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Abstract

Existence of nontrivial and multiple solutions for two types of non-local problems with
sublinear or superlinear nonlinearities are investigated by linking theorems and index
theory in critical point theory. Some results in the literature are extended.
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1 Introduction

Fractional and non-local operators of elliptic type arise in a quite natural way in many
different problems, such as the thin obstacle problem, optimization, finance, phase tran-
sitions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films,
semipermeable membranes, flame propagation, conservation laws, ultra-relativistic limits
of quantum mechanics, quasi-geostrophic flows, multiple scattering,minimal surfaces,
materials science, water waves and so on. The investigations of the problems involved
these non-local operators are interesting and important from both pure mathematical
research aspects and real-world applications, eg see [1, 2] and references therein.

Recently, variational methods and critical point theory have been proved to be powerful
in dealing with these non-local elliptic problems after the paper [3] establishing the
framework for the solvability of the following problems
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(resicn w2 0

u=0 in RM\Q,

where @  RY is an open bounded set with smooth boundary, 0 <s<1, N > 25 and (—4)
is the fractional Laplace operator, which (up to normalization factors) may be defined as

(=AY u(x) = /RN (ulx+) +|;|(I)Vc+;y) - 2M(X))dy’ ceRY

They established the solvability of nontrivial solutions of the problems under the
Ambrosetti- Rabinowitz superlinear condition for the nonlinearity g(x, u): there exist
u>2 and r > 0 such that for ae. x € Q, r € R, |t| >r, we have 0<uG(x,1) <1g(x,1),
where G = fé g(x,7)dr. When the nonlinearity g(x, u) satisfies a linear growth condition,
solvability of the problem is studied in [4]. When g(x, u) is a lower order perturbation of
the critical power, the classical Brezis-Nirenberg results are established in [5]. Some
multiplicity results are also established either by Morse theory eg see [6, 7] or by fountain
theorems eg see [8] where superlinear nonlinearities without Ambrosetti- Rabinowitz
conditions are considered.

When g(x, u) is a linear perturbation such as g(x,u) = Ag(x)u + f(x,u), where 2 = 1 or
is a parameter related to the eigenvalues of certain eigenvalue problems and g € L*(Q),
several researches considered the so-called non-resonance or resonant problems with
Landesman-Lazer conditions when g(x, u) is bounded; for example, see [9, 10]. When the
perturbation g(x, u) is superlinear and satisfies the Ambrosetti- Rabinowitz conditions, we
refer to [11] for some results concerning the solvability of nontrivial solutions of the
problem. In this paper, we first consider the case where the perturbation g(x, u) is sublinear
and satisfies an extended form of Ahmad-Lazer-Paul type conditions; e.g. see [12—14] for
some references. We remark that when f(x, u) is bounded, the Ahmad-Lazer-Paul type is
more general than the Landesman-Lazer condition used in [10]; see [13, 15] and the
references therein. Hence our results generalize the corresponding ones in [9, 10]. The
other case we consider is the superlinear perturbation f(x, u), but we do not impose the
standard Ambrosetti- Rabinowitz condition on it. This makes our results can be applied to
more general nonlinearities. Moreover, not as in the literature we don’t need that the
function ¢ is bounded which makes us to deal with a different eigenvalue problem.

2 Main results

As in [3], we consider a more general non-local operator Lx with (—A4)® as a special case,
which is defined as follows:

Liu(x) = /[RRN ((u(x +y)+ulx—y) - 2u(x)))K(y)dy7 x € RV,

Here K : R¥\{0} — (0, +00) is a function such that

mK € L'(RY), where m(x) = min{|x|*,1}; (2)
there exists 6 > 0 such that K(x) > 0x| ™) for any x € R"\{0}; (3)
K(x) = K(—x) for any x € R¥\{0}. 4)
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The function space X denotes the linear space of Lebesgue measurable functions from RY
to R such that the restriction to © of any function g in X belongs to L*(Q) and
(g(x) — ge())VK(x —y) € L2(R*M\(CQ x CQ), dxdy), where CQ = R*M\Q.

Instead of (1), we consider the more general problem

{ —Lgu = g(x,u) in Q
u=0 in RM\Q.

By a solution of (5), we mean a weak one. That is a u € Xy such that

[ 009 = ) (65) = G0)K = sy = [ ) g, Vi € Ko
where the Hillbert space X, denotes
Xo:={ucX:u=0ae. in R"\Q},

with the scalar product
) = [ () = ) (00) = v 5 = )y

and the norm [|u||* = (u, u).

