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Abstract

In this paper we study the regularity properties of the cubic biharmonic Schrédinger equation
posed on the right half line. We prove local well-posedness and obtain a smoothing result in
the low-regularity spaces on the half line. In particular we prove that the nonlinear part of the
solution on the half line is smoother than the initial data obtaining a full derivative gain in
certain cases. Moreover, in the defocusing case, we establish global well-posedness and global
smoothing in the higher order regularity spaces by making use of the global-wellposedness
result of Ozsar1 and Yolcu (Commun Pure Appl Phys 18(6):3285-3316, 2019) in the energy
space. Also this paper improves the well-posedness result of Ozsar1 and Yolcu (Commun
Pure Appl Phys 18(6):3285-3316, 2019) in the case of cubic nonlinearity.

Keywords Initial boundary value problem - Local wellposedness - Global wellposedness -
Smoothing
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1 Introduction

This paper aims to study the initial boundary value problem (IBVP) for the cubic biharmonic
nonlinear Schrodinger equations (biharmonic NLS) on the half line

iug + 3tu+ plulPu =0, x eRT, 1t eRY,
u(0,1) =hi1 (1), wuy0,1) =ha(1), (1)
u(x,0) = gx)
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2543
where u = %1 and the data (g, h1, h2) are taken in the space H(R') x H, ¥ (R*) x
2541
H, ® (R") with the compatibility conditions g(0) = h(0) when % <5 < %, and g(0) =
h1(0), g’(0) = hy(0) when % <s5 < %. These compatibility conditions are necessary since
the solutions we are concerned with have continuous L2 traces for s > % For the notion of

traces of functions in H* (R), we assume, for our throughout discussion, that s # n+ % forn =
2s+1

2543 2541
0, 1,2, ....Note thatchoosing data triples (g, k1, h2) € HS(RY)xH, * (RT)xH, ¥ (R")
is due to the local smoothing inequalities of [32,34]:

: a4
|okea| | s SNl

x ie©,1)

for k = 0, 1 and these inequalities are sharp in the sense that the numbers % and %

cannot be replaced by any bigger number and hence taking such data makes sense. We also
verify the appropriateness of the selected spaces in our computations.
Fourth order NLS with power-type nonlinearity

iy + Au+AA2u+ uPu=0, xeR",teR

was introduced by Karpman and Shagalov [30,31] to consider the effect of the small fourth
order dispersion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity. Indeed, when A < 0, they studied the stability/instability of solutions depending
on certain restrictions on the parameters A, p. When Laplacian is removed, the equation

iy + 2N u+ pulPu=0, xeR"teR 2)

is called biharmonic NLS, in addition it is said to be defocusing if An > 0, and focusing
if Aw < 0. From a physical point of view, as a model equation, biharmonic NLS arises in
many context such as deep water wave dynamics [11], vortex filaments [19], solitary waves
[30,31]. Furthermore it was used as a model equation in [29], [38] to study the stability of
solitons in magnetic materials once the effective quasi particle mass becomes infinite. Fourth
order NLS with various nonlinearities have been extensively studied on the well-posed in
the periodic and non-periodic settings. As half line problems are relavent to the initial value
problems posed in the non-periodic setting, here it is better to review some of those posed
on R?. So we write

3

iu; + kAu+ AA%u + F(u) =0,
u(x,0) = gx).

The initial value problem (IVP) (3) on R" x (0, o) with « = 0, A = 1 and nonlinearities
Fu) = o (Ju|P~u), 2 < p € N have been studied in [25] in terms of well-posedness and
scattering of the solution. In particular, it turns out that when n = 1 and p = 3, the authors
obtained the local well-posedness of (3) in the Sobolev spaces H* (R) for s > 0. Furthermore
this result is almost sharp in the sense that the flow map from H*(R) to C(R, H*(R)) is not
C3. The local and global well-posedness for the IVP (3) on R x R withx =0, A = —1 and
F(u) = £|u|*u, were established in [36] for data g € H*(R) withs > — 1 also the equation
was shown to be ill-posed below this range (s < —%), by proving that the flow map is not
uniform continuous. In [28], the IVP (3) on R x R with k = 1, & # 0 and the nonlinearity

1
F(u) = —§|u|2u +crlul*u + c2(u)%i + c3|0.u|* + cau®d%i + cslul*’u (4
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(with certain restrictions on the constants) was proved to be locally well-posed in H*(R),
s > % by the restricted norm method. For higher dimensions, Pausader [35] showed that the
Eq. 3) withx =0, A = 1 and F(u) = |u|?u is globally well-posed for n < 8, and ill-posed
for n > 9. For the other well-posedness results related to Eq. (3) see for instance [1,10,20—
24]. Initial boundary value problems for the fourth order NLS have been recently started
to be addressed. In the case of the half line, Hu etal [27] obtained a solution of some form
of the Eq. (3) in the IBVP setting (with a similar nonlinearity as in (4)) after reformulating
the problem as a Riemann-Hilbert problem. Ozsari-Yolcu [34] studied the IBVP of the Eq.
(2) with » = 1, u € C and the inhomogeneous Dirichlet-Neumann boundary data on the
half line where they make use of the unified transform method in obtaining the solution.
By making some assumptions on the relation of s and p, the authors obtained the local
well-posedness in H® (RY) for s € (%, %), s # %, and s € [0, %) separately. Moreover,
for the defocussing problem they established the global well-posedness in the energy space
H?(R™T).Itis remarkable to note that [34] is the first treatment of the fourth order Schrédinger
equations on a half line subject to the inhomogeneous boundary conditions. Lastly, more
recently Filho—Cavalcante—Gallego [18] addressed the IBVP of the cubic biharmonic NLS
(2) when A = —1 with the same set of initial-boundary data as in [34]. The authors proved
the local well-posedness in HS(R*) for 0 < s < % by the Fourier restriction norm method
and using the Duhamel boundary forcing operator for the corresponding linear equation.

In this paper we continue the program initiated in [16] that establishes the regularity
properties of cubic NLS on a half line using the tools available in the case of the full line.
Biharmonic cubic NLS is higher order dispersive PDE version of cubic NLS, so as expected,
we obtain well-posedness in a less regular space by adapting the estimates of [16]. We will
use Laplace transform methods proposed by Bona—Sun—Zhang [2] to divide the problem into
a linear IBVP on the half line and nonlinear IVP on the full line after extending the data into
R. By this method we can write the explicit solution for a linear IBVP and then using it,
we set up an equivalent integral equation on R x R for the full solution. We then examine
the integral equation with the X**? method, see [3,4]. To state our theorems we begin with a
definition.

Definition 1.1 We say that the biharmonic NLS Eq. (1) is locally well-posed in H* (R™) if for

243 241
anydata (g, h1, hp) € HX(RT)x H, 8 (RY)x H, ® (R") with the additional compatibility
conditions discussed above, the integral equation (8) has a unique solution in

243
XSP(R x [0, T]) N COHE([0, T x R)YNCOH, ¥ (R x [0, T)
1 : _
for some b < 5 and sufficiently small 7 = T (||gl| s g+) » |11 ||H¥(R+) , ”hZHH%HTI(RJr))'
Furthermore, if # and u are two such solutions coming from different extensions g,; and
ge2, then their restriction to R* x [0, T'] are the same. In addition, if g, — g in H*(R™T),

hp1 — hyp in i (R*) and hyp — ho in i (RT), then u,, — u in the space above.

We state our local result below and note that it improves the result for the cubic biharmonic
NLS in [34] which establishes the well-posedness for s > 0. As already mentioned [34]
utilizes the uniform transform method of Fokas to obtain the local well-posedness for the
biharmonic NLS with power nonlinearities. The method is based on inverse-scattering tech-
niques and used to obtain representation formula for the solution of the linear biharmonic
Schrodinger equation. In order to establish the local theory we will need to obtain some essen-
tial estimates regarding the linear and nonlinear terms of the integral equation representation
for the solution in Sect. 4 below.
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Theorem 1.2 Forany s € (—%, %), s # %, %, the Bq. (1) is locally well-posed in HS (R™)

_ .8
with the local existence time T satisfying T ~ (C + gl gs r+) ) 2+3 where the constant C

depends on ||g|l ;2 + l|1h1 ||H2,\-8+3 ®) + ||h2||H2.y§r1 ®*Y

Next theorem is concerned with the smoothing result of the Eq. (1) that is, it demonstrates
that the nonlinear part of the solution is smoother than the initial data. It reads that smoothing
vanishes at the upper end point s = %, nevertheless, the gain of a derivative at the lower end
point s = —% is still % The proof of the smoothing theorem below will be based on the
restricted norm method of Bourgain [3,4] and in the sequel, we will denote the operator Wé

as the linear part of the solution of the Eq. (1).

2543 2541
Theorem 1.3 Fixs € (—3,3),s # 3.3, (8. hi. ho) € HERY)x H, © RY)x H, ¥ (RY)
with the compatibility conditions given for the Eq. (1). Then for a < min(1, 2s + 1, % —5)
and t in the local existence interval [0, T'], we have

u(x, 1) — Wh(g, hi, ho) € COHST([0, T] x RT).

