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Abstract

We prove the Duality Theorems for the stochastic optimal transportation problems with a
convex cost function without a regularity assumption that is often supposed in the proof of
the lower semicontinuity of an action integral. In our new approach, we prove that the
stochastic optimal transportation problems with a convex cost function are equivalent to a
class of variational problems for the Fokker—Planck equation, which lets us revisit them. It
is done by the so-called superposition principle and by an idea from the Mather theory. The
superposition principle is the construction of a semimartingale from the Fokker—Planck
equation and can be considered a class of the so-called marginal problems that construct
stochastic processes from given marginal distributions. It was first considered in stochastic
mechanics by Nelson, called Nelson’s problem, and was proved by Carlen first. The
semimartingale is called the Nelson process, provided it is Markovian. We also consider
the Markov property of a minimizer of the stochastic optimal transportation problem with a
nonconvex cost in a one-dimensional case. In the proof, the superposition principle and the
minimizer of an optimal transportation problem with a concave cost function play crucial
roles. Lastly, we prove the semiconcavity and the Lipschitz continuity of Schrodinger’s
problem that is a typical example of the stochastic optimal transportation problem.
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1 Introduction

The construction of a stochastic process from given marginal distributions is called a
marginal problem.
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Schrédinger’s problem is the construction of a Markov diffusion process on [0, 1] from
two endpoint marginal distributions at ¢t = 0,1 by solving a variational problem on the
relative entropy. We describe it briefly (see Vs in (1.19), (4.19), and also [28, 30, 44]). Let
o and ¢ be, respectively, a d x d nondegenerate matrix-valued and an R?-valued function
on [0,1] x R?. Suppose that the following stochastic differential equation has a weak
solution  {X(f)}q.,., with a positive transition  probability  density

p(s,x;1,y),0<s<t<1,x,y € R%:

dX(1) = &(t, X(2))dt + (2, X(2))dW (1), 0O0<r<l, (1.1)
where W(f) denotes a d-dimensional Brownian motion defined on a probability space (see
Theorem 6 in Sect. 4). Let P(Rd ) denote the set of all Borel probability measures on RY.

For any Py, P; € P(R?), there exists a unique product measure vo(dx)v; (dy) that satisfies
the following:

P1 (dy) = Vl(dy)/

de(O,x, 1, y)vo(dx), (1.2)

Po(dx) = vo(dx) /dp(O,x, L y)vi(dy). (1.3)

R

This is Euler’s equation of Schrodinger’s problem and is called Schrodinger’s functional
equation or the Schrodinger system (see [55, 56] and also [27] and Proposition 2.1 in [42]).
Under some assumptions on ¢ and & (see, e.g. (A.5)—(A.6) in Sect. 4), if P;(dy) < dy, then
there exists a unique weak solution {¥(#)},.,., to the following (see [28]) :

dy(t) = {a(t,Y(t))Dylog h(t, Y (t)) + (2, Y (1)) }dt (1.4)

+o(t,Y(2)dwW(r), O0<t<l,

PO _ py. (1.5)

where a(t, x) := a(t,x)a(t,x)", a(1,x)" denotes the transpose of a(1,x), D, := (0/dy;)"_,,

o) = [ plextomid), 0<r<ixc®,
[Rd
and PY(©) denotes the probability law of ¥(0). Besides, the following holds:

P(Y(O)‘Y(l))(dxa,y) = vo(dx)p(O,x, 17y)vl(dy)7 (16)

which implies that P = Py from (1.2). {¥()},,, is called the h-path process for
{X(t)}p<,<, from two endpoint marginals Po, Py at ¢ = 0, 1, respectively.

Remark 1 Schrodinger’s functional Egs. (1.2)—(1.3) is equivalent to the following:

i) = [ poxin [ poxiaina ma | poa, 07
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vi(dy) : = h(1,y) "' Py (dy), (1.8)

voldx) : = {/de(o,x, 1,z)v1(dz)}_1P0(dx). (1.9)

In particular, one only has to find a solution A(1,) in (1.7).

Motivated by Schrodinger’s quantum mechanics, Nelson proposed the problem of the
construction of a Markov diffusion process from the Fokker—Planck equation. We describe
it. Let a and b be, respectively, a d x d symmetric nonnegative definite matrix-valued and
an R?-valued function on [0, 1] x R, and let {P;},_,., C P(RY).

By (a,b) € A({P,}y~,,), we mean that a,b € L'([0,1] x R?, dtP,(dx)) and the fol-

lowing Fokker-Planck equation holds: for any f € C},’z([(), 1] x RY) and ¢ € [0, 1],
[ eoria) - [ roxpa
R R
= [[as [ (60 + Sats.0. D35, (1.10)
0 d
+ (005,2).D6,) ) Pila).

Here 0, := 0/0s, D? := (62 / 6x,6x_,-)7F 1> (X, ) denotes the inner product of x,y € R and

d
(A,B):=> AyBy, A= (Ay){i_;,B=(By)_, € M(d,R).

ij=1
ij=1

We also write (a,b) € Ag({Pi}g<,<) if a,b € L}, ([0,1] x R dtP;(dx)) and (1.10) holds
for all f € C3*([0, 1] x RY).

Remark 2 For {P:},,., in (1.10), A({P:}y~,~,) is not necessarily a singleton (see
[11-14, 33]).

The following is a generalized version of Nelson’s problem (see [47, 49, 50]).

Definition 1 (Nelson’s problem) For any {P,},,., C P(R’) such that Ag({P, };, ) is
not empty and for any (a,b) € Ag({P;}y<,<), construct a d x d matrix-valued function
a(t,x) on [0,1] x R? and a semimartingale {X (t)}o< ;< such that the following holds: for
(t,x) €[0,1] x R?,

a(t,x) = a(t,x)a(t,x)", dtP,(dx)-ae., (1.11)

X(r) = X(0) + /Otb(s,X(s))ds + /Ota(s,X(s))dWX(s), (1.12)
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pX0 _ p,. (1.13)

Here Wy denotes a d-dimensional Brownian motion.

When o(t,x) is nondegenerate, Wy can be taken to be an (F¥)-Brownian motion, where
FX denotes o[X(s) : 0<s<1]. Otherwise (1.12) means that X(r) — X(0) — fot b(s,X(s))ds
is a local martingale with a quadratic variational process f(; a(s,X(s))ds (see, e.g. [25]).

The first result on Nelson’s problem was given by E. Carlen when a is an identity matrix
(see [8, 9], and also [10, 46, 63] for different approaches). We generalized it to the case
with a variable diffusion matrix (see [33]). P. Cattiaux, C. Léonard extensively generalized
it to the case where the jump-type Markov processes are also considered (see [11-14]). In
these papers, they assumed the following condition.

