f:0 o Y F 4o FU =0,
aH  +oHI =1, < 8F*4oFUk =

pik,
s=1 atH] +aiH1 =0, < 0,Gy +85Glh =0,
31H1j +8,-H1"/ = Ji/’ PN 3;G”j +8,'G[lji _ Q”j,
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s=2| 8HY+dH:=J, (20)

where the new scalar moment H20 and the corresponding flux Hzi are

()= [ (ea2) (¢ eene

and the production term

+00

T 2
Jzozm//Q (g%zE) ¢(T) dTdE.

R} O

4 Closure of moments and RET 15

Until now, we discussed the choice of the truncated moments to consider and we proved that
for a given relativistic system with truncation index N + 1, there exists a unique classical
limit for the moments. The truncated system are both in relativistic and classic regimes,
not closed. The closure procedure belongs to RET theory [28, 31-33]. It is expressed by a
hyperbolic system of field equations with local constitutive equations. The closure is obtained
at the phenomenological level using universal principles such as the entropy principle, the
entropy convexity, and the covariance with respect to the proper group of transformation.
Or, at the molecular level, the closure is obtained by using the Maximum Entropy Principle
(MEP) introduced in non-equilibrium thermodynamics first by Janes [34] and successively
developed by Miiller and Ruggeri who first proved as first that the closed system becomes
symmetric hyperbolic [31].

The closure of polytropic relativistic Euler fluids (18) was given first in the paper [6] (see
also [35, 36]), while the closure in the case of 15 fields (RETs) (19) (relativistic case) and
(20) (classical limit) was respectively the subject of the recent papers [30] and [37].

More precisely, in the case N = 2 the system (8) becomes

0 AY =0, 0,A%P =0, 0,4%F7 =[PV (B,y=0,1,23). 1)

with

+00
AY =mc/ / fp*e@)dzdP,

R30

A“ﬁ—cfffp 1+—>¢(I)dIdP

R 22)

A“ﬁV:%//fpapﬂp (1+—) $(T)dTdP,

R3 O
+00 I 2
C
IﬁV:%/prﬁpV <1+W> ¢ (T)dIdP.
R3 O
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We recall the following decomposition of the particle number vector and the energy-
momentum tensor in terms of physical variables:

1
A% =pU®, A% = SUUP 4 (p + R + S (U%P + U™ + 159>,
c c
where n, p = nm, U%, h*®, p, e are respectively the particle number, the rest mass density,

the four-velocity, the projector tensor (h*f = U*UP /c? — g®P), the pressure, the energy.
Moreover g"‘ﬂ = diag(1, —1, —1, —1) is the metric tensor, I is the dynamic pressure,

g% = —hZUVT’” is the heat flux and r<*f>3 = THY (hfjh/ug - %h“ﬂhw) is the deviatoric

shear viscous stress tensor. We also recall the constraints:
UUy =2, q°Uy =0, t=>30, =0, t=%_ =0,

o>3

and we choose as the 15th variable:
4 p
A= = UuUpUy (A"‘f”’ — A} V).

The pressure and the energy compatible with the equilibrium distribution function are [6]:

kp
p=—"pT, e = pcto(y),
m
09 (145 ) e@ar (23)
with w(y) = o
TR eDdT
* * * A mC2
Ton =, v =y (14 5) v =1 4

with T being the temperature and kg being the Boltzmann constant, and
+00
Inn(y) = / eV SO S Ginh™ 5 cosh” s ds.
0

To close the system (22), we have adopted in [30] the MEP which requires to find the
distribution function that maximizes the non-equilibrium entropy density:

h=h"U, — max (25)

with the entropy four-vector given by

+00
h* = —kgc / / fln fpe¢(T)dIdP, (26)
R} 0

under the constraints that the temporal part AUy, A%PU, and A%PY U, are prescribed.
Proceeding in the usual way as indicated in previous papers of RET (see [6, 38]), we obtain:

_— X
f=e¢ " with
. 7 1 o 7 \2 @7
X=mA+ Ayp l—i——2 + — A pip l—l——z ,
mc m mc

where A, A, A, are the Lagrange multipliers.
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In the molecular RET approach, we consider, as usual, the processes near equilibrium.
For this reason, we expand (27) around an equilibrium state as follows:

f:f,;(l—ix>, with

kp
tmm =)+ Oy (14 ) + L (14 2
x=m E " we) P m c? m PP me2 )’
with
1 , U
)‘-E:_?(g'i‘(/)s )‘-;,LE:?M7 )‘-[,LUE:O’

where g = ¢ + p/p — T S is the equilibrium chemical potential with S being the equilibrium
entropy and € = e/p — ¢
In [30], it was proved that choosing as collisional term the variant of the BGK model

proposed in [20] the triple tensor and the production term have necessarily this closed form:

