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Abstract

In this paper, we establish a sharp weighted Sobolev inequality on the upper half-space.
We also discourse existence and nonexistence of minimizer . As an application, we study a
quasilinear problem on the upper half-space.
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1 Introduction and main results
1.1 Overview

In the past decades, the inequalities of Sobolev type have played a fundamental role both
from the theoretical point of view in calculus of variations as well as from the point of view
of applications in the development of many branches of mathematics and physics. In [16], G.
Talenti proved the following Gagliardo—Nirenberg—Sobolev inequality: for p € (1, n), there
exists a constant Co(n, p) > 0 such that
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P
(/ |u|"*dx> "< Cg/ \VulPdx, forall u e CHRM, (1.1)

where p* .=

n"fp denotes the critical Sobolev exponent and the extremals have the form

p—n

u(x)=(a+b|x|ﬁ) 74 b>0.

In studying boundary value problems in the domain 2 instead of the entire space R”, the
so-called Sobolev trace inequalities are particularly of importance. For the Euclidean upper
half-space

R% = {x = (', x;) e R" xR :x, > 0},

the Sobolev trace embedding states that there exists a constant C1(n, p) > 0 such that

P
(/ |u|P*dx’) e /
R R

where p, 1= p,(l'%l) denotes the critical Sobolev trace exponent. In [9], some sharp constants
related to (1.2) with p = 2 have been established by J. Escobar and the extremals are given

by the form of
(n=2)/2
, €
u(x,x,,):( ) , €>0

(e +x,)% + ’x’ — x(’)|2

|Vu|de) , forall u e CL(RM, (1.2)

n
+

Moreover, the author conjectured that for p € (1, n), the Sobolev trace inequality (1.2) admits
the similar extremals to the case p = 2. This conjecture was shown to be true by B. Nazaret
in [15] via a mass transportation method.

1.2 Main purpose and motivation

The main purpose of this present paper is two-folds. First, we aim to obtain some optimal
conditions on ¢ > 0 and « to the validity of the weighted anisotropic Sobolev inequality

p
|u |q ! 00 (Tt
——dx ] < By [VulPdx, forall ue Cj°(R"), (1.3)
rr (L +2x,)% R

for some constant By(n, g, p, @) > 0. It is worthwhile to mention that an important feature
of this inequality is the fact that the anisotropic weight function w(x’, x,) = (1 +x,)~% does
not belong to any Lebesgue space L”(IR"} ). Second, we want to provide some conditions on
existence and nonexistence of minimizes to best constants of this inequality.

Remark 1.1 Notice that, the inequality (1.3) holds true for any « > 0 and ¢ = p*. Indeed,
for any u € Cj°(R"), defining

u(x', x,) =

u(x’, xp), if x,>0
- 3u(x/, —Xu) + 4u(-x/a _xn/z), if x, <0,
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and performing a straightforward computation we see that it € Cé (R™) and there exists a
constant C = C(n, p) > 0 such that

/ [Vi|Pdx < 6/ [Vu|?dx.
n R}’l

+

This, combined with (1.1), applied to i, yields that

L
p*
(/ lu|? dx) < Ky (/ |Vu|de> , forall u e C°(R"), (1.4)
R” R"

+

for some Ko(n, p) > 0, which clearly implies that (1.3) holds for any « > 0 and g = p*.
Remark 1.2 The inequality (1.3) is false on the region
Ry :={(q,a):q > p* and o € R},

which is enough to assume o > 0. To see this, let ug € Cj°(R") \ {0} and define u; (x) =
A0=P) Py (hx) forx € R and A > 0. A straightforward calculation shows that there exists
C1 > 0 independent of A such that

/ |Vuy |Pdx = Cy
R}
and making a change of variables, for any A > 1 we get
laal? o R luo(¥)|? ZA@—n/ luo(»)
R (14 2x,)% R (14 3)e rr (14 yn)®
Assume by contradiction that the inequality holds. Then, in particular, for some C; > 0 we
have

Jgn |Vuy|Pdx c
0<By'<—+ e )
wlt g \e G TP
(f]R:; EEAL dx) :

if ¢ > p* and A — 400 we reach a contradiction and hence the inequality is false for all
g > p*and o > 0.

