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Abstract
A new existence criteria of strictly convex solutions is established for the singular Monge–

Ampère equations

detðD2uÞ ¼ bðxÞf ð�uÞ þ gðjDujÞ in X;

u ¼ 0 on oX;

�

and

detðD2uÞ ¼ bðxÞf ð�uÞð1 þ gðjDujÞÞ in X;

u ¼ 0 on oX:

�

Under b; f and g satisfying suitable conditions, we prove that the above boundary value

problems admit a strictly convex solution, which turns out that this case is more difficult to

handle than Monge–Ampère problems without gradient terms and needs some new

ingredients in the arguments. Then we show the asymptotic behavior of strictly convex

solutions under appropriate conditions. On the technical level, we adopt the sub-super-

solution method and the Karamata regular variation theory.
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1 Introduction

Let X be a strictly convex, bounded smooth domain in Rn with n� 2. We study the

existence and boundary asymptotic behavior of strictly convex solutions to the singular

Monge–Ampère equations

detðD2uÞ ¼ bðxÞf ð�uÞ þ gðjDujÞ in X;

u ¼ 0 on oX;

�
ðCþÞ

and

detðD2uÞ ¼ bðxÞf ð�uÞð1 þ gðjDujÞÞ in X;

u ¼ 0 on oX;

�
ðC�Þ

where detðD2uÞ is the Monge–Ampère operator, b 2 C1ðXÞ is positive in X, f 2
C1ð0;þ1Þ is positive and decreasing, and g 2 C1ð0;þ1Þ is positive and nondecreasing.

The Monge–Ampère equation is a fully nonlinear equation arising in geometric prob-

lems, fluid mechanics and other applied subjects. For example, Monge–Ampère equation

can describe Weingarten curvature, or reflector shape design (see [1]). In recent years,

increasing attention has been paid to the study of the Monge–Amp�ere equation by different

methods (see [2–10]).

At the same time, we notice that the boundary asymptotic behavior of solutions of

singular elliptic problems has attracted the attention of Crandall, Rabinowitz and Tartar

[11], Ghergu and R�adulescu [12], Lazer and McKenna [13], Zhang [14], Zhang and Li

[15], Zhang and Feng [16, 17], Alsaedi, Mâagli, and Zeddini [18], Dumont, Dupaigne,

Goubet, and Radulescu [19], Zhang and Bao [20], Huang, Li, and Wang [21], and Huang

[22]. Especially, let us review several excellent results related to our problem of Monge–

Ampère equations. In [23], Loewner and Nirenberg considered the existence of solution for

the Monge–Ampère problem

det ðD2uÞ ¼ u�ðnþ2Þ in X;

u ¼ 0 on oX;

(
ð1:1Þ

when n ¼ 2. In [24], Cheng and Yau studied problem (1.1) in a more general case n� 2

and obtained the existence results of problem (1.1).

In [25], Lazer and McKenna presented a unique result for the Monge–Ampère problem

det ðD2uÞ ¼ bðxÞu�c in X;

u ¼ 0 on oX;

�
ð1:2Þ

where c[ 1 and b 2 C1ð �XÞ is positive. Applying regularity theory and sub-supersolution

method, they got a unique solution u satisfying u 2 C2ðXÞ \ Cð �XÞ, and they proved that

there exist two negative c1 and c2, such that u satisfies

c1dðxÞb � uðxÞ� c2dðxÞb in X;

where b ¼ nþ1
nþc and dðxÞ ¼ distðx; oXÞ.

Recently, Mohammed [26] established the existence and the global estimates of solu-

tions of the Monge–Ampère problem:
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det ðD2uÞ ¼ bðxÞf ð�uÞ in X;

u ¼ 0 on oX;

�
ð1:3Þ

where X 2 Rnðn� 2Þ, f 2 C1ð0;1Þ is positive and decreasing, and b 2 C1ðXÞ is positive

in X.

Very recently, Li and Ma [27] studied the existence and the boundary asymptotic

behavior of solutions of problem (1.3) by using regular variation theory and sub-super-

solution method. An overview of the asymptotic behaviour of solutions of elliptic problems

can be found in Ghergu and Radulescu [28].