The smoothing estimates of this sort were obtained for NLS in certain papers in the
periodic, see [7,9,12,14] and non-periodic cases, see [5,33]. The first smoothing result related
to the initial boundary value problem is established for cubic NLS, [16]. Also using the same
approach as in [16], the papers [8,17] establish the regularity properties of the Boussinesq
equation and the Zakharov system on the half line respectively. In order to prove the above
theorems we take advantage of the Duhamel formulation by which we run a fixed point
argument. With this formulation we express the solution as a superposition of the linear
evolutions which incorporate the boundary term and the initial data with the nonlinearity.
Also to estimate the terms coming from Duhamel formula, we first solve the corresponding
linear problem by taking Laplace transform of the equation in the temporal variable and
inverting back by the Mellin transform so that we obtain an explicit formula for the linear
evolution after extending the initial data to the whole line. Afterwards the nonlinear part of
the formula will be treated by the X*** method. Note that in the boundary value problems
b < % is necessary in order to carry out the contraction argument, while b > % is required on
the full line. As for the uniqueness, the solution we constructed is the unique fixed point of
the Duhamel operator (18) by the contraction argument, yet it is not clear if the restriction of
the fixed point of (18) to the half line is independent of the different extensions of the initial
data. In this regard, the proof of uniqueness in our case proceeds in two steps: one is for the
case s > % where we exploit the Sobolev embedding and well-known Gronwall’s inequality
on R, and the other is for the low regularity case —% <s < % where we make use of
the uniqueness obtained for s > % and the smoothing estimate of Theorem 1.3 to establish
the uniqueness in this range, also in contrast to the case s > %, it is not immediate to
exhibit that different extensions produce the same solution. In particular, in order to establish
uniqueness down to the local theory threshold H -3 (RT), we require smoothing estimate
of Theorem 1.3.

When © = 1 in (1) (the defocusing case), the following theorem provides bounds for
higher order Sobolev norms. This is based on smoothing result obtained in Theorem 1.3 and
a priori estimate at the energy level, Lemma 7.1.

Theorem 1.4 Let n = 1 in the Eq. (1). In the case s € [2, %), g € H'R"), hy €

H*F ®RY) N H'(RY) and hy € HF (RY) N H'(R™), the associated local solution is
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global and the smoothing result holds globally. Furthermore, for2 < s < % the solution has
the growth bound

lu@ll gs @+ S (T)-

Here we note that the Eq. (1) does not satisfy the mass and energy conservations once the
boundary data /1 and h, are nonzero. Hence the global well-posedness at the energy level,
H?, for the Eq. (1) is a nontrivial problem in the presence of inhomogeneous boundary
conditions, see Theorem 1.3 of [34]. The Lemma 7.1, which is the key to obtaining the
growth bound in Theorem 1.4, results from the proof of Theorem 1.3 of [34].

As far as we know this work is the first treatment of the fourth order biharmonic
Schrodinger equation subject to the inhomogeneous boundary conditions where well-posed
solutions are constructed below the L? space.

Now we outline the organization of the paper. In Sect. 2, we define the notion of a solution.
To be more precise we reformulate (1) as an integral equation (Duhamel’s formula) and set
this to be a solution map which we then show is a contraction in a suitable metric space. Thus
by using the Duhamel’s formula, the solution we constructed is a superposition of a linear and
a nonlinear evolutions. We also introduce the space H®(R™) and discuss whenever one can
extend the initial and boundary data. In Sect. 3 we illustrate, by an application of the Laplace
transform on the half line, how to find the explicit solution formula for the linear problem
with zero initial data. In Sect. 4, we state and prove linear and nonlinear a priori estimates.
Linear estimates relate to two separate processes one is for a solution to a free fourth order
Schrodinger equation and the other is for a solution to IBVP subject to the inhomogeneous
boundary data. The estimates for the latter also clarify the regularity level of the boundary
data h1, hy and the selection of the spaces they are taken. In the remaining part of the Sect. 4,
we prove the multilinear estimates associated to the nonlinear term coming from the integral
part of the solution representation. In Sect. 5, we prove Theorem 1.2 by establishing the local
well-posedness theory via the contraction argument and argue the dependence of the local
existence time to the initial and boundary data. Theorems 1.3 and 1.4 are proved in Sect. 6
and the uniqueness is proved in Sect. 5.1. Lastly Sect. 7 is an appendix that involves some
inequalities that will be needed repeatedly in the text.

1.1 Notation

We define the one dimensional Fourier transform as
F&) = Fre = fR e £ (x)dx

similarly the space time Fourier transform

fE, 0 =FfE 0 =/ e HETIT £ (%, Ndxdt.

R2
Sobolev space H*(R) is defined via the norm
lglys = gl as @ = 1E) 8E 2Ry

where () = /1 + |£]2 (or equivalently 1+ |£]). For s > —%, Sobolev spaces H* (R) on the
half line are defined as

H'R") = {g e DRT) : 3% € H*(R) such that x(0,00) = &}

@ Springer
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with the norm
gl s ey = inf { 180y Fx0.00) = &)-

The restriction s > —% is necessary because multiplication with the characteristic function

X(0,00) 1s not well-defined for H* distributions when s < —%. Moreover we write W'g for
the linear biharmonic Scrédinger propagator

Wi, 1) = eiBg = / FEHE S e ) d

For a space time function f, the notation Dy means the evaluation at the boundary x = O,
that is

Do(f(x,0)) = f(0,1).

Throughout we write n for a smooth compactly supported function that is equal to 1 on
[—1, 1] and suppn C [—2,2]. Also let p € C* be a cut-off function satisfying p = 1 on
[0, c0) and supp p C [—1, 00). Lastly we use the notation ¢ < b meaning that a < Cb for
some absolute constant C, we define a 2 b likewise and write a ~ b fora < b < a.

2 Notion of a solution

In order to find solutions of (1) we start with constructing the solution of the linear IBVP

iy + tyyxx =0
u©,1) = hi(1), ux(0,1) = ha(1), (5)
u(x,0) = g(x),

with the compatibility conditions g(0) = h1(0) for % <5 < % and g(0) = h(0), g'(0) =
h7(0) for % <5 < %. We shall denote the solution of (5) by Wé (g, h1, hy). This solution
can be written as

Wi(g, i, ha) = Wo(0, by — pi,ha — p2) + W'ge
where g, is an extension of g to the full line R such that || 8ell s (r) < gl s R+ and
the traces pi(t) = n(t)Do(W'g,), p2(t) = n(t)Do(ax[W’ge]) are well well-defined and

belong to the spaces H B (RT), H B (RT) respectively, by Lemma 4.1 below. As a result
we decomposed the solution operator as a sum of free biharmonic Scrédinger evolution and
the boundary operator corresponding to the zero initial data. Therefore we consider

iug + Uyyxx =0, (X,I)ER+XR+
u(0,1) = hi(1), ux(0,1) = ha(z), (6)
u(x,0)=0

where W(’) (0, h1, hy) denotes the solution to this problem. By an application of the Laplace
transform described in the next section, we obtain explicit representation for W/ (0, iy, hy).

Lemma 2.1 Assume that h1 and hy are Schwartz functions. The solution of (6) can explicitly
be written in the form

1+
ulx,t) = i

[Wth — iWohy — Wah; — W4h2]

@ Springer



Partial Differential Equations and Applications (2021) 2:52 Page70f37 52

—Q[Wshz-i-(i—l— £)W(JZH-( f—i—i%)Wﬂll—Wshz]

where
Wiha(x, 1) = /0 T B B2 i (B0 (B0,
Wahi (x, 1) = /0 T BB B R (B (B0,
W3hi(x, 1) = fo BB I T (B,
Wiho(x, 1) = /0 e 2T (5,

o0
Wshs (x. 1) = f 1B =R g2 o) (g p By,
0

oo V2,2 o~
Wehi (x, 1) = / eI = F+RIB B3 o () p (Brx)d B,
0

o0
Wah(x, 1) = f i F R8BI oy () p (Brx)d B,
0

o0
Weha(x, 1) = / eI F T RIB g2 o) () o (Bx)d B
0

Here by an abuse of notation we take
hj(€) = F(x0.00h) ) 2/0 e ' hj(tydr. (N

We use this explicit form to obtain bounds on W6 (0, h1, hp) in Sect. 4 below. Next, by
the Duhamel formulation, we consider the integral equation equivalent to (1) on [0, T'],
t<T<1:

t
u() =nO)W'ge + n(t)/(; WU Fydi' + n(t)W§(0, hy — p1 — q1, ha — p2 — q2) (1),
(®)
where
F) =n@/DulPu,  pi@) =n0ODo(W'g.),  pat) = n(t)Do(d:[W'ge]),

a1(t) = n(0) Do( /0 t W F@dr), g2 =n(0)Do(a:] /0 t W Fodr']).

In the following, we want to prove that the integral equation (8) has a unique solution in a
suitable function space (given by Definition 1.1) on R x R for sufficiently small 7. Note that
the restriction of u to Rt x [0, T'] is a distributional solution of (1) whereas smooth solutions
of the Eq. (8) are classical solutions of (1).

We implement contraction argument in X*?(R x R) spaces:

lull e = (61" (2 = §4)7(6, ©) ©)

2L2'
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In order to carry out the contraction argument in the local theory we will need the following
standard results from [37]

1
foranys € R and b > 3 we have X** ¢ C{H?. (10)
Forany s, b € R,
Inyw'g|

For T < land—% <by <by < %Wehave

Xs:b S “g”H‘ . (11)

In/T)F s S TPV IF D, - 12)

~

We also need the following estimate whose proof can be obtained by adapting the proof of
Lemma 3.12 in [15]. Forany s e R, 0 < b; < % and b, = 1 — by, we have

t
Hn(l)/ Wi Far S NF N s - 13)
0

X5b2
Next for the boundary data /1 and h;, we need estimates on the sizes of || X(0,000h1 || eSS ®

and || X(0,00)h12 H s ® which is the content of the next lemma.

Lemma 2.2 (See [16]) Assume h € HS(R™) for some s € (—%, %).

L If—% <s <3, then ||X(0,oo)h||Hs(R) S AN s gy

2. If 5 <s < 3 and h(0) = 0, then | x©.0001| yys gy S Well s et -

3.0 L <5 < 3, then | heven|l s &) S 11l s (re+y-

4. If5 <s <3, s # 3 and h(0) = 0, then llhoaall grs vy < Al grs vy

h(lx])  fx=0

where h x) = h(|x|) and hoqq(x) =
even(X) (lxD 0dd(X) {—h(|x|) ifx <0
As a final note following will be useful in establishing the Theorem 1.4.

