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Abstract

We present a simple and self-contained approach to establish the unique continuation property
for some classical evolution equations of second order in a cylindrical domain. We namely
discuss this property for wave, parabolic and Schodinger operators with time-independent
principal part. Our method is builds on two-parameter Carleman inequalities combined with
unique continuation across a pseudo-convex hypersurface with respect to the space variable.
The most results we demonstrate in this work are more or less classical. Some of them are
not stated exactly as in their original form.
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1 Introduction

Let D be a domain of RY, d > 1. Werecall that f € C*°(D) is said real-analytic if its Taylor
series around any arbitrary point of D converges in a ball centered at this point. It is known
that a real analytic function possesses the unique continuation property which means that if
f vanishes in a nonempty open subset Dy of D then f must vanishes identically (see for
instance [22, Theorem, page 65]). Functions satisfying this unique continuation property are
also called quasi-analytic.

A classical result shows that a strong solution of an elliptic operator with smooth principal
coefficients is quasi-analytic. In the present work we consider the analogue of this property
for second order evolution PDEs. The right property in this context should be the following:
if a solution of an evolution equation of second order in the cylindrical domain D x (1, t2)
vanishes in Dy x (t1, 1), for some nonempty open subset Dy of D, then this solution must
vanishes identically. Unfortunately this property holds only in the parabolic case. Less optimal
result still holds for the Schodinger case. The worst case is that for wave equations for which
we have only a weak version of unique continuation property, even for a large time interval.

We provide a simple and self contained approach to show the unique continuation property
for wave, parabolic and Schrodinger equations. The approach we carry out is quite classical
and it is based on two-parameter Carleman inequalities. The unique continuation property in
each case is obtained as a consequence of the property of unique continuation across a non
characteristic hypersurface satisfying in addition a pseudo-convexity condition in the case of
wave and Schrodinger equations.

The core of our analysis consists in establishing two-parameter Carleman inequalities. We
follow a classical scheme for obtaining these L2-weighted energy estimates, essentially based
on conjugating the original operator with a well chosen exponential function, splitting the
resulting operator into its self-adjoint part and skew-adjoint part and finally making integra-
tions by parts. The main assumption on the weight function is a pseudo-convexity condition
with respect to the operator under consideration. A systematic approach was considered by
Hormander [19, Section 28.2, page 234] for a general operator P of an arbitrary order m
where the pseudo-convexity condition is expressed in term of the principal symbol of P. The
method we develop in this work is more simple and does not appeal to fine analysis of PDEs
and our results have no pretension nor for generality neither for optimality.

It is worth remarking that splitting the conjugated operator into self-adjoint and skew-
adjoint parts is not the best possible way to get two-parameter Carleman inequalities for
elliptic and parabolic operators. There is a particular way to split the conjugated operator into
two parts. However this particular decomposition is not applicable for wave and Schrodinger
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equations. But this is not really surprising since solutions of wave and Schrodinger equations
do not enjoy the same regularity properties of solutions of elliptic and parabolic equations.

We choose to start with the more subtle case corresponding to the wave equation. Since
most calculations to get Carleman inequalities are common for different type of equations,
Carleman inequalities for parabolic and Schrodinger equations are obtained by making some
modifications in the proof of the Carleman inequality for the wave equation. We also added
a short section for the elliptic case whose analysis is almost similar to that of the parabolic
case.

One can find in the literature two-parameter Carleman inequalities with degenerate weight
function. We refer for instance to [8,12,13,15,17,25] for parabolic operators and [3-5,26,27]
for Schroédinger operators.

A Carleman inequality for wave equations on compact Riemannian manifold can be
found in [7] and quite recently Huang [20] proved a Carleman inequality for a general
wave operators with time-dependent principal part. The interested reader is referred to [16]
for a unified approach establishing Carleman inequalities for second order PDEs and their
applications to control theory and inverse problems.

We point out that it is possible to derive Carleman inequalities with single parameter
in the weight function. We refer for instance to [18,19,23,38,39] and references therein for
more details. Introducing a second parameter in the Carleman weight is a simple way to
guarantee pseudo-convexity condition as it is remarked in [18]. It certainly contributed to
the development of Carleman inequalities with two-parameter. Two-parameter Carleman
inequalities appear to be more flexible then one-parameter Carleman inequalities since we
have to our disposal two parameters. Of course, one-parameter Carleman inequalities can
be deduced from two-parameter Carleman inequalities (see for instance Theorem 3.3 for the
case of the wave equation).

The unique continuation property for elliptic and parabolic operators with unbounded
lower order coefficients was obtained in [32-35]. The analysis in these references combine
both classical tools used for establishing the property of unique continuation together with
interpolation inequalities. Uniqueness and non-uniqueness for general operators were dis-
cussed in [1,2,40] (see also the references therein). We also mention [21,28] as additional
references on uniqueness of Cauchy problems.

We also discuss briefly observability inequalities which can be seen as the quantification
of unique continuation for the Cauchy problem associated to IBVPs. We refer to [24] for
general observability inequalities for wave and Schrodinger equations with arbitrary interior
or boundary observation region. The reader can find in this work a detailed introduction to
explain the main steps to get the property of unique continuation for an intermediate case
between Holmgren’s analytic case and Hormander’s general case for operators with partially
analytic coefficients.

A more difficult problem consists in quantifying the property of unique continuation from
an interior subdomain or the Cauchy data on a sub-boundary. The elliptic case is now almost
completely solved with optimal results for C'"*-solutions and C%'-domains [11] or H?>-
solutions and C-!-domains [9]. A non optimal result for H 2_solutions and C%!-domains
was obtained in [10]. These kind of results can be obtained by a method based on three-
sphere inequality which is deduced itself from a Carleman inequality. The case of parabolic
and wave equations is extremely more difficult than the elliptic case. Concerning parabolic
equations, a first result was obtained in [8] with Cauchy data in a particular subboundary. This
result is based on a global Carleman inequality. The general case was tackled in [13] where
a non optimal result was established using a three-cylinder inequality. A result for the wave
equation was recently proved in [6]. This result was obtained via Fourier—Bros—lagolnitzer
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transform allowing to transfer the quantification of unique continuation of an elliptic equation
to that of the wave equation.

2 Preliminaries
2.1 Main notations and assumptions

Throughout €2 is bounded Lipschitz domain of R"”, n > 2, with boundary I'. The unit normal
exterior vector field on I' is denoted by v.
Weset Q = Q2 x (t1,n)and X =T x (¢1, tp), where t1, 15 € R are fixed so that ; < 1;.
A = (age) will denote a symmetric matrix with coefficients ay, € C 21@),1 <k, £ <n,
and there exist two constants m > 0 and s¢ > 1 so that

n
NEP < Y anEg < #E, xeQ, EeR
k=1

and
||A||C2<l(§;]Rn><n) S m.

The set of such matrices will denoted in the rest of this text by .Z (2, s¢, m).

It is worth mentioning that, according to Rademacher’s theorem, C%! () is continuously
embedded in W3 >°(Q).

For &, n € C", (§|n) and & ® n are defined as usual respectively by

&) =) &M and & ®n = (Ene)i<k.e<n-
k=1

The Jacobian matrix and the Hessian matrix are denoted respectively by
U'=@Up). UeH (@:C,
VZu = (87u), u e H*(Q; C).

The norm (resp. the scalar product) of a Banach (resp. a Hilbert) space E is always denoted

by || - |z (resp. (:[)£).
We recall that the anisotropic Sobolev space H>!(Q) is defined as follows

H>'(Q) = L*((t1, 12); H*(Q) N H' (11, 12); L* ().

The following notations will be useful in the sequel, where S = Q or S =T,

Vaux) = A)*Vu(x), ue HY(Q;0),

divaU(x) = div(A(x)'?U (x)), U e H'(S;C"),

Aqu(x) =divaVau(x) = div(A(x)Vu(x)), u e H2(§2; ©),
UIV)a@) = (AWU@IV(@) = U@IAX)V(x), U,V eL*S;Ch,

Ula@) = (U412, U e LX(S; C).

We readily obtain from the above definitions the following identity

(VaulVav) = (Vu|Vv)a, u,ve HY(Q;C).
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Furthermore, the Green type formula

/ Asuvdx = —/(VAu|VAv)dx+/(Vu|v)Avda
Q Q r

—/(Vule)Adx+/(Vu|v)Avda, 2.1)
Q r

holds for any u € H*(2; C) and v € H'(Q; C).
We need also to introduce the following notations

L% o=Axa (ellipticoperator),

ﬁfw = Aq —9; (parabolicoperator),
Lyo=As— 8,2 (wave operator),

lliho = Aa +1i9; (Schrodinger operator).

The n x n identity matrix will denoted by L.
We shall use for notational convenience the following notation

(A2, = h(. 1) —h(,n), he H' (1, 0); L2 ().
Finally, we equip d Q with following measure
dp(x, 1) = Lrx,n) (x, Hdo (xX)dt + Lox iy n)(x, 1)dxé;,

where do (x) is the Lebesgue measure on I and §; is the Dirac measure at ¢.
We used above 1 y to denote the characteristic function of the measurable set X:

lifx e X,

IlX("):{Oifx¢x.

2.2 Pseudo-convexity condition

Define, for A € .# (2, s, m),

AR (A = =Y Dpare()apm (¥) +2 Y agy (¥)dpagn (x),
p=1 p=1

where x € Qand 1 < k,E,ﬂf n.
We associate to 4 € C!(Q) the matrix YT (h) given by

(Ca()re(x) = Y AL(A)@)duh(x), x € Q.

m=1

Note that Y4 (k) is not necessarily symmetric.
Inspired by the definition introduced in [19, Section 28.2, page 234] we consider the
following one:

Definition 2.1 We say that & € C?%(Q) is A-pseudo-convex with constant k > 0 in Q if
Vh(x) # 0 for any x € Q and if

(OaM(EIE) = k|E*, x € Q, & e R,

@ Springer



67 Page6of46 Partial Differential Equations and Applications (2021) 2:67

where
Oa(h) = 2AVZhA + YTa(h).
It worth noticing that A — ®4 is positively homogenous of degree two:
@4 =104, A>0.

Since Op(h) = Zth, h is I-pseudo-convex in Q2 if VAi(x) # 0 and V2h(x) is positive
definite for any x € . In other words, when A = I pseudo-convexity is reduced to local
strict convexity.

2.3 Carleman weights

It will be convenient to define the notion of Carleman weight for different kind of operators
we are interested in. In the rest of this paper ¥ = ¥ (x, t) is a function of the form

Y(x, 1) =vyo(x) +¥i1(0), (x,1)€Q,
and ¢ = e*V, 1 > 0.

Definition 2.2 (a) Let0 < 9 € C*(R). We say that ¢g = "/, 1 > 0, is a weight function
for the elliptic operator L  if Vo (x) # 0 for any x € S2.

(b) If0 < ¢ € C*(Q) and Viry(x) # 0, for any x € Q, we say that ¢ is a weight function
for the parabolic operator EZ,O'

(c) Assume that 0 < ¢ € C 4(@). Then ¢ is said a weight function for the Schrédinger
operator L, g if ¥ is A-pseudo-convex in Q.