Remark 1.3 The inequality (1.3) also is false on the region
Ri1:={(g,n) :q < px and @ € R}.

To see this, is sufficient to assume o > 1. Consider a function ¢ € C3°(R") such that
¢(x) = 1 for [x] < 1 and ¢(x) = O for |[x| > 2. Let us define ¢;(x) = ¢(x/t) for
x € R" and ¢t > 0. A straightforward calculation shows that there are constants C1, C, > 0
independent of ¢ such that

/ Vg |Pdx = C1"P
Rn

+

and

q £ 1
/ o fﬁ/ —_axdx,
Ri (1 +xn)0l 0 |X’|§t/\/§ (1 +Xn)a

1 1
_ _ Cot"!, forall 1.
[(a—l) (a—1)(1+t/ﬁ)a—1] 2 orat =
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Hence, if the inequality (1.3) holds we have

/ |V | dx
" _pl=n

, R _
0<B;'< + < Cy" TP

IIEPAY
R% (1 + xn)®

for ¢ large and any @ > 1. In particular, if ¢ < p. we obtain a contradiction by letting
t — +00.

We also mention that Hardy—Sobolev type inequalities on the upper-half space appear
in many papers, see for instance, [7, 10, 11, 14, 17] and references therein. In [7] Chen—Li
proved the inequality

e \MF@
/ dx < c/ |Vul*dx, forall u e CP(RY),
R R

o
n X n
+ n +

where 2* () = 2(n —«)/(n —2) forall « € (0, 2]. In fact, in all these papers the inequalities
are derived for functions u € C§°(R"}).

Finally, we observe that an inspection in Remark 1.2 shows that inequality (1.3) does not
hold for p = n and @ > 1. Indeed, in this case there are constants C1 > 0 and C> > 0 such
that

;17

dx > Cat" 1,
. (14 20

/ |IVo,|"dx = C; and
R}
which yields that
Sy IVhe"dx
PAAY]
(fm fEEAL dx)

For a related inequality when ¢ = n, we refer the reader to [1].

— 0, as t — 00.

1.3 Main results

Motivated by the mentioned papers and the previous Remarks, a natural question is
whether inequality (1.3) holds for ¢ < p*?

A complete answer is given below concerning this specifically issue. To this purpose, we
will borrow some idea from [6,Proposition 3.5] and [11,Thorem 1], see also [8] for p = 2.
In this context, our first main result reads as follows.

Theorem 1.1 Let 1 < p < nand a > 1. Then there exists C = C(n, o, p) > 0 such that

u| P Px

||7dx < C/ [VulPdx, Yue CPMR"). (1.5)
rr (14 x,)" R"

Furthermore, the power a > 1 is optimal in the sense that this inequality is false for any

a <l
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Letl < p <nandoa > 1. Since (1 + x,)* > 1 for x, > 0, by inequality (1.4) we see
that

A
*

|u|P” r 00 (on
——_dx| <Ko | |VulPdx, forall ue CPR".
R" (I + x,)* R%

Thus, by interpolating this inequality with (1.5), for all ¢ € [p,, p*] it holds that

r

q q
/ de §Cf [VulPdx, forall ue CG°R"), (1.6)
rr (L +2x,)% R

forsome constant C = C(n, «, p, q) > 0.Infact, we have an improvement of (1.6). Precisely,
defining the function

WP 01, g e lpe p",

alg) ==n—
we see that a(ps) = 1, a(p*) = 0 and the following result holds:
Corollary 1.1 Let 1 < p < n. Then the inequality (1.6) holds true on the region

Ry :={(qg, @) : px <q < p* and a > a(q)} U{(p*, a(p™))}

and is false on the region
R4 = {(ps,a(pN}U{(g, @) : px <q < p* and — o0 < < a(g)}

For a better comprehension we present a graphic that corresponds the regions obtained in
the previous results.

a(q) 4

Ro

&

}‘J* A

il
B S e P S DR D R e
1

AT [, == (B

As another consequence of Theorem 1.1, we derive an inequality with exponential weight
that was proved and used in [6] to study the asymptotic profile of ground state of a Henon
equation with Neumann boundary conditions when p = 2. In fact, forany r > Oand @ > 1,
there exists Co = Co(t, @) > 0 such that

exp(tx,) > Co(l + x,)%, forall x, >0.