Remark 2.3 By the definition of linear flow W’ and the Lemma 2.1 we may write
Wé(g7 hla hz) - W(t)(gv h] s h2) = W(g(g - gv 03 0)'

Moreover, by writing W/ (g, 0,0) with the method of odd extension and then utilizing
Lemma 4.3, Lemma 4.1 below and 4. of Lemma 2.2 we obtain the bound

H Wé(gs Os O) ||HS(]R+) fs || thOdd ” HS (R) = ||g0dd||HS(R) S ”g”H‘(R+) .

3 Proof of Lemma 2.1: boundary term

In this section we obtain explicit solution formula for the linear problem (6) by the application
of the Laplace transform. So taking the Laplace transform of the Eq. (6) in ¢ leads to the
initial value problem in the spatial variable x

{ﬁxm LA =0 "

70,0 =hi (M), 40, 1) =ha(h)
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where
o0 ~ oo
ﬁ'(x,l):/ e Mu(x, ydt, hj(x,x)=/ e Mhp(ndt, j=1,2.
0 0

The solution of (14) can be written as follows
H(x, 1) =i 4 ey ()M

where r1(A) and () are solutions of the characteristic equation r*(A) 4 ir = 0 for which
Rer; < 0,Rer; < 0. Employing the initial conditions and suppressing the A dependence of
r1(A) and (1) we have

c‘l()\') = M’ 6’2()\,) = M.

ry—ra ry—ra
Then by Mellin inversion we can express the solution as
1 y+ioo eAt

ulx,t) = —
(. 5) 278 Jy—jco 11— 12

[(120) = 2B, G)e™ + (1T () = G0 |

for x, ¢ > 0 and where y > 0 is fixed. Letting y — 0 we have

1 o0 ipt - - o - - .
u(x, 1) = >— [ [(R2iB) = k1 (B)e" 9P + (1T i) — o)) 0P [ap

2w J_ o1 — 12
:%/,0 ixfjj/tﬁ[%(iﬂH([ﬂf)Fhl(lﬂ)] (48 Y=y

i [ gl (- 2 )R T £

[e'¢) ipt - -
4L fo — [ — i VBRG] VP ap

2t Jo —(1+0)B
1 o] eiﬂt B .
1 R
+2ﬂ/ —<1+z)f[ VBIGB) ~ )| VP ap
: . V22 P +i2)px g 63
s 0 f [hZ( lﬂ)+<7+’7>ﬂh( ip )] ( ) 4p3dp

+%/000 j\/l;;[(_ﬁ"'l\/»)ﬂhl( iBY) =y (—ip )] (-¢- ’T)ﬁx4‘33d‘3

1 o0 eiﬂ“z
+— _—
2 Jo —(+0)p

1 oo ei/34t - -~ -
tam | ral - pRsh ~ T e agtap.

[2GB*) — iBh1 G ]e Prapdp

by a slight abuse of notation after writing ﬁj instead of /1 ;j to denote the Fourier transform
of x0,00)j, ] = 1,2, we obtain

ey = 32 [ [ et R p 44 (241 2) T |
2, e—fﬁ”‘fe(-é-f%ﬁ)f[(—£+l£)ﬁh( B — Ta(—p*)|p2ap

s 0
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+—1n+i / T Tt — i (8982
0
+_1ﬂ+ i /oo eiﬂ4t+iﬂx[ _ ’3;1\1 (ﬂ4) — il\Z(ﬂ4)]ﬂ2dﬂ
0

Finally, we add the cut-off function p in the above integrals except the last one to extend the
solution to all x. Note that with this choice the integrals converge for all x.

4 A priori estimates
4.1 Estimates for the linear terms

In this section we justify that the linear terms in (8) stay in the function space given in
the Definition 1.1. First we begin with the Kato smoothing inequality depicting interaction
between the space and time derivatives. Note that this affirms the selection of the spaces that
the data g, 41 and &5 reside in.

Lemma 4.1 (Kato smoothing inequality) Foranys € R, g € H*(R), we have n(t)W'g €
1

25+3 25+

CYH, ® (R xR)and n(t)d,[W'gl € COH, ® (R x R), moreover,
InOWe| 2 < llgllug
LY®H, §

[n@oxtW'el]  2en < ligll -
LXH,

Proof We start by writing that
FaW )@ = [ i - £9at)de

= [ e -gtaede+ [ e - ehaede.
[El<1 [E1=1
2543
Using the fact that 7 is a Schwarz function, the contribution of the H, ® norm of the first

term above is bounded by

25+3

B < /W [0 50 - ¢4

L2 (&) 18(6)ldE

S /lsl 1(S)S|§(~§)|d$ S g lgs -

Next by the inequality (x + y)" < (x)I"I(y)" for any r € R, and a change of variable, the
contribution for the second term is estimated by

H /m | (0) 55 7t — EY[3(E)|de

L2

<

~

4 12543| 2543 4 ~
/m (=650 e - e lipe) s

Lz

2543 25-3 ~ 1
SH/H 1(r—p> 5 (p) 8 n(x — p)llg(£p*)ldp
pl=

L
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[25+3]
< H 8
~

76|, o5 7|

p=1

S H p T B Ep )

L2
where we have used Young’s inequality in the third inequality. Changing variable back to &
this is bounded by

( /1 e g i)’ < ( / EPRO )’ = gl

From these and the dominated convergence theorem continuity statement follows. Using the

same argument we estimate || ()3, [W'g] H 2541 likewise. ]
Ht

Proposition 4.2, Lemmas 4.3, and 4.4 below verify that the boundary operator belongs to
the space from Definition 1.1.

s+3
Proposition 4.2 Foranys > —%, b < %andhl, hy satisfying x0,00)h1 € H2T+, X(0,000h2 €
H258+l we have

[n®)W§(, hi, ho)|

X5b S H X(0, oo)hl || 2s+3 + “X(O oo)h2 || ZS+1 .

Proof First recall that

ti [W]hz — iWohy — W3h| — W4/’l2]
21[W5h2 (f f)%hl ( V2 V2

Ve Wahi — Wgh ]
2 2 2 +i— > ) 7h1 812
where the terms Wiho, Wohy, Wahy, Waho, Wshy, Wehy, W7hy and Wgh; are given in
Lemma 2.1, also recall the notation of expressing & as F;(x(0,00)h). Note that

Wshy = W'y and Wahy = Wiy

W40, b1, hy) = —

where
U3(B) = B (B x(0.00)(B) and Ya(B) = B2h2(BY) x(0.00) (B)- (15)

By change of variables we have
00 1
sl = 1810383 = ( /0 <ﬂ>2Sﬂ6|h1(ﬂ4>|2dﬂ)2

o0
S (/0 (p>¥|h1(/0)|2dp> < | xo. oo)h1H u43 (16)

and similarly
1

sl = 181 Tl 3 = ( [ 0% 5 s Pap)

N( ; (p) 2 |ha(p)] dp) S ||x(o,oo)h2||H%, (17
Then using (11) together with the bounds (16) and (17) we have
In@Wshillger = |nW'ys]

xoo S sllas < [xo. oo>h1||

@ Springer



52 Page 12 of37 Partial Differential Equations and Applications (2021) 2:52

and

In(@)Wahallxss = [nW ]

woi S IVallgs S [ xo.00 k2 ||H%(

1

For Wihy and Whhy, set f(x) = e *p(x). Note that f is a Schwarz function. Assume
s € 4N, we can write

O Wihy = n / B O (B g Ry (B
0

— (=i /0 ¢ 1O (B3) B2 F 10,0000 Va1 (81 B
and
O Wahy = (—i)V*n / B 1O (B2) B3F 0,000 P 11 1(BY)d B
0

Then using these with the interpolation it suffices to prove the bounds for s = 0. We have
I i 27 b
Wiha(&,7) = F (1) / ¢ B (B FL(f (Bx)dB ) (@)
0

- /0 e — BY8BY T(E/B)dp
and
TWal (€, T) = /0 B — BHERI(BH T(E/B)dp.

Since f is a Schwarz function,

1 1 B
E/B*~ 14+E/pt pr+E

and as 7 is a compact supported C* function we may write

7 —BH < (x —pH73

17 E/BI S

as well. Therefore

00 5 N
InWihallxor S | (x — €%)" /0 <r—ﬂ4>‘3#|hz(ﬂ4)|dﬂ

2
LE,T

We separate the integral into regions where B* + &% < 1and g* + &% > 1. In the first case,
we have

Lo B b3 s ~ 4
(0L haBldp sl [ 5ta| bl
/0 ﬂ4+54 12 12 L% 0 :34+$4 12
[gl=177 |§1=1
i
< [ #iiRashias
0
1 3 o~
= [ o iR
0
S [xocohz] 2@ = [xoche] ) g
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where we have used Minkowski’s and Cauchy-Schwarz inequalities in the first and third
bounds respectively. For the other case where g*+&* > 1, making use of relations (t —&4) <
(T — BHY(B* + &%) and B* + £* ~ (B* + £*) we have the bound

o 4b-3 B ~ a4
/O<r B e (Bl

Lér
> 4h=3 g3 ~ 4
s (T =BV | Zazmis | |2B)IdB
/o RSO P 2
L'[
0 3 o~
< / <.E_ﬂ4>b—3'87+4b )
0
* b=3 b—3 7
S / (T —p)" " 3 |ha(p)ldp
0 L%
_ 1~
<], [oime] . < Ixostal, g

where we have used Minkowski’s and Young inequalities and note that we require b < % in
the fourth inequality so that b — % < %. Accordingly, using the similar arguments, we have

1 5 [e%s) 5 .
InWahillxor < / ﬂf|h1(p>|dﬂ+H f (r—phHP3prth

5/0 p—wl(p)umH/ o2 b Rolan|

(o)

 bacom s + 0],

S Ixosohil 3 + [0 R0, 5 HX(0<>o) il

H3 R) HE ®) "

For the remaining terms of Wé (0, hy, hy), estimates are similar; for Wshy and Wgh| we let
fi(x) = e=Y22HVUDX 5 (1) and for Wohy and Wsha set fo(x) = e(~V2/2=iV2/2x 5 ()
both of which are clearly Schwarz functions. So we adapt the previous estimates by swapping
f with f; and f, for the terms Wshy, Wghy and W7h |, Wgh; respectively. Eventually we
have the bounds

”Uthz”Xo,b S ||X(0 o0)h2 H . forj=>5,8,

Iy ool 3, Tori=6.7.