(d) We say that ¢, with0 < ¢ € C 4(0),isa weight function for the wave operator LY , if
Yo is A-pseudo-convex with constant k > 0 in €2 and if, in addition, the following two
conditions hold:

min [|V ol - @] >0, 22)
10201 | < 2 i /4. (2.3)

Example 2.1 Fix 1) € R, xo € R"\Q and set, for y € R,
Y. 1) =[x —xol* +y(t +1)*]/2+C. (x.1)€Q,

where the constant C is chosen sufficiently large in order to guarantee that ¥ > 0. In that
case

n n
(Ya(@Wo)ap = — ) kaapare(xe —X0.0) +2 Y dakdape(xe — xo.0).
k,e=1 k=1
Let us first discuss A-pseudo-convexity condition of v in different cases.

(i) Assume that 2 = B(0, r) and xo € B(0, 2r)\§(0, r). We can then choose r sufficiently
small in such a way that

(Ta(P0)&lE) > —3 €2,

from which we deduce that

(©4(Y0)E|E) = 57 |E[%.
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(i1) As the mapping
A e CPNQ,R™™) > YTa(yo) € CHL(Q, R™™)

is continuous in a neighborh%)d of I and Yy(¥o) = 0, we conclude that there exists N/,
a neighborhood of I in CZ1(Q, R"™m), so that, for any A € NV, we have

(AWEIE) = [E17/2, x€Q, £ eR",
(Ta(Wo)E|E) = —|E17/4, x€Q, £ eR".
Whence
(OAW0)EIE) > |EI*/4, x € Q, £ €R",

provided that A € N. B
(iii) Consider the particular case in which A = al witha € C>!(Q) satisfyinga > s. Simple
computations then yield

Ya(Wo) = —a (Va|x —x9) I+ 2aVa ® (x — xp).
In consequence
(OAW0)&[§) = 2 (25 — 3|Val |x — xol) [€]*.
Hence a condition guaranteeing that v is al-pseudo-convex is
[Val| |x — xo| < 25¢/3.

This condition is achieved for instance if €2 has sufficiently small diameter and x is close
to Q2 or else |Va| is small enough.

Next,ﬁ we discuss a bound on y for which (2.2) and (2.3) hold simultaneously. If d =
dist(xp, ) (> 0) and o = ||t + follLo>((1,,10))» then (2.2) is satisfied whenever

VY = @) = d> —oy? > 0.
As 831& = y, we see that both (2.2) and (2.3) are satisfied when
0 < |y| <minl[d/o, k/(4:)].

2.4 Pseudo-convex hypersurface

We begin by a lemma concerning the action of an orthogonal transformation on A €
M (2, 22, m). If O is an orthogonal transformation and A € .Z (2, ¢, m), we set Ap(y) =
OA(O'y)O'. Here O denotes the transposed matrix of O.

The proof of the following lemma is straightforward.

Lemma21 Let A € # (2, »,m) and O an orthogonal transformation. Then Ap €
MO, 22, m), where ' = m/(n, m) > 0 is a constant.

The gradient with respect to the variable x’ € R”~! or y’ € R*~! is denoted hereafter by
\

Let 0 be a C>!-function defined in a neighborhood ¢/ of & in Q with V(%) # 0. Consider
then the hypersurface

H={xecl; 6(x)=0(x)}.
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Making a translation and change of coordinates we may assume that X = 0, 0(x) = 0,
V’6(0) = 0 and 9,6(0) # 0. With the help of the implicit function theorem 6(x) = 0 near
0 may rewritten as x, = ¥ (x’) with 9 (0) = 0 and V' (0) = 0.
Let A be the matrix obtained after this transformations. According to Lemma 2.1,
A e #OU+F),,m'), m = w'(n,m) > 0 is a constant, where O is the orthogo-
nal transformation corresponding to the above change of coordinates. Also, note that I=L
Consider, in some neighborhood of 0, the mapping

p=on: (& x) ewr OV, ) =@, x — 0@+ X, 2.4)

Elementary calculations yield

1 ... 0 o0
@', xn) = Lo 0
0 ... 1 0

gl(x,) ce. gn—l(x/) 1
with gx (x") = =99 (x") + 2x;,0 < k < n — 1. Whence

(@' (&, x)ENE) = |E']F + (=V'O() + 2x'|ENE, + 82, £ =(&,E) €R".
Since
[(=V'9 (') + 2 [, | < |(=V'O (') + 2x[E) /2 + E2/2
< | = Vo) +2xPIEP/2 + 2822
< (VR +4x'17) 1€+ 67/2,
there exists a neighborhood w of 0, only depending of ¥, so that
(=9 (') +2x|ENE, | < 1E'12/2 + £2/2 = |£I7/2.
In consequence
(@' (' xEIE) = [E17/2, x=('.x)) €w, £ €R". (2.5)
Whence (2.5) together with Cauchy-Schwarz’s inequality yield
(@) (' x)E? = €172, x = x) €0, & R (2.6)
Let @ = ¢(w) (hence ¢ is a diffeomorphism from w onto @) and define
AN =¢ (@' M A(@'M) @) (¢7' (). vea. 2.7)
In light of (2.6) we obtain
(AWEIE) = =@ (o7 M) &P = Ge/2IEP, y €.

Also, by straightforward computations we get

”A~ ||C2.1 (ﬁ;Rnxn) =< ﬁl,
with m only depending of n, m and ¢
We observe that the role of ¢ is to transform the hypersurface {x, = ¥ (x’)} in a neigh-
borhood of the origin into the convex hypersurface {y, = |y’|?} in another neighborhood of
the origin.
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Define v/ as follows
Yo = O = D>+ 1'%

The matrix A appearing in (2.7) is denoted hereafter by Ay . The following definition is
motivated by the classical procedure used to establish the unique continuation property of an
elliptic operator across the convex hypersurface {y, = |y'|%}.

Definition 2.3 We say that the hypersurface H is A-pseudo-convex if g is Az -pseudo-
convex in @.

Lemma 2.2 (a) There exists N, a neighborhood of I in C*'(Q2; R"™™), so that, for any
A € N, H is A-pseudo-convex.

(b) There exists Ny, a neighborhood of I in C21(Q; R™ M), so that, forany A € Ny and any
orthogonal transformation O, we have Ao € N.

Proof (a) Let us first discuss the case where A = I. Note that it is not hard to check that

o' Gy = (0 200D — 1Y)

and
1 ... 0 21
Lo =im=aon=| - "~ 0
0 . 1 gn—10)

gl(y/) gn—l(y/) gn(y/)
with g () = D (y) —2y;,0 <k <n—land g, = [VO () — 2y + L.
We have clearly A(O) =TIand,forl <p<n-1,

0, 1<k t<n-—1,
dpine(y) = { 050() =28, 1<k<n—1, t=n,

2307 B0 (3) = 290) (02,9 (3) — 28pa), k=n, £=n.
Therefore

O, l§k5£§n_15
dpare(0) = § 32 0(0) =28 1 <k <n—1, L=n,
0 k=n, £ =n.

Let [\Z’E given by

n n
AL o) == pake(Napm (y) +2 Y ap(3)dpdem(y)
p=1 p=1
and define f(y) = (Tkg(y)) as follows

Tre () =Y AR () nto(y).

m=1
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It is then straightforward to check that

n
Tie(0) = Y A7 (003 0(0) = —2A7 ,(0) =0, 0 <k £<n.
m=1

Since
Oy) = O1(¥0)(y) = 2V (y) + T,
we get
©(0) = 41,
and hence

(O0)EE) = 4|E]%, & R,

Continuity argument, first with respect to y and then with respect to A, shows that, by
reducing @ if necessary,

O W) EIE) = 21617, yead, £ eR".

(b) Immediate from Lemma 2.1. ]

3 The wave equation
3.1 Carleman inequality

In this subsection ¥ (x, 1) = Yo (x) + ¥1(¢) is a weight function for the wave operator LY
with A-pseudo-convexity constant x > 0. We set

= min [yl - @] 0

and ¢ = V.

We use for notational convenience 0 = (2, t1, t2, 2¢, m, k, 8, b) with b > ||1//||C4@), and
Ds=(Va-, 0 ).
Theorem 3.1 There exist three constants ¥ = R(0), A* = A*(0) and t™ = t*(0) so that

R / A [0t u? + tagID aul*] dxdt
0

< /-Q 27 (Ef’ou)z dxdt + /;Q 2t [1’3k3¢3u2 + f)n¢|DAll|2] du, (3.1)

forany . > 1*, T > t* andu € H*(Q, R).

Proof Inthis proof,®;,A;andt;, j =0, 1, ..., are positive generic constants only depending
on 0.
Set ® = ¢~7 with T > 0. Elementary computations then give
0k d® = —10k P,
e ® = (—10,¢ + T hpded) O,
0D = —710;,0P,

3D = (182 + 2 (819)?) @.

@ Springer



Partial Differential Equations and Applications (2021) 2:67 Page 110f46 67
The preceding two first formulas can be rewritten in the following form
Vd =10V,
V2 = @ (—tVi+1'Vo ® Vo).
For w € HQ(Q; R), we obtain
O AL (Pw) = Agw — 2t (Vw|VP)a + [T?IVPI5 — TAsg] w.
Also,
o192 (dw) = 8%w — 2t pdw + (—187¢ + T (3,0)%) w.
We decompose L = dD_IEK o® into its self-adjoint part and skew-adjoint part:
L=L,+L_.

Simple calculations show that

Liw=Asw— Btzw +aw,

L_w = (B|Vw) +do,w + bw,
with

a(x, 1) =7* (Vg5 — @9)°) .

b(x,t) = —1 (Axgp — 370),

B=-2tAVé,
d= 2f31¢.
We have
9
(LywlL_w)p2g) =Y I}, (3.2)
j=1
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where

I :/ Aqw(Vw|B)dxdt,
0
12:/ Aqwdo,wdxdt,
0
Iz :/ Aswbwdxdt,
0
Iy = —/ 32w(Vw|B)dxdr,
0
Is = — / 02 wdd,wdxdt,
0
I = —/ 812wbwdxdt,
0
I7=f aw(Vw|B)dxdt,
0
Ig:/ adwd,wdxdt,
0
19=/ abw?dxdt.
0

The most integrations by parts, with respect to the space variable, we use in this proof are
often based on Green’s formula (2.1). A first integration by parts then yields

I =/QAAw(Vw|B)dxdt = —/Q(Vw|V(Vw|B))Adxdz
+L(Vw|v)A(Vw|B)d0dt.
Whence
I = —/Q([Vsz + (B Vw]|Vw) adxdt +/E(Vw|v),4(Vw|B)dcrdt. 3.3)
Now as
/Qafijjalkakwdxdz:—angwaj(Bjagk)akwdxdr—/Qangja[ka,gjwdxdr
+Langjvjagk8kwd0dt,
we find
Z/Q(VszWw)Adxdt = —/Q(CVwWw)+/E(B|v)|Vw|124dodt, 34

where C = (div(ax¢B)).
Let

D =C/2— A(B').
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We get by putting (3.4) into (3.3)
I = / (DVw|Vw)dxdt + / [(Vw|v)a(Vw|B) =27 (Bv)|Vw|}]dodt. (3.5)
Q P
For I, we obtain by making integrations by parts

I = —/ (Vw|V(d3,w))Adxdt+/ (Vw|v)ado,wdodt
0 )
= —/ (Vw|Vd)A3,wdxdt—/ d(Vw|Vo,w)dxdt
0 0

+ / (Vw|v)ado,wdodt.
b))
As A is symmetric, we have
(Vw|Vd,w)a = 8|Vw|3/2.
Hence

oo / (V| Vd) 4By wdrds + / 0(d/2)|Vw P dxds
0 9]

+/(Vw|v)Ad8twdxdt—/ [(d/2)|Vw|i]§2=n dx. (3.6)
X Q
We have also

Iz :/ Aqwbw = —/ b|Vw|§‘dxdt—/ w(Vb|Vw) adxdt
0 0 0
+/(Vw|v)Abwdodt
b
= —/ b|Vw|§,dxdt+/ Aa(b/2)ywrdxdt
0 o

—/(V(b/2)|v)Aw2dodt+/(lev)Abwdadt. 3.7
5 b

Let J1 = 11 + I + Iz and
Ay =D +[0,(d/2) — bl A,
a1 = Ax(b/2),
Bi(w) = —(Vw|Vd) s0,w,
g1(w) = (Vw|v)a(Vw|B) — (B/2|v)|Vw|} + (Vw|v) add;w
— (Vb)) V) aw’do + (Vw|v) abw,
i) = —[@/2IVwli]”,, .