3 N&

Nl_I
A -3—T11) hyr
4c¢2 Dy Dy

1
APy — (p@ogz + i A) vevtur + (p6291,2 —
3N 3 N3
= vbyy) 4+ =22
2D, ¢ T5Ds
1 1 1 N&  NT
1’3”=7[——AU’3UV LA | Y
T 4c* + 4c? Dy * Dy
( 2 N3 6131

2 D3 012 c?

h(aﬁqy) + 3C5t(<°‘ﬂ>3 U ,

)qofoy) _ C5t<ﬁy>3]’

where all coefficients are explicit functions of

(28)

b
+ T
, 1 <wu>hm&HM1MO+mJ¢amz
a,b

2a+1\ 2a I e@dT
that are dimensionless function only of y (i.e. function of the temperature, see (24)) and
depending through recursive formulae on the unique function w(y) strictly related with the
energy (see Eq. (23)).

It was also proved in [30] that the classical limit of this model coincides with the corre-
sponding classical RET 5 studied in [37].

Both the models of relativistic and classical RET 5 are very complex, and therefore, in
principle, it is hard to discuss the qualitative analysis. Nevertheless, we want to prove that
they belong to the systems of balance laws with a convex entropy for which there exist general
theorems of qualitative analysis as we summarize in the next section.

5 Qualitative analysis

The system (21) belongs to a general quasi-linear system of N balance laws:
3 F () = f(u), (29)
compatible with an entropy law

I h® (u) = T (u), > >0, (30)
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where h* and X are, respectively, the entropy vector and the entropy production. For this
kind of systems starting from previous results of Godunov [39], Friedrichs and Lax [40] and
Boillat [41], Ruggeri and Strumia proved the following theorem [38]:

Theorem 3 (Ruggeri—Strumia). The compatibility between the system of balance laws (29)
and the supplementary balance law (30) with the entropy h = h*&, being a convex function
of u = F¥&,, with &, a congruence time-like, implies the existence of the "main field" v’ that
satisfies

dh® =u' -dF*, X =u-f >0.

If we choose the components of W as field variables, we have

ah/a
F*= —, 31
= €Y}
and the original system (29) can be rewritten in a symmetric form with Hessian matrices:
By 82h/ot ,
8a (W) =f — maau = f, (32)
where h'® is the four-potential defined by
W =u' -F* — h?. (33)

The function
h =h%, =u -u—h,
is the Legendre transformation of h and therefore a convex function of the dual field w’.

In the general theory of symmetric hyperbolic balance laws, it is well-known that the
system (29) has a unique local (in time) smooth solution for smooth initial data [40, 42, 43].
However, in a general case, even for arbitrarily small and smooth initial data, there is no
global continuation for these smooth solutions, which may develop singularities, shocks, or
blowup, in a finite time, see for instance [44, 45].

On the other hand, in many physical examples, thanks to the interplay between the source
term and the hyperbolicity, there exist global smooth solutions for a suitable set of initial
data. In this context, the following K-condition [46] plays an important role:

Definition 1 (K-condition). A system (29) satisfies the K-condition if, in the equilibrium
manifold, any right characteristic eigenvectors d of (29) are not in the null space of VI,
where V = 9/0u:

(Vfd’)E;aéO vd, 1=1,2,...N. (34)

For dissipative one-dimensional systems (29) satisfying the K-condition, it is possible to
prove the following global existence theorem by Hanouzet and Natalini [47]:

Theorem 4 (Global existence). Assume that the system (29) is strictly dissipative with a
convex entropy and that the K-condition is satisfied. Then there exists § > 0, such that, if
||u’ (x,0) ”2 <4, there is a unique global smooth solution, which verifies

v’ e ([0, 00); H2(R) N C([0, 00); H'(R)).
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This global existence theorem was generalized to a higher-dimensional case by Yong [48]
and successively by Bianchini, Hanouzet, and Natalini [49].

Moreover Ruggeri and Serre [50] proved that the constant equilibrium state is stable.
Dafermos showed the existence and long time behavior of spatially periodic BV solutions
[51].