As before interpolating between the integers s € 4N we obtain the bounds for any s > 0. To

_1
treat the s < O case we define the Fourier multiplier operator (D), * given by (“g‘)’% on the
Fourier side. In this case,

l

D)y 2 [nWiha](x, t)—n(t)/ ¢ B2y (B)DY; [ (B)|dB
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with similar formulas for the other terms of Wé (0, hy, hy) other than W3k and W4h,. Note
that

1

Fea((D):2

1

[iwita]) 6.0 = [~ = B8R (01 [ B ])ap

= [ = B R ([0 )@ e/ € ap.
_1
As (D), ? f is a Schwarz function, we are free to establish the bounds

] e

F(D):* 1600) )] = \ﬂ
and

[ —BH S (r— Y7
This leads to the bound

_1 o0 1~
‘<D>x nWiha| S (e —£Y° / (t =Y B(6/B) T E) 2 Tha(BHIdB
Xx0.b 0 sz
ap [T 4,-3 7 ph
S [ R s LT
0 p*+ & 2
354
which has been treated above. Thus interpolation between s = —% and s = 0 yields the
result. Other terms are handled similarly. O

Lemma4.3 For s > —1 and boundary data (hy, ha) satisfying (X0,00)11, X(0,00)h2) €
22 (R) x HEF (R), we have

WE(0, hy, ha) € COHE(R x R).

Proof We begin by showing that W3/ and Wah; belong to CY H? (R x R). Since W' = P
is unitary in H*, we have

IWshillg = |W's] e = 193llmg < [ x000h1] 2

(R)

and

Wahall s = [ W’¢4||H; = allus S [ X(0.00) 12 ||H2ﬁs(+r1(R)

where we have used (16) and (17) in the above inequalities respectively, and 3, ¥4 are
defined as in (15). Continuity in the temporal variable follows from these bounds and the
continuity of the linear group W' in H*. To show that the remaining terms of Wto 0, hy, ho)
lie in C,O H; (R x R), recalling the explicit form of the boundary operator from Lemma 2.1,
we rewrite the remaining terms as follows

Wiha(x, 1) = [R FBOF @Yy (BB, ¥1(B) = B ha(BY) x(0.000 (B,
Wahy(x, 1) = /R FBOF (YY) (BB, ¥2(B) = BR1(BY) x(0.000(B)-

Wsha(x, 1) = /R FLBX)F(e ™ ys) (BB, Ts(B) = BHha(—B*) x(0.00) (B)-
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Wehi (x, 1) = /R BT ™y (BYAB. T6(B) = B (=B %(0.00) ().
Wahi(x, 1) = /R HB)F e ™y (BB, T1(B) = BR1(—BY x(0.00)(B).
Wsho(x, 1) = /R B Fe (e ys) (BB, Ws(B) = B2ha(—B")X(0.00) (B),

where f(x) = e p(x), fi(x) = eV22HV2DY 53y and fo(x) = e"VZ2TIV2ID¥ p(y).
Note that following the same computations done in (16) and (17), we have

[ill i S Dx0com] 2 g o forj=2,6,7,

v, ||H\ < Ixo. Oo)hZH 2 g forj=1,5,8.

Using these and the continuity of the group et A% on H° it suffices to show that the maps

g Te= [ FB0RIB 5~ Tig = [ AE0RES, 5> Tig = [ pE0RE
are bounded in H*. We show this for the map g — T'g only as each f, f and f> are Schwarz

functions leading to the same result. Consider first s = 0, we rewrite 7 g(x) by using the
change of variable Bx — £ as follows

ree = [ e ptap
Therefore,
1
sz < [ @176 Bz dp = [ 1r@I( [ xR plax) ap

= g% %d: Z/Md< 2.
[@n( [ 5 goraz) s = sl | L2Nap < e,

Since f is a Schwarz function, the verification of the final inequality can be made as follows

/If(ﬁ)l / dﬁ / dp n ap <1
+\/> 1Bl<1 f \>1 ,3)1+

Note that for any s € N we write

wTs0 = [ OB TBIP.
This with s = 0 result implies that | Tg|| s < |lgllgs, s € N. Hence by interpolation, s > 0

case follows. As for s = —1, we pick p such that f fdx = 0 so that 8;1 f belongs to the
Schwarz space. Then we write

3 Tg(x) = /R T (F(Bx))E(BYA = /R AT F(Bx)BTIE(BYAB.

Entegrating this with s = 0 result and then applying the interpolation argument we get the
bound for s > —1. m]
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Lemma4.4 For s > —1 and boundary data (hi, hy) satisfying (x0,00)1, X(0.00)2) €
H*F (R) x H* (R), we have
0., 28
nOWO, ki, hy) € CH, ¥ (R x R).

Proof Recalling W3hy = W3 and Wah = W'y, the claim for these terms follows by (7),
(16), (17), the continuity of W' and the Kato smoothing inequality (Lemma 4.1). With the
notations of the previous lemma we rewrite the remaining terms of Wé (0, hy, hy) as follows

Wiha(r. 1) = /}R Fo(fB0) QW Y )z, Wahy(x. 1) = /R F(f(B)) QW Ya(2)dz,
Wsha(r. 1) = /R Fo(f1(B0) W s(2)dz. Wehy (x. 1) = fR Fa(f1(B0) W s (2)dz,

Wah (x. 1) = /ﬂ; F(H2B0) QW Y7 ()dz. Wsha(r.1) = /R Fa(H(B0) W P (2)dz.

2543
We show only n(t)Wih; € CS H, * (R x R) since the estimates for the other terms follow
by the same arguments. Hence

Wiha(x, 1) = /R Fp(f(B))@W'Y1(2)dz

- fR L)W

= / F@QW'y1(x2)dz.
R
Then Minkowski’s and Kato smoothing inequalities lead to the bound
7 t
llnwlhanr%ﬁ E/Rl.f(z)l [nw W](xz)”th%# dz
7 t
<INz [nW'ri(x2) ||H%Lgo

Shnlla < Ixosoha] 20
t

since f e L. Finally, continuity in the spatial variable follows from the dominated conver-
gence theorem. O

4.2 Estimates for the nonlinear term

This section discusses the estimates for the nonlinear term in (8). These estimates will play
crucial role in establishing the smoothing theorem and closing the fixed point argument.

Proposition 4.5 For any compactly supported smooth function n and % — b > 0 sufficiently
small, we have

t
n(t)/ W' Fdt
0

t
2543 + ”n(t)ax< / wi! th’)
0

2s+1
COH, ¥ (RxR) COH, 3 (RxR)
. 1 1
< | || s.~0 lf—flfsff
1 Fll s~ + IIFIIX%+_%—; ifs> 3.
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Proof Assume first that — 5 <s 5 then

t
/ W' Fdr’ _/ / G U-E B g 1 dgdd!
0
f/ ixg 118 / ”’ff(g,r)dr)dﬂdé
://eixgens /eit'(f—$4)d[’)f(g,r)d§dr

ettr_ it
/ / ’XE F(s T)dédr.

/ / F(s T)dEdT

Let ¢ be a smooth cut-off function such that ¢ = 1 on [—1, 1] and suppy C {x : |x| < 2}
and let ¢ = 1 — ¢. We will proceed by writing

‘ itt __ itg* 4
n(z)/ W' Fdi = n(z)/ / Jxe (¢ d Jor —¢ ) Be. dtdr
0

First we wish to bound

2543
Ht

i(t— &%)
lt‘L’ _ 4
+n(t)// el (Téj ) P vyasdr
tt§ _ 4
—n() / / ixg ¢ l(“; (754)5 )F(s,r)dédr
= [+ I+

By Taylor expansion, we write
. PPY
et — ¢ifé it 1 (e—it(r—§4) — it Z (— lf) Ayl
i(t — &% T — & —

For I, using Lemma 7.3, we have the bound

t
||I||st Z ” ’7||H1

s 1 2543 . ~
— <>T/ P — M lg(r —gHF (€ T)dEd
;(k—l)!”r Re T—& ot — & &t SIL

2543
H ¥ ®

// ixg (7 — %—)k 1 ot _54)F(“§,‘L’)d5d‘[

A

25+3

()% / . 1)de
|[t—£4<1

where we have used

k R
|*a],, ~ |

A

L?