Putting together (3.5)—(3.7), we find

Jq :/(A]Vw|Vw)dxdt+/ B](w)dxdt—l—/ a1w2dxdt.
o 0 o

+/ gl(w)dodt+/ hi(w)dx.
b Q
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Straightforward computations show that
Al = 2TAV2 A + T4 (9).
Whence

Ji = r/ ([2AVZ9A + Ya(p)] Vw|Vw) dxdt+/ By (w)dxdt
0 0

—I—/ ajw’dxdt —i—/ g1(w)dodt +/ hi(w)dx. (3.8)
o z Q
We obtain, by using again an integration by parts,
Iy = / o,woy (Vw|B)dxdt — / [8,w(Vw|B)]f2=t1 dx.
o Q

Hence

14:/ a,w(lea,B)dxdt—i-/ a,w(va,ww)dxdz—/[a,w(wa)]?:,ldx.
0 0 Q

But
/ oyw(Vo,w|B)dxdt = —/ div(8th)8twdxdt+/ (B,w)z(B|v)dadt
0 0 by
= —/ 8,w(V8,w|B)dxdt—/ (8, w)?div(B)dxdt
(9] o
+/ (0, w)*(B|v)dodt.
=
Therefore

2/ 3, w(Vo,w|B)dxdt = —/ (a,w)2div(3)dxdt+/(a,w)2(3|v)dadz.
9] 0 b
In consequence

Iy = / dw(Vw|d, B)dxdt — / (8, w)*div(B/2)dxdt
0 0

+/ (8,w)2(B/2|v)dadt—/ [B,w(Vw|B)];:’=,1 dx. 3.9)
s Q
For Is, we have

Is = — / (d/2)0;(d,w)*dxdt = / 9:(d/2)(3;w)*dxdt
0 0

— | [@/2@w»]”, dx. (3.10)
Q 1
Also,

Is = —/ d2wbwdxdt
9]
:/ 8tbw8,wdxdt+/ b(atw)zdxdt—/ [bwatw]?zt] dx
0 9] Q

- / 3 (b/2)d,w’dxdt + / b(d;w)?dxdt — / [bwd,wliz,, dx
0 0 Q
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and hence

= [ Gomutasa+ [ bawiasa
0 0

— /Q [bwd,wl,, dx + /Q [@b/2w?]7, dx. (3.11)
Let J, = I4 + Is + I and define

ay = —div(B/2) + 3, (d/2) + b,
ay = —3;(b/2),

Ba(w) = d,w(Vw|3; B),

g2(w) = (dw)*(B/2|v),

how) = = B Vwl B, - [d@wD], — bwdwl, + [@b/2w]}

t=t; *

A combination of (3.9)—(3.11) gives
Jr = / a2 (d;w) dxdr + / Ba(w)dxdt + / ayw’dxdt
0 0 0

+ / g (w)dodt + / ho(w)dx.
) Q
Let us observe that we have by straightforward computations
ay = 21929, By =Bi.

Hence

b =2t f 320 (3, w)*dxdr + / Bi(w)dxdr + / aw’dxdt
0 0 0

+f g (w)dodt +/ hy (w)dx. (3.12)
z Q
LetJ = J; + J,.In light of (3.5) and (3.12) we deduce that
J= T/ ([2AV29A + Ya(p)] Vw|Vw) dxdt + 2r/ 320 (3, w)*dxdt
0 0
- 41/ dw(Vw|Va,p) adxdt + / aw’dxdt
0 0
+ / g(w)dodt + / h(w)dx,
x Q
where
i=ar+ay §=g1+g, h=h +h.
As ¢ = €™V, we have

V3¢ = A2¢(VY ® V) + ap V21,
¢ = 123, Y)% + 132V
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This and the fact that Vo, ¢y = 0 imply

(V2ZpAVW|VW) , + 37¢(3w)* — 28,w(Vw|Vd ) a
= 1¢ [(V2Y AVW|Vw)a + 379 (3,w)?]
+ 220 [(VY VW) + (09)7 (Brw)? — 20,9 8,w (V| Vw)a] .

That is we have

(V2ZpAVW|VW) , + 87¢(dw)* — 20,w(Vw|Vdp) 4
=2 [(V2YAVW|VWw) 4 + 07y (Bw)*] + A2p (VY |Vw)a — B9 dw]?,

from which we deduce, by noting that Y4 (¢) = A Y4 (¥),

J > m/ ¢ [(AA2Vw| A2V w) + 92y (3, w)*] dxdr
Q

+/ Zzwzdxdt—l-/ ,§(w)dodt+/ h(w)dx.
0 = Q
Here
A=2AY2V2% A2 4 ATy (AT = ATV20 4 (p) A2

For I7, we have
I7:f aw(B|Vw)dxdt:f a(B/2|Vw?)dxdt
) )
=— f div(aB/2)w’dxdt + / a(B/2|v)w’dodt.
o =

Finally,

2 2 2112

Iy = / (ad [2)d;w*dxdt = — / 9 (ad /2w dxdr + / [(ad/2)w L:;l dx.
0 0 Q

Define J = I7 + Ig + Iy and
a = —div(aB/2) — 8;(ad/2) + ab + Aa(b/2) — 32(b/2),
g(w) = g(w) +a(B/2v)w?,
h(w) = hw) + [(@d/2w?]7, .

Then we have from (3.13) to (3.15)

(Lyw|L_w) 29y =J +J

(3.13)

(3.14)

(3.15)

> m/ ¢[(AA1/2Vw|A1/2Vw)+a,2w(a,w)2]dxdr+/ aw’dxdt
0 0

+/ g(w)dodt—i-/ h(w)dx.
X Q

We prove (see details in the end of this proof) that

A>T, A=A, T
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Whence
2Lyw|L_w) 209y > 2%—1mf o|Vw|idxdt
0
+2TA f 92y (9, w)>dxdr 4 23048 / ¢ wldxdr + Bo(w),
0 Q0
for A > A; and t > 11, with
Bo(w) = f d(w)dodt +/ h(w)dx.
= Q
On the other hand, we find by making twice integration by parts
/(Lyu)qﬁwdxdt = —/ ¢|Vw|§,+/ ¢ (9, w)’dxdt
0 0 0
+ / (a — b/2)yw’dxdt + %1 (w),
Q
with
1 2
Br(w) = | ¢(Vwlv)qawdodt — > (Vo|v)gaw-dodt
i b

1
+ / —[pwiiwli, dx + 5 / [wag] ., dx.
Q Q

Let € > 0 to be determined later. Then Cauchy—Schwarz’s inequality yields

/ (Lyw)’dxdr + €212)2 / d*widxdt >
0 0

ETA

A
/¢|Vw|§dxdz+i/ & (3, w)>dxdi
2 Jo 2 Jo

A A
n i[ (@ — b/2ywdxdi + < B, (w).
2 Jo 2
Using that a = 72).2¢2 (|V1//|E‘ — (811//)2) we get

A
/(L+w)2dxdt > if oIVw i dxdt
0 2 Jo

E€ETA

2 er?r? 3 2 2\..2
+ ¢ (dw)dxdt + T/ ¢ (IVY13 — (0¥)7) wdxdt
0 0

A A
— 23 [ d2wldxdr — L / (b/2widxdt + <2 By (w).
0 2 Jo 2
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Hence
2(Lyw|L_w);2(p) +/ (Lyw)?dxdt > 2 '« —e/2)tA/ o|Vw|idxdt
0 0

+TA / B (e/2 +2029) (Byw) dxdt + 273248 / ¢ w’dxdt
0 0

€T3A3
2

+ / PAVUE — @)D widds
0

)\'2
- ezrzx"‘/ H*widxds — %/ (b/2)w?dxdt + Bw), *>ri, T>11.
0 0

Here Z(w) = %o(w) + 525 (w).

We take € = 25~ !k in the preceding inequality and we use inequality (2.3). We obtain,
by noting that in the right hand side of the last inequality, the fourth, fifth and sixth terms can
be absorbed by the third term,

2(L+w|L_w)L2(Q)—|—/ (Lyw)’dxdt > %*lmx/ PlIVw|] + (3, w)?1dxdt
o o
3.4 3.2 P
+ 1A 8/ ¢ wdxdt + B(w), A >y, T > 1.
0
We find by making elementary calculations

R3|B(w)| < / P [23¢3u? 4 tad (IVaul® + (3u)?)] dpe,
90

for A > A3 and u > 3. This and

ILwl72, ) = 2(Law|Low) 200 + | Lywll7,

(@) (Q)

imply
N/ [*24¢ w? + TAgIDAw|?] dxdt
0

< / ( Z{yow)zdxdt + / [23¢ w? + TAgIDAw|*] dpe. (3.18)
o 00
We take in this inequality w = ®~'u withu € H>(Q; R). In light of the identities
o vy = —TtAwVy + Vuw,
@713,14 = _T)\.watl// + a[w,

we obtain an inequality similar to (3.1) which leads to (3.1) by observing that the additional
terms in the right hand side appearing in this intermediate inequality can be absorbed by the
terms in left hand side.

Proof of (3.17). Set

x =IVyli — @)™
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We have
Axp = div(AVEY) = div(AapAVY)
=PIV + ApAAY,
7o = 8, 0pd ) = 22O Y)* + A0}
That is

4 0b = Mhx +APLY gV (3.19)
In light of (3.19) we get
a(x,t) =1* (|Vo[3 — (9:¢)%) = °A%¢"x,
b(x,1) = —7 (Asgp — 879)
= —1)2px — TALY (V.
B = —21AV¢$ = —2t)pAVY,
d =21d,¢ =21Apd, .