Moreover, it is well known that the Monge–Ampère operator is a fully nonlinear partial

differential operator, and we notice that some fully nonlinear elliptic operators have

attracted the attention of Dai [29], Jiang, Trudinger and Yang [30], Guan and Jiao [31],

Jian, Wang and Zhao [32], Ji and Bao [33], Caffarelli, Li and Nirenberg [34], Amendola,

Galise and Vitolo [35], Galise and Vitolo [36], Capuzzo-Dolcetta, Leoni and Vitolo [37],

Bardi and Cesaroni [38], and Lazer and McKenna [25]. For the other latest related papers,

see Zhang [39], and Feng and Zhang [40].

However, to the best of our knowledge, there is almost no paper on the existence and

boundary asymptotic behavior of strictly convex solutions to singular Monge-Ampère

equations with nonlinear gradient terms.

We suppose that f satisfies:

(f1) f 2 C1ð0;þ1Þ; f ðsÞ[ 0; lim
s!0

f ðsÞ ¼ þ1; f is decreasing on ð0;þ1Þ, and there

exist positive d and c1 such that f ðuÞ\ c1

ud
;

(f2) there exists Cf [ 0 such that

lim
s!0þ

H0ðsÞ
Z s

0

ds
HðsÞ ¼ �Cf ;

where

HðsÞ ¼ ½ðnþ 1ÞFðsÞ�
1

nþ1; FðsÞ ¼
Z a

s
f ðsÞds;

and a is a positive constant. Since what we will consider is that f(s) as s ! 0, that is,

the constant a is not a matter of cardinal significance.

Let u satisfy

Z uðtÞ

0

ds
HðsÞ ¼ t: ð1:4Þ

Moreover we assume that b satisfies

(b1) b 2 C1ð �XÞ is positive in X;
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(b2) there exist h 2 C1ð0; aÞ, which is positive, monotone, and positive b; b such that

b ¼ lim
dðxÞ!0

inf
x2X

bðxÞ
hnþ1ðdðxÞÞ

� lim
dðxÞ!0

sup
x2X

bðxÞ
hnþ1ðdðxÞÞ

¼ b; ð1:5Þ

where dðxÞ ¼ distðx; oXÞ, and we let HðtÞ ¼
R t

0
hðsÞds, and there exists Dh such that

lim
t!0þ

HðtÞ
hðtÞ

� �0
¼ Dh:

Finally we assume that g satisfies

(g1) g 2 C1ð0;1Þ is positive and nondecreasing on ð0;1Þ,
(g2) there exist constant cg and 0� q\n such that

gðxÞ� cgx
q: ð1:6Þ

The first main result of the present paper is on the existence of strictly convex solutions

to problem Cþ ðC�Þ.

Theorem 1.1 Let X be a smooth, bounded, strictly convex domain in Rn. If ðf1Þ, ðb1Þ, ðg1Þ
and ðg2Þ hold, then problem Cþ ðC�Þ admits a unique strictly convex solution.

The second main result of this paper is on the boundary asymptotic behavior of strictly
convex solutions to problem Cþ ðC�Þ.

For convenience’s sake, we introduce the notations:

M0 ¼ max
x2X

Yn�1

i¼1

jiðxÞ; m0 ¼ min
x2X

Yn�1

i¼1

jiðxÞ;

where j1ðxÞ; . . .; jn�1ðxÞ denote the principal curvatures of oX at the point x.

Theorem 1.2 Let X be a smooth, bounded, strictly convex domain in Rn. Suppose f
satisfies (f1), (f2), b satisfies (b1), (b2), and g satisfies ðg1Þ and ðg2Þ, if

Cf [ 1 � Dh; ð1:7Þ

then for any strictly convex solution u(x) to Cþ ðC�Þ, it holds

lim
dðxÞ!0

sup
x2X

uðxÞ
�uðnHðdðxÞÞÞ

� 1� lim
dðxÞ!0

inf
x2X

uðxÞ
�uð�nHðdðxÞÞÞ ;

where

n ¼ b

M0ð1 � C�1
f ð1 � DhÞÞ

 ! 1
nþ1

; n ¼ b

m0ð1 � C�1
f ð1 � DhÞÞ

 ! 1
nþ1

:
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2 Preliminaries

To consider the asymptotic behavior of strictly convex solution to problem Cþ ðC�Þ, we

will use Karamata regular variation theory which was introduced and established by

Karamata in 1930, and it is a fundamental tool in stochastic processes (see

[27, 39, 41–43]). In this part, we present some basic facts of Karamata regular variation

theory, which was proved in [41, 43].