The main results of the paper are existence theorems (Theorems 1-3 and Theorem 5)
and a multiplicity result (Theorem 4) for two types equations driven by general non-local
operators including fractional operators as special cases with sublinear or superlinear
nonlinearities.

To be precise, in the first part of the paper we study the following problem with
sublinear nonlinearities

{ —Lgu+a(x)u — J4u = g(x,u) in Q,

6
u=0 in RM\Q, (6)

where Q C R is an open bounded domain with smooth boundary, s € (0,1), N > 2s,
a(x) € Lx(R), g(x, u) is not necessarily bounded and /; is an eigenvalue of the problem

—Lxu+a(x)u=u in Q, ™)
u=0 in RM\Q.
We notice that since a(x) € L%(Q) is not necessarily bounded, eigenvalue problem (7) does
not seem to have been investigated in the literature. Hence we will first study problem (7).
Particularly, we will prove that it has and only has a sequence of eigenvalues
M<l<Az<--- <A,<.. with a finite multiplicity for each eigenvalue. The eigenspace
corresponding to /; is denoted by E;. Suppose that E; = span{¢,, ¢,, ¢3, ..., ¢, }-
We impose the following assumptions, where G(x,7) = f(; g(x,1)dr.

(g) g € C(2 x R,R), |g(x,1)| < CJt|* + C, for some 0<a<1 and C > 0;

jg G<x7z:il a,(/)‘-)dx m %
(G™ -/ — oo, as ol = (20 02) — oo
=1
If g(x, ) is odd for ¢ € R, we can consider multiple solutions of (6) under some con-
ditions. For example, we assume

(g,) there exists 7 > 0, s.t. G(x,1) >0, as (x,1) € Q x (0,7];
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(gS) g(x7 _t) = _g(x7 t)7 as (X7 t) € § x R.
We have the following results.

Theorem 1 Let s € (0,1), N >2s, Q C RY be an open bounded domain with smooth
boundary and let K : RN\ {0} — (0, +00) be a function satisfying (2), (3) and (4). Suppose
that condition pair (g,) (G+) or (g;) (G-) holds, then (6) has at least one solution u € X,.

Theorem 2 Let s € (0,1), N >2s, Q C RY be an open bounded domain with smooth
boundary and let K : RN\{0} — (0, 4-00) be a function satisfying (2), (3) and (4). Suppose
that conditions (g,) and (Gy) hold. If there exists m <k such that

t
lim supM <Im — Mk (8)
—0 t
and
8(x1)
= > P —
}% ; > 1 — Ak 9)

uniformly for almost everywhere x € Q, then equation (6) has at least one nontrivial
solution in Xy.

Theorem 3 Ler s € (0,1), N>2s, QC RN be an open bounded domain with smooth
boundary and let K : R¥\{0} — (0, 400) be a function satisfying (2), (3) and (4). Suppose
that conditions (g,) and (G_) hold. If there exists m >k such that

lim inf@ > Ay — A

11—

and

g(x,1)
t

sup
1#0

< /1m+l - )vk

uniformly for almost everywhere x € Q, then equation (6) has at least one nontrivial
solution in Xg.

Theorem 4 Let s € (0,1), N >2s, Q C RY be an open bounded domain with smooth
boundary and let K : RN\{0} — (0,+00) be a function satisfying (2), (3) and (4).
Moreover, we assume that all the eigenfunctions of problem (7) belong to L*(Q). If
conditions (G_) and (g,-g3) hold, then problem (6) has at least m solutions in X, where m
is the dimension of the eigenvalue Jy.

Remark 1 The regularity assumption in Theorem 4 on the eigenfunctions of (7) is not too
strong; e.g. see [2] for some related discussion for fractional problems.

Remark 2 Conditions (G ), sometimes called generalized Ahmad-Lazer-Paul conditions,
are now typical and widely used in the literature for dealing with elliptic PDEs on bounded
domains or periodic solutions for Hamitonian systems with sublinear nonlinearities. But
it seems that they haven’t appeared in non-local problems. As o = 0, (G) are reduced to
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the classical Ahmad-Lazer-Paul conditions, which include the well-known Landesman-
Lazer conditions as special cases in variational problems, for dealing with similar problems
but with bounded nonlinearities (e.g. see [14, 15] or Theorem 4.12 in [16]).