Since
—aB/2 =T3¢ xAVY,
we find
—div(aB/2) = 30043 % |V |2 + A 3¢ div(x AVY). (3.20)
Also, as
—ad)2 = =32 3¢ x 0,
we obtain

—3:(ad/2) = =313243 x 0, 9)* — 303930, (x 0, v). (3.21)
We get by putting together (3.20) and (3.21)
—div(aB/2) — d;(ad/2) =301 x> + 31397 [div(x AVY) — 8, (x 8, ¥)] . (3.22)
On the other hand,
ab= -1y — O LY v (3.23)
Set
x1 =div(xAVY) — 8 (x0:¥) — x L4 0¥ = (VXIVY) A — 0 x 0.
A combination of (3.22) and (3.23) yields
—div(aB/2) — d(ad/2) + ab = 2030 %¢3 x> + 03¢ 1. (3.24)
We have again from (3.19)
Lyob =Ly (—eaex — TAGLY 0V)
= — (M2px +2pLY g¥) (tA%x + TALY o¥)
— ¢ (2L ox + A (L40) V).
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Therefore
Wob/2) = —ta%ps, A =h4 T >0, (3.25)

where we used that X2 > 4.
Inequality (3.17) then follows by combining (3.24) and (3.25) and using that

a = —div(aB/2) — 8(ad/2) +ab + LY (b/2).

Define 9, , %0 by
Ao = (Vibolv)a
and set
My =T =[x el; a,,%0(x) >0}, =4 =5V =T x (11,n).

Let w € H*(Q, R) satisfying w = 0 on X. In that case it is straightforward to check that
&(w) defined in the preceding proof takes the form

g(w) = —trp (Byw)? v |38y, Yo. (3.26)
Furthermore, if 1 = ®w then
dyu = do,w. (3.27)

In light of identities (3.26) and (3.27), slight modifications of the last part of the preceding
proof enable us to establish the following result.

Theorem 3.2 There exist three constants 8 = R(0), A* = A*(0) and t* = t*(0) so that,
forany A > A*, 1 > t* and u € H?*(0,R) satisfying u = Qon X andu = d,u = 0 in
Q x {t1, 1}, we have

x/ A [a e u? + trgIDaul*] dxdt
0

< /Q LY gu]’ dxdt + Th /E ¢ (dyu) dodt. (3.28)

+

Let us see that Theorem 3.1 remains valid whenever we add to LY  a first order operator.
Consider then the operator

n
LY =LY o+q00 + Y _qjdj + p.
j=1
where qo, ..., g, and p belong to L*°(Q, C) and satisfy

ma. il Lee <m, 00 <m.
Jmax. lgillLoe(0) < IpllLe(g) <

Letu = v +iw € H*(Q, C) and apply Theorem 3.1 to both v and w. We obtain by adding
side by side the inequalities we obtain by taking in (3.1) ¥ = v and then u = w

N/ A [P1 e ul* + trgDaul*] dxdt
(@]

5/ ezr‘plﬁf,oulzdxdt—i-/ [P ul + trgDaul*] dp. (3.29)
0 90
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Since
1LY gul* < 21L%ul* + 2(n + 2)m? e Vulg + [9pu)* + |ul?)
and the term

2(n+ 2)m2/ ™ (2| Vul} + 18,ul* + |u|?)dxdt
0

can be absorbed by the left hand side of (3.29), we get the following result:

Corollary 3.1 We find three constants & = R(0), A* = A*(0) and t* = t*(0) so that, for any
A>A >t andu € H2(Q, C), we have

x/ A [P1 4 ul* + tagIDaul*] dxdt
0
5/ e2f¢|cfu|2dxdt+/ [N ul? + tagiDaul?] dpe, (3.30)
0 30

Finally, we note that the preceding arguments allow us also to prove the following corollary.

Corollary 3.2 There exist three constants & = R(), A* = A*(0) and t* = t*(0) so that,
forany . = A*, 1 > t* and u € H*(Q, C) satisfying u = 0 on ¥ and u = d,u = 0 in
Q x {t1, 1}, we have

x/ [0 ul? + tag D aul?] dxdt
(¢

5/ 2 |£zu|2dxdt+rx/ 2 |d,uPdod, (3.31)
Q P

+

We close this subsection by a one-parameter Carleman inequality that we obtain as a
special case of Corollary 3.1 in which we fixed A > A*.

Theorem 3.3 There exist two constants X = R(0) > 0 and t* = 1*(0) > 0 so that, for any
T >t*andu € C3°(Q, C), we have

3 20l /

e” 0% > dxdt < Rt / T\ LY dxdt,
o<1 0

Q

3.2 Geometric form of the Carleman inequality

Pick A € .#(S2, 5, m) and let (@*¢(x)) = (are(x))~ !, x € Q. Consider then on Q the
Riemannian metric g defined as follows

gre(x) = |det(A)|V "D (x), x € Q.
Set then

") = (g™, Ig()] = |det((gre(x))], x € Q.

As usual define on T, Q = R” the inner product

n n
XIYV)gwy = > ge@XiYe, X=) X;0; eR", Y =) Y3 eR",
k=1 k=1 k=1

@ Springer



67 Page220f46 Partial Differential Equations and Applications (2021) 2:67

where (01, ..., d,) is the dual basis of the Euclidean basis of R". Set

n
1/2
Xlgeoy = (XIX),0), X =) Xit € R".
k=1

We use for notational convenience (X|Y), and |X|g instead of (X|Y)g(x) and | X|g(x).
Recall that the gradient of u € H' () is the vector field given by

n
Veu(x) = Y g@)aux)d, xeQ,
k=1

and the divergence of a vector field X = Y j_; X¢d with X, € H'(Q), 1 < ¢ < n, is
defined as follows

dive (X)(x) =

Zaz(ﬂng(x)) xeQ.

El

Ig(x

The usual Laplace—Betrami operator associated to the metric g is given, for u € H2(2), by

. 1
Agu(x) = lengu(x) = mk’%::l ¢ ( |8(X)|gk[(x)8ku(x)) , x € Q.

Straightforward computations show that Aqu = /|g|Agu, from which we deduce the fol-
lowing identity

-1 -1
Agu=A i u —Z(V 7] ‘W)A —uralg (3.32)
We assume in this subsection that yr is a weight function for the wave operator A JErta T 8l2
with /| g|_1 A-pseudo convexity constant k > 0. Hereafter
LY = Agu — fu+ (P|Vgu)g + q1diu + qou, u € H*(SQ),
where P = Z'ZZI P;d;, qo and ¢ are so that Py, ..., Py, qo, g1 belong to L*°(Q; C) and

satisfy

IPellLecgy =m, 1 <€ =<mn, lqollLecgy =m, lqillLe) <m.

As in the preceding section 0 = (2, t1, 2, m, ¢, k, §, b) with b > |W||C4(§)' In light of
(3.32) we deduce the following Carleman inequality from Corollary 3.1 in which

IDgul} = |Veul} + |9ul?,
dVg = /Igldxi ...dx, is the volume form and
At = Ly d Vidt + Lo (.ydVas:,
where d Vr is the volume form on I".

Theorem 3.4 There exist three constants ¥ = R(0), A* = A*(0) and t* = t*(0) so that, for
any A > A*, t > t*andu € HZ(Q, C), we have

&/ 2t [T3k4¢>3|u|2+tk¢)|Dgu|§]dV§dt
0

2
5/ ezw‘ﬁg’u‘ dxdt+/ 27 [I3A3¢3|u|2+fk¢|Dgu|§]du, (3.33)
(¢ a0
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3.3 Unique continuation

We assume, for simplicity, in the present subsection that t; = —tand #, = t with t > 0.
We start with unique continuation across a particular convex hypersurface. To this end,
we set

E G o)=fx=0"x)eR: 0<x,—%, <c and x, — %, > |x' —%)?/c},
where ¥ = (X', X,) € R" and ¢ > 0.

Theorem 3.5 Suppose, for some r > 0, that B(X,r) @ Q. We find 0 < ¢* = ¢* (3, m) with
the property that, for any 0 < ¢ < c*, there exist t = {(c, ») and 0 < p = p(c, ) < r 50
that, if t > t then there exists 0 < tg = to(se, m, t) < t satisfying: for any u € HZ(Q; ©),
with Q = B(%,r) x (—t, 1), such that LY u = in Q and supp(u(-, 1)) N B(X,r) C EL (X, c),
t € (—t,t), we have u = 0 in B(x, p) x (—to, tp).

Proof Let¥ € Qande, = (0, 1) € R" ! xR. Setxy = ¥+ce, andlet0 < rg < min(r, ¢/2).
Define

Yo (x) = Yo(x', xz) = |x — x0[%/2.

|x —xol < |x = X| 4+ [¥ —x0| <710 +¢ <3c/2, x € B(X,ro),
we find in a straightforward manner that, for some constant 8 = X(m), we have
(OW0)(N)EIE) = 257 —Ne, x € B(E, o), § €R”,
We fix 0 < ¢ < ¢* = »%/X. With this choice of ¢ we get
OW0))§(§) = 5§, x € B(E.ro), § €R".
It is then not difficult to check that, where £ = E, (X, ¢),
(E4 N B, ro)\(F} C {x € B, ro)\[F}; %o(x) < Yo(®) = c?/2} .

Pick x € Cj°(B(X, ro)) satisfying x = 1in B(X, p1), for some fixed 0 < p; < r¢. Fix then
€ > 0 in such a way that

E{ N[B(X, r\B(, p1)] C {x € B(X,r); Yo(x) < Yo(X) — €}
Also, choose 0 < pg < p; such that
EL N B(X, po) C {x € B(X,r); Yo(x) > Yo(x) —€/2}.
We are going to apply Corollary 3.1 with Q substituted by @ = B(X,r) x (—t, t). Let
¥(x, 1) =Yolx) —y1*/2+C,

where the constant C > 0 is chosen sufficiently large in order to guarantee that ¢ > 0. From
Example 2.1 we can easily see that ¢ = ¢*¥ is a weight function for LY ;in Q provided that
0 <y < min(c/(24), »/4). ’

Suppose that t is chosen sufficiently large in such a way c¢/(2t) < ¢/4. In that case we
can take y = c¢/(4t).
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Fix y as above and let 0 < ¢ < 1 to be determined later. Let A* and t* be as in Corollary
3.1. In the sequel we fix A > A*. Set

Qo = [B(, po) N E4] x (—ot, ob),
Qi = {E+ N[BFE. r\B@&, p»]} x (=, 1),
Qy =[B(x,ro) N E4] x [(—=t, —t/2) U (t/2, H].
Then straightforward computations show
M > ¢y = HM2mE2-VQPE/248) i
MV <e¢ = e)»(c'z/276+5) in Qy,
M <y = M2y U848 5 Q..
In these inequalities we substitute Yt by ¢/4 in order to get
MV > co = e)»(cz/Zfe/chgzt/8+8) in Q.
MV <o =MD in

29 .
eMb <cp = ek(c /2—ct/3245) in QZ-

If t > 2¢/c we choose o so that co?t = 2e. In that case we have
MV > o= ex<c2/2—3e/4+5) in Q.
M <) =MCP) inQ,
MV <cr= ek(cz/cht/32+8) in Q,.
In consequence ¢ < c¢g. Furthermore, if t > 24€/c then we have also ¢3 < cg.
Letu € H%(Q; C) satisfying L%u = 0in Qand supp(u(-, 1))NB(X,r) C Ey,t € (—t, ).

Define v = x (x)¥ (H)u with & € C°((—t, t)) satisfying 9 = 1in [—t/2, {/2].
As E%u = 0 in Q, elementary computations show that E%v = f1 + f» in Q, where

n
fi=20(Vx|Vu)a + udiv(AVy) + du Y q;0;x.
j=1

fr = 2x8ud ) + xud>V + qoxud,o.