Definition 2 (Finite energy condition (FEC))
There exists (a,b) € A({P;}<,<) such that the following holds:

/ldz/ {at,x) " b1, x), b1, x))Py(d) < 0. (1.14)
0 RY

We describe a class of stochastic optimal transportation problems (SOTPs for short) and
approaches to the h-path process and Nelson’s problem by the SOTPs.

Fix a Borel measurable d x d-matrix function a(t,x). Let A denote the set of all R%-
valued, continuous semimartingales {X(f)},,., on a (possibly different) complete fil-

tered probability space such that there exists a Borel measurable Sy : [0, 1] x C([0,1]) —
— R for which the following holds:

(i)  w—Px(t,w) is B(C([0,1])), -measurable for all ¢ € [0, 1],
(i)  X(1) = X(0) + [y Bx(s, X)ds + [; a(s,X(s))dWx(s), 0< 1< 1,
(iii)

E{/O {|ﬁx(17X)l + |O'(I,X(t))|2}dt} <00
Here B(C([0,1])) and B(C([0,7])), denote the Borel o-field of C([0, ¢]) and

Ny > B(C([0,s])), respectively (see, e.g. [31]). |- | := (-, >1/2

Let L:[0,1] x RY x R — [0,00) be continuous. The following is a class of the
SOTPs (see [41, 45], and also [33, 37, 44]).
Definition 3 (Stochastic optimal transportation problems)
(1) For Py, Py € P(R?),
1
V(Py, Py) := inf E[/ L(t,X(1); Px(2,X))dt|.
0

XeA,

(1.15)

PX0=p, t=0,1

(2) For {P;}g.,o, C P(RY),
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V{Pi}o<ci<cy) = inf E{/o L(t,X(1); px(t,X))dt|.

XeA,

(1.16)

PX0=p,0<r<1

If the set over which the infimum is taken is empty, then we set the infimum for infinity.

Suppose that one knows the marginal probability distributions of a stochastic system at
times t = 0,1 or ¢ € [0, 1]. To study the stochastic system on [0, 1] from the viewpoint of
the principle of least action, one has to consider these kinds of problems.

Remark 3 (i) The sets of stochastic processes over which the infimum are taken in (1.15)-
(1.16) can be empty. If P (dx) < dx, then the case when it is not empty is known for (1.15)
in [28] and for (1.16) in [5, 8-14, 33, 35-37, 40, 41, 46, 60, 63]. (ii) For {X(t)}ogzgl € A,

(a(t,x)a(t,x)*,bx(t,x) 1= E[Bx (1, X)|(1, X(1) = x)])(t,x)e[OJ]xR”’

1.17
GA({PX([)}ogzgl)- ( )

Indeed, by It6’s formula, (1.10) with a = 0™, b = bx holds and by Jensen’s inequality,

Ellbx(1,X(1))|] = E[[E[Bx (1, X)[(2, X(1))]]] < E[|Bx (£, X)]]- (1.18)

Schrédinger’s problem which is a typical example of the SOTP is Vs := V in (1.15) when
the following holds:

L= Slo(e0) " (e~ &(0,0) (1.19)

(see, e.g. [30, 44, 53]). If Vs(Po, Py) is finite for Py, Py € P(Rd) and if ¢ and ¢ satisfy nice
conditions, then the minimizer uniquely exists and is the h-path process with two endpoint
marginals Py, Py in (1.4)—(1.5) (see [16, 21, 44, 45, 51, 62]).

By the continuum limit of V/(-,-), we considered Nelson’s Problem in a more general
setting, including the following case (see [33, 40]).

Definition 4 (Generalized finite energy condition (GFEC))
There exists y > 1 and (a,b) € A({P;};,) such that the following holds:

/ » / (a(t, x)" (1, %), b(t, x))Py(dx) < 0o, (1.20)
0 R

As an application of the Duality Theorem for V, we also gave an approach to Nelson’s
Problem under the condition which includes the GFEC (see [41]).

If (1.11)—(1.13) hold, then they also say that the superposition principle holds. When
a =0, the superposition principle was studied in [1, 2, 36, 37]. Trevisan’s result [60]
almost completely solved Nelson’s problem (see also [5, 19]). In the case where the linear
operator with the second order differential operator and with the Lévy measure is con-
sidered, it was studied in [14, 52].
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Theorem 1 (See [60]) Suppose that there exists {P:}y. .| C P(R?) such that (a,b) €

A({Pi}o< <) exists.
Then Nelson’s problem (1.11)—(1.13) has a solution.

In his problem, Nelson considered the case where a = Identity and b = D, (¢, x) for some
function . It turned out that the Nelson process is the minimizer of Vy := V when (1.19)
with ¢ = Identity and £ =0 and the FEC hold (see Proposition 3.1 in [33] and also
Theorem 4 in Sect. 2). Indeed, if (a,Dy;) € A({P:}g< <), i = 1,2, then Dy, = Dy,
dtP;(dx)-a.e.. In this sense, we consider that Nelson’s problem is the studies of the
superposition principle and of the minimizer of V. In particular, if the superposition
principle holds, then the set over which the infimum is taken in V is not empty and then one
can consider a minimizer of V, provided it is finite. There was a different approach by
showing Proposition 1 in Sect. 2 via the Duality Theorems in Theorems 3 and 4 in Sect. 2
(see [41] and also [33, 40]). It is also generalized by the superposition principle and our
previous approach to the first part of Nelson’s problem is not useful anymore.

In Sect. 2, we improve our previous results on the SOTPs with a convex cost function by
the superposition principle in Theorem 1.

More precisely, we prove that the SOTPs are equivalent to variational problems for
probability measures given by the Fokker—Planck equation and to those by a relaxed
version of the Fokker—Planck equation (see Proposition 1 in Sect. 2). In particular, we can
prove the convexity and the lower-semicontinuity of the SOTPs in marginal distributions
by a finite-dimensional approach though the SOTPs are variational problems for semi-
martingales. It gives a new insight into the SOTPs and lets us revisit them.

In Sect. 3, in the case where d = 1 and where a is not fixed, we consider slightly relaxed
versions of the SOTPs of which cost functions are not supposed to be convex. In this case,
we need a generalization of Trevisan’s result which was recently obtained by Bogachev,
Rockner, Shaposhnikov.

Theorem 2 (See [5]) Suppose that there exists {P;}o.,<; C P(RY) such that (a,b) €
Ao({P:i}o<,< 1) exists and that the following holds:

! la(t,x)| + |(x,b(t,x))|
/odt ) R <00 (121)

Then Nelson’s problem (1.11)—(1.13) has a solution.

As a fundamental problem of the stochastic optimal control theory, the test of the Markov
property of a minimizer is known. We also discuss this problem for a finite-time horizon
stochastic optimal control problem.

In Sect. 4, we study the semiconcavity and the Lipschitz continuity of Schrodinger’s
problem V.