Extensions of the classical Ahmad-Lazer-Paul conditions to the present forms (G.) for
investigating unbounded problems were considered by a number of authors in early 1990s;
e.g. see some references in [17]. The extensions to the present forms (G.), either for
elliptic PDEs or for periodic solutions for Hamiltonian systems, were also independently
obtained in the first author’s Ph.D. thesis in 1992 under supervision of Professor Guo
Dajun whom the paper dedicates to; e.g. see [12] and [18], where some further references
are also available.

As in the literatures such as in [12] and the references therein, conditions (G4) can be
replaced by ones not involving the eigenfunctions of problem (7) (e.g. see [10]) if the
following unique continuity property holds for the eigenfunctions of problem (7): all
eigenfunctions corresponding to (7) have nodal set with zero Lebesgue measure, where the
nodal set of a function ¢ in Q is the level set {x € Q, ¢(x) = 0}. Some information about
the unique continuity property for non-local problems can be found in [10].

In the second part of the paper we study the following problem with superlinear
nonlinearities

{ —Lu+a(xu=gxu) inQ, (10)

u=0 in R"\Q,

where K, Q, a(x) € L%(Q), s € (0,1), N > 2s are all as in the first part.
We impose the following assumptions, where G(x,t) = f(; g(x, t)dr.
(ap) A =0 is not an eigenvalue of problem (7): —Lxu + a(x)u = Ju, u € Xo.
(g4) g € C(2 x R,R), G(x,t) >0, g(x,t) = o(t|) as t — 0 uniformly in Q.
Gx,t)

(g5) limy_ 4 ﬁ; = 400 uniformly in x € Q.

(g) Set G(x,1) = 1g(x.f)f — G(x,1). Then G(x,t) >0 fort#0 and there is
ro,co >0, o > max{1,{} s.t.

g(x,0)|° < coG(x,0)|t|°, if |t] > ro.

Our main result reads as follows.

Theorem 5 Let s € (0,1), N >2s, Q C RY be an open bounded domain with smooth
boundary and let K : RN\{0} — (0,+00) be a function satisfying (2), (3) and (4).
Moreover, suppose that conditions (ap), (g4)—(ge) hold, then (10) has at least one nontrivial
solution in Xy.

Remark 3 The conditions (g,), (g5).(gs) are more general than the Ambrosetti- Rabinowitz
condition and a simple computation can prove that the superlinear function

1
g(x,1) = Jul* In(1 + |u]) - 3 Jul? + Ju] = (1 + Ju])

satisfies (g4) — (g¢) but does not satisfy Ambrosetti-Rabinowitz condition [19].
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3 Preliminaries
In order to investigate eigenvalue problem (7), we first prove the following lemma.

Lemma 1 Ifse (0,1), N>2s, QC R is an open domain, a(x) € [%(Q) and u, —
u € Xo, then

2 2
/Q a(0)|1tn ()P — /Q a()|u(x) Px.

2

- is bounded in

Proof Since u, — u in Xj, then by the imbedding theorem in [1, 3], u

L¥=(Q). So we may suppose
W —u* in LN%’\(Q)

n

We assume that, up to a subsequence,
ur(x) — u*(x) ae.x€Q.
n

Then the proof is given by Vitali theorem. O

Now we focus on the eigenvalue problem (7)
—Lxu+a(x)u=Au in Q,
u=0 inRM\Q.

Lemma 2 Let s (0,1), N>2s, QCR® be an open bounded domain and
a(x) € L5(Q).
(a) Define
1
A= inf —/ |u(x) fu(y)|2K(xfy)dxdy+/a(x)u(x)zdx.
ueXo, Jull,=12 Jgav Q

Then 1, is finite and is a simple eigenvalue of (7) with a non-negative eigenfunction
e € Xp.

(b) The spectrum of problem (7) has and only has eigenvalues which can be listed
M<l<l3< - <Ay <. and the corresponding eigenfunctions {ex},cy form a
base of Hilbert spaces L*(Q) and X,.