3t m) , Sk

+Htk /

-1
skl

2"

Using Cauchy-Schwarz inequality in &, this is bounded by

[/R<r>2“'4“(/lrE4|<l<{s>Z‘Yds)(/r€4|<l<s>2su?<s,r)|2ds)dr]é
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25+3

Sswp (@ [ @) 1l
T lt—£4<1

SUF s

For |t| < 1, the supremum is apparently bounded whereas for |t| >> 1, by the change of
variable p = £%, it is bounded by

T+ [+
2543 =S 25+3 253
(r) ¥ / (T ——dp < (0) / (o dp < 1

j2-1 ol el—1

since |p| ~ |t| > 1. Next we consider II. By using Lemma 7.3 we have

2543 |F(E, 1)
g =
=) /\; gh>1 (T — &Y 5

< /Rm%( / W)( / (€)% (x — €472 | Fe, 7)2dg )de |

s+3 d
gsgp[(f)z4+ /W] I Fll x5
Sy

I 2643 < 1
l || + (R)NllﬂllH

L2

where we have applied Cauchy—Schwarz inequality in the second line. To see that the supre-
mum above is finite we write

2 de / d
{7 < [/W e e TEs)

< 2B 2b—2/ g / dp
S{r) e [(r) o (87 + P 2b<p)2g+3]

()T L B ) TR <

where we have used Lemma 7.4 in the p—integral and % < 2%3 < 1withbd < % Next for
III, we divide the region of integration into two pieces |§| < 1 and |§| > 1. For |§| < 1 using
Minkowski’s inequality and then Cauchy—Schwarz inequality we have

(Y e,

2A‘g—3
H,

zxéeit?;'4 . PP
() //g\ ¢ (t —EDIF(E, 1)ldEdT

1i(t— &%
//-§|<1
|F (&, D)l
d
//g|<1 R dkdz
//su )2b= stdr 7 /f V25 (7 — 42| e, r)ldédt]j

S Flxs-»

‘n(z)e’ff H s L_i)w(s )ldedt

since 2b —2 < —1 forb < % To treat the case regarding the region |£| > 1, we use change
of variable p = £* as before

txé lté R
e s n(r)/fgl e =P Dl

2543
H,

@ Springer



Partial Differential Equations and Applications (2021) 2:52 Page 190f37 52

zxfeztp
S |[ [ SR
" lr=pl>1J]pl>1 1T =Pl lp | H[¥
2543 1 el/\A
<o) F FoF, ( P75, 1) dr)(p)
lt—pl>1,lpl>1 1T = Pl I3 L
P

c|oe f £z,

Mold

1.2

[p|=1

S [f(p)z“ztjwﬁs(/ E _[if)Hb)( 'fiﬁ;l'ﬂ,) |pl|gdf’]%
s [fwie-piFmn 2|p1|3 I

S IFlxs-»

where we used Cauchy-Schwarz inequality in the fifth line and changed variables back to &
in the last line. This finishes the proof for —% <s < 5. Next we consider s > % in which
case, instead of Lemma 7.3, proof makes use of algebra property of Sobolev spaces

I fgllgs S 0 fllgs gl as

in order to extract the Sobolev norm of 1. As 1 is a smooth compactly supported function,

the proof proceeds along the same lines as with the case —% <s < % except for the one

for II just because we needed s < % to obtain the bound ||II||st+3 S I F |l gs.-». Thus to

T (R)
estimate II, we use the identity

O35 < (1 — g9 g
to write
2x+'5 |F(§ T)'
||11||H2x§3(R)§|InIIH1 ()73 =Ty ng
H/u I s>' <sr)|sL2

Using the Cauchy-Schwarz inequality in the £—integral, the second term is bounded by

= <[ ([ i) (| it o)l

3 1
o [/ %@]2 IFll s

! 3
Ssup[ [ o] 1l S IF s

since 2 — 2b > 1. Applying the Cauchy-Schwarz inequality in the &—integral for the first
term in this case

H/<r — &YW,

2s+3

\F(S T)|d§

L

e [/ (/ éil)(/(-ﬁ)“(r —54)¥|f(§,r)|2dg)df]%
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<|F 5.
S IIX%+,2:T5

As a result we have obtained

t
H n(t) / W' Fdt
0

2543
cH, ®

: 1
< ”F”Xx—b lf—jlfsfi
RxR) | Fll xs,—» + | F| PR ifs >3

Now we move to the estimate on the derivative term where we take less time derivatives ZS; !
while we have additional i§ factor coming from the spatial derivative. As before we divide
the Duhamel integral into three pieces as follows

t t
n(r)ax( fo Wf—”Fdz’ =17(t) / o (W' F)dr'

lt‘L’_ ll%' _ &4
—n(r)[/&z”“s );( ) Be. rydede

+n(t)/ f Se’xsem C(T;S )F(é T)dédt

) lté _ 4 >
— n(t)/ / g T B Dt
R JR T—§

= ' + 11" + 1T

To bound T*, note that on the region of integration we have |z| ~ £* hence the additional

factor £ leads to the situation (‘c)st+1 €] < (WL')ZST+3 which was examined before for the
integral I. In order to estimate III* we divide the region of integration as before into pieces
€] < 1 and |&] > 1. For the former case, the bounds are identical to those obtained for III,
for the latter case, we make the same change of variable p = 54 as done for III so that the

additional factor of & contributes the additional factor of | p| i to the integral ITI* that brings us

back to the situation handled in bounding III. Nevertheless estimation for the term II* needs

verification. When —% <s < % using Cauchy-Schwarz inequality we have the bound:

2‘ -~
1+ 1|H%(R) Sl (o) 78 \FE,

[ ;
l—g4=1 (T — &%)
s[fo ([ st)(f@)% - R, r)|2ds)dr]%

25+1 52
< sup ((f) 4 / W[ié) 11l xs,~b -

To see that the supremum above is bounded, we write the integral as

241 g2 £?
3 S —, S R —
w [/W CETT TR IR ey ey res ¢]

1
§<r>2ST“[<r>2b‘2+/‘| > )'fi( e dp]
> T — p

2541 5y 2541 =2s—1
R R (S e (S e B
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where we have used Lemma 7.4 in the p-integral and the fact that 0 < # < % withb < %
In the case s > %, we estimate II* by

. 2541 €]
HH ”Hz“?T“(R)S”(T) ' /(r £4) |F(S

We consider the cases || = £%and |t| <« &%, in the first case, the above integral is bounded
by

2:+'§ F
H<r> |F(§, 1)l dt

(r—&%

L2

which was addressed before for II. For the second case notice that |t — £4| &~ £% with which
1
one has |£| < (r — £*)4. Thus we bound the integral by

(‘[>2XT+1/ IF(5 f)l
et (T — E4)3

I
On the region where |t| < & 4, we have the relation
@5 ST g S -0
through which we bound the above integral by
H [-¢
which was handled in bounding II. O

Proposition 4.6 For fixed s > —% witha < min{2s 4+ 1, 1} and % —b > 0 sufficiently small,
we have

3

lurzious | gsras < T us]
j=1

Xs.b -

Proof Expressing the space time Fourier transform of u1u,u3 as a convolution
Friiuauz)(§, 1) = / / u &, 2. Uz — &1+ 6.1 -1+ 1)
§1.6 V11,12

and then using the definition of X**® norm we write

/ / EVra &, mm&, Uz — s+ &, 11 + tz)
1.6 VT,

- 2
uiuru » —p =
@203 1% EEL

L?,
Now define
fiE ) =)t —&MPm;, o)l forj = 1,2,3.

Thus the desired bound is equivalent to showing that
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2

H/S . ME &8, 1, ) i) & ) E-&+& 111+ 1)
1,62 V71,72

2 2
STTIA T =TT 1wl
j=1 j=1

2
LET

Xs.b

where

(E)TUEN) &) THE—E1+ &)
(T—&Nn — N -t —t+1—E—& +&)Y)

ME &,6,1,11,12) =

By an application of the Cauchy-Schwarz inequality in the &1, &, 71, 17 integrals and then
using Holder’s and Young’s inequalities respectively the norm above is majorized by

1 112
m?)? / / e E G —E+8, T -1 +m)>
H</§1,Ez 7.1 ) ( §1.62 V11,12 ! ? : )

2
Lé,r

) we / [ L@ HEE FRE -8 +8, T -1 +12)
H(/;l.éz 71,12 )< 1.6 Juo 11, T1) /7 (82, 12) /3 1 ) . 2)

Shr (/51 K] '[fl T2 M2)

B sup('/g.l & /. M2) Hflz ’ f22 *fSZHI‘ér

5“ /t;m*zfnfz l_[||fJ”L2

/ f FREL T R ) [RE —E bt — 1+ 1)
&1, 1

Therefore, it suffices to show that the supremum above is finite. Application of Lemma 7.4
in the 71, 72 integrals bounds the supremum by

sup
&1

23+2a 25 25 —2s
/( (&) (1)) TE -6+ &) At dé».

TNt g+ E - (6 - &+ )M

Implementing the identity (¢ — 8) < (t — «){(r — B) and then using Lemma 7.2, this is
bounded by

2s+2a —2s =25 /& _ —2s
Sl;p/ () (1) (&) 7€ — &1 + &) d1dEs

(E*— &+ & — (E— & +&)HOP2

- / (E)25120(5)) 725 (55) T2E — & + £) 7B
= Sup ) ) 5 =

£ (EF+E +EDE —E)E — &)

d&dg;.

We divide the integration region into two pieces

Ri={(&1.&):1& — &l K lorl§ —&| « 1} and
Ry ={(51,&) :1& — &l 2 1and | — &| 2 1}

to control the supremum.
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Clearly we have 512 + 522 +£2 > 1 0n R», so the supremum on this region is estimated by

/ 6P ) b k)
R (E2+EX+EDE —£)(E — )

(£)27420(£1) 725 (£2) "2 (E — &) + £5) D

< d&dé;.