2 SOTPs with a convex cost

In this section, we discuss applications of D. Trevisan’s result to the Duality Theorems for
the SOTPs in the case where u—L(t, x; u) is convex and where ¢ and @ = go* in (1.11) are
fixed. We write b € A({P:}y, <) if (a,b) € A({P,}<,~,) for the sake of simplicity (see
(1.10) for notation).
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As a preparation, we introduce two classes of marginal problems which play crucial
roles in the proof of the Duality Theorems for the SOTPs (see [40, 41]) and which will be
proved to be equivalent to the SOTPs by D. Trevisan’s result.

The following can be considered as versions of the SOTPs for a flow of marginals which
satisfy (1.10).

Definition 5 (SOTPs for marginal flows)

(1) For Py, P, € P(RY),

1
W(Po,Py) = inf /0 dr / L(t, x: b(t,))0s(dx).

beA({Qi}o<i<1)s
Q,:P,,t:(),l

(2) For {P}g-,; C P(RY),

V({PYozyer) = inf /0 L /RJL(t,x;b(t,x))P,(dx). (2.2)

beA({Pi}o<, <1

For u(dxdu) € P(R? x R?),
() 1= e x RY), o) o= (R  dl). (23)

We write v(didxdu) € A if the following holds. (i) v € P([0,1] x R? x R?) and
/ (la(t,x)| + |u|)v(didxdu) < oc. (2.4)
[0,1]xRY xR

(i)  v(dtdxdu) = dtv(t,dxdu), v(t,dxdu) € P(R? x RY), v(t,dx),v1(t,du) € P(R),
dt—a.e. and fi—v,(t,dx) has a weakly continuous version vy ,(dx) € P(R?) for which the
following holds: for any 7 € [0,1] and f € C,*([0,1] x RY),

/f xX)v14(dx) — /fOwi (dx)

(2.5)
= / Ly xuf (s, x)v(dsdxdu).
[0,/]xRYx R?

Here

L xuf (5,%) := 0yf (5,x) + % <a(s,x),D)2(f(s,x)> + (u, Dyf (s,x)). (2.6)

We introduce a relaxed version of the problem above (see [23] and references therein for
related topics).

Definition 6 (SOTPs for marginal measures)
(1) For Py, Py € P(RY),
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V(Py,Py) ;=  inf / L(t,x; u)v(dtdxdu).
ved, [0,1]x R x R (2.7)
vy =P, t=0,1
(2) For {P;}y<,<; C P(RY),
V({Pi}o<i<1) = inf / L(t,x; u)v(dtdxdu).
T veA, [0,1]x RY xR (2.8)
v =P ,0<t<1

Remark 4 1f bec A({P}y<,<;) and X €A, then dtP,(dx)dp;.(du) € A and
dtPXO-Fx(X) (dxdu) € A, respectively. Here 8, denotes the delta measure on {x}. In
particular, dtPX()-Ax(:X) (dxdu) is the distribution of a [0, 1] x R? x R?-valued random
variable (¢,X(7), Bx(¢,X)). This is why we call (2.7)~(2.8) SOTPs for marginal measures
(see also Lemma 1 given later). One can also identify {P,},.,., C P(R?) with dtP,(dx) €
P([0,1] x IR{d) when V, v and v are considered (see Theorem 4 and also [41, 44]).

We introduce assumptions.

(A.0.0). (i) 0; € Cp([0,1] x RY), i,j=1,....d. (i) o(-) = (0,7(~))f1_j:1 is a nondegen-
erate d x d-matrix function on [0, 1] x R?.

(A.1). () Lec([0,1] x R x R [0,00)). (i) R?> u—L(t,x;u) is convex for
(t,x) € ]0,1] x R4

(A2).

inf{L(t,x; 1] x R?
lim IHLE xw)|(x) € [0, 1] x R}

|u|—o00 |Lt|

The following proposition gives the relations among and the properties of three classes of
the SOTPs stated in Definitions 3, 5, and 6 above. In particular, it implies that they are
equivalent in our setting and why they are all called the SOTPs. It also implies the
convexities and the lower semicontinuities of V(Py,Py) and V({P,}q,)-

Proposition 1

(i)  Suppose that (A.1) holds. Then the following holds:
V(Po, P1) = v(Po,P1) = V(Po,P1), Po,P1 € P(R), (2.9)

V({Pt}ogtgl) = V({Pt}ogrgl) = V({Pt}ogzgl): {Pt}ogtgl - P(Rd)~ (2~10)

(ii)  Suppose, in addition, that (A.0.0,i) and (A.2) hold. Then there exist minimizers
X of V(Po,P1) and Y of V({P:}o<, <) for which

Bx(t,X) = bx(t,X(1)),  Py(1,Y) = by(1,Y (1)), (2.11)

provided V(Po,P1) and V({P:}y.,.,) are finite, respectively (see (1.17) for
notation).
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(iii)  Suppose, in addition, that (A.0.0,ii) holds and that R? > u—L(t,x;u) is strictly
convex for (t,x) € [0,1] x R Then for any minimizers X of V(Po, P\) and Y of
V({P:i}o<,<1)s 2.11) holds and by and by in (2.11) are unique on the support of
dtPX") (dx) and dtP*") (dx), respectively.

Remark 5 Let c € C(R? x R%[0,00)). For Py, P; € P(R?),

T (Po, P1) = inf{ /R elx. p(x))Po(d)

Pop~' = Pl}
(2.12)

>T(Py,Py) = inf{/ c(x,y)u(dxdy)
R(lXIRd

:ui:Pifhi: 172}

(see (2.3) for notation). Ty (Po,Py) and T (P, P;) are called Monge’s and Monge-Kan-
torovich’s problems, respectively. The second equalities in (2.9)—(2.10) are similar to the
relation between Monge’s and Monge-Kantorovich’s problems since v and v are the
infimums of linear functionals of measure (see, e.g. [51, 61]).

Before we prove Proposition 1, we state its application to the SOTPs.
For any s >0 and P € P(RY),

Yp(s) = {v e A

Vio = P,/ L(t, x; u)v(dtdxdu) < s}. (2.13)
[0,1]xRY xR
Let P(RY) be endowed with a weak topology. Then the following is known.

Lemma 1 (See [41]) Suppose that (A.0.0,i) and (A.1)—(A.2) hold. Then for any s >0 and
compact set K C P(R?), the set UpcxWp(s) is compact in P([0,1] x R? x RY).

Lemma 1 was given in [41] to prove the Duality Theorems for v(Py,P;) and
Vv({P:}y<,<)- By Proposition 1, it can be also used in the proof of the lower semiconti-
nuities of \7(P0, Py) and V({P;}y -, ). Besides, we do not need the following assumption
anymore. o

(A).
L(t,x5u) — L(s, y;u)

AL(81782) ‘= sup 1 +L(S yu)

— 0 ase,e |0, (2.14)

where the supremum is taken over all (¢, x) and (s,y) € [0, 1] x R? for which |t — s| <&,
|x — y| <&, and over all u € RY.