Proof Denote J (1) = L [oon |u(x) — u(y)[K (x — y)dxdy + [, a(x)u(x)’dx, where u € Xo.
By the Holder and Sobolev inequalities, we have

N

2.\-dx)

= o [ ) "t ( [ o

1
2 5||MH2—C8\|MI|2—C(8%

=z
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for every ¢ > 0. Hence, by fixing ¢ small, :7(u) is coercive on X and therefore is bounded
below. Then 4, is a finite number. Let u,, € Xy, ||ux|, = 1 be a minimizing sequence for 7,

that is, J (un) — Ay. It is clear that u, is bounded in X;. Up to a subsequence suppose that
u, — u in Xo. By the compact imbedding Xo C L*(Q) ([3]), we have u, — u in L*(<Q).
Hence ||u||, = 1. By Lemma 1

/ a(x)|u, (x)[Pdx — / a(x)|u(x)| dx.
Q Q
Hence by the lower semi-continuity of the norm in X

J (u) < liminf 7 (u,) = 4.
n——+0o0
Hence 3 («) = A1, and A, is achieved and is an eigenvalue of (7).
Since u € X, implies that |u| € X, and

ot (0)] = ata )| < 2t (x) = 20 ()

we have that {|u,|} is also a minimizing sequence if {u,} is a minimizing sequence for J
in Xy. Therefore, there exists a non-negative eigenfunction e; corresponding to the first
eigenvalue /;. In fact we can prove that every eigenfunction e corresponding to the first

eigenvalue /; doesn’t change sign. That is ¢ >0 or ¢ <0 a.e. in Q. Obviously, J(e) =
A1 = J(er). But, if x € {e > 0} and y € {e <0}, we have that

lle()| = eI <le(x) —e()]-

This means that 7 (|e|) < 7 (e), if both {¢ > 0} and {¢ <0} have positive measure, which
contradicts to |e| € Xp, ||e|, = L. As the proof of (c) in Proposition 9 ( [11]), we can get
that A, is simple.

For the proof of (b), we argue recursively. Assume that the claim holds for 1, ..., k and
prove it for k + 1. By the definition of 1;, we have, just as Lemmas 2.14 and 2.15 in [20]
for a similar problem,

YIES inf{(”u“z—}—/ a(x)u(x)zdx) Null, =1, (u,e1) = = (u,e01) = 0},
Q
So we get a sequence of eigenvalues

)»1<)»2§)»3§ S)»,,g

From standard theory of compact linear operators, we know that the spectrum of problem
(7) consists of just the above eigenvalues and the corresponding eigenfunctions form a base
for both X, and L?(Q). O

We can also characterize the eigenvalues by subspaces of Xj.

Proposition 1 We have

Jn = max inf (||u\|2+/a(x)u(x)2dx>
Q

VEV, 1 ueVhuf,=1
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where V,_1 is the set of n — 1 dimensional subspaces in Xy.

Proof Denote

Jp = max inf (||u\|2+/ga(x)u(x)2dx).

VeVt ueVt ||ul,=1

By the variational definition of 4,,, N/l,, > An. On the other hand, for any V € V,_;, there

n
exists u(u #0), u =Y xje; € V- where {¢;}, -, are the corresponding eigenfunctions
£ <i<

of {4}, <;<, such that

||u||2+/ a(x)u (x)dx = ),jxf / e]zdxgﬂ,,,/ utdx. (11)
Q pay Q Q
Hence
inf (Hu||2+/ a(x)uz(x)dx) <.
ueV Jlull=1 Q
S0, n <. The proposition is proved. (I

Lemma 3 If the eigenvalues of (7) are listed as follows 21 <2y < ... < <0<gi1 <.
and

Y ={ey, ..., ex} where {e;} are the corresponding eigenfunctions
Z ={u e Xy, (u,v),=0,Yv €Y},

then we have

o= inf ||u\|2+/ a(x)u?(x)dx > 0.
Q

ueZ ||ul|=1

Proof By the above variational characterization of g1,
||u||2+/ a(x)u* (x)dx > Ay / u?, for any u € Z.
Q Q

If the lemma were not true, there exist u, € Z,n € N

1

2 2

a2+ / a2 (X)dx < - |
Q n

Set v, = &” Then

[
> 1
1+ [ a(x)v;(x)dx < —.
Q n
Without loss of generality, assume v, — v in Xp.

By Lemma 1

SN Partial Differential Equations and Applications
A SPRINGER NATURE journal



SN Partial Differ. Equ. Appl. (2020) 1:29

Page 9 of 19 29

/Q a2 (¥)dx — /Q a2 (x)dx.

Hence,

1+/a(x)v2(x)dx§0,
Q

which implies that v # 0. Since v € Z,

I+ /Q a0V (x)dx > Jas /Q V2 (x)dx.