The K-condition is only a sufficient condition for the global existence of smooth solu-
tions. Lou and Ruggeri [52] observed that there indeed exists a weaker K-condition that is
a necessary (but unfortunately not sufficient) condition for the global existence of smooth
solutions. Instead of the condition that the right eigenvectors are not in the null space of Vf,
they posed this condition only on the right eigenvectors corresponding to genuine nonlinear
eigenvalues. It was proved that the assumptions of the previous theorems are fulfilled in both
classical [53] and relativistic [54, 55] RET theories of monatomic gases, and also in the
theory of mixtures of gases with multi-temperature [56].

In [30], it was proved that at least in a neighborhood of equilibrium, the entropy (25) is a
convex function of the field u = F*U,, and the entropy principle (30) is satisfied, then we
need to prove only the K-condition to satisfy the assumptions of previous theorem.

For this aim we first need to calculate the characteristic velocities evaluated in equilibrium.

5.1 Characteristic velocities in equilibrium
We recall that in [57] it was proved that in the theory of moments, the main field coincides

with the Lagrange multipliers of MEP (see also [28, 58]), and therefore (8) taking into account
(31) and (32) can be written

ah/ot 32 h/ot
Oy (ﬁ) =14 |, or —— duhp =17, (35)

where the multi-index A is used for the Lagrange multipliers in equivalent way of (6):
Ag = )"Otl()tz...OtAa (A when A =0),
that in the present case of 15 moments A =0, 1,2,i.e.u’ = (X, Ay, Aap)-
As it is well-known, the wave equations associated with the system (35) can be obtained
by the following rule:
o — 9ad, I = 0,
with

|4
Qo = ?é:a'i‘not,

where V indicates the characteristic velocity and &, and 7, indicate, respectively, a generic

time-like and space-like congruence: £,6% = 1, §,n“ = 0, nen® = —1. Therefore we have
from (35):
82 h/a
—— 8 =0, 36
Do 3 }\A 3 )\B B ( )
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where dAp are the right eigenvectors associated to the system (35). For the symmetry of

% and the convexity of i’ = h’*£, with respect to the main field, the quadratic form 2
3%
——— 8AA 8
gong AP

is negative definite for all time-like 4-vector &,, we can deduce that all the eigenvalues V
are real and the equations (36) give a basis of eigenvectors §1p; in other words, our field
equations, according to Theorem 3, are symmetric hyperbolic.

We have also that the characteristic velocities V don’ t exceed the light speed, i.e., V2 < ¢2,
thanks to theorems proved in [58] and in the Appendix A of [59].

For the effective evaluation of the wave velocities, we use the same strategy used in a
similar problem in [59]. More precisely, by using the definition of the 4-potential (33), the
expressions (22), f given in (27) and the entropy vector (26), we obtain:

+00
“:—ksc// ¢ T pey(D)dTdP,

then
8 h/o{
= 7)dZIdP.
aa, ¢ / / FEVR “o (D)
Since from (27) y is linear in the Lagrange multipliers, a A does not depend on A p, it follows
a2 pe c b - dx Ax
=_7// oy OX 0K ey ryaTap.
0ApdAra kg drp DAa

By using these results, we can consider the quadratic form

5K =——¢a// T (5 pPT)dTdP,

and see that the equations (36) for the wave velocities are equivalent to say that the derivatives
of § K with respect to §A 4 are zero.
As the closure was obtained only near equilibrium, we rewrite 6K as

2 pla ) 32 o 2 /o
5K =gy | = (51)% +2 SASAy +2 ———— 56
‘p“[aﬂ O+ 2o, Mok 2 g kbt
Zh/a 2 plo 32 o
A Ohy + 2 Shp Ohpy + ————— Sy Shpur | -
T g o, O T g e O “”]

By calculating the coefficients at equilibrium, it becomes

SKp = — kﬂ Qo [AL (50)% +2 A% 538k, +2 ALY 838000

+ A 5o 805+ 2 AP 835 50,0 + AT 53, axlw] ,

2 We remember that in Mathematical community the entropy is the physical entropy changed by sign and
therefore we use still the terms convexity where in reality our function is concave.
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where the explicit expressions of the tensors in the right hand side in terms of the 6, ;, (28) are
reported in [30]. For the sake of simplicity, we calculate also the coefficients of the differentials
in the reference frame where U% and ¢“ have the components U% = (¢, 0, 0, 0) and
0o = (90, 1, 0, 0);in any case, we can at the end express again all the results in covariant
form replacing ¢g and (1)?* with gy = % ¢ Uy and ()% = goa(pﬁh"‘ﬂ.

After having calculated § K g, we note that a first eigenvalue is

U%ny
Cc ,
Uvég,

0 =0, ie, V=-— ie., V=0, 37
where the last expression holds when &, = U, /c.