This assumption can be used to prove the lower semicontinuity of the following (see
[26], Chapter 9.1):

1
AC([OJ];Rd)afH/O L(Lf(t);%@)dt. (2.15)

We state additional assumptions and the improved versions of the Duality Theorems for
V(P(),Pl) and V({Pf}Ogtgl)‘

(A0). a; € CH([0,1] x RY), i,j=1,...,d.
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(A.3). (i) O,L(t,x;u) and D,L(t,x;u) are bounded on [0,1] x R? x Bg for all R > 0,
where Bg := {x € R?||x| <R}. (ii) C is finite, where

L(t,x;
C = sup{%ogtgl,x,y,ueﬂ%d}. (2.16)
H(t,x;z2) := sup{(z,u) — L(t,x;u)|u € R?}. (2.17)

The following is a generalization of [41], in that we do not need the nondegeneracy of
a and the assumption (A) and can be proved almost in the same way as in [41] by
Proposition 1 and by Lemma 1. Indeed, in our previous papers, by the nondegeneracy of a,
we made use of the Cameron—Martin—-Maruyama—Girsanov formula to prove the convexity
of P—V(Py,P), which we can avoid by Proposition 1. The lower semicontinuity of
P—V(Py, P) can be proved by Proposition 1 and by Lemma 1. In [59], they considered a
similar problem and used a general property on the convex combination of probability
measures on an enlarged space, which allows them not to assume the nondegeneracy of a,
though they assumed a condition which is similar to (A).

One can also find details in [44] (see [24] for related topics). We refer readers to
[15, 20, 29] on the viscosity solution.

Theorem 3 (Duality Theorem for V) Suppose that (A.0)—(A.3) hold. Then, for any Py,
P, € P(Rd),

V(PQ,Pl) = V(P(),Pl) = V(Po,Pl)

= sup { y (x)Pl(dx)—/Rd (p(O,x;f)PO(dx)},

fecE(RY)

(2.18)

where ¢(t,x;f) denotes the minimal bounded continuous viscosity solution to the following
HJB Eqn: on [0,1) x R?,

0up(1.2) + 5 (alr.x). D2p(1.2)) + H{(t.x: Deglr5)) = O

(2.19)

We introduce the following condition to replace ¢ in (2.18) by classical solutions to the
HJB Eg. (2.19).

(A4). (i) “o is an identity”, or “ o(-) = (a,-j(~))§szl is uniformly nondegenerate,
o € C,i’z([O, 1] x Rd), i,j=1,...,d, and there exist functions L; and L, so that
L=L(t,x) + Ly(t,u)”. (i) L(t,x;u) € C'(]0, 1] x R x R?;[0,00)) and is strictly convex
in u. (i) L € C;*°([0, 1] x RY x Bg) for any R > 0.

Since (A.4,i), (A.4,ii), and (A.4,iii) imply (A.0), (A.1), and (A.3,i), respectively, the
following holds from Theorem 3, in the same way as in [41] (see also [44]).

Corollary 1 Suppose that (A.2), (A.3,ii), and (A.4) hold. Then (2.18) holds even if the
supremum is taken over all classical solutions ¢ € C;’Z([O, 1] x RY) to the HIB Eqn (2.19).
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Besides, for any Py, Py € P(RY) for which V (P, P) is finite, a minimizer X }o<i<1 of
V(Po, P1) exists and the following holds: for any maximizing sequence {qon}n2 L of (2.18),

n—oo

1
0= lim E[/O |L(t, X(1); Bx (1, X))

(2.20)
— {(Bx(t,X), Dxp, (1, X (1)) — H(2, X (1); Dxp,, (1, X(1))) }|dlt |
In particular, there exists a subsequence {”k}kzl for which
Fx(t,X) = Jim DH(1,X(1): Do, (1, X)), didP-ace. 221)

The following is also a generalization of [41] and can be proved almost in the same way as
in [41] by Proposition 1 and Lemma 1.

Theorem 4 (Duality Theorem for V) Suppose that (A.0)-(A.3) hold. Then for any
P:={P}y.,., C P(RY),

V(P) =v(P) = v(P

(2.22)
(t,x)dtP,(dx) (0, ;)P (d.
fecxsglzxw{/ /f x x /¢ ,%£)Po X)}

where ¢(t,x;f) denotes the minimal bounded continuous viscosity solution of the following
HJB Eqn: on [0,1) x RY,

((0,3) 3 {alt,0), DG )) + 3 De(a,0) +(6,3) =,
¢(1,x) =0.

(2.23)

Suppose that (A.4) holds instead of (A.0), (A.1), and (A.3,1). Then (2.22) holds even if the
supremum is taken over all classical solutions ¢ € C;'Z([O, 1] x RY) to the HIB Eqn (2.23).
Besides, if V(P) is finite, then a minimizer {X(t)},,, of V(P) exists and the following
holds: for any maximizing sequence {@,}, of (2.22),

n—oo

0= lim E[/O |L(z, X(1); Bx (1, X))

(2.24)
— {(Bx(1,X), Db, (1, X (1)) — H(1, X (1); Dap,, (1, X(1))) }|dlt |
In particular, there exists a subsequence {”k}kzl for which
ﬁX(t’X) = ’}LrgDzH(taX(t)§Dx¢nk (t7X(t)))> dth'a'e' (225)
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Remark 6 (See [41, 44]) (i) Suppose that (A.0)—(A.3) hold. Then for any f € UC,,(R?), the
following is the minimal bounded continuous viscosity solution of the HJB equation
(2.19):

1
o(txf) = sup E[ﬂxu))— / L(s,x<s>;ﬁx<s,x>>ds}, (226)

XeA X(1)=x

where A, denotes A with a time interval [0, 1] replaced by [z, 1]. (ii) Suppose that (A.0)—
(A.3) with L replaced by L(z,x;u)— f(¢,x) hold. Then the following is the minimal
bounded continuous viscosity solution of the HIB Eq. (2.23):

xif) =  sup E{ / {f(&X(S))*L(s,X(S);Bx(&X))}dS} (2.27)

XeA X(1)=x

We consider Schrodinger’s and Nelson’s problems, i.e., Vg and V. We introduce a new
assumption.

(Ad)y. (1.19) holds, o(-)= (GU(’))E{/‘:I is uniformly nondegenerate, and
a € G*([0,1] x R:M(d, R)), € € G2 ([0, 1] x RGRY).