/<s%+s§+52>1—<sl—s>'—<sl—sz>‘— s1de2

Since the sign of the Sobolev index s affects the way we follow in the proof, we begin with
considering the case s > 0 first. In this case, there are three separate cases to examine:

DIE—& +&|2 €]

/ € ) P ) e —a )
(E2HEX+ED) (5 —£) (& — &)1~

(£)2972H(5))725 (£5) 72

< dérd

/<sl—s>1*<sz—sl>lf s

a— Pmax(2s,1— &1
5 (5)2 2+/ (& _5)1—(<§_-1>12s)—5—min(2s,1—) dg

where we have used the Lemma 7.4 in the last line above. For s > 1, using the Lemma 7.4,
this is bounded by

~

~

log(1
(£)22+ / = fg;>1_+<§>‘2>3+1_dsl < <1

provided that a < % Asfor0 < s < %, the Lemma 7.4 yields the bound

<S>2a_2+/ L {(5)2a_2_4s+ fOr 0 <SS 5
(61-¢

D= | —

<
YoENd= Y E)2 3 for b <s <

which is finite as long as @ < min{2s + 1, %}.

i) 1] 2 151

/ ()2 2E) B (&) B (E—E+ &) dt1dés
(E+& +E0E - (& - &)!-

- / ()T E — & +5) ¥ (6) >

~ (&1 — &)1 (61 — &)1~
From the substitutions x; = & — &1 4 & and xp = &, the integral above is replaced by

/ (£)20724 (x)) 72 (xp)

(1 —E)1 (k=1 P2

dérdé;.

which is identical to the integral estimated in the previous case.

iii) 621 2 |§]

/ ()2T20(8)) 725 (&) B (E — £ + &) dé1dey
E+E+EN G - &) & — &)

< / ()220 (E — & + &) X&)

~ (g1 =81 & - &)~

d&rdg.
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In this case after making change of variables x; = & and xp = & — & + & in the above
integral and then applying the Lemma 7.4 we have the bound

()22 (x)) " ()™ a2t dx 2
/ " dnidxs = (€) (/7@_ =)

(xi =) (xy — &)1 §)1-
2a—2—2min(2s,1—) 42 (£)247274% for 0 <5 < 3
@ P21 E) 5 {<§)2a—4+ fors > %

which is bounded provided that @ < min{2s 4 1, 2}. Next we focus on the case —% <s<0.
In this case, since (§1) 72 (&) 72 (€ — & + &) S (] +& + )7

/ (E)25120(E)) 25 (8) TH(E — & + E) d1dEs
Ry (E}4E +EDE —E)E — &)
S/* (é_-)lv+2a d%-ldsz
(B2 + &2+ EDII— (5] — &)1 (&) — &)1~
(%-)254»2(1

<
- / (2 +EDITI (5 —£)17 (51 — &)

Since % —b > 0 was taken sufficiently small, using Lemma 7.4 twice this integral is bounded
by

—dé&1d&.

s+2a d‘i: a—4s—
i / (& +S2)1+351‘(51 — &)= SEETETT s

provided that a < 2s 4 1. Next we move on estimating the supremum on the region R;. In
this region notice that

(& — & +&)(1) ~ (52)(8),
thus

/ (E)25120(8) 725 (8) "2 (E — &1 + &) derdts
R (EFPHEFHENE -6 E — &)
- / (€)% (&)~
~JAEHEHE -8 E - )]

Note that on R; the relation 522 +&£2 < 1implies that |£] < 1, |&;] < 1for j =1,2in which
case the integral above turns out to be finite at once. So for a nontrivial situation we assume
that £5 +&2 > 1. Then making substitution x = (&7 +£2) (& — &) (&) — &) in the & integral
and using the relations

—dé&d&,.

d
i =E b @) A G- 02 +£) and = fsz = Q261 — & — £)ds)
2
along with the Lemma 7.5, we have the bound
2a —4s
(&) (&) dxdé

/ (€ + 001 fldx + (6 — £2(8 + )
- ()% (&) "

”/<s§+s2>z<<sz—s>2(s§+52>>%

d&
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We estimate the integral in the separate regions |£2| < 1 and |£2] >> 1. In the former region
this is bounded by

(&) (&)~
(&2 — £)2(&2 + £2))2~

1 dey S(E T <1

/E2|§1 (&3 +£2)2

provided thata < % As regards to the latter region, we use the relation (&, — & )2(.5,?22 +& 2) >
(522 — £2)2 and then making the change of variable x = 522 we obtain the bound

2a —4s 2a
(£)24(&) e </ ) i,
(B2 — &)2(EF +£2))2™ a1 (E2)2F3 (€2 — £2)1-

2a 2a
() F S —,

~ 1 1 ~ 2 1 2
/|x\>>1 (x)2F2 (x — £2)1-|x|2 T —8%)

_ {<.§>2“24S+ for—1<s<0

l

/Ez|>>1 52 + £2)2

~

(£)22=2+  fors >0

which is finite provided that a < min{1, 2s + 1}. ]

We take % —b= % + (3 — b) rather than %{1_5 in the Proposition 4.7 so
as to extract a positive power of T in the contraction argument below in the local theory.

Proposition 4.7 For fived —3 <s < 3,0 <a <min{l,2s + 1,3 —s}, and 1 —b > 0
sufficiently small, we have

3
1 1 _
for — 3 <s+a= > lurwaus| ysta—b S 1_[ ||uj|XLb,
Jj=1
1 9
for§<s+a<§ luiuous|| h tesl 1_[””1|be

Proof When —% <s+a< %, given statement follows from Proposition 4.6. So we only
take account of the case % <s+a< % here. In this case, using the fact thata < 25 + 1 we
take s > —% all along. Next let

254+2a—8b—1

e / (=TT ) e T ) T E — +5)
‘ ToE T8 G -6 a2

Thus using the arguments of Proposition 4.6 we are required to show that

d&dé.

supl < oo.
&t

We will demonstrate this in the separate cases % <s+4+a< % and % <s+a< %.

Casel)% <s4a< %
Note that taking L_b>0 sufﬁciently small we infer that %(s +a) —2b — % < 0, also
s+a > 5 1mphes that 2b + i 2(s + a) < 6b — 2. Hence using these, the identity
(t — a)(r —Db) 2 (a —b) and then Lemma 7.2 we have
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1+ 2x 2s 2s
1< (E1) "7 (5) " (E— EH—Ez) d€d&,
/ 54 £ el — (-1 +)H P T A 20T
1+ 2& —25 & 2s
< (E1)" 7 (52) " (& E;;E%ll(vﬂ)dgld&
((E.+%‘2+$2)(81*E)(81*$2)) 4727

which is easily estimated, for s > %, by

/' & d61dts </ & ey < ()12 < 1
(E1)>5(£2)25(6 — &1 + &2)% ~) @B E+E) T ~

by using Lemma 7.4 twice. It is left to treat the case —é <5 < % For this case, we

will analyze the integral on the sets Ry = {(&1,&) : |§1 —&| < lor|§ — &| <« 1} and
Ry ={(§1,&) : 161 —&| 2 land &) — & 2 1} as before.

Recalling the identity (§ — &1 + &) (1) ~ (§)(&2) that holds on the set Ry, we have the
bound

)T ) B b)) ded
f T 1. 1dé&
fa (E24+E24+E2) (5 —£) (5 —Ep)) P T a2 0H0

< (3 R (7Y I d&rd
~ T 1 1 “;‘_2~
((E2+E1) (51 —8) (51— T A 26T

Making substitution x = (§2+£3)(§1—&) (&1 —&) in the £ integral and assuming £2+£5 > 1
as in the Proposition 4.6, the integral above is bounded by

/ () Bt ()~

(62 + )3 (0360 Jlgx 4 (6 — 0282 + 8D
1-2s+ —4s

5/ | (€)1 (&) o

(E2+E)2((E — £)2(EX+ &) a2l

dxdé,

where we have used Lemma 7.4 which is applicable due to the fact that % —b > 0is
sufficiently small, and @ < min{2s + 1, 1}. So we estimate this by

/ (€)1 72+ ()
(E2 4 E2) (5 — £)2(E + Ep)2)2—3—205F0)
1=2s+ 1£2y=2s
5/ ( ) "

d&

24+ ED)3 (] — g2)Hmims
In the case |&;| < 1, the integral is bounded by
()1 +2a=8b+ <

provided that a < % whereas for the other case |£;| > 1, we change variable x = é§22 to
bound the integral, using Lemma 7.4, by

/ (&) >+ B e A S
( )1+25(

2—4s+2a—8b+ _ 1
(&) for— ¢z <5 <0

dx
1
X — 52>4b777s7a ~

which is bounded since a < min{2s + 1, 1} and % — b > 0 is sufficiently small. Next we
estimate the integral on the set R, by

/ EVFEN)BE)BE-E+E)TS

(€2 +£2 + 52>2b+%7%(s+a)<51 _ s>2b+%f%(s+a) (& — §2>2b+4l7%(s+a)

d§dé&;.
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We bound this in the separate cases —% <s<0and0 <s < % In the former case, using
the identity

)2 E)THE &+ &) B S(EREFE HEDTY,

we obtain the bound

@'
/ E) TG @ e g | e G g g 23 () g g b F (5t

dé1dé.

By a change of variable & — &1 + &, & — & + &, it suffices to estimate

1+ dé& 2
©) (/ (& +S>2b+£+%(5s—a)<sl>2b+5—%(s+a)) '

Nothing that 2b + % - %(s +a) < 1and 20 + % + %(SS —a) < 1 and then applying
Lemma 7.4 this is bounded by

2—8b—4s+2
<%-> s+ Ll'i‘7

which is finite for ¢ < min{2s + 1, 1} and % — b > 0 sufficiently small. Now for the latter

case 0 < s < 3, after using the bound (&)~ (&) 2 (€ — & +£&) > < (€)% and applying
the same change of variables as above, the integral is bounded by

<%~>172S+
/<El>2b+i—é(s+a)<$] _|_S>2b+%—%(s+a)<52>2b+%—%(s+a)<$2+§->2b+%‘%(&+a)
B d§; :
< 1-2s+
S () (/ ($1)2b+%*%(5+a)(%-l +$)2b+%*%(5+a))

d& dé

5 (s)2—8b+20+ 5 1

by using the Lemma 7.4,a < min{2s+ 1, 1} and the assumption that % —b > Ois sufficiently
small.