We can observe that ¢; # 0 under the hypothesis that the 2 time-like vectors &, and
U, are oriented both towards the future or both towards the past. After that, if g9 = 0, the
derivatives of § Kr with respect to 614 give a system whose solution is A1 = 0, §x91 = 0,
112 = 0, 8113 = 0 and the remaining unknowns are linked only by

66118x + 26012800 + 013¢28r00 + 26023¢* (38h11 + SAxm + 8433) =0,
1001 28% + 5613¢8h0 + 3601 4¢> 8000 + 2624¢> (38h11 + 8han + 8233) =0,

56230h0 4 2024¢8h0 =0, 5023803 4+ 262.4¢8430=0.
(38)

Therefore, we have 7 free unknowns and the eigenvalue (37) has multiplicity 7.

For the research of other eigenvalues we have ¢g # 0 and we can consider the quadratic
form — % 8K . By defining
A = X1, cdrg = X3, cSA = X3, c? Shoo = X4, c? Sho1r = Xs, c? SA11 = Xe,
c2 (hxm + 8133) = X7, c8hy = Y1, 2800 = Yo, 2 8h1n = Y3, c8h3 = Z1,

2 8h30 = Za, 28013 = Z3, ¢28ha3 = Y, 2 (bA22 — OA33) = Z4,
we have

7 3 3

kg A

e SKp= > amXnXe + > b YaYe + Y b Zn Zx + e (V)2
h,k=1 h=1 =1

1 2
+ — 04 (Z4)",

15
with
¥1 2 @1
ayg =600, anp=~001, a3=0601—, au=0,2, as=3012—,
%o 3 ®o
1 ®1
ale =012, a;7=aie, ax==002, a3= 02—,
3 3 %0
1 @1 1 1
axy =0p3, aps=z013—, ax=—-013, ay=axy, a3z=30,,
3 %o 6 3
1 ®1 1 ¥1 1 ¥1
a3 =—-013—, axs =013, axs=03—, ayy=503—,
6 ®o 3 %o 3 %o
b Ly ¥ Ly 6
a4 = . a45 = — —, a4 = — . 47 = a4, aAs5 = — s
44 =604 45 =35 014 ” 46 = 7 014 47 = a46 55 =5 014
2 D1 2 D1 1 1
as6 = —0ha— a57=—0r4—, ag6=—-0ra, a1 = —0r4,
s6 = 5 024 0 57= 15 024 0 66 =35 024 67 = 75 024
2 [7)
ar = — ,
77 = 15024
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bii= 612, b= 01s. b= 263 ?
11—3 1,2 12—3 1,3 13—3 2,3@03
2 4 1
b= 2014, by=—0a2" byn=-—04.
22 5 1,4 23 15 2,4 %0 33 15 2,4
1 1 2 ®1
bii=—=012. bp=-03. biz=-0y32",
11 3 1,2 12 3 1,3 13 3 2,3 %0
b= 2014, b= 0,0 b=t
22—5 1.4, 23—15 274(/70’ 33—15 2,4 -

From these results it follows that the equations to determine eigenvalues and eigenvectors
are

7 3 3
Zahkxk:07 thkYkZO, thkzk:07 Y4=0, Z4=0. (39)
k=1 k=1 k=1

The equations (39); 3 show that 2 eigenvalues with multiplicity 2 are the solution of

10, 1615 3603 %
det 0 29 Aol =0 (40)
3Y1,3 3Y1.4 15 V2.4 @0 =V,
2 oL 4 o 4
50035 150245 15024
that is,
012 013 2623
2 0 6
] ) o1 4 12 013
det|| 013 36145024 — | + 3 02,4 det =0,
o 013 $014

2023 %92,4 0

The eigenvalues different from those in (37), (40) are given by (39); in the unknowns X,
that is the determinant of the matrix aj; must be zero, i.e.,

o1 2 o1 1
00,0 b1 b1, b2 5024 362 3612
bo,1 oo 30122 6 j034 Lo $0n
0, 0, 3V1L.2 0,3 3V13 % Y13 6 V1,3
o 1 o 1 1 %8 o1 o1
Oy 302y 3012 gz 3013 sy 3023
1 1 1 1
det|| 6o2 b3 Ozl foa 5045 [h4 pOa | =0 @D
2 o1 1 o 1 1 [ 2 P12 1
3 012 0 3 013 0w 3 013 5 01,4 w 5 01 4 5 02,4 o0 15 02,4 s
1 1 1 1 1
3012 5013 03l s 5040 504 3024
1 1 1 o 1 2 o 1 2
3 61,2 6 01,3 3 92»3 v 10 ‘91,4 5 92,4 o 15 92,4 1502,4
. . . 2 7P g 2 .
It is easy to prove that this equation depends on % only through (%) = ﬁ ¢ (which
Py