Thus, as a consequence of inequality 1.6, we have
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Corollary 1.2 Let 1 < p < n and v > 0. Then, for any q € [p«, p*] there exists C1 =
Ci(z, q, p) such that

P

q q
/ de §C1/ |Vu|Pdx, forall ueCé(R").
R €Xp(Txp) R"

+

Furthermore, the condition q > p, is necessary.

Next, denote by C5°(R'}) the space of C§°(R")—functions restricted to R’ . For 1 < p <
n we define the Sobolev space E as the completion of C§°(R'}) with respect to the norm

1

P

lullg = (/ |W|"dx> .
R

In view of Corollary 1.1, we have the following embedding result.

Corollary 1.3 Let | < p < n. Then the weighted Sobolev embedding

1
E<s LY (Rﬁ, m) (1.7)

is continuous, for all pair (q, «) € Ra.

This paper is organized as follows. In Sect. 2, we give the proofs of Theorem 1.1 and
Corollary 1.1. Section 3 is devoted to existence and nonexistence of minimizers for the best
constant in inequality (1.5). In Sect. 4, as an application of inequality (1.5), we investigate the
existence of solutions to a quasilinear elliptic equation in the upper half-space with Neumann
boundary condition. In Sect. 5, some open questions are given.

2 Proofs of Theorem 1.1 and Corollary 1.1

Proof of Theorem 1.1 Let v € Cj°(R") and o € R with o0 # —1. Integrating by parts one
has

(0 + 1)/ (1 + xp)7[vldx :/ 3, (1 + )7 )| ]dx
R R
= —/ (1 +x)" (0], dx —/ vldx’,
R", Ri-1

where we used that the unit outward normal on the boundary R lisvy = (0/, —1). Thus,

[v|dx’.
—1

n

lo + II/ (I +x) Jvldx < / (14 x,)" | Voldx +/
R RY, R

Applying this inequality with v = |u|? foru € C{°(R"), ¢ > 1 and using that o +1 < 0
we obtain

lo + 1] (1+x,,)°|u|qu§q/ |u|‘1—1|W|dx+/ 1|u|‘1arx’. 2.1)
n Rn—

R R}
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Now, choosing ¢ = p, and using the trace inequality (1.2) we obtain Cy(n, p) > 0 such
that

n—1

=
/Ril lulP*dx’" < (C](n,p) /R" |Vu|”dx) ) (2.2)
+

On the other hand, by using the Holder inequality and (1.4) it follows that

p=1 1

P P
/ lu|P* Y Vuldx < f lul?" dx / |VulPdx
R R" R

n—1

n(p=1) n—p
<KJ"P / |VulPdx )
Rn

+

n n
+ +

(2.3)

Combining inequalities (2.1), (2.2) and (2.3) we conclude that

l e
lo + 1] ﬁdxf(p*l(o”" P4+ C) / [VulPdx )
R Xn) RY

Thus, choosing « = —o > 1, we obtain

1 lztp—lz n—1 pi* 1
ma P Kre-n oo Z
ot dx < P8 1 / |Vu|Pdx ,
rr (14 x,)" | —o+1] R

which is the desired inequality.