Case?2) % <s+a< %
Note in this case 0 < %(s +a)—2b— % < 6b — 2. Making use of the proof of Lemma 7.2,
we write

g -g 5 - E-a+a)
5 1 1
€ -0 —)[3E+8)7 + 8 +8 +26 - 56— 58]
18,61, 8).
Therefore, we have

(t—h = (& +& - -6+ —gE 8.8))
(t—&+& —E—a+0)Y+ (& &, 8)
(T =& +E —E -8+ )N + ENHE)E) E —E)(E — &)

From this identity we obtain

S
S

d§idg;.

I< / (é] _ S)%(S+a)74l72b($] _ é__z)%(s+a)74l72b($>%+S+a74h+
h R
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Substitutions & — & + & and & — & + € in the above integral lead to

(g_-l)%(s—}—a)—%—ﬂ? <52> %(s+a)—%—2b

<S>%+S+a74b+ / : - dé-ldg_-z
(B + &) T g gy fgysTata e 4 g2

< (5)%+s+a—4b+/ (£]) 26+ 12D gy s (s+a) =3 =2b
~ <$l +$>S*a+%+4b<§l 4 %-2 +€_~>S7a+%+4b(%- + 52>S*a+%+4b

d§dé,

where we have used s +a — 4b — % > 0 in the last line above. Since ¢ < min{2s + 1, 1},

we note that s > % Now by symmetry we have two cases to consider |§ + & + &| = |&]
and | + &1| 2 |&|. For the first one, using (£1) < (£] + &)(&) we have the bound

(E>2(1—8b+(/(sl)%(&‘+a)—%—2b<sl +s)—s+a—%—4bd€1)2 5 ($)3a+s—%—]2b+ S 1

owing to the the restrictions on @, b and s. For the second one, the integral is bounded by
(5)2a—8b+ /@l)%(s—&-a)—%—%(&)%(H—a)—%—Zh(& beyta—ab e ey gy msta-b—dbge g

The inequalities (&1) < (&1 + & + &) (& + &) and (&) < (& + &) (&) give rise to the bound

3a

<s>%+57“*%*‘°b+/<sz + 627N gy 4 ) "I I ag g

which can be easily verified to be finite by the restrictions on a, b and s.

5 Local theory: the Proof of Theorem 1.2

In this section, we establish the local existence of solutions to (18). Firstly we aim to show
that I" defined by

t
Tu(t) =n(@)W'g. + n(t)/o W' F(u)ds + n(t)Wy(0, b1 — p1 — q1, ha — p2 — q2)
(18)

has a fixed point in the space X**?, and recall where g, € H*(R) is the extension of g such
that ||gellzs®) S gl s w+) and

F(u) = n(t/T)ulu, p1(®) = () Do(W'ge), pa(1) = () Do(3: (W'ge)),

a1 = 10Dy fo t W F@dr), () =n0)Do(a] /O t W Fwdr']).

We also recall that s € (—%, %), s # %, % and % — b > 0 is sufficiently small. We start with

showing that I" is a bounded operator on X*. To do so, we gather necessary bounds we have
so far. Using (11) we have

InOW'ge|

oo S N8ellps®y S gl s ey -

@ Springer



Partial Differential Equations and Applications (2021) 2:52 Page290f37 52

Next by (13), (12) followed by Proposition 4.6 we obtain

t t
Hn / WIS Fuds| < |n / W Fuyds| . SIF@l i,
0 xs.b 0 Xs.7+ X2
1_p_ 1_5
ST Julul goo S T2 Ul -

By using Proposition 4.2 and Lemma 2.2

NOWEO, hi — p1 —qi,ha — p2 — @) | s S | X000 (1 — P1 — q1) || 2543

” 0 ”X b ” (0,00) ”H,T(R)
+ X000 (h2 = p2 — @2)|| 261 S Hhy = pill 2 +llh2 — p2ll 21

H ¥ ® H ¥ (R H 8 (RY)

+llgill 2sg3 + gl 2s1

H ¥ (R H ¥ (R

Sl 2gs — + k2|l

(RT)

H,

241 +lpill 243
8 ®H) RNG:3)

H, H,

+lp2ll 20+ gl
H % (R H

t

243+ llg2ll 251
8 (®) H 8 (R

by the Kato smoothing estimate
Ipill 2es A lp2ll 200 S lgellpsy S Nglas@+) -
B ® LI D
To bound the ¢; norms we use Proposition 4.5, (12) and Proposition 4.7

1 1

1E sl for—3 <s=<3
Y R L e T ior 1 9
H ¥ ® H® ® I IIXS_,%+ +1 ”x%** us, fory<s<i
2 1 1
<T%_h_ Hlul M‘XA,—b for -3 <s=<5
~ 2 2 1 9
Pl ]y o<

putting these estimates together in estimating (18) we have

1_p 3
ITullxse S Nglps@ey + 1Al 243 + N2l 2ep1 +7127° el s -
H 8 R H 8 (®RY)

Having shown that I is bounded, our next objective is to reveal that I" is indeed a contraction.
To achieve this we implement the similar calculations for the difference I'u — I'ii as follows

1
ITu — Tit] ys0 < Hn/ W =[F(u) — F(@))ds
0

, + ||’7W6(07q~i — 41, q~2 - ‘IZ)”XS,};

X

23;—3
L H,

t
< Hn f WS LF () — F(@)lds
0

t
T ano W!™S[F(u) — F())ds
x*2

2s5+1
L H,

t
+ Hnax(/o WS [F(u) — F(ﬁ)]ds)

ST ([l = TP o0 + 203,30 [P = 0P g, 20,)
ST (Nl + 100 ) e = &l os
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In the last line we have used Proposition 4.7 along with the inequality

A% f = 181%el = CASI* +1811f — gl

for absolute constant C and @ > 0. Therefore taking 0 < 7 < 1 sufficiently small, I" is

: — s,b . )
a contraction on the ball B = {u € X5 : |lullyss < C(lIgllys@+) + ”h]”Hng—S @ +
||h2||Hz.\~éH & )} with radius depending on the initial and boundary data. Hence by the

Banach fixed point theorem, this ensures the existence of a solution to (1) in X s.b spaces.
Next we establish that the fixed point of T lies in Ct0 H} ([0, T] x R). Since the operator

W' =8 s unitary on H*(R) we have
”ﬂthe ||C?H;\g < ||ge||Hs(R) =< ||g||Hs(R+)-

By the embedding (10) and the contraction argument

1_p— 3
SSTZ ”u”X:.b'

X.s‘, f+

t
Hn/ WIS F(u)ds
0

t
< Hn/ W =S F(u)ds
0

COHS
Next from Lemma 4.3 and the previous estimates in the contraction argument
WO, hy — p1 —q1, ha — pa — .
[nW50, i = p1 — g1, ha — p2 qz)HC?H;

S h - - 543
< Ix@.c0 (h1 = pi (II)HHtZﬁ#(R)

+ [ X(©.00) (h2 — P2 — q2) | P

1
S Slglgsmn Il 2 Fllhall a0 A T2 ulld,,
¢ H, 5 (RY) H 5 (RY) X

2543
We also show that u = I'u belongs to the space C)?H, £ ([0, T] x R). We have already
obtained the following bounds in the contraction argument

” EHCQH,zg% ~ ”ge“H R) ~ ”g”H R+)
and

b 3
2543 STZ ||u||XS,b'
CYH, B

t
H n / W' F(u)ds
0

For the remaining term of I" we exploit the Lemma 4.4 and the contraction argument to get

W0, hy — p1 — q1, ha — p2 — q2) 2503 S lglgs ey + A1l 2543
o ; @y, 0 S Wl + Wl s

1
2l 2 AT Ul
H ® (®RY X

As a result we have established that u = I'u lies in the Banach space of the definition 1.1.
Therefore this finishes the proof of local existence of solutions to (1). The uniqueness of these
solutions will be treated in the subsequent Sect. 5.1 below. The continuous dependence of
these local solutions on the initial and boundary data follows from the fixed point argument
and the a priori estimates as well. To see this let # and u,, be solutions of (1) with initial
and boundary data g, hy, hy and g, h,1, hyo respectively. Then from what we have already
shown in the contraction argument, we have
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lu —unllyxse < Colllg — gullgs ey + A1 — Antll 2043 +llh2 = hp2 |l 2es1
" ( niH* (RT) "THTE ®h e (R+))

1
+ C1T77b7 e — wn |l x50

where Cop > 01is a positive constant and C depends on the radius of the ball in the fixed point
argument and hence on the initial and boundary data. By means of contraction argument, we

may take existence time 7' < 1 so that C 7275~ < 1. So by the inequality

lu = tnllysn < ——L——(llg = gnllgs sy + 111 = Bull 2013
T (et )( e T @
+lhy — hp2ll 2541 )
H 5 ®hH

the continuous dependence in X*? follows. In a similar manner we prove the continuous
2543

dependence in the spaces COH and CYH, ®  as well. In order to complete the proof of the
Theorem 1.2, it is left to establish the quantification of the dependence of existence time T
to the initial and boundary data. By a scaling argument, we easily see that if # solves the Eq.
(1) with data g, i1 and h on [0, A™*], then u” (x, 1) = A~ 2u(L~'x, A~*1) solves the Eq. (1)
with data g* (x) = A72g(A~1x), W} (1) = A72h (. 7*1) and h3(t) = A3 h (A1) on [0, 1].
Therefore for A > 1,

H '1\||H2ST+3(R+) Sl
150,200 ) S W2l 2

||g HHS(]RJr) ”g H 2eh T ||g HHS(RJr)
< lglz2@+) + o gl s ey =< lgliz2 + R gl s e+ -