2
is equal to (%)2 if U¥ = c&%) and it is a second degree equation in (%) . So it gives 4
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Fig. 1 Dependence of maximum V /c on y for a diatomic gas. The solid line indicates the value of RET 5
and the dashed line indicates the one of Euler system [36]

independent eigenvectors; other 7 come from (37), other 4 come from (40). The total is 15,
as expected.

As an example we can use the expressions of 8, ; (28) given in [30] in the case of diatomic
gases for which the expression of the energy e given in (23) is explicit because w(y) can be
written in terms of ratio of modified Bessel functions [36]

_ Ko(y) n 3

oly) = Ki(y) vy’

As a consequence it is easy to plot the maximum characteristic velocity in the rest frame as
function of y (see Fig. 1). According with general results for which increasing the number
of moments increases the maximum characteristic velocity [57, 58] and since the relativistic
Euler system is a principal subsystem of RET;5 by the definition given in [60], the sub-
characteristic conditions hold and the maximum characteristic velocity of RET;s that is
obtained from (41) is larger than the one of Euler system which is studied in [36] as evident
in Fig. 1.

5.2 K-condition

As was proved in [52], the K-condition (34) is equivalent to 6f # 0 for any characteristic
velocity in equilibrium. In the present case this is equivalent to prove that §187 # 0 at
equilibrium. We prove it through a reductio ad impossible, and we suppose that there exists
at least a characteristic velocity with 877 = 0. Now 8 187 = 0 with the coefficients of the
differentials of the independent variables calculated at equilibrium, is equivalent to §Ag, = 0
(because the quadratic form ¥ is positive defined and, consequently, 787 is invertible in A By)-

If the eigenvalue under consideration is ¢, U = 0, this means that, jointly with (38), its
expression calculated in 615, = 0 holds, i.e.,

601,181 +4012c8h0 =0, 1001261 + 5601 3¢8x =0, dh2 =0, 643 =0.
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This implies §Ag = 0. Jointly with (38) and with the other results written before, we obtain
81 =0,6Ag =0, 84p, = 0. This contradiction proves that our hypothesis is false and hence
the K-condition is satisfied for the eigenvalue ¢, U* = 0.

If the eigenvalue under consideration is one of those in (40), our hypothesis implies that,
jointly with (39), its expression calculated in 64, = 0 holds, i.e.,

> am Xp =0, buY =0, by Z =0. (42)

The last two of these relations give §A» = 0, §A3 = 0, while the first one gives ( with the
results written before (40)) A = 0, A9 = 0, A; = 0. This implies 51 = 0, Ag = O,
d1gy = 0. Again, the contradiction proves that our hypothesis is false and hence that the
K-condition is satisfied for the eigenvalues (40).

It remains to prove that the K-condition is satisfied also for the eigenvalues which are
solutions of (41). In this case the hypothesis means that, jointly with (39), also its expression
calculated in 6Ag,, = Oholds, i.e., (42). The last two of these relations give §A; = 0,643 = 0,
while the first one says that

Y1
00,0 B b1y

1
00,1 6o 301, 2 o

o1 1 11
011 3012 3012

@0
SA 0
6o, 003 013 Sl fcsr] =10 (43)
C(S)\l 0

29,8 lg 522 %91,3

1 1
3612 613 923*

1 1 1
3012 613 923*

This implies that all the 35 third order minors of the matrix in the left hand side must be
zero for the same value of the unknown “" . In particular, we may consider eqgs. (43)1 2.4
(or (43)1,2,6, Or (43)1,2,7, or (43)1 4,6, OF (43)1 4,7, 01 (43)2, 4.6, Or (43)2,4,7, Or (43)4,6,7) and
obtain the result "’1 = 0 which is a contradiction because we said that ¢; # 0 and, in any
case, the system (43) would give the absurd result 61 = 0, 19 = 0, 611 = 0.

Similar calculations can be done for the classical limit system (20) (see [37]) and it is
possible to prove that also in classical case the K-condition is satisfied.

Therefore we can conclude that both the solutions of the relativistic and classical systems
satisfy the theorems before stated, and as a consequence, global smooth solutions exist
provided initial data are sufficiently small and not far away from an equilibrium state.
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