Next we shall prove that (1.5) is false for any o < 1. To this end, it is enough to consider
a = 1.Let ¢ € C§°(R") such that ¢ (x) = 1 for |x| < 1 and ¢(x) = O for |x| > 2. For any
t > 0, we define ¢, (x) = ¢(x/r) for all x € R". A straightforward calculation shows that
there are constants C, C > 0 independent of ¢ such that

n
+

/ IV |Pdx = C1"P

RY

and using that |(x', x,)| < 7 if x, < t/+/2 and |x’| < t/+/2, we conclude that

Px £ 1 t
/ de > /ﬁ / dx'dx, =log (— + 1) Cyt" 1.
re 1+ X, 0 Jwi=s L+ x, V2

Now, assume by contradiction that (1.5) holds true. Then, we have

/ |V |Pdx

R? Ci

0<Co= - = - >
[ )" fee( )
RY L+ xpn

which is a contradiction since the right-hand side of the last inequality goes to zero as t — 00
and this completes the proof of Theorem 1.1. O
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Proof of Corollary 1.1 If ¢ = p, this result is exactly Theorem 1.1. When ¢ = p*, inequal-
ity (1.6) was proved in Remark 1.1. For each ¢ € (px, p*) it holds that

p*

g=pb+p*d—0), with 0= p*i_q €0, 1).
— Px

From Holder’s inequality, ones has that

0 1-0
q Px .
/ Ladx < (/ |u|adx> (/ lu|P dx) . 2.4)
rr (1 +2x,) R (14 x,)0 n

Now take into account that /0 > «(g)/0 = 1, Theorem 1.1 and inequality (1.4) yield hat
Ops a-9)p*

|u|q r P
/ ————dx < CO/ |Vu|?dx KO/ |Vu|Pdx
re (14 xp)* R R”

* 2.5)

q

»
=C (/ |Vu|”dx> ,
"

which is the desired inequality. Next we will prove that inequality (1.6) is false for all
0 < a < alg) with g € (p4, p*). For this purpose, let u € Cg°(R") \ {0} and define
u,(x) := u(ix) for x € R and A € (0, 1]. It is easy to see that there are constants
C1, C2 > 0, independent of X, such that

/ [Vu,|Pdx = C1AP™",
i

and using that 0 < A < 1, after a change of variables we obtain

q q
141 dx Zf 7( L dx = Coa~ =9,

RY (14 x,)” % —|—xn)a
Now, assume by contradiction that (1.6) holds true. Then, we have
o | Vuy|Pdx (1—a
0<Cp= fR = < kp_rH_pT).

P

uple 7 q

(Jiy diseax)” \C5

If 0 < o < a(g) we obtain a contradiction by taking . — 0. To finish, we will prove that

inequality (1.6) is false when ¢ = p* and o < a(p*). For this purpose, letu € C3°(R")\ {0}

and define u) (x) := u(Ax) for x € R and A > 0. It is easy to check that there exists a
constant C1, Cy > 0, independent of A, such that

/ |Vuy |Pdx = C{AP™",
RV[

"
and for all « < 0 we have

:/ [l (1 4 x,)"" 2/ |7 (xy) ™% = Co2%7".
R" R"

+

lur]?
2 (142,
Hence, if the inequality holds we have
fR,J;r |Vux|”dx Cl

r — p

ual? q q
(fR" (=5 ) G

_ pn—a)
0<Co< AP
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In particular, if « < a(p*) and ¢ = p* we obtain a contradiction by taking the limit as
A — 0, and this finishes the proof. O

3 Existence and nonexistence of minimizers

In this section, we analyze existence and nonexistence of minimizers for the best constant in
inequality (1.6). Precisely, we consider the variational problem

fR,J,r |Vu|Pdx

I(g,a) := inf .
1 {ue E\{0}) it c
(fRi (= x)

Notice that I(g, o) is positive if and only if (1.6) holds and further C = 1/I1(q, «).
For g = p., we have the following nonexistence result of minimizers.

Theorem 3.1 Assume 1 < p < n and o = 2. Then l(q, @) has no minimizer for ¢ = ps.

To prove Theorem 3.1 we requires two technical lemmas. For every ¢ > 0, the functions

(/ ) n—p % 8% e (/ ) R
Ug(X , Xp) = 1 (5+xn)2+|x’|2 s X, Xp) € K

are minimizers of the best constant in the trace inequality (1.2), i.e.,

1 fRi [Vue|?