Taking into account that supp(f1) C Q; and supp(f2) C Q,, we find by applying Corollary
3.1, where T > 7%,

/ lu|?dxdt = / [v|?dxdt
B(X,p00)x(—ot,ot) Qo

<R3 [e—“co—“l) / | fi2dxdt + e~ T(©0—¢2) / | f2|2dxdt] ) (3.34)

Q Q
Passing then to the limit, as 7 tends to 0o, in (3.34) in order to obtain that u = 0in B (X, po) X
(—ot, ob). O

Definition 3.1 We will say that £Y has the weak unique continuation property in Q if we
can find 0 < 7 < t so that, for any open subset O with O g 2, there exists an open subset
Op with Oy 2 O so that, for any u € H?(Q;C) satisfying L4u = 0in Q and u = 0 in
O x (—t,t), wehaveu =0in Oy x (-7, 7).
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Theorgm 3.6 There exist a universal constant t* > 0 and a neighborhood N of I in
C21(Q; R x R") so that, for eacht > t* and A € N, LY has the weak unique continuation

property in Q.
Proof Set
H={( x) e R xR; x, =0}.

Let A be the neighborhood of I in CEL(Q; R" x R") given by Lemma 2.2. Pick A € A
andletu € H2(Q; C) satistying £ = 0in Q andu = 0in O x (—t, t), where O is an open
subset satisfying O G Q.

Fix y €e 00N Q2 and r > 0 so that B(y, r) C 2. Pick then yo € O N B(y, r) sufficiently
close to y in such a way that dB(yg, d) N a0 # @, with d = dist(yg, d0). Let then z €
dB(yo,d) N 0. Making a translation and a change of coordinates if necessary, we may
assume that z = 0 and B(yg, d) C {(y/, y») € R"; x, < 0}. We still denote, for notational
convenience, the new matrix obtained after this translation and this change of coordinates
by A. In that case, according to Lemma 2.2, A belongs to the neighborhood A appearing in
this lemma. Whence, supp(u (-, t)) N B(z, p) C H4, for some p > 0, with

H, = {(x’,xn) eR" I xR; x, > 0}.

Let ¢ given by (2.4) with 8 = 0 and A = Ay.Ifvisdefinedina neighborhood @ by v(y, ) =
u(p~(y), -) then straightforward computations give Egv = 0in @ and supp(v(-, 1)) C E+
with

Ey={(/, ) €d 0 <y, <1y =yP}.

We complete the proof similarly to that of Theorem 3.5, with X = 0, B(0,r) € @, » = 1/4
and ¢ = 1. Note that in the present case

Yy, t) = (m— D2+ Y 1?2 —yi?/2+C,

We get that there exists a universal constant t* so that, for any t > t*, we find 0 < 7 < t
for which v = 0 in I x (—1, 1), for some neighborhood U of 0. In consequence # = 0 in
U x (—t, 1), where U is a neighborhood of z in 2. In other words we proved that u = 0 in
O x (=1, 1), where Oy = OUU ; O. The proof is then complete. O

The result of Theorem 3.6 is false without the condition that t is sufficiently large as
shows the non uniqueness result in [2]. The authors show that, in the two dimensional case,
there exists I/, a neighborhood of the origin in R x R, p € C®WU), u € C®(U) so that
(A — 83 4+ p(x,t))u = 0in U and supp(u) C U N {(x1, x2,1) € RZ x R; x, > 0}.

A better result than that in Theorem 3.6 can be obtained in the case of operators with time-
independent coefficients. Let L'f be the operator LY whengg = 0,q; =¢q;(x),j =1,...,n,
and p = p(x).

Theorem 3.7 [31] There exits t* = (2, »c, m) so that, for any t > t* and 0 € Q, if
u € HZ(Q) satisfies LY = 0in Q andu = 0in w x (—t,t) thenu = 0in Q x (-7, 1),
where T = t — t*.

The main idea in the proof of Theorem 3.7 consists in transforming, via the Fourier—Bros—
lagolnitzer transform, the wave operator £"X into an elliptic operator for which uniqueness
of continuation property result is known.

Theorem 3.6 can be used to establish a result on local uniqueness of continuation from
Cauchy data on a part of the boundary.
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Corollary 3.3 Lett* and N be as in Theorem 3.6 with Q substituted by larger domain Qs Q.
Let Ty be a nonempty open subset of I and £y = T'g x (—t, t) with t > t*. There exist U a
neighborhood of a point of Ty in 2 and 0 < t© < tso that if A € N, and ifu € H*(Q; C)
satisfies LY5u = 0in Q and u = d,u = 0on Xg thenu =0inlU x (-1, 7).

Proof Pick A € N and u € H2(Q; C) satisfying L%u =0in Q and u = d,u = 0 on Xo.
Then there exists V C 2, a neighborhood of a point in 'y, so that i, the extension of u by zero
in R"\ €2, belongs to H2(Q' x (—t, 1)), with ' = Q U V, satisfies LY =0in Q' x (=, 1)
and & = 0in [(Q'\Q) N V] x (—t, t). Theorem 3.6 allows us to conclude that there exist I/,
a neighborhood of a point of I'p in 2, and 0 < 7 < tsothatu =0inU x (—7, 7). O

It is worth mentioning that the following global unique continuation result from boundary
data can be deduced from [6, Theorem 1.1].

Theorem 3.8 Let I'g an arbitrary non empty open subset of . There exits t* = (€2, ¢, m)
so that, for any t > t* we find 0 < tyg < t with the property that if u € C*°(Q x [—t, t])
satisfies LY yu = 0 and

u=0du=0 on {I'ox (=, )} U{T" x [(—t, —to) U (to, D]}
then u is identically equal to zero.

We end this subsection by remarking that we can proceed similarly to Theorem 3.6 to
prove the unique continuation property across a pseudo-convex hypersurface.

Theorem 3.9 Let A € 4 (2, »2,m) and H = {x € w; 0(x) = 6(X)} be a A-pseudo-convex
hypersurface defined in a neighborhood w of ¥ € Q with 6 € C>(@). Then there exist B, a
neighborhood of X, and t* > 0 so that, for each t > t*, we find 0 < t© < t with the property
that if u € H*(w x (—t, 1)) satisfies L%u = 0inw x (—t,t) and supp(u(-, 1)) C Hy =
(xew; O(x) >0}, t e (—t, 1), thenu=0inB x (—1,1).

3.4 Observability inequality

We suppose in this subsection that f; = 0 and t, = t > 0.
We shall need in the sequel the following technical lemma.

Lemma3.1 Fix0 <« < 1l and let 0 < Y9 € C1(Q) satisfying

min |Viyo |4 == 8o > 0.
xeQ

Let m = || Yol L~ (q) and define, for an arbitrary constant C > 0,
Yx, 1) = Yo(x) —t 2@ —t/2)> +C, xeQ, 1€l0,4]. (3.35)

Ift> t, = max (50‘ 1/i20-al (64m/2)1/“) then

min (VY3 — @9)%)° =5 > 0, (3.36)
0

V1) > )64+ C, (x,1) € Q x [34/8, 5¢/8], (3.37)

V(1) < -2 /64 +C, (x,1) € Q x ([0, t/4] U [3t/4, 1]) . (3.38)
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Proof 1If t > t, then
IViol? — @)% = 89 — 4202 =55 — 72079 .= 5 > 0.

That is we proved (3.36).
Inequality (3.37) is straightforward. On the other hand, we have

Y(x,t) <m—1t*/164+C < 2t*/64 —t*/16 + C = -2t /64 + C
if (x,1) € @ x ([0, t/4] U [3t/4, t]). That is we proved (3.38). O
We consider in this subsection the following wave operator
LY = Ag— 82+ pd; +q,
with p, g € L*(2; C). We associate to LY the IBVP

LY =0 in Q,
(-, 0), 0u(-, 0)) = (uo, uy), (3.39)
uyx =0.

According to the semigroup theory, for all (ug, u1) € HOl () x L%(RQ), the IBVP (3.39)
admits unique solution

u € C([0, t]; Hy () N C' ([0, t]; L*()).

We also know that d,u € L%(Z) (hidden regularity).
From usual energy estimate for wave equations, if

gu(t) = ”DAM(, t)”LZ(Q;(C”Jrl)’ 0 <t = t? (340)
then
Eu(t) =R&(0), 0=<r<t (3.41)

where the constant 8¢ > 0 only depends of 2, A, t, p and ¢.
We apply (3.41) to v(-, t) = u(-, s —t), with fixed 0 < r < 5. We find

Eu(s —1) = &E(1) = R1&(O0) =R1&(s), 0=t =<y,
where the constant 8] > 0 only depends of 2, A, {, p and g. We have in particular
Eu(0) =R E(s), 0=t <s. (3.42)
In light of (3.41) and (3.42) we get
R71E,(0) < £,(1) <RE0), 0<t<t, (3.43)

for some constant 8 > 1 only depending of 2, A, t, p and q.
We recall that ¥ = T4 x (0, t).

Theorem 3.10 Fix 0 < a < 1 and assume that 0 < Yy € CHQ) is A-pseudo-convex with
constant k > Q0 and let 'y = {x € I'; 9,,Yo(x) > 0}. If t;, = min (ta, (8%//()1/(2*“)),
where to, be as in Lemma 3.1, then, for any t > 1, and (ug, u1) € HO1 (Q) x L2(), we have

Il (o, ul)”HUl @xL2(Q) = Rljdvulzzcs,y

where the constant & > 0 only depends of @, t, », k, 'y and u is the solution of the IBVP
(3.39) corresponding to (ug, u1).
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Proof Fix t > f, and let v defined as in (3.35) in which the constant C > 0 is chosen
sufficiently large to guarantee that 1 > 0. In that case we easily check that ¢ = ¢*¥ is a
weight function for the operator C/’f{‘o in Q.

Pick o € C3°(t/8,7t/8) so that o = 1 in [t/4, 3t/4]. Clearly, a simple density argument
shows that Corollary 3.2 remains valid for ou for any solution u of (3.39) with (ug, u;) €
H(} (R2) x LZ(Q). According to this Corollary we have, for fixed A > A* and any t > 7%,

N/QezwlDA(Qu)lzdxdt foez“p |£Z)(Qu)|2dxdt

+ / >3, (ou) |*do dt, (3.44)
poEs

But
Wou) =20'u +o"u.
Hence (3.44) together with Poincaré’s inequality (u(-, t) € HOl (R2)) give
N/ ¥ |D g (ou)Pdxdr < / 2™ D qu*dxdt
Q ONsupp(e’)

+ / ¥ ?\d,ul’dodt. (3.45)
P

Define

A=y t2/644C) M(=2yt2/64+C)

co=¢e and ¢y =e

If &, is given by (3.40) then we get from (3.37), (3.38) and (3.45), where t > 7%,
5¢/8 t
ReT€0 / & D)dt < ™ / E,(Hdt + / >\ yul’dodt,
3t/8 0 o
This inequality together with (3.43) imply
(Re™0 — ™) £,(0) < / ¥\ dyul’dodt, > 1"
pons

As ¢o > c1, we fix T sufficiently large in such a way that R = Re?0 — ¢7¢I > 0. That is we
have

RE,L(0) < / 2\ 0yul’dodt, T > T*. (3.46)
s
The expected inequality follows readily from (3.46). O

From the calculations in Example 27.1 when Yo (x) = |x —x9|?/2, with xg € R"\, there
exists a neighborhood A of I in CZ*I(Q; R™*™) so that that for any A € N, 5 = 1/2 and ¥
is A-pseudo-convex with constant k = 1/4. In this case

T = max (dy /7 [16(d + do))'/*, 16127 ),

with dy = dist(xo, Q) and d = diam().