We change (12) to

P+ [ alv(o)Pa < -1
By combining (13) and (14), we have
DI > 1+ 2 /sz(x)dx S 1.
But,
vl> < lim [va]= 1.
n—-+0o

The contraction ends the proof.

O

The proofs of the existence of one (nontrivial) solution rely on the standard linking the-
orems (e.g. see [16, 20]) and the proof of Theorem 4 needs the following proposition from

Z’-index theory (e.g. see [21, 22]).

Proposition 2 Let J be an even and C' — functional on a Banach space X, satisfying P-S
condition and f(0) = 0. If there is p > 0 and a m—dimensional subspace X, s.t.

sup  J(x)<O0;
x€X1NS(0,p)

and there is another j-dimensional subspace X,(j<m) s.t.

inf 7(x) > —o0

L
x€X,

where X5 is the direct compliment subspace of X,, then J has at least m — j pair critical

points.

4 Proof of main results

Due to the variational nature of the problem, in order to find weak solutions for problem
(6), in the following we will look for critical points of the functional 7 on X,

SN Partial Differential Equations and Applications
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() :l||u|\2+l/a(x)(u(x))zdxfl/ Ja(u(x))dx — / Glx, u)d,
2 2 Ja 2 Ja Q
where A; is an eigenvalue of (7). Here all eigenvalues of (7) are listed as
M<lp<M3<---<Ay<... and the corresponding eigenspaces are denoted by Ej
k=1,2,...).
Moreover, it is known that under the conditions of our theorems 7 € C'(Xo, R) and for
any u, ¢ € X,

(T (), ) =
2N
R (u(x) (1) ( ()~ $0))K (r—)dedy+ [} alyu() by — [ ixu(x)p(e)d— [ gleu(e)) (o).

Let us write
u=1u+u’+ 1, ucX,

where

IZGZE,‘, uOEEkandﬁe Z E;.

i<k i>k+1

Lemma 4 Under condition pair (g,), (G+) or (g,), (G-), the functional J defined above
satisfies P-S condition on Xj.

Proof We only prove the case where (g;) and (G, ) hold. The other case can be proved
similarly.
Suppose that (u,) € X, satisfies

J'(u,) — 0, asn — +o0,

and
| T (ua)] < C.
We have, noticing a similar inequality in (11)
<L7/(un)«, 7“711>
_— / 1 (x) — iy ()P (x — y)dxdy — / a()]ity () Pl + / i () Pdx
RZN Q Q
+ [ sty s
Q

2(;.k—zk,l)/ \Liy,(x)|2dx—/ (O] (Chae) +46) + () +C )
Q Q
> (=) [ s =€ [ fanlae =€ [ anl(anl + bl + |7 s
Q Q Q
> (A — 2 —s)/\ﬁn\zdx—C/ \ﬁnHum“dx—C/\u’nHﬁn\“dx—C(e),
Q Q Q

where C(¢) > 0 is a universal constant dependent on the arbitrary ¢ > 0. Fixing ¢ > 0
sufficiently small and noticing that ) ,_,_, E; is finite dimensional, we have

i |? < €l Z24+C| ][22 +C. (15)

SN Partial Differential Equations and Applications
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By a similar computation and noticing Lemma 3, we have
<~7/(”n)» ﬁn>
= [ 00) = @)K )y + [ a@EP ~ [ o
RN Q Q

+ [ gt oy
2N
~ ~ 2 ~ 2 ~
2/[&2 [, (x) — w0, (y)] K(x—y)dxdy—}—/ga(x)|u,,(x)| dx—Q—/Qg(x, uy (x)) i, (x)dx

_ M [ /
At LRV [, () PR )y + [ a0 <x>\2¢x}

=Sy 1000 — T PR (x— y)dudy + | awliorad

Aky1
+ /Q 2k, 1 (x)) i ()l
> (1= [ o) = Ba)PK e~ iy

+ [ alr] = [+ ol las
20(1- ) [ lnlo) = TP~ iy

Akl

_ c/ | (Clii + iy + 10 + C)dx

o(1 = 2N =C [ flax =€ [ @l + 1 + @
261 = =)@l -c) [ il ax - o) [ e - co),

where C(¢) >0 is a universal constant dependent on the arbitrary &> 0. Similarly,
noticing that (7' (u,), i) <o(1)||#,||, and fixing ¢ > O sufficiently small, we have

v

il < CllanlBrc]ul| 32 +c. (16)