= i
G (fRn—l |u£|p*)"*
and solves the quasilinear elliptic problem

—div(|[Vu|P~2Vu) =0 in R,
|VulP=2 3 = |u|P»~2u on R*L

)

3.1)

Moreover, if we define
m = I(ug),

where I : E — R is the functional energy associated to problem (3.1)

1 1
I(u) = —/ [VulPdx — —/ lu|P*dx’,
P Jry e Jro

by using a simple calculation we see that

n—1
—1
p—1 (fR'i 'V””p)p =
= n—p = 1
PO (f )it P D)

Furthermore, the following characterization holds true

m= inf max I (tu).
{ueCge@®MH\{0}} >0

The next result allows us to compare the energy of minimizers of the best constants C| and
C in the inequalities (1.2) and (1.5), respectively.
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Lemma 3.1 Assume 1 < p <nanda > 2. Let w € E be a least energy solution of

(I4x,)* »

—div(Vw|P~2Vw) = 2w gy R -
w — ) on R"1L G2

Axp,
Then the following estimate holds:

1 1 |w|P*
J(w) = — IVw|Pdx — — ————dx > m.
p Jre Ps Jrn (14 x,)*

R+
Proof Suppose by contradiction that there exists a solution w of (3.2) with
J(w) <m.

Let w* be the Steiner symmetrization of |w| with respect to x’ € R"~!. Then, w* € E and
by [5,Proposition 3.1], we see that for any r > 0, J(tw*) < J(tw) and hence

max J (tw*) < max J(tw) = J(w) < m.
t>0 t>0

Using integration by parts we see that

| e 1 ?
[w*| dx = / |w*|p*87(1+xn)—0l+ldx
R

R” (1 4 x,)® -« n Xn

1 s ps—1 Jw*
= — P Llﬁdx—/ lw*|Pdx" ],
l —« R’l (1 +xn)a7 8xn Rn—1

which implies that

tP 1P s ps—1 Jw*
](lw*)Z */ IVw*Ipdx—i [)*/ L [w dx+/ |w*|p*dx/
P Jry prla—1) Ry (14 x,)" dx, Ri-1

+
*

t? |w* == dw*
> 1wty - S [ o,
a—1 R (14 x,) 0xp

where in the last inequality we used that « > 2. Since max;~o I (tw*) > m and % <
‘w*‘p*—l M
e g
max;~q I (tw*) = m. It follows that for some * > 0 such that *w™ is a least energy solution
to (3.1). Then

0, we conclude that fR’i = 0, which implies that % = 0 on R and

qw*
|Vw*P2=— = |w*|”*2w* onR"!
n

and w* = 0 on R"~!. Due to % = 0 on R, w* = 0 on R}, which contradicts the fact
that m > 0. |

Another ingredient in the proof of Theorem 3.1 is the following estimate.
Lemma3.2 Ifa <2, then

lim max J(tu,) < m. (3.3)
e—=>00 >0
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Proof By using a straightforward computation, one has
=
ol (fw Vuel?”)”
max J (tug) = T
t>0 p(n ugPx ) P
fRn (1+Xn)a
On the other hand, we have
n—1 n— n—p
A AN . £\ Pl
(i 0?) (o)™ (o
n—p n—p Jug|P*
lug|Px ) p1 net |ug|P+) Pt fRn T+,
(fm (1+x,,)”) (g el ) + ()
n—p
* p—1
_p—=Dm | Jguoi luel?
B —1 |ue| P
p fR1 (1+Xn)a
Therefore, to conclude the proof, it is enough to prove that
o1 |u Px
lim fR 1 | £| <
£—00 f ., |ue| P
R+ (1+Xn)w
To this purpose, we observe that by using polar coordinates we obtain
N
Jug| P _ (n —p)"“/ e ’ !
w At \p—1)  Ju \ a2+ P (I +x0)®
) g(n—:)
n—p nolopoo poo er P =2
= wp—2 5 5 dtdr
p—1 0 0 (e+1t)>+r (14 1)~

(n—1)

pin—l)
D o

(1+ 1)@

dtdr.