(A.4)" implies (A.0)-(A.3). Besides, for f € C}(R?) and f € C,?([0, 1] x R?), the HIB
equations (2.19) and (2.23) have unique classical solutions in C;"z([O, 1] x RY), respec-
tively. They are also the minimal bounded continuous viscosity solutions of (2.19) and
(2.23), respectively, since they have the same representation formulas given in Remark 6
(see, e.g. [20, 22] on classical solutions and Lemma 4.5 in [41] on viscosity solution). In
particular, the following holds though (A.4)’ does not imply (A.4).

Corollary 2 Suppose that (A.4)’ holds. Then the assertions in Corollary 1 and Theorem 4
hold.

Remark 7 1f (1.19) holds, then

L(t,x;u) = {{u,2) — H(t,x,2)} = % jo(t,2) " (alt,x)z — u + &(1,0))[. (2.28)

In the rest of this section, we prove Proposition 1.

Proof of Proposition 1 We prove (i). For {X(t)},.,., € A, by Jensen’s inequality,

E[ /0 L X () ﬁx(t,x))dz] ZE[ /O LX) b X)) (229)

Theorem 1 implies the first equalities of (2.9)—(2.10) (see Remark 3, (ii)).
For v € A,

by(t,x) := /[Ra" uv(t,x,du), (2.30)
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where v(t,x,du) denotes a regular conditional probability of v given (¢, x). Then by Jen-
sen’s inequality,

1
/ L1, x: 1) v(didxdn) > / dr / L(t, x: by (1, )1 o). (231)
[0,1]xRYx R4 Jo R?

by € A({vii}o< <) from (2.5), since by Jensen’s inequality,

|by (2, x)|dtvy ,(dx) < |u|v(dtdxdu) < o,
[0,1]x R4 [0,1]xRIx R4

and for any 7 € [0, 1] and f € C}*([0,1] x R?),

/ i d<u’DXf(svx)>V(dexdu)
[0,7]xR* xR (232)

_ / s / (by(5, ), Dof (5, ) v o).

This implies the second equalities of (2.9)—(2.10) (see Remark 4).

The proof of (ii) is done by Lemma 1, (2.32), and Theorem 1.

We prove (iii). From (2.29) and the strict convexity of u—L(t,x;u), (2.11) holds. For
be A({Pi}g<,<1), Pildx) <dx, drae. from (A.0.0,i), since a,be L'([0,1] x
RY, dtP,(dx)) (see [4], p. 1042, Corollary 2.2.2). For {p;(t,x)dx},.,.,; C P(R?),
bi € A({pi(t,x)dx}g-, 1), i=0,1,and /. € [0,1], o

(1 = A)pobo + Ap1by
Pi ’

pi = (1=A)po+p1, b= l(om)(p;,) (2.33)

where 14(x) denotes an indicator function of A C R. Then b; € A({p.(,x)dx},,,) and

1

/ dr / Lt x: b (8, ) )pa (1, )dx
0 R
1
<) [ [ Lo 0)ple s (2.34)
0 RY
1
+/l/ dt/ L(t,x; by (t,x))p1 (¢, x)dx.
0 R?

Here the equality holds if and only if by=05b; dtdx-a.e. on the set
{(t,x) € [0,1] x RY|po(t,x)p1(t,x) > 0}. O

3 Stochastic optimal transport with a nonconvex cost

In this section, in the case where d = 1 and where a is not fixed, we consider slightly
relaxed versions of the SOTPs of which cost functions are not supposed to be convex. As a
fundamental problem of the stochastic optimal control theory, the test of the Markov
property of a minimizer of a stochastic optimal control problem is known. We also con-
sider the Markov property of the minimizer of a finite-time horizon stochastic control
problem. Our previous result [35] proved it in a one-dimensional case by the optimal
transportation problem with a concave cost. We generalize it by Theorem 2 in Sect. 1.
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Since a is not fixed in this section, we consider a new class of semimartingales.

Let u = {u(t)}y<,, and {W(t)},.,., be a progressively measurable real valued
process and a one-dimensional Brownian motion on the same complete filtered probability
space, respectively. The probability space under consideration is not fixed in this sec-
tion. Let ¢ : [0,1] x R — R be a Borel measurable function. Let Y* = {Y*(£)}, .,
be a continuous semimartingale such that the following holds weakly:

Yo (1) = Y4 (0) + /0 u(s)ds + /0 (s, YU (s)dW(s), 0<i<1, (3.1

provided it exists.
For r > 0,

U : = {(u,a)

1 O_(t7yu,a(t))2
EUO (ww+|u(t)|>dt}<oo,|a|2r}, (32)

Urstar : = {(u, 0) € Uplu(-) = by (-, Y (-))}, (33)
where byue (¢, Y (1)) := E[u(z)|(t, Y*°(¢))]. For (u,0) € U,,
F/"(x) : = P(Y"" (1) <x), (34)
Gy (x) : = P(u(t) <x), (3.5)
buyeo (1,%) - = (G '(1 = F™ (x)), (t,x) €[0,1] x R. (3.6)

Here for a distribution function F on R,
F'(v) :=inf{x € RIF(x) >v}, O<v<l.
F~! is called the quasi-inverse of F (see, e.g. [48, 51, 57]).

wo P70 (dx
pY' (t7x) = # (37)
dx

exists di-a.e. since r is positive and (0%, by.) € Ag({PY"W},_,.|) (see [4], p. 1042,
Corollary 2.2.2). Indeed, by Jensen’s inequality,

/R |byus (t,9)1p"" (1, y)dy = E[|E[u()| (2, Y (1))][] < E[Ju(t)]]- (3.8)
From the idea of covariance kernels (see [6, 7, 34, 39)),
L"Zu’yu,a (t, x)

2 [* (buyus(t,y) = byua(t,3))p" (£, y)dy (3.9)
— 1(0706)(pY (t,x)) f ( Y ( ) Y ( )) ( )

pr(t,x) '

The following holds and will be proved later.
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Theorem 5 Let r > 0. For (u,6) € U,, there exists ii such that (i, ¢ := (a° + ﬁ,,yy,,.a)%) c
U, pmar and that the following holds:

prO = pro e o, 1], (3.10)
byic = by yus, (3.11)
Phyic @Y 7W) — pu)  gp_ge. (3.12)

For r > 0 and {P[}0§t§1 - P(R)’

Au(Phozsz1) = { @00) € Aa({P gz =,
(3.13)
/ /Rd<1+| P + |b(z, x)|)P,(dx)<oo}.
Let L;,L, : [0,1] x R — [0, 00) be Borel measurable.
For (u,0),
J(u,0) = E[/O (Ly (1, Y (1)) +Lz(t,u(t)))dt]. (3.14)

For (a,b) € Ao({Pt}ogtgl)’

1
0P Yoereparh) = / dt/d(Ll(t,x) Ly b)), (3.15)
0 R
One easily obtains the following from Theorems 2 and 5.