By enlarging the term ||ﬁ,,||§z in the right side of (15) to C||ii,||** by embedding inequality
and inserting the inequality (16) to (15) and then using Young inequality, we can get the
following inequality

I < [ 52+C. (17)
Similarly, we have
| < C[Jud][ 32+ (18)

By
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‘/Q(G(X» uy) — G(x, ug))dx

1
< / dx / ([l + 1) (I + 5(Ty + )| + b)ds
Q 0

J— : 0 0 1. U, n
.y /Q dx /0 26, + (it + ) ) (i + 1) )|

SC/(IﬁnIIMQI“JrIﬁn\l+“+Iﬁnlllinl“+b|ﬁn|)dx
Q
_ 00 o~ o ] _
+/(\unllun| + [ttt + |t + Dl ),
Q

and estimating the above each term with Holder and embedding inequalities and (17) and
(18), we can get

‘ L (G(x7 u,) — G(x, ug))dx‘ < CHuSHiZJrC. (19)

By |J(u,)| < C and the inequality

_ _ 2 _ 2 2|~ 2
[ 1) = )K=y + [ atala Pt~ [ afa )P <o

we have

<5 [l = PR = s+ [ a0l

_/Q,lkmn(x)z—/QG(x,u,,)dx.

/QG(X)I%(X)IdeS /Q\tl(x)l\ﬁn(X)IZdXSHaIIgIIﬁnH%SCIIEnH2

Noticing

and a similar inequality — [, A, (x)|*dx < C||it,||*, we change the above inequality to

—c< |- / [6x.1,) — Gl ,)] e~ / Glx, 1,")d.
Q Q
Moreover, by (18) and (19), we have
—c<clul|Z+c - / G(x,u,")dx. (20)
Q

Hence, {u?} is bounded by (G ). Therefore, by (17) and (18), {u,} is bounded in X,. A
standard argument ( [3]) implies that J satisfies Palais-Smale condition on Xp. O

Proof of Theorem 2. Write Xo = > ., | Ei © ;. Ei. We claim that

@) 3p, d>0st J>don {u € S Eilllull = p};

(i) there are e € ;. E; with [le[| =1, R > p and e<d s.t. if

0= {u e 3 El|ul gR} ® {te : 0<1 <R},

i<m
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then J < e on 02, where 0Q denotes the boundary of Q in >, _, E; ® Re.
Step 1 We give the proof of claim (i).
By (8),Y ¢ >0, 3 9, as |t] <9,

and then
[
G(x, 1) < 3 (ln — & — ) + C(e)|1]?, 2<q<2}

for all real number 7 and x € Q.
FOI' uc Zz>m

1 1
() :EHquJrE/a(x)\u|2dx—§)vk/ |u|2dx—/G(x,u)dx
Q Q Q
1 1 1
2—\|u||2+—/a(x)|u\zdx——zk/ |u|2dx—C(8)/ luftdx
2 Q 2 Q Q
1
——(/lm—a—/lk)/uzdx
2 Q
1 1
=3P+ [ atwlas =3 =) [ e o) [ plvas
Q Q

> (o) Jul P~ C(e) / Jufdx
> se(e)lJul = C (&)’

for some x(¢) > 0, where the inequality in Lemma 3 is used. Hence, claim

(i) holds.
Step 2 By (9), it is obvious that 7 <O on ), | E;. If we can prove that

lim J(u) = —oc0,
ul—ocue S E; (21)

i<m

then e can be taken as any element in E,, with |le|| = 1, R any number sufficiently
large and € <d any number sufficiently small.

Suppose m = k. For u € 3_,_, E;, u =i+ u’, then

J(u):l||ﬁ\|2+%/ ()|ﬂ|2dx—%/lk/ 1l dx_/ga(m)dx

(it — 24) /|u| dx—/ )—G(x,uo))dx—/QG(x,uO)dx

(Ui — Ju +26) / @2dx + C(e) / 1Py — / Glx, 1)dx + C(z).
Q Q Q

[\S}

<

N — I\JI'—‘

<

Choosing O<e<? Ak L and using the condition (G.), we obtain (21).
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If m <k, then u = ir. The proof of (21) is much easier. Hence, the theorem is proved by
Rabinowitz’s linking theorem, e.g. see Theorem 2,12 in [20]. O

Proof of Theorem 3 Under the conditions of the theorem, we can prove

(i) there are p,d > 0 such that 7 < —d on {u €Y icm Eilllull = p};
() J>0on}) .., E;
(i) J— +ocasu€y ., E and [lul| — occ.