Then we have that

pn—1) 1)

2(p— i
f]R”*] |M6|P* (a — l)fo fo <82+r2) (]+[)°‘dtdr
f ug|Px 122(<n D
R" 1+ » o p— n
" (I4xn) fO fO ((8+t)2+r2) (er)a dtdr

o0
1
r"_zdrf —dt
o 1+
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P("—l)
= 2

2
((Y — l)f() f() (1_,’_,,2) " (1+t)°’ dl‘dr
2 =D
e (m) e didr
BT
p
@=1 5 5 (7)™ dmedrdr

- n—1
[ SIe's) e \P1 1 20p—-1) yn-2
Jo~ Jo (m) (m) e dtdr

Applying the Lebesgue Dominate Convergence Theorem, we obtain

et |Ug|P*
lim M —a—1<1.
£—00 /‘ ug|Px
R’i (T4xp)%
proving the claim and this concludes the proof. O
Proof of Theorem 3.1 Assume by contradiction that /(p,, «) has a minimizer g, which is a
least energy solution of problem (3.2), then

m = lim max J(tug) > inf max J(tg) = J(ug) > m,
£—>00 >0 {peE\{0}} t>0

which is a contradiction and this completes the proof. O
When g € (p«, p*), we have the following result of existence on minimizers.

Theorem 3.2 Assume 1 < p < n and a > 1. Then, I(q,a) has a minimizer for every
q € (px, p").

Proof The proof is similar to [6]. For the sake of completeness, we give the details. By the
Steiner symmetrization, we see that

Jgn |VulPdx
I(q,a) = inf — . a) =1 +x,)"",
P
{ueDy " (RL)\{O (f]R” a(x)|u|q)"

where
DY RY) = {u e DVPRY) : u(x', x) = u(lx'], xy), X' € R, x, > 0}

Let {¢y} C D P (R’}) N C§°(R™) be a minimizing sequence of /(g, ). We may assume that
supp(¢r) C B0, R) w1th Ri<Ry<--- <Ry <---andlimj_, o R; = 00. We define

Dy (R) = DI (RY) N Hy (B(O, Ry)).
We may take a better minimizing sequence {u;} of [(g, o) such that u; is a minimizer of

Jrn [Vul|Pdx
l(a.q. BO,R))= inf S ;.

L.p P
DyP(R
{ueD 7 (RH\{0 (fRn B, R,)“(x)|”|q)q

we may assume that

/ [Vu|Pdx = / a(x)|u|?dx.
R™.NB(O,R) R™.NB(O,R))
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Then, we see that

q
u

—div(|Vu|P~2Vuy) = T in RLNBO, R,
u =0, on R} NJB(O,Ry),
. _ ), on RN B(O,R)).

Xy

By the moving plane method, we see that u; € Dﬂ’p(R’i) and u;(0) > u;(x) for any x # 0.
Then, applying the standard blow up argument, we see that {||u; ||~} is bounded. Since

f VurlPdx < |92 / a(Olug|Pdx,
R NB(0.R;) R NB(0.R;)

by Proposition 2.3 in [6], we deduce that {|ju;||z~} is bounded away from 0. Taking a
subsequence, if necessary, we may assume that

uj—ug weaklyin E,
u; — ug strongly in L”(R" , a),

up(x) — ug(x) forae. x e RY.

u; converges weakly to some ug in ’D,l’p(]R’jr) and u; — wup in CZ(R’J'r N B(0, R)) for each
R > 0.
Furthermore, we see that the limit g € D,l’p (R) is a solution of

(I+xn)®”

q
—div(|Vuo|" Vo) = 5t u>0, in RY, (3.4)
|%°|p_2Vu0 v =0, on R

From the standard regularity theory, we see that {”“l”cl( RINBO, Rz))} is bounded. Since

{fR,jr a(x)|u;|?}; is bounded, we deduce that limyy/|_, o0 u;(x’, 0) = 0 uniformly for [ > 1.
For each x’ € R*~!' N B(0, R), we get

n

(u(x',0)7 = —q uf (x', xn)
0 0xp

/«/ (RD*=1y'

0

p /«/ (R)2—|y'|?