Corollary 3 Suppose that Ly,L, : [0,1] x R — [0, 00) are Borel measurable.
Then for any r > 0, the following holds. (i) For any Py, P; € P(R),

inf{J(u,0)|(u,0) €U, P*"" D =P, 1 =0,1}
= inf{](u, 6)|(”a 0) € ur,MaraPYW([) =P,1=0, 1} (3'16)
= inf{[({QT}Ogrgl’avb)|(avb) € AOJ({QT}Ogtgl)’ Oy =P,t=0,1}

In particular, if there exists a minimizer in (3.16), then there exists a minimizer
(u,0) € Uy par- (1) For any {Pt}ogrgl C P(R),
inf{J(u,0)|(u,0) € U,,P""V =P, 0<r<1}
= inf{J(u, 0)|(t, 6) € Upptar, P = P,,0<1< 1} (3.17)
=inf{I({Pi}o<,<y,a,D)[(a,b) € Ao, ({Pi}o<,<1)}

In particular, if there exists a minimizer in (3.17), then there exists a minimizer
(u,0) € Uy Mar-
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Suppose that L: [0,1] x R x R — [0,00),¥ : R — [0, 00) are Borel measurable. Then
for any Py € P(R),

inf E{/Ol L(t, Y (¢); u(t))dt + ‘I‘(Y“’”(l))}

(u,0)€U,,
70 _p, (3.18)

=, it {V(Po, /‘Px)P }

where V, denotes V with A replaced by {Y"|(u,0) € U, }.
In particular, we easily obtain the following from Corollary 3.

Corollary 4 In addition to the assumption of Corollary 3, suppose that ¥ : R — [0, 00) is

Borel measurable. Then for any r > 0 and Py € P(R),
inf{J (u, @) + E[¥(Y"*(1))]|(u, 0) € Uy, P"" = Po} (3.19)
= inf{J(u, 6) + E[¥(Y*°(1))]|(t, 6) € Uy ptar, P""© = Py }. '

In particular, if there exists a minimizer in (3.19), then there exists a minimizer
(M,O') S ur,Mar'

We prove Theorem 5 by Theorem 2.

Proof of Theorem 5 For (u, o) € U,, the following holds (see [35]):
au yu r( ) > 0 Pbu,hyu,a (rY"(r) Pu(t)’ di—a.e. (320)

Indeed,

/ x by (6,7)p™ (1,y)dy = E(G}) ™ (1= F" (Y (1))); Y (1) < ],

/_x byuo (t,y)p""" (t,y)dy = E[E[u(2)|(t, Y (1))}; Y7 (1) <x]
= E[u(t); Y (1) <.

For an R?-valued random variable Z = (X,Y) on a probability space,

00 0
Brx < = [ (R~ Fatn)bdy— [ Foleyn
0 —00
FZ(x7y> > maX(FX(x) +FY(y) - 170)
= P(Fy'(U) <x,Fy' (1= U) <y),
where Fx denotes the distribution function of X and U is a uniformly distributed random
variable on [0, 1]. The distribution functions of Fy "(U) and F Y '(1 — U) are Fx and Fy,
respectively. From (3.7), FY(Y*?(¢)) is uniformly distributed on [0, 1] and

(FY“ YN (FY" (Y2 (1)) = Y*°(1), P-as., d-a.e. (see [17] or, e.g. [48, 51, 57)).
It is easy to see that the following holds from (3.8) and (3.20):
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(* + du,yml;u.yw) € Ao({PYM(T)}ogzg 1)-

Indeed, from (3.20), the following holds:

U e (2, Y51 |d;}: U (e \dr}<oo

The following will be proved below:

1 ~“ o Y#°o
E / Gy yeo (8, (’2))[1[ o
o 1+

(3.21)—(3.22) and Theorem 2 complete the proof. We prove (3.22).
1 ~
e t YLt,G t
E/amY (a (l)dt
Jo 2(1 4+ |Y=o(8)]7)

‘ ! s
= [ dat | ——=adx buyue (8,y) — byus (£,9))pY " (2, y)dy.
/0 /Rlﬂz /m( oo (1,y) = byua (8,))p" (1, y)dy
From (3.20),

/jo buyer (t,y)p"" (1, y)dy = E[u(1)] = E[E[u(1)|(s, Y (1))]

o0

:/ byue (6, y)p"" (t,y)dy,  dr-ace.

o0

In particular, the following holds dr-a.e.:

1 RS o
[ s [ Gune(t.9) = brela3)p"™ 1)y
+ x2 _

oo

0
:/ 1+2dx/ (buyue (1,y) = byus (1,7))p"" (1, y)dy

* 1 >
[ G - b v
0 X

0 0
- 1 /

= b, yue(t — byuo (t Y t d
/_ (bu,yue (t,y) yeo (1,))07 (1,9) YK 2™

y

Rl o 1
- buyue(t,y) — byes (6, ))pY (1,y)d ——d
| Gurett) = by )ty [z

< /R | arctan y|(|by,yer (£, )| + [byes (£, ) )07 (£, ¥)dy.

Since | arctan y| is bounded, (3.8) and (3.21) completes the proof of (3.22).

4 Semiconcavity and continuity of Schrodinger’s Problem

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Proposition 1 and Lemma 1 imply that P(R? x RY) 3 P x Q—V(P,Q) is convex and

lower semicontinuous.
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In this section, we give a sufficient condition under which for a fixed Q € P(Rd),
L*(Q,P;RY) 5 X—Vs(PX, Q) is semiconcave and is continuous (see (1.19) for notation).
More precisely, we show that there exists C > 0 such that for a fixed Q € P( Rd),

L2(Q,P;RY) 3 X—Vs(PX, Q) — CE[X]]

is concave and is continuous. Here L?(Q, P; R?) denotes the space of all square integrable
functions from a probability space (Q,F,P) to (R?,B(R?)). Let W, denote the Wasser-
stein distance of order 2, i.e. T'/? with ¢ = |y —x\z in Remark 5. We also show the
Lipschitz continuity of P,(R?) > P—Vg(P, Q) in W, (see (4.4) for notation).

We first describe the assumptions in this section.

(A5)  o(tx)=(e¥(,x){_;. (LX) €[0,1] xR, is a  dx d-matrix.
a(t,x) := a(t,x)a(t,x)*, (t,x) € [0,1] x R?, is uniformly nondegenerate, bounded, once
continuously differentiable, and uniformly Holder continuous. D,a(t,x) is bounded and the
first derivatives of a(#, x) are uniformly Holder continuous in x uniformly in ¢ € [0, 1].

(A.6) &(t,x) : [0,1] x RY — R? is bounded, continuous, and uniformly Hélder con-
tinuous in x uniformly in € [0, 1].