Then, for I = —J, we use Theorem 5.29 in [16] and obtain a positive(nonzero) critical
value for /. This completes the proof. (I

Proof of Theorem 4 Consider the functional on X
1 1 1
J(u) = 7Hu||2+f/ a(x)uz(x)dx—f/ Jeu? (x)dx — / G(x,u)dx.
2 2 Ja 2 Ja Q

Clearly, under our assumptions, 7 is even and C' on X, satisfying P-S condition.

We set X, = Zf:ll E; as the subspace X, in Proposition 2. Then le = m For
every u € X, we write u = i +u’ + . Write the decomposition as Xy = X» ® X5 =
X & E 6 B

For u € Xzi, u=u 4+ %, by Lemma 3, we obtain that
71 ~012 1 ~ 2 1 N~ 2 0 ~
Jw) ==ull"+= | alx)|u(x)|"dx —= [ Alu(x)|"dx — | G(x,u” + u)dx
2 2 Jq 2 Ja Q
zwmt/[a%W+mfcmwﬂ@f/G@an
Q Q

for some x > 0. By condition (g;) and a similar argument of (19), we get the 7 is bounded
below on X5-.

Set X; = Zf‘:l E; C L*(Q). Since X, is finite dimensional, there exists d, > 0 s.t.
|u|, <r, Vu € X; with |Ju|| <J,. Hence by (g,),

j@g—/G@@ﬂdLWe&ﬂ%.
Q

Noting that m — j = dimX; — codimX; = dimE; = m, hence J has at least m pairs of
critical points corresponding to negative critical values. This completes the proof. (

Proof of Theorem 5 We suppose that all the eigenvalues of (7) are listed as

M< o <Aw<0<idpi1 <+ <Ay<--- and the corresponding eigenspaces are denoted

by Ex (k=1,2,...). Set Xg = > Ei, Xy = >. Ei. So Xo=X; ®X; and corre-
i<m i>m+1

spondingly u = u~ + u™ for every u € Xp.
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1

I =5 / [|<u*<x> +u (1) = () + ' () PR (x — )| dxdy

/p G, u))dx

_E/I;ZZN lu* (x) — ut (y)|*K (x — y)dxdy

1

+§AMW1”—WOWK@—wa@

+%/Qa(x)u2dxf/gc(x’u)dx

By (g4) and (gg), we have
lg(x, u)| <

Since ¢ > %, we have Z—fi <27 — 1. Hence [J is differentiable on X,. Combining (g,) and
the above inequality, we have

1 |u|>rp, ae. x € Q.

2
[gCe,)] Selul + Culul”™, = <p<2. (22)

Step 1 We have the following result:

() Fr>0,st.m=inf J(S") > 0, where S =8B, N X{ .

Gy 3Ir>0, st Jwu)<0,VuecodQ, where Q={u=u +seu1:u €
Xy, s>0, ||ul| <7}, where e,y is a nontrivial eigenfunction corresponding to
/1m+l-

O

Proof The proof of (i) is standard by equality (22) and the embedding theorem ([3]).
Yu=u" + se,.1, we have

1

J(u) = E/Rz/v |S€m1(x) — Semi (y)\zK(x — y)dxdy

b [ 1) = 0)PR (= y)dsay

+§/Qa(x)(u_)2dx+%/Qa(x)(sem+])2dxf/QG(x, U~ + seyi1)dx.

In order to prove (ii), we follow some arguments in [19] (p.72) and only give the outlines.
We just need to prove
im () = —o0.
uespan{X~en1 }[|ull—o0
Otherwise, there is M € R and a sequence u, € span{X ", e,+1},|us|]| — oo such that
J(u,) > M. We write u, = u;, + u; and define w,, = u,/||u,|| with the property ||w,| = 1.
Noticing that the sequence lies in a finite dimensional space without loss of generality,we

Tk > < H (MI/\’Z) and displaying the

right term, with the help of the inequality such as (11), Lemma 3.5 and nonnegativity of

assume that u; — w™,u — w'. By using the inequality —£
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G(x, u), we can get that w* = 0. Then the similar proof follows by the obvious existence of
[t and the choices of w > i and Q being the one in our paper.
Noticing also that J |X<T <0, we have that (ii) holds when 7 > 0 is sufficiently large.