< (ur(x", )97 (uy (x', x2))PP*dx (3.5)

I

(ur(x’, 0)97P*|Vuy|Pdxy,.

2 Jo

Thus, we see that for some C > 0, independent of [ > 1 and D > 0,
/ (uy (x', x,))dx" < / (u (x', 0)7dx’
R*=1\B(0,D) R*=1\B(0,D)
< C max (u(x’, O))qu*/ (Vur|? + (up)? Hdx
|x|=D R NB(0,R))
(3.6)
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By Theorem 1.1, we have that

/ a(x)u;]dx < / a(x)u?dx
R\B(0,D) (7 xn) ERL:|x' | D /v/2}

+ / a(x)u;]dx
{(¥/ %) €R" x, > D //2}

<C max (uz(x’,O))q_"*f (IVuz|p+u,”*)dx
I¥'|=D/+/2 R™.NB(O,R))

1 ul
vo—> [ L ax
(14 D/2v/2)* Jrrapo.ry (1+x0/2)%

<C max (', 0)7 / (Vi + uf Y
I¥'|=D/+/2 R™.NB(O,R))
+C : / |Vu|Pd
|— ur|Pdx.
(1+ D/2v2)* JrrnBo.R)
3.7
This means that
lim a(x)ujdx =0 (3.8)
D—o0 JR \B(0,D)
uniformly for / > 1, which implies that
lim a(x)u;]dx = / a(x)ugdx. 3.9
[—0o0 R" R"
Since
lim inf/ |Vu|Pdx > / [Vup|Pdx,
[— o0 Ri Rrjr
we see that ug is a minimizer of /(«, ¢) and this completes the proof. O

4 Application

In this section, with the purpose to illustrate an application of inequality (1.5), motivated by
the works [12, 13], where the authors have consider quasilinear elliptic problem with Robin
boundary conditions on the upper-half space, we investigate the existence of solutions to
the following quasilinear elliptic equation with Neumann boundary condition and involving
anisotropic weight:

{ —div(|VulP72Vu) = ab()|ul? " u + [ul”" "2u in R,

[VulP2Vu-v =0 on R*1 (P>)

where 1 < g < p < n, v denotes the unit outward normal on the boundary, A > 0 is a
parameter and the weight function b : R, — R is a positive continuous function satisfying
the assumption

Dx

bl’*-‘{
/ —dx < 00, “4.1)
R

" oarea
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where a(x) = (1 + x,) % fora > 1.

Remark 4.1 We quote that assumption (4.1) is inspired by the one in the paper [2] and we

can check that the function b(x) = 1/(1 + x,,)/TZ(I + |x? with @ > n(p, — q)/q satisfies
the assumption (4.1). In fact, if 6 > n(p, — q)/q one has

b 1 g 1
/ —dx < / o 7 (1 + xp) P4 dx :/ 7qux < 00.
R apd B (14 x) 77 (1 + [x]) 77 R (14 )P

By carrying out a direct minimization argument similar in the spirit as those in [3, 4] we are
able to prove the following result.

Theorem4.1 Let 1 < g < p < n and assume that (4.1) holds. Then there exists \* > 0
such that problem (‘P> ) possesses at least a nonzero weak solution for all . € (0, A*).

Here, by a weak solution of problem (P> ), we mean a nontrivial function u € E verifying

J

To prove Theorem 4.1 we shall need the following result.

[VulP"2VuVedx = k/ blul!2updx +/ lu|P*>updx, V¢ €E.

T RY RY
Lemma 4.1 Assume that (4.1) holds. Then the weighted Sobolev embedding E —

L1 (Ri, b) is continuous and compact.