A resultin the variable coefficients case was already established in [37, Theorem 1.1]. This
result is based on a generalization of the multiplier method in which a vector field is used as
an alternative to the multiplier. This vector field satisfies a certain convexity condition. Note
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however that the lower bound in t appearing in [37, Theorem 1.1] is not easily comparable to
that we used in Theorem 3.10. The minimal time guaranteeing observability was estimated in
precise way in [ 14] for wave equations with C ! variable coefficients. Recently an observability
result was established in [36] for constant coefficients wave equation in the case of time-
dependent domains. The minimal time in [36] is explicit.

4 Elliptic equations

We show briefly how we can modify the calculations we carried out for wave equations in
order to retrieve Carleman inequalities for elliptic equations and the corresponding property
of unique continuation. In this section

n
S=Aa+) pidetq.
=1
where p1, ... p, and ¢ belong to L>°(2; C) and satisfy
Ipellze@ <m, 1 <€ <n and |q|ro) <m.
Also, 0 < ¢ € C*(Q) is fixed so that
IVy| =48 inQ,

for some constant § > 0.

4.1 Carleman inequality

Let¢ = M and setd = (2, 7,6, m).

Theorem 4.1 We find three constants X = R(0), \* = L*(0) and t* = t*(0) so that, for any
A> A5 1T >t*andu € HA(Q2, C), we have

N/ A [PA ul? + tA2p|Vul* ] dx
Q
§/e2f¢|£;u|2dx+fe2f¢ [23¢%1ul* + trgp|Vul?] do. 4.1)
Q r

Proof In this proof, Ax and 7, k = 1, 2, ..., denote generic constants only depending on 0.
Let ® = ¢~ ™, r > 0. We have from the calculations of the preceding section
L=o"Ax(dw) = Agw —2t(Vw|Ve) s + [t Ve[ — tA w] w.
We decompose L in the following special form
L=Lo+L;+c,
with, for w € H*(Q, R),

Low = Ajw + aw,
Liw = (B|Vw) + bw.
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The coefficients of Lo and L and c¢ are given as follows

2 2
a=t |V¢|A7

b= —ZTAA¢,
c=T1Ax0,
B = —-2tAV¢.
We have
4
(LolL1) 2y = Y Ik 4.2)
k=1
where
1 =/ Asw(Vw|B)dx,
Q
53 :/ Arwbwdx,
Q
I3 :/ aw(Vw|B)dx,
Q
Iy =/ abw?dx.
Q
Let

D =C/2— A(B).

Then straightforward modifications of the computations of the preceding section yield
I = / (DVw|Vw)dx +/ [(Vwlv)a(Vw|B) — (B/2v)|Vw[3]do,  (4.3)
Q r
L= —/ b|Vw|3dx +/ Aa(b/2)wdx
Q Q
—/(V(b/2)|v)Aw2do +/(Vw|v)Abwda, (4.4)
r r
I=— / div(aB/2)w’dx + / a(B/2|v)w’do. (4.5)
Q r
Identities (4.3)—(4.5) in (4.2) give
(LolL1)12(q) = / AVw|Vw)dx + / aw’dx + / g(w)do, (4.6)
Q Q r
with
A= D —DbA,
a=ab+ As(b/2) —div(aB/2),
g(w) = (Vw|v)a(Vw|B) — (B/2|v)|Vw[;
— (V(b/2) V) aw? + (Vw|v) abw + a(B/2|v)w?.
We have
QUE[E) = TA2 [IVY P(AE[E) + (VY| A§)?] + TA(AELE),
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where 2 is a matrix depending only on A and . Therefore
(RAE[E) = TA8*[EP/2, 1= A 4.7)
We have also
a=24 | vyl + 4,

where the reminder term @ contains, as for the wave equation, only terms with factors 75 A¢¢™
1 <k, ¢, m <3 and terms with factor rA4¢. Hence

a> A2, A=, > o 4.8)
The rest of the proof is almost similar to that of the wave equation. O

Remark 4.1 The symbol of the principal part of the operator £ is given by
p(x, &) = JER () = (AWEIE), xe€Q, EeR"
Therefore if ¢ € C*(Q) then we have px,&E+itVe) = po + ip1 with
po =155 = ?IVola. pi=21([Ve)a.

When ¢ = M we find, for 7 > 1,

n
{po. p1}:= Y [3; 00y, p1 — i, pody; p1] = T2 [270% VY [} + 0%)].
j=1

In consequence ¢ satisfies the sub-ellipticity condition in [18, Theorem 8.3.1, page 190] if
A is sufficiently large and hence the following Carleman inequality holds: there exist & > 0
and 7* > 0 only depending on €2 and bounds on the coefficients of L9 so that

> rm—'a')f ¥ 9% dx < m/ AT\ LulPdx, ue CPQ), T>1"
<1 @ @
In other words, if ¢ = ¢V is a weight function for the elliptic operator L9 o then ¢ possesses

the sub-ellipticity condition for large A.

4.2 Unique continuation

We use a similar method as for the wave equation. For sake of completeness, we provide
some details.

We start with a unique continuation result across a convex hypersurface. To this end, we
set

Y ) = (o — D+ X, (2 x) e R XR.
As |V (0, 0)| = 2, there exists r > 0 so that |[Vi/| > 1 in B(0, r). Consider then the set
Ey={(',x,) € B(0,r); 0 <x, <landux, > |x'|*}.
We have clearly
ELN(0,0)) = {(x, x) € R™ xRy yr(x/, x,) < ¥(0,0) = 1}
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Pick x € C§°(B(0, r)) satisfying x = 1in B(0, p1), where 0 < p; < r is fixed arbitrary.
Let then € > 0 so that

E+N[BO,M\BO, p)] C {(', %) € BO,r); ¥ (&', x) < ¥(0,0) — ¢} .

Lemma 4.1 There exists 0 < pyg < p1 so that if u € H2(B(0,r); C) satisfies L5u = 0 in
B(0, r) and supp(u) C E4 thenu = 0in B(0, pp).

Proof Let us choose 0 < pp < p; in such a way that

E{ N B0, po) C {(x',xy) € B0, r); ¥(x',xz) > ¥(0,0) — /2}.
Pick u € H%(B(0, r); C) satisfying £u = 0in B(0,r) and supp(u) C E4. Let v = yu,
and A* and 7™ be as in Theorem 4.1. Fix then A > A* and set

r(1—€/2) A(1—e€)

co=¢e cr=e

Theorem 4.1 yields

/ wldx = / v2dx
B(0,p0) B(0,p0)NE+

< R 3 tleo—cn)

/ (L40)2dx, T =T
EN(BO.N\BO.p)

Noting that ¢y > ¢1, we obtain that u = 0 in B(0, pg) by taking in the right hand side of the
last inequality the limit, as T tends to co. O

Let = 9 (x’) be in C>!(B(0, r)) satisfying 9 (0) = 0 and V'#(0) = 0, and consider
01 x) o (7, y) = (0 % — 9 ) + ).

As ¢'(0, 0) = I, we deduce that ¢ is a diffeomorphism fromw C B(0, r) xR, aneighborhood
of 0in R”, onto & = ¢(w).

Pick u € H*(w, C) satisfying £Su = 0 in @ and supp(u) C wy = (X, xp) € w; x >
®(x")}. Define v by v(y’, yp) = u(e~ (', ya)), (¥, yp) € &. Then it is straightforward to
check that E% v = 0in &. Here E% is of the same form as £¢. Its principal part is given by

Ef&,o =4
with
A =¢ (7' M)A (e D) @) (97 ).

Furthermore, supp(v) C @1 = {(¥, ya) € @; yu = |y'|*}.
Similar calculations as in Sect. 2.4 show, by reducing w if necessary, that

(Awele) = #lg/4. yea, s R

We apply Lemma 4.1 in order to get v = 0 in V, where V is a neighborhood of the origin,
and hence u = 0 in V with V = ¢~ ! (V). In other words, we proved the following result.

Lemma 4.2 There exists a neighborhoodV of the origin in w so that ifu € H*(w; C) satisfies
LYu =0 in w and supp(u) C wy thenu = 0in V.

The global uniqueness of continuation result is based on the following lemma.
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Lemma4.3 Let Qo C Q so that 02 N Q # @. There exists z € 020 N Q2 and W a
neighborhood of z in Q so that ifu € H*(2; C) satisfies Lu = 0 in Q together withu = 0
in Qo thenu =0 in W.

Proof Fix y € 00 N Q and r > 0 so that B(y,r) C Q. Pick then yg € Qo N B(y, r)
sufficiently close to y in such a way that d B(yg, d) N 92y # ¥, with d = dist(yg, 0€20). Pick
then z € 9 B(yo, d) N9<2p. Making a translation we may assume that z = 0. As the d B(yo, d)
can be represented locally by a graph x,, = ¥ (x’). Making a change of coordinates we may
assume that supp(u) C {(x’, x,); x, > 9 (x’)}. This orthogonal transformation modify A,
but the new matrix has the same properties as A. We then complete the proof by using Lemma
4.2 with A substituted by this new matrix. O

Theorem 4.2 Leru € H*(Q2; C) satisfying LYu = 0in Q andu = 0in w, for some nonempty
open subset w of Q. Then u = 0 in Q.

Proof Let Q) be the maximal domain in which u = 0. If Q\Qq # @ then we would have
00N Q2 # §. Therefore we would find, by Lemma 4.3, z € 929 N 2 and W a neighborhood
of zin 2 so that u = 0in W. That is u = 0 in ¢ U W which contains strictly 2o and hence
contradicts the maximality of 2. O

It is worth mentioning that Theorem 4.2 can also be obtained as a consequence [11,
Proposition 2.28, page 28] that quantifies the uniqueness of continuation from a subdomain
of © to another subdomain of 2. The proof of [11, Proposition 2.28, page 28] relies on
three-ball inequality which is itself a consequence of the Carleman inequality of Theorem
4.1.

As an immediate consequence of Theorem 4.2 we get uniqueness of continuation from
the Cauchy data on a subboundary.

Corollary 4.1 Assume that L is defined in Q> Q. Let o be an arbitrary nonempty open
subset of T. Ifu € H*(Q; C) satisfies LSu = 0 in Q together with u = dyu = 0 in I'g then
u=0inQ.

Proof If u € H*(Q; C) satisfies u = dyu = 0 in 'y then we find V C fZ, a neighborhood of
a point in I, so that i, the extension of u by zero in R"\, belongs to H(Q U V), satisfies
L44=0inQUVand i = 0in V\Q. Theorem 4.2 allows us to conclude that z = 0 and
hence u = 0. O

We observe once again that Corollary 4.1 can be deduced from [11, Proposition 2.28 in
page 28 and Proposition 2.30 in page 29]. We point out that [11, Proposition 2.30 in page
29] quantifies the uniqueness of continuation from the Cauchy data on a subboundary to an
interior subdomain.