This completes the proof of Step 1.
Step 2 J satisfies the Cerami condition at any level ¢ € R. That is, if {u,} is any
sequence in Xy such that

T (un) — ¢
and
(1 + [Jun]l) sup{| <T"(n), ¢ > = ¢ € Xo, ||| 9]l = 1} — 0,
then {u,} has a convergent subsequence in Xy [22]. O

Proof 1t is clear that for n big enough, we have

Co > J(uy) —%j’(u,,)un = / G(x, u,)dx. (23)

Q

We want to get that {u,} is bounded in X,. Suppose, by contradiction, there is a subse-
quence of u,, still denoted by u,, such that ||u,| — +oo as n — +oo.
Set
Un

el

Hence
T () (uy —u,)
= /RZN (1 (x) = w0 (9)) [, (x) = 1, (x)) = (u (v) — 1, (v))]K (x — y)dxdy
[ atoun oy =)= [ el o7 = ;)
= /2N i (x) — u:(y)|2K(x — y)dxdy + / a(x)(u:)zdx
R o
= [ ) = OO K (s e

- /Q a(x)(u; ) dx — / 8% un) (u — uy )dx

Q
> 8y ||+ |

- / 9, ) (1 — 7 )
> H”n”z(é _ / g(xv“n)("; - V':)dx),
Q

(| |

where 0 > 0 comes from Lemma 3 and a similar inequality as (11),by noting the finite
dimensionality of X; . So,
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+ _ —
lim inf / g ) =) yos s (24)
Q

n—00 [l
Set g(r) = inf{G(x,u) : x € RV, |u|>r}. Then g(r) — +oc, as r — +oo; for the proof
see p.45 in [19]. Moreover, by (ge), g(r) > 0, Vr > 0. By (23), we get

COZ/G(x,un)dxz/ G (x, up)dx > g(r) - meas{x : |u,(x)| > r}.
Q

{x:|ut (x)| > r}

Hence

meas{x : |u,(x)| >r} < &, Vr > 0.

8(r)
For every ¢ > 0, choose a, > rj s.t.
meas{x : |u,(x)| >a.} <e.
-
‘ / g(x7 Mn)(Vn vn ) dX
{xeQ:|u,(x)| > a,} Hun”
§C0 (x l/ln) |Mn||v ‘dx (by gG)

e (9] 2 a.} [an|

a [ Gl vl = vy ldx
{xeQ:uy (x)| > a;}
< / Gx, un) [vH] dx+C0/ Gx, u,,)é -
{x€Q:fuy (x)| > a,} {xeun ()] > @}
2

gco/ G (x, wn)x(|v7 |12
{xeQ:|u, (x)| > a,}

where the last inequality comes from Hoder inequality by choosing p = 0,9 =

IA

/\

5?) -m{x € Q: |u,(x)] zag}% <Cer,

N_ 1
N-2s’r

1 —117 — é and C is a constant independent of ¢ and n.
From condition (g4), for the above ¢ > 0, we can choose 0<d = d(¢) <a, s.t.

lg(x, u)| < elul for |u| <0.

So, we derive

| / glx, ) vy —vy)
{x€Q:0 < |u, (x)| < 6} [l |

< clllvy = v, |,
T J(xeQ0 < Jun ()] < 0} [|ata |

<o [ 1097+ 0 = ol B + Bl < s
Q

where C is a constant independent of ¢ and n.

We turn to estimate of final part of the integration.

It is clear that 3y = y(e) s.t. |g(x,u,)| <y, Vx € {x € Q: 6 <|u,(x)| <a.}. Hence, for n
large enough, we have
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+ _
‘/ g(x “n)(v Vo < / |V+|+|V” < <e.
{x€Q:86 < |un(x)| <a.} [l | || nll || nH

Combining the above arguments, for every ¢ > 0 and we can choose N large enough such
that for as n > N we have

’/ xun| ”_ )dx‘<CS+C8’
u”

where C is a constant independent of ¢ and n, which contradicts (24). So u,, is bounded in
Xo. A simple argument implies that {u,} contains a convergent subsequence in Xp.
Hence, we have obtained both the compactness properties and the geometrical
structure of the functional. Hence, by linking theorem, we complete the proof of
Theorem 1.5. O
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