Proof Notice that by the Holder inequality
g

b o = E
/ blul9dx =/ —(ar<|u])dx < / ——dx / alu|P*dx .
R RY qps RY g pe=d RY

Thus, by Theorem 1.1 and hypothesis (4.1) we conclude that the embedding E < L4 (R'j_, b)
is continuous. We claim that, up to a subsequence, uy — 0 strongly in L4(R” , b) whenever
ur—0 weakly in E. Indeed, for R > 0 to be chosen later on, we can write

f bluqudx:/ bluqudx—}—/ blug|?dx, 4.2)
R” BY R%\B}

+ +

n
+

where B;{ = R’ N Bg. Since the restriction operator u > uj g is continuous from E into
R
E(By) = {U\BJr : v € E ¢ and the embedding E(B}) < LY(B}, b) is compact, for any
R
& > 0 there exists k1 € N such that for any 1 < g < px

/+b|uk|qu < % Vk> k. (4.3)
B

R

On the other hand, by using the Holder inequality and the fact that (uy) is bonded in E, we
can invoke assumption (4.1) to choose R > 0 large enough such that

P

Px—q
bp»fiq P 4 e
blug|?dx < ——dx alug|P*dx < —.
RL\B} RUA\B} 7= RL\B} 2

This combined with (4.2) and (4.3) imply the desired convergence. O
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In view of Lemma 4.1 the energy functional associated to problem (P> ), I : E — R given

by
1 A 1 «
Ly(u) = —/ |Vu|Pdx — 7/ blul9dx — —*/ lu|? dx,
P JRrY q Jr, 2

+ +

is well defined and of C! class. Furthermore, standard arguments show that critical points of
I, are weak solutions of problem (P> ) and reciprocally.

Lemma4.2 Let 1 < g < p < n and assume (4.1). Then there exists \* > 0 such that for all
0 < A < A* the following statements hold:

(i) there are y, p > 0 such that I (u) > y if ||lullg = p;
(1) I (tup) < O for any ug € E \ {0} and t > 0 small enough.
Proof 1t follows from Lemma 4.1 and inequality (1.4) that

1 LCy Cp *
—lull? = —lull? = — llull”
p p

(lpp—q _ E _ gpp*—q> o4,
14 q 14

L.(u)

%

v

where p = |lu|| > 0.Sinceg < p < p*, one canchoose p > Osuchthat%pp_q—%pp*_q >
ﬁp”_q. Thus, for0 < A < 217%,9”“1, there exists y, > 0 in order that

Li(u) >y, YueckE, with |lullg =p

where y, = (ﬁp”’q — %) pP~4, and assertion (i) is proved.
Since ¢ < p < p*, forany ug € E \ {0} one has

P4 A P =4 .
L(tug) =17 | —— [Vuo|Pdx — — blug|?dx — —— luo|? dx | <0,
*
P Jr q Jrr p* Jre

+ +

for t > 0 small enough and this proves assertion (ii). O
Proof of Theorem 4.1 By Lemma 4.2 we see that

—00 < G, :=1inf I, (1) < 0.
BP

By applying the Ekeland variational principle we get a sequence (#,) C E such that
I (up) = Cy, and || (up)|g= — O. (4.4)

where E* denotes the dual space of E. Since (u,) is bounded, up to a subsequence, we
may assume that u,, —~u weakly in E. By using standard arguments we see that u is a weak
solution. We claim that u is nontrivial. In fact, defining / := lim;,— o || V|| > 0, from (4.4)
and the compact embedding E < L9 (R”_, b) we obtain

I=lim [ [|Vu,|” = lim / lun |7
n—o0 Ri n—oo ]Rrjr
Thus, using again (4.4) we conclude that
1 1
0<(=—-—)=0C.<0,
p p

which is a contradiction and this completes the proof. O
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5 Final comments

In this section we raise some questions related our results that have been of interest by many
authors in different contexts.

Question 1 The question of optimal constants and attainability has been the subject of many
papers, see for instance [9, 15, 16] and references therein. In this context, it is very important
to investigate the optimality and attainability of the constant C (n, «, p) in Theorem 1.1. O

Question 2 In view of Theorem 1.1 and Corollary 1.2 it is natural to ask if the weight function
(1+x,)~% is optimal in the sense that, if w : R’y — R verifies the inequality in Theorem 1.1
then there are constants « > 1 and ¢3 > 0 such that

0<wx) < (1% ae.in R,
n

)Ot
Question 3 Is inequality (1.6) true or false for o = «(q) with g € (p«, p*)? O

Data Availibility Statement Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.
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