Remark 8 (A.5)—(A.6) imply (A.0.0), (A.1), and (A.2) for (1.19). (A.4)’ implies (A.0)—
(A.3) and (A.5)—(A.6).

We describe the following fact.

Theorem 6 Suppose that (A.5)—(A.6) hold. Then for any Py € P(R?), the following SDE
has the unique weak solution with a positive continuous transition probability density
pt, x;5,y), 0<t<s<1,x,y € R%:

dX(t) = &(¢,X(t))dr + o(1,X(2))dWx (1), O0<r<],

pXO) _ Po (4.1)
(see [28]). Besides, there exist constants C1,Cy > 0 such that
—Ci+ G [x—y[? < —logp(0,x;1,y) <C + Colx =y, x,y € R? (4.2)

(see [3, 22]).

Remark 9 1If Vs(P, Q) is finite, then the distribution of the minimizer X of Vs(P, Q) is
absolutely continuous with respect to PX. In particular, Q(dx) < dx under (A.5)—(A.6).
Indeed, Vs(P, Q) is the relative entropy of PX with respect to PX and PX(!) has a density
(see the discussion below Remark 3).

We recall the definition of displacement convexity.

Definition 7 (Displacement convexity (see [32])) Let G : P(R?) — R U {oo}. G is dis-
placement convex if the following is convex: for any p,, p; € P(Rd ) and convex function
¢ R — RU {0},
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0,1] > 1—G(p,). (4.3)

where p, := po(id + t(Do — id))~", 0<t<1, provided p, = py(Dp)”" and p, can be
defined. Here id denotes an identity mapping.

Recall that a convex function is differentiable dx-a.e. in the interior of its domain (see, e.g.
[61]) and p, in (4.3) is well defined if py € Pa.(RY) and if p, € P2(RY) (see, e.g. [61]).
Here

4y = d X 2 X o0 .
PZ(R)‘f{PeP(R)/Rd||P(d)< } (44)
Pouc(RY) - = {p(x)dx € P(RY)}, (4.5)
Prac(R?) : = P2 (RY) N Py (RY). (4.6)

The following implies that L?(Q, P;RY) 5 X Vg(PX, Q) is semiconvave for a fixed Q €
P.c(RY) and will be proved later.

Theorem 7 Suppose that (A.4)’ holds and that there exists a constant C > 0 such that
x—logp(0,x;1,y) + C|x|2 is convex for any y € RY. Then for any Q € Pu(R?),
X € X(Q,P;RY),i=1,2, and }; € (0,1),

2 2
> LVs(PY, Q) — ACE[|X) — Xaf’] < Vs(Pn % ), (4.7)

i=1
where Ay := 1 — A1. Equivalently, the following is convex:
L*(Q,P;RY) 3 Xi— — Vs(P¥, Q) + CE[|X[’]. (4.8)

In particular, the following is displacement convex:

PaacR) 3 Pro = Vi, Q) + € [ WPP(). (49)

Remark 10 Suppose that a; = a;(x), & = &(x) € C3*(R?) and that a(x) is uniformly
nonnegenerate. Then D)% logp(0,x; 1,y) is bounded (see [58], Theorem B). In particular,

there exists a constant C > 0 such that for any y € RY, x— logp(0,x;1,y) + C|x|2 is
convex.

For P € P(RY),

[ pltogpias, Plax) = plajas

0, otherwise.

S(P) := (4.10)

Let u(P, Q) denote the joint distribution at = 0, 1 of the minimizer of Vs(P, Q), provided
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Vs(P, Q) is finite. The following implies that L>(Q, P; R?) 5 Xi—Vs(PX, Q) is continuous
for a fixed Q € P,.(RY) such that S(Q) is finite.

The lower-semicontinuity of P(R?) > P—Vg(P, Q) is known and can be proved, e.g.
from Proposition 1 and Lemma 1. That of (4.12) can be proved in the same way as Lemma
3.4 in [43]. We give the proof for the sake of completeness.

Theorem 8 Suppose that (A.5)~(A.6) hold. For P,Q € Py(RY), if S(Q) is finite, then
Vs(P, Q) is finite and the following holds:

—Vs(P,Q) = H(P x Q|u(P, Q)) — S(Q)

(4.11)
+ [ oep(0.51.0)P@0()
R(IXRd
In particular, the following is weakly lower semicontinuous:
Pa(RY) 5 P> — Vs(P, Q) + Cs / e sPPa@no(@) (4.12)
RYxR

(see (4.2) for notation). The following is also continuous in the topology induced by W,:
Py(RY) 5 P—Vs(P, Q). (4.13)

If 8(Q) is infinite, then so is Vs(P, Q).
Remark 11 For C > 0 and P, Q € P(RY),

YoelP)i=S(P) - Vs(P.Q)+C [ k—slPEvO@). (@414
Wo.c(P) plays a crucial role in the construction of moment measures by the SOTP (see
[43, 44] and also [54] for the approach by the OTP). Since P,.(R?) > P—S(P) is strictly

displacement convex from Theorem 2.2 in [32], so is Pzﬁac(Rd) 5> P—Y¥y ¢(P) under the
assumption of Theorem 7.

From Theorem 7, under stronger assumptions than Theorem 8, for a fixed Q € Pz‘ac([Rd)

such that S(Q) is finite, we prove that P,(R?) 3 P—Vs(P, Q) is Lipschitz continuous in
Ws.

Corollary 5 Suppose that (A.4)’ holds and that there exists a constant C > 0 such that

logp(0,x;1,y) + C|x|2 is convex in x for anyy € R?. Then for any Q € P 4.(R?) such that
S(Q) is finite, the following holds:

[Vs(Po, Q) — Vs(P1, Q)]

(4.15)
Sf(max(HxHLZ(Po)? HXHLZ(PI))v ||x||L2(Q))W2(P07P1)7 Py, Py € PZ(Rd)v

where ||x||p2(p) 1= ([ga x|*P(dx))"/?, P € P5(RY) and

Fx,y) =200 +2(Coy* + C1) + C
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(see (4.2) for notation). In particular, if p(0,x;1,y) = (27‘[(1)7[]/2 exp(—|y — x|2/
(2a)),a > 0, then

|Vs(Po, Q) — Vs(P1,0)|

1 (4.16)
< 5 UKy + Fellzzp,) +2(1 + max(ao, o1))lllzz )} W2(Po, Pr),

where

We prove Theorems 7 and 8, and Corollary 5.