Then for )L_%_S lg Il s m+) & 1, the solution is defined up to the local existence time

-8
T ~ (C + IIgIIHS(R+)) 243

where the constant C depends on ||gll;2 + [/ ||H¥(R+) + ||h2||Hz;§r1 R’ Moreover, in

order to have local existence interval without implicit dependence on ||g|| ;2 (to be used later
in Sect. 6), we make use of the following bound

l&™ e < 182+ 1€ = 273 Nelle + 2737 lighge < 276 gl

- .
that gives rise to the local existence time 7" ~ (C + gl gs ) 7, in this case, with constant

C dependent to ||/ ||H2A~gf3 ®) + ||h2|| 2541

®H)

5.1 Uniqueness of solutions

In this section, we exhibit that the solutions to the Eq. (1) constructed above are unique.
The uniqueness statement of the Theorem 1.2 for s > % follows from an energy argument
which we want to illustrate next, and then using the smoothing theorem we will extend
the uniqueness argument to the whole well-posedness range. Hence first consider the smooth
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solutions u and v of (1) with sufficient decay. Then using u(x, 0) = v(x, 0), u(0, t) = v(0, 1)
and u, (0, t) = v, (0, 1), we compute

oo
ol = V1, = 2Rei [ (P oPo) = vy

hence, for any ¢+ > 0, integrating this and then using Sobolev embedding H*(R") C
L®@RT), s > %We obtain

t
2 2 2 2
”(H — v)(t)“L%(RJr) =< 2|/’L|( ||u||L[o:[0,T]L§C(R+) + ||U||L;‘>(€DIO.TJL§()O(R+) )‘/(; ”(l/l — U)(S)HL%(]R*) ds
t
< 2 2 _ 2
S e, e + 10 ren)) [ 160 = OB oy

Since, by the local theory, the solutions u and v belong to COH? ([0, T] x R™T), this with
the Gronwall’s inequality imply that # = v. The uniqueness of rougher solutions follows
from taking convolution of # — v with smooth approximate identities and then carrying out
a limiting argument as usual, see for instance [26]. Also since the norms are taken on R
in the energy estimate above, the restriction of solution to the right half line is independent
of the choice of extension of the initial data. Next we will prove the uniqueness of the local
solutions in the case s € (—%, %) by utilizing the uniqueness obtained above for s > % and

the smoothing estimates from Theorem 1.3. Here we follow the arguments of [8]. We get
2s5+1

2543 2541
started by considering data (g, h1, h2) € HS(RT)x H, & (RT)x H, ¥ (RY)fors € (0, %).
Let g. and g, be two H*(R) extensions of g € H*(R™). Associated to these extensions let

u and 7 be the fixed points of I' defined in (18). Next pick a sequence g¢ € H %"'(R"')
converging to g in H*(R™). Then, by Lemma 5.1 below, we may assume that g and g,* are

H %+(R) extensions of g¥ that converge respectively to go and g in H"(R) forr < s < %

Running a contraction argument on the set B; N By where

— . k
Br={uclul gy = OOy, 0l g 2l )

and

By = {u: lullyso < CQImsqery + Wil 2 o lhall 2 )

1 . ~ . .
we construct H2 T (R) solutions u* and 7* to the Eq. (1) associated to the extensions gf and
g.* respectively. At this juncture we make use of the smoothing estimate of Theorem 1.3 to

obtain local existence time T = T ([lg|l s ®+) - 11 ||st+3 B e ) fors < 3.

A
2 R A2l 2s;

. 1 . . . . ~
By the uniqueness of H 27 solutions obtained above, the restrictions of solutions u* and 7
to R+ are the same. Since, by the fixed point argument, u* — u and #* — & in H*~ (R), we
then have u|g+ = U|p+. Iterating this argument the uniqueness for s > —% follows.

Lemma5.1 (See [17]) Fix —3 <s < 3 andk > s. Let f € H*(RY) and g € H*(R*). Let
¢ be an H* extension of f to R. Then there is an H* extension g¢ of g to R such that

”fe -8 ”H’(R) SIf - g||H.\'(R+) forr <s.
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6 Proofs of Theorem 1.3 and Theorem 1.4

Proof of Theorem 1.3 By (18), for ¢ € [0, T'] we write the difference of nonlinear and linear
solutions as

t
u(t) = Wo(0, hy — p1.hy — p2) (1) = n(t)fo W@/ T)lulPudt’ — n(@)WE(0. g1, 42)(1)
where
t t
an® =@ Do [ W@ DPudr). a0 =m0 (o] [ W e mPuar’]).
0 0

Therefore using the embedding X* 2+ ccC tO H; in (10), (13), Lemma 4.3 and then Proposi-
tion 4.5, we have

|l = W50, by — proha = p2)|[ o pova

1[0, 711 ep+

t
< Hn / W (@ )T |ul*udt’
0

e g+

+ [ W50, 91,42 copgsa S nlulu

gora—te T llg1 ||H,2S+§H+3 + IqullHIZsizﬂ%l

1 1
for—§<s+a§§
9

” 7]|M|2M| X»Y+d47%+

S ||n|u|2u||x.r+u,f%+ + {

[ nlul?ul getate T Hn\u|2u||x%+_z.‘+§u4 for f <s+a<3

By Propositions 4.6, Proposition 4.7 and Theorem 1.2 along with the local theory, this is
bounded by

3«

3
lullyen S (llgllHAv(R+)+||h1|IHzﬁs§ )+||h2|| TR I

(R+ HTS (RY)

so the claim follows. ]

Proof of Theorem 1.4 Fix T > 0 and assume the growth bound |[u| gsg+) < f(T) for f

depending on |[gll ysg+)> 1711l gsi ®+) and |2l gs2 qe+), for some s1 > 2“;3, s > %.
Using the final claim of the proof of Theorem 1.2, we may pick the local existence time
based on f(T):6 ~ (C + f(T))_% where C is a constant proportional to ||/ IIH%ﬁ +

R1)
||h2||Hz.\~éH ®")' Therefore for J ~ T /§

|ur8) = Wi (g. i, o)

s+a
Hx eRt

s+a
xeRt

J
D W k), by, ha) — Wi s u((k = 1)8), by, ho)
k=1

J
Js Js
< ;1 | Wi utke, o, o) = W2 sk = Do), )|

xeRt
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H (ko) = Wyl = 13, 1, 1)), 0,0) |

xeRt

Mx i M\

sy = Wi st = Do) | LS IF@? ST

k=1 xeRt
where we have used Remark 2.3 in the second and third inequalities. Also the implicit
constants just depend on ||| 2543 , A 2|| 2s+l . Then we have
H™8 R

E=) T
||M(T)I|Hx+u(R+) 5 (T)f(T) 7T+ H WO (g’ hl’ h2) H Hs+ta(R+) :

To bound this, first recall that
Wq (.11, ha) = Whge + W (g.h1 — p1.ha — p2)

where pi (1) = n(t/{T))Do(W'ge), p2(t) = n(t/(T)) Do(3x[W'ge]). Then by Lemma 2.2

Wi i), S el + [ osotn = ol

+ “X(O,OO) (h2 — p2) ”stﬂ

5 ®)
S N8l as ey + 1l 25

B 5 R T e
+lip2ll,

8 (R

(R)

We estimate p; and p, by writing n(¢/(T)) = 2521 1 (t) and then using Kato smoothing
inequality (Lemma 4.1) as follows

| p1 IIH%(R) + IIPQIIHL?I(R) (T) llgell sy SAT) gl s ety -

So then we have

[ Wi g1, o) + I

SAT) gl gs my + ||h1|| £ & S

Hs[R+) ™
which leads to the bound

(TN psta@ry S [f(T) 74 gl grs+ame) ] + 1ALl 2ezass gy F IIhzlles%ga%l(Rﬂ.

When s = 2 and s; = s> = 1, Lemma 7.1 below implies that f(¢) &~ 1. As a result this and
above bound yield that ||u ()| gs r+) <(T)for2 <s < % m]

Acknowledgements The author would like to thank his Ph.D advisor T. Burak Giirel for many helpful sug-
gestions and comments also thank Eduardo Teixeira for careful reading of the manuscript and many helpful
comments.

7 Appendix

In this section, we reserve some useful inequalities to be used in the text when necessary.
Firstly we start with the lemma which is a consequence of the proof of Theorem 1.3 in [34].
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Lemma 7.1 when u = 1 (defocusing nonlinearity), the solutions of the Eq. (1) satisfy the
following a priori estimate

lull p2r+y = CUIgl g2 121l g1 s A2l g)-
Next Lemma is useful in the proofs of Proposition 4.6 and Proposition 4.7.
Lemma?7.2 Form,n,k € R we have
Im* —n* +k* — (m —n+©)* = |m — nlin — k|(m* + n* + k).
Proof Let g(m,n, k) == m* —n* +k* — (m —n + k)*. Then
gm,n, k) = (m —n)[(m* +n*)(m +n) — (m — n)* — 4(m — n)*k — 6(m — n)k* — 4k° ]
= (m —n)(n — k)[4m* + 2n* + 4k* — 2mn — 2nk|
= (m—n)(n — k)[g(m )2+ m? k20— %m — %k)z]
which gives the desired estimate. O
Lemma 7.3 (See [6]) For -1 <5< % we have

Ifglles S U 1 l8las

Finally we have the following lemmas we use throughout the text. For proofs of the first
and the second of these, see [13] and [16] respectively.

Lemma74 Iff >y >0and B+ y > 1 then

dx
— 4 _
/R (x —a)P(x —az)¥ S a1 —a2)Vgplar — a2)
where
3 1 1 B>1
vpa) = ~{log(l+ (@) B=1
iz (a)'=P B < 1.

Lemma 7.5 For fixed p € (%, 1), we have

1 1
/ dx < .
(x)?/1x — al (a)P~2
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