5 Parabolic equations

We fix in this section 0 < ¢ € C*(Q) of the form ¥ (x, ) = Yo(x) + 1 (t), where
Vol > 8 inQ,

for some constant § > 0. Let ¢ = M, ) > 0, and consider the parabolic operator

n
LY = Ay —3z+ZPeae+q,
=1
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where A € # (2, >, m), p1, ... p, and g belong to L*°(Q; C) and satisfy

Ipellregy <m, 1 <€ <n and |[gllre) <m.

5.1 Carleman inequality

Recall that l:i,o represents the principal part of l:f‘:
L o=0a—0,.
We will use in the sequel the notation 0 = (€2, #1, 12, 5, §, m).

Theorem 5.1 There exist three constants & = R(0), A* = A*(0) and t* = t*(0) so that, for
any A > A, 1>t andu € Hz*](Q, C), we have

N/ T[4 3 ul? + tAp|Vul*] dxdt
0
5/ e2f¢|zﬁu|2dxdz+/ [0 ul* + T Vul*] du
0 90
+/ 2 (tad) " |0,u)?dodt, (5.1)
)}

Proof As for the wave equation, we set ® = e~ ™, v > 0. We also recall that

h® = —Th®,
he® = (=T3¢ + T hPg) P,
0P = —10,09.

We have, for w € H>1(Q, R),
O AL(Pw) = Agw — 2T (Vw|VP)a + [THVR[5 — TAsw]w.
Also,
o9, (dw) = dw — 10, pw.
We decompose L = &' EZ,OCD as in the elliptic case. That is in the form
L=Lo+L;+c,
with
Low = A w4+ aw,
Liw = (B|Vw) — o;,w + bw,
where
ax,1) = T*|Vo[;,
b(x,t) = —2tAx0,

c(x,1) =TAAD + T,
B = —21AVé.
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We have
6
(Low|Liw) 20y = Y I;. (5.2)
j=1
Quantities /;, 1 < j < 6, are given as follows
I :/ Asw(Vw|B)dxdt,
o
L = —/ Aqwd,wdxdt,
o
13:/ Asqwbwdxdt,
0
142/ aw(Vw|B)dxdt,
0
Is = —/ awd;wdxdt,
0
16=/ abw?dxdt.
0

Let C = (div(ag¢B)) and
D=C/2—-A(B.
We already proved that
L = / (DVw|Vw)dxdt +f [(Vwv)a(Vw - B) — (B/2]v)|Vw|}]dodr.  (5.3)
0 >

On the other hand inequality (3.6) with d = —1 gives
L= /E(Vw|v)A8,wdxdt + /Q [|Vw|124/2]§2=” dx. (5.4)
15 is the same as in (3.7):
I = —/Qb|Vw|2dxdt+/QAA(b/2)w2dxdt

—/(V(b/2)|v)Aw2dadt+/(Vw|v)Abwdadt. (5.5)
)} 2

Let Ji = 1I; + I, + I3 and
A= D — bA,
a; = Ax(b/2),
g1(w) = (Vwv) A (Vw|B) — (B/2|v)|[Vw|] — (Vw|v) 48w
— (V(b/2)|v) aw’do + (Vw|v) gbw,
h(w) = [[Vwl;/2]”

t=t °
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We find by putting together (5.3)-(5.5)

J = / AVw|Vw)dxdt + / ajwldxdt.
0 0

+f g1(w)dodt +/ hi(w)dx. (5.6)
by Q
14 was calculated in (3.14). Precisely, we have
Iy = — / div(aB/2)w’dxdr + / a(B/2|v)w’dodt. (5.7)
Qo =
On the other hand an integration by parts, with respect to ¢, gives
2 2 212
Is = —/ (a/2)d;(w*)dxdt :/ 3 (a/2w dxdt—/ [@/2w?]_, dx. (58
Q 0 Q

Set

a, = —div(aB/2) + 9;(a/2) + ab,
g (w) = a(B/2v)w?,
hw) = - [(@/2w’]7, .

and let J, = Iy + Is + Is. In light of (5.7) and (5.8) we get
J = / aw’dxdt + / g (w)dodt + / hay(w)dx. (5.9)
o = Q
Putting together (5.2), (5.6) and (5.9) in order to obtain

<LOIU|L]'LU>L2(Q) = 2'[/ (Q[VU)|V1U)dxdt
0

+ / aw’dxdr + / g(w)dodt + / h(w)dx, (5.10)
0 = Q

where a = a; +ax, g =g1+gand h = hy + h».

As d;a = 0 (which is a consequence of 9, Vi = 0), we see that 2 and a has exactly the
same form as in the elliptic case. Therefore we can mimic the proof of the elliptic case to
complete the proof. O

We already defined Iy =TV = {x € T'; d,,v0 > 0} and Ty = =¥° =T x (11, 1o).
Similarly to the wave equation we have the following result.

Theorem 5.2 There exist three constants 8 = R(0), A* = A*(0) and t* = *(0) so that, for

any A > A, 1> t* andu € H>Y(Q, C) satisfyingu = 0on T and u(-,t) =0, 1 € {11, 12},
we have

N/ ™ [132¢3 ul? + ta%9|Vul*] dxdt
0

5/ ezrd"ﬁﬁu‘zdxdt—i—r)L/ 2 |8,uldodt, (5.11)
0

Xy
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5.2 Unique continuation
An adaptation of the proof in the case of wave equations enables us to establish the following
result.

Theorem 5.3 Letu € H?! (Q) satisfying £Zu =0in Qandu =0inw x (11, 1), for some
nonempty open subset w of Q. Thenu = 0 in Q.

We remark that Theorem 5.3 can be also obtained from [13, Proposition 3.2].
Similarly to the case of wave equations Theorem 5.3 can serve to prove uniqueness of
continuation from the Cauchy data on a subboundary.

Corollary 5.1 Assume that ﬁi is defined in Q> Q. Let Ty be an arbitrary nonempty open
subset of I'. If u € H'((t1, 1), H3(Q)) satisfies EZM =0in Qandu = dyu = 0 in
Yo =T x (t1,12) thenu = 0in Q.

We remark that Corollary 5.1 follows also from [13, Proposition 3.2 and Proposition 4.1].

5.3 Final time observability inequality

We assume in the present subsection that 11 = 0 and #, = t > 0, and we consider the IBVP

Apu —ou= f in Q,
u(-, 0) = up, (5.12)
1Z3))) =0.

Define the unbounded operator .« : L2(Q2) — L*(R2) by
du=—Aasu, D()=H}(Q)NH Q).

It is known that —.¢/ generates an analytic semigroup ¢ ~* . In particular, for any (u, f) €
L2(Q2) x L'((0, T); L3()), the IBVP (5.12) has a unique (mild) solution u = . (ug, f) €
C([0, T1; L?(2)) so that

luC, Oz < luwollzy + 1 lero.ry: L2, 0=t =t (5.13)
This solution is given by Duhamel’s formula
t
u®) =e " ug +/ e~ f(s5)ds, 0<t<t (5.14)
0
Note that if ug € D (<) then u = S(ug, 0) satisfies
u € C([0,t]; D(«)) N C' ([0, t]: L*()).

We refer to [30, Chapter 11] for a concise introduction to semigroup theory.

Lemma5.1 Let f € L2(Q) and ¢ € C([0, 1)). Then u(t) =.7(0, ¢ f)(t) € HL(Q) and
14Ol 10y < NIE Fllz200), (5.15)

where 8 > 0 is a constant only depending on 2, A, tand ¢.

Proof We have from [29, Theorem 8.1 in page 254] that D (<& 172y = Hol (€2). Therefore, in
light of (5.14), we obtain

t
I Put) = / 2= (£ (s) f(s5))ds.
0
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But

<Rt V% r>0,

H Q{I/Zefmi‘
< L@ ~

where the constant 8¢ > 0 only depends on €2, A. If supp(¢) C [0, t — €], € > 0, we find

t—e
| P 2y <%0 [ =97 P IOz

Whence Cauchy-Schwarz’s inequality yields

1/2

t—e
Jor a0 gy =0 ([ @=97'a8) el
< RoIn[(t/)"]11¢ fll12(0)-
The expected inequality then follows. =
Theorem5.4 Let 0 < o € C*Q) with no critical point in Q. Set T = {x €
[5 0, 0(x) > 0} and Ty = Ty x (0,4). For any u = =" ug with ug € D(</) we
have
||14(t)||1-101 @ = N”avu”Lz(EJr)’

where the constant ¥ > 0 only depends of 2, A and t.

Proof Let x € C3°((0, t)) satisfying x = 1 in [t/4,3t/4]. As (Aq — 3)(xu) = —x'u, we
get by applying Theorem 5.2, for any A > A*, t > 7%,

&/ [0 xul® + 22|V (xu)|*] dxdt
0
ff e3¢ Iulzdxdt—f—tA/ 2 |ou|*dodt,
0 o

where the notations are those of Theorem 5.2.
Since the first term in the right hand side of this inequality can be absorbed by the left
hand side, provided that A and 7 are sufficiently large, we obtain in a straightforward manner

lull 2@ (/4,304 = Rlldvullz2cs,)- (5.16)

Pick ¢ € C°°([0, t]) so that that ¢ = 0in [0, t/4] and ¢ = 1 in [3t/4, t]. We easily check
that pu = .7 (0, ¢’u). In light of Lemma 5.1, we then conclude that

el g1 @) = Rl ullr2(0) = RIQull 12 (t/4.3/4))-

This and (5.16) imply the expected inequality. O

6 Schrodinger equations

Let ¢ = ¢*¥ be a weight function for the Schrodinger operator

LS o=Aa+id;
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and set

n
S =AA+i0+ Y pede+q,
e=1

where p1, ... p, and ¢ belong to L*°(Q; C) and satisfy

lpellLecoy <m, 1 <€ <n and |glLe(g) <m.
6.1 Carleman inequality
Let
§ =min Vs (> 0)
Q

and 0 = (2, 11, 1p, 7, 6, m).

Theorem 6.1 There exist three constants ¥ = R(0), A* = A*(0) and t* = t*(0) so that, for
anyh > At >t*andu € HZ’I(Q, C), we have

N/ T [T ¢3 \ul? + tad|Vul|?] dxdt
0
5/ e2f¢|c;u|2dxdz+/ A [PA33ul* + tag|Vul*] dp
0 90
+/ > (tap) " |0,u)?dodt,
)

Proof In this proof, 8, A;,7;, j = 1,2, ..., denote positive generic constants only depending
on 0.
As in the preceding section, if & = e~ ™. 7 > 0, then

0 = —10kp P,
he® = (=T3¢ + T hpg) P,
9D =—19,00.