Proof of Theorem 7 For any f; € C;°(R?), u;(x) := ¢(0,x;£;) (see (2.18) for notation).
Then

Ao - [

Rd

u,-xPX" Ix
® (d)} (4.17)

_ /R d 22: Jifi(1)Q(dx) — E [22: Ja{ui (X)) + C|X,~|2}] +CE Ej ;v,»|xi|2} :

i=1

2

V. PZ:‘Z:I }"'X"’ <07 : ”_i)PZ;/L-Xi d
<Vs( Q)+/Rd(p xZ/LJ" (dx)

i=1

by the Duality Theorem for Vg (see Corollary 2).
2 ) 2 2
/ ¢ (o,x; > Lﬁ) P i (dx) = E {qo (0, > Xy M-)]
R i=1 i=1 i=1
2
SE[Z ii{ui(X;) + c|x,»|2H —CE[
=1

2 21|
In the inequality above, we considered as follows:

> hiX;

i=1

SN Partial Differential Equations and Applications
A SPRINGER NATURE journal



5 Page 22 of 26 SN Partial Differ. Equ. Appl. (2021) 2:5

ot,157) = tog( [ plrox1.3) explr )y ) 1.0 € f0.1) x 7
2 2 2 2
/exp(logp(o,ziixi§17Y>+C Z&‘Xi +Zizfi()’)>d}’
R =1 =1

i pm
2 )

< /[R" exp <Z Zi{logp(0,X:; 1,y) + CIXi| +ﬁ(y)}>dy
p

(4.18)

2 Ai
<TI( [ expliogp(0,X:;1,y) + CIXif* +£i())dy
i—1 \JR?

by Hoélder’s inequality. Taking the supremum in f; over CZO(R") on the left hand side of
(4.17), the Duality Theorem for Vg completes the proof (see Corollary 2). [J

Proof of Theorem 8 We prove the first part. We first prove that Vs(P, Q) is finite. Indeed,
from [53],

Vs(P,Q) = inf{H (u(dxdy)|P(dx)p(0,x; 1,y)dy) : iy = P, i, = O}
< H(P(dx)Q(dy)|P(dx)p(0,x; 1, y)dy) (4.19)

=S(0)~ [, {logp(0.5:1,3)}Plds)0(dy) <o

from (4.2) (see (2.3) for notation). Here for u,v € P(R? x RY),

u(dxdy)}
lo w(dxdy), <L,
H(pupy) := ./RJXRJ{ g v(dxdy) (dxdy) #

0, otherwise.

There exists a Borel measurable f : RY — R such that the following holds (see, e.g. [28]):

(P, Q)(dxdy) = P(dx)p(0,x; 1,y) exp(f(y) — ¢(0,x;1))dy (4.20)

(see (4.18) for notation).
Since Vg(P, Q) is finite, f € L' (R¢, P;) and ¢(0,x;f) € L'(R?, Py) (see, e.g. [53]). In
particular,

—Vs(P,Q) = —/

Rz[ X Rd

{10 1(P, Q) (dxdy)
P(dx)p(0,x; 1,y)dy

= /R”xw(if(y) + @(0,x;f))P(dx)Q(dy)

= Jee P00 (o i)

—logq(y) +logp(0, x; 1,y)}7

}M(P, Q) (dxdy)

(4.21)

which completes the proof of (4.11). P x Q—H(P x Q|u(P,Q)) is weakly lower semi-
continuous since P x Q—pu(P, Q) is weakly continuous (see [43]) and since (u, v)—H(u|v)
is weakly lower semicontinuous (see, e.g. [18], Lemma 1.4.3). In particular, (4.12) is
weakly lower semicontinuous from (4.11). The weak lower semicontinuity of (4.12)
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implies the upper semicontinuity of (4.13) since for P,, P € P(RY),n> 1, Wa(P,,P) — 0
as n— oo if and only if P, — P weakly and [p [x|"P,(dx) — [ [x|*P(dx) (see, e.g.
[61D).

(4.13) is also weakly lower semicontinuous by Proposition 1 and Lemma 1.
We prove the last part.

q(0,x;1,y) == p(0,x;1,y) exp(£(y) — (0, x;1)). (4.22)
Then by Jensen’s inequality,
Vs(P, Q)
= [ floga0.551,) ~ logp(0.5: 1)) P@GOK LMy (450

>5(0)~ [ {1ogp(0.x 1)}Pld)a(0.5: 1.y

since

o) = ( [ Plaa0.5:1.5) ).
(4.2) completes the proof. O

Remark 12 Under (A.5)-(A.6), from Theorem 6, (4.21), and (4.23), for P, Q € Pz(Rd), if
S(Q) is finite, then

—oo< — C] —Q—CEL/ \x—y|2pt(P, Q)(dxdy)
RY x R?
< */Rd IRd{logp(O,x;1,)/)};1(P, Q) (dxdy)
<Vs(P,Q) - S(Q) (4.24)
< —/Rd Rd{logp(O,x;l,y)}P(dx)Q(dy)

<O+ G / Ix — yPP(dx)Q(dy) < oc.
R(IXRd

Remark 12 plays a crucial role in the proof of Corollary 5.

Proof of Corollary 5 Let X,Y € [*(Q,P;R?) and 7 :=min(1,||X —Y||,), where
2111/2
X1, = {E[xP]}2.
We prove the following when 4 > 0.

Vs(P¥, Q) — Vs(P", Q) <{2G(IIX|15 + |Ix||72(g) +2C1 + C} (4.25)

(see (4.2) for notation). From Theorem 7,
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(1= 2Vs(P¥,0) + 2Vs(P* 0, 0)
<A1 =227 (¥ = X)|[; + Vs(P", Q).
since ¥ = (1 — )X + A(2~' (Y — X) + X). From this,
Vs(P¥,0) - Vs(P", Q)

- | 5 (4.26)
<MHVs(PY,Q) = Vs(P "0 0) - (1 = A)[1271 (Y = XI5}
Since (A.4)’ implies (A.5)—(A.6),
Vs(P¥,Q) - Vs(P* "X, 0)
<8(Q) + C1 + 20 (|IX1[3 + IIxllz2g) — S(Q) + €
from Remark 12. The following completes the proof of the first part:
1-4 A=IX-Y|,<1
1-2 A“Y—XZ:{ ’ S
O e
We prove the second part. One can set C = (2a) .
From (4.26), the following holds:
VS(nyQ) _VS(PY7Q)
< )»{VS(PX Q) — Vs(P* 0, g) (4.27)
e IXIB 1 (= x) + XIB Y (IR~ VI
2a 2 2a 2 2a 2 L
since
NP e 2 _ 2 -1 2 2 2
AL = DAY =Xl = AX[; + 147 = X) + X([) + X2 = [[Y]]2-
The following completes the proof: from Remark 12,
P 1 1,,_
Vs(P¥,0) = Vs(P* "X 0) *Z*I\Xllﬁ + o 127N = X) + X3
a 2a
1 -~
<o [ {u@ 00 o) andy) - Pt}
a JRI xR
1 -1
— [ e By 0, 0) )
a JRrIxR?
1 1/2
< (X = Y]l + 2V X)) |2 g)-
O
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