We have, where w € H2(Q; C),
O AN (Pw) = Aqw — 2T (Vw|V)4 + [t VP[5 — TAxp]w
and
PP 9, (Pw) = idw —itdpw.
We decompose L = CI>_1L‘,f4,0¢> as follows
L=Lo+Li+c
with

Low = Ajqw +io;w + aw,
Liw = (B|Vw) + bw,
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where we set

2 2
a=t |V¢|A,

b=—-1Ax9,
c=1i0;9,
B = —2tAV¢.
We have
6
(Low|L1w) 20 :/ LowLywdxdt =) I}, (6.1)
0 =
j=1
with

1 =/ Asw(Vw|B)dxdt,
0

12=/ Aswbwdxdt,
0

Iz :i/ o;w(Vw|B)dxdt,
0

I4:i/ d,wbwdxdt,
0

Is :/ aw(Vw|B)dxdt,
0

16:/ ablw|?>dxdt.
0

Some parts of the proof are quite similar to that of the wave equation and therefore we omit
their details. We have

I :/(DVwWE)dxdt—i—/ [(Vw|v)A(V®B|B) — (B/2|v)|Vw|}]dodt,  (6.2)
9] s

where
D=C/2— (B,

with C = (div(ax¢B)).
Also,

N =/ Aqwbw = —/ b|Vw|§dxdr—mf W(Vb|Vw) sdxdt
0 0 0
-HR/ (Vw|v)abwdaodt.
D)
But R(WVw) = V|w|?/2. Therefore
NI = —/ b|Vw|idxdt+/ Ax(b/2)|w|*dxdt
0 0

—/(V(b/2)|u)A|w|2dodz+m/(Vw|u)Abwodt. (6.3)
X X
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Let J = %(I; + 1) and define
A=D —bA,
a; = Aa(b/2),
g1(w) = R[(Vw[v)4(VW|B) + (Vw|v)4bw]
— (V(/2) ) alwl* = (B/2|v)|[Vw|}.

‘We combine (6.2) and (6.3) in order to obtain
J = / NAVw|Vw)dxdt + / ai |w|2dxdt + / g1(w)dodt. (6.4)
0 0 )

We have once again from the calculations we done for the wave equation
A=27AV?PA + Y4 (P (-, 1)).
This identity together with the following ones

V2 = 212¢ (Vo @ Vo) + Ao V2o,
Ta(p(-, 1) = 1Y a(Wo)

imply
A= 0aW0) + 2tA2pA(Viry ® Vi) A.

As A(Vyp ® Vi) A is non negative and /¢ is A-pseudo-convex with constant k > 0, we
get

RAVwW|VW) > k2| Vw|>.

This inequality in (6.4) yields
J > /{%2/ [Vw|?dxdt + f ar|lw|’dxdt + / g1(w)dodr. (6.5)
0 0 =
We find, by making an integration by parts with respect to ¢ and then with respect to x,
/ o,w(Vw|B)dxdt = / o w(Vw|B)dxdt — / o;wwdiv(B)dxdt
o 0 0
+ / (Vwl|d; B)ywdxdt
o
_ / wd, w(B|v)dodt + / [w(Vw|B)IZ,, dx.
b Q
We then obtain, by noting that div(B) = 2b,

/ dw(Vw|B)dxdt = / dw(Vw|B)dxdt — 2 f dwwbdxdt
0 0 0
+ / (Vwl|d, B)ywdxdt
0

_ / wd, w(B|v)dodt + / [w(Vw|B)IZ,, dx.
)] Q
From the identity
3 w(Vw|B) — §;w(Vw|B) = 2i3[8,w(Vw|B)]
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we deduce that

2% / dw(Vw|B)dxdt = —2 /
0 0

_ / wd, wW(B|v)dodt + / [w(Vw|B)I%, dx.
p) Q

8,wwba'xdt+/ (Vw|d; Bywdxdt
(o)

Or equivalently
—3[ ;w(Vw|B)dxdt = —N <z/ 8twwbdxdt> —3/ (Vwl|d; B/2)wdxdt
0 0 0

+f?s/ wo,w(B/2|v)dodt —Ts/ [w(VWB/Z)]?:,Idx.
b Q
Observing that
Rz :—Qs/ o;w(Vw|B)dxdt and 14:1'/ dywwbdxdt,
0 0
we obtain
N3+ 1Iy) = —:3/ (Vw|8,B/2)wdxdt—|—/ gz(w)dodt—l—/ h(w)dx, (6.6)
o = Q
with
g2(w) = J(wdw(B/2|v)),
h(w) = =3 ([w(Vw|B/2)IZ,) -

We find, by using once again the identity RwVw = V|w|?/2,

Ris = —/ div(aB/2)|w|2dxdt+/ a(B/2|v)|w|*dodt
9] b

and hence
R(Is + Ig) = /Q w|w|?dxdt + /Z @(w)dodsr, 6.7)
with
ay = —div(aB/2) + ab,
g3(w) = a(B/2[v)|w|*.
Let

a=aj;+a = —div(aB/2) +ab + As(b/2).
We can carry out the same calculations as for the wave equation in order to obtain
a> A3t A=, T =1

We end up getting, by combining (6.1), (6.5), (6.6) and (6.7), the following inequality

R(Low|Liw) 2 () > mc/ |Vw|2dxdt+r3k484/ ¢ lwl*dxdt
0 0

—S/(leB,B/Z)dedt—k/ g(w)dodt+/ h(w)dx, (6.8)
9] z Q
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where we set g = g1 + £2.
Let € > 0. Then an elementary convexity inequality yields

[(Vw|d; B)W| < R (eTA[Vw|> + e 'A% |w|?).
In consequence the third term in (6.8) can be absorbed by the first two ones, provided that

A > Ay and T > 15. That is we have

R(Low|Liw) 2y > m(/ |Vw|2dxdr+r3x454/ ¢’ |w|>dxdt
0 0

+ / g(w)dodt + f h(w)dx.
= Q
The rest of the proof is almost similar to that of the wave equation. O
Recall that 'y = Ffo ={xel; 0, Yo >0}and X = Ef =TI} x (t1, 1n). As for the
wave equation we have

Theorem 6.2 There exist three constants & = R(0), A* = L*(0) and t™ = t*(0) so that, for
any A > 2*, 1 > t* andu € H>'(Q, C) satisfyingu =0on = andu(-,1t) =0, t € {t1, 1},
we have

R/ [0 ul* + tag|Vul*] dxdt
0

< / 0 |5 u dxdi + Ta / 0 p|d,uPdod, (6.9)
o =

+

6.2 Unique continuation

In this subsection, f{ = —t and t, = t, where t > 0 is fixed. We recall that
E G o)={fx=&"x) eR""xR; 0<x,—%, <candx, — %, > |x' —&|*/c},
withx € Q,¢ > 0.

Theorem 6.3 Suppose that B(x,r) € Q, for some r > 0. There exists ¢* = c* (3¢, m) with
the property that, for any 0 < ¢ < c*, we find 0 < p = p(c, ») < r so that ifu € H>'(Q)
satisfies L5u = in Q and supp(u(-,1)) N B(X,r) C E4(X,c), t € (—=t, 1), thenu = 0 in
B(X, p) x (—t/2,/2).

Proof We proceed similarly to the proof of Theorem 3.5. We keep the same notations as in
Theorem 3.5. Let ¢* = ¢*(2¢, m) defined as in Theorem 3.5 and 0 < ¢ < c¢*.
Fix 0 < n < 1 and take instead of Qj, j =0,1,2,in Theorem 3.5 the following sets

Qo = [B(, po) N E4] x (—nt/2, 1t/2),
Qi = {E+ N[BE, ro)\B&, pn)]} x (=, 1),
Qy =[B(X,r0) N E4] x [(=t, —=nt) U (nt, H].
Also, the constants ¢;, j = 0, 1, 2 are substituted by the following ones
o = e/\(cz/z—e/z—yn2t2/8+a) in Q.
¢ = ex(c2/2—5+8) in Q,
¢y = HE2yPE240) 4y Q..
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Straightforward computations show that choosing y so that

4e 4e
Ay
e VT e

guarantee that ¢c; < cp and ¢» < cp. We can then mimic the last part of Theorem 3.5 to
derive that if u € H*>!(Q) satisfies £5u = in Q and supp(u(-, 1)) N B(x,r) C E4+ (X, ¢),
t € (—t,t),thenu = 0in B(x, pp) x (—nt/2, nt/2). Since 0 < n < 1 is chosen arbitrarily
we get, as expected, u = 0 in B(X, pg) X (—t/2,t/2). O

We say that £°, has the reduced unique continuation property if, for any non empty open
subset O C 2 and for any u € H>*1(0) satisfying L5u = 0in Q andu = 0in O x (—t, 1),
we must have u = 0 in Q2 x (—t/2, t/2).

Theorem 6.4 There exists a neighborhood N of I in C*1(Q; R" x R") so that LS, has the
reduced unique continuation property for any A € N.

Proof Let N be the neighborhood of T in C>1($2, R"*") given in Lemma 2.2. Pick u €
H>'(Q) satisfying £5u = 0in Q and u = 0in O x (—t, t) for some non empty open subset
O C Q. Define 2 as the maximal subdomain of €2 so that u = 0 in Q¢ x (—t/2, t/2). We
claim that 2\ is empty which is sufficient to give the expected result. Indeed if Q\Qq is
nonempty then we can proceed as in the proof of Theorem 3.6 to derive that # vanishes in
U x (—t/2,t/2), for some U, a neighborhood of a point in 92 N 2. But this contradicts the
maximality of Q. O

The uniqueness of continuation from the Cauchy data on a subboundary is given in the
following corollary.

Corollary 6.1 Let N be as in Theorem 6.4 with Q substituted by larger domain Qo Q
Let Ty a nonempty open subset of T and g = Ty x (—t, t). For A € N, letu € HZ’I(Q)
satisfying LYu = 0in Q and u = d,u = 0 on Xo. Then u = 0 in Q x (—t/2, t/2).

Also, the unique continuation across a A-pseudo-convex hypersurface is contained in the
following theorem.

Theorem 6.5 Let H = {x € w; 0(x) = 0(x)} be a A-pseudo-convex hypersurface defined
in a neighborhood of ¥ € Q with @ € C>(®@). Then there exists B, a neighborhood of %, so
that ifu € H>Yw x (—t, 1) satisfies Lu = 0in w x (—t,t) and supp(u(-,t)) C Hy =
{x ew; O(x) >0(x)}, t € (=t ), thenu =0inB x (—t/2,t/2).

6.3 Observability inequality

In this subsectiony =0and t, =t > 0.
Let o : L>(Q2) — L?(£2) be the unbounded operator introduced in the preceding section.
That is

du=—Asu, D()=H}(Q) NHXQ).
It is known that u(t) = €“ ug, ug € L%() is the solution of the following IBVP

Asu+idu=0 in Q,
u(:, 0) = uo, (6.10)
uy =0.
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Furthermore, u belongs to C ([0, t]; D(«)) N CL([0, t]; L*(Q)) whenever ug € D(«/) and,
for 0 <t < t, we have

G- Dl 20y = luoll2@ys IVauC, D2 = 1Vauoll 20 6.11)

Theorem 6.6 Suppose that 0 < Yy € C*(Q) is A-pseudo-convex with constant k > 0 and
letTy ={x €Ty 9,,¥o(x) > 0}. Then there exists a constant R only depending 2, t, s, k
and Ty, so that, for any ug € D(</), we have

”“0”[-101(9) =< N”av“”LZ(E”,
where £4 =Ty x (0,t) and u = e uy.

Proof In light of Theorem 6.1 and identities (6.11), the expected inequality can be proved
by modifying slightly that of the wave equation. O

Remark 6.1 It is worth mentioning that the results for the elliptic, wave and Schrodinger
equations can be extended to the case where A 4 is substituted by the associated magnetic
operator defined by

n
Aapit =Y (O +ibawe (D + ibou,
k=1

withb = (b, ..., b,) € Wh(Q; R").
Note that A4 pu can be rewritten in the following form

Aapit = Aau+2i(Vulb) 4 + (=Ibl3 + div(Ab)) u.
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