Definition 2.1 A positive measurable function f defined on (0, a), for some constant

a[ 0, is called regularly varying at zero with index q, written f 2 RVZq, if for each

n[ 0 and some q 2 R,

lim
s!0þ

f ðnsÞ
f ðsÞ ¼ nq: ð2:1Þ

Clearly, if f 2 RVZq, then LðsÞ ¼ f ðsÞ
sq is slowly varying at zero.

Definition 2.2 A positive measurable function f defined on (0, a), for some constant a[ 0,

is called rapidly varying at zero,

if lim
s!0þ

f ðsÞ ¼1; and for each q[ 1; lim
s!0þ

f ðsÞsq ¼ 1;

or if lim
s!0þ

f ðsÞ ¼0; and for each q[ 1; lim
s!0þ

f ðsÞs�q ¼ 0:

Proposition 2.3 (Uniform convergence theorem) If f 2 RVZq, then (2.1) holds uniformly

for n 2 ½c1; c2� with 0\c1\c2.

Proposition 2.4 (Representation theorem) A function L is slowly varying at zero if and
only if it may be written in the form

LðsÞ ¼ wðsÞexp
Z a1

s

yðsÞ
s

ds

� �
; s 2 ð0; a1Þ

for some 0\a1\a, where the function w and y are measurable and for s ! 0þ; yðsÞ ! 0

and wðsÞ ! c0, with c0 [ 0.

We say that

L̂ðsÞ ¼ c0exp

Z a1

s

yðsÞ
s

ds

� �

is normalized slowly varying at zero and

f ðsÞ ¼ sqL̂ðsÞ; s 2 ð0; a1Þ

is normalized regularly varying at zero with index q and write f 2 NRVZq.

Proposition 2.5 A function f 2 RVZq belongs to NRVZq if and only if
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f 2 C1ð0; a1Þ; for some a1 [ 0 and lim
s!0þ

sf 0ðsÞ
f ðsÞ ¼ q:

Proposition 2.6 If function f, g, L are slowly varying at zero, then

(1) f p for every p 2 R, c1f þ c2gðc1; c2 � 0Þ, f � gðif gðsÞ ! 0 as s ! 0þÞ are also
slowly varying at zero.

(2) For every q[ 0 and s ! 0þ,

sqLðsÞ ! 0; s�qLðsÞ ! 1:

(3) For q 2 R and s ! 0þ,
lnðLðsÞÞ

ln s ! 0 and lnðsqLðsÞÞ
ln s ! q.

Proposition 2.7 If f1 2 RVZq1
; f2 2 RVZq2

, then f1f2 2 RVZq1þq2
and f1 � f2 2 RVZq1q2

.

Proposition 2.8 (Asymptotic behavior) If a function L is slowly varying at zero, then for
a[ 0 and t ! 0þ,

(1)
R t

0
sqLðsÞds ffi ð1 þ qÞ�1t1þqLðtÞ for q[ 1;

(2)
R a
t sqLðsÞds ffi ð�1 � qÞ�1t1þqLðtÞ for q\� 1.

Lemma 2.1 (Lemma 2.9 of [27]) Let h and H be the functions given by (b2). Then

(1) If h is non-decreasing, then 0�Dh � 1; and if h is non-increasing, then Dh � 1;

(2) lim
t!0þ

HðtÞ
hðtÞ ¼ 0 and lim

t!0þ

HðtÞh0ðtÞ
h2ðtÞ ¼ 1 � Dh;

(3) If Dh [ 0, then h 2 NRVZð1�DhÞ=Dh
and H 2 NRVZD�1

h
;

(4) If Dh ¼ 0, then h is rapidly varying to zero.
(5) If Dh ¼ 1, then h is normalized slowly varying at zero.

Lemma 2.2 (Lemma 2.10 of [27]) Let f satisfy (f1), (f2). We have

(1) Cf � 1;

(2) If 0\Cf\1; then f satisfying (f2) is equivalent to F 2 NRVZðnþ1ÞCf =ð1�Cf Þ;

(3) If Cf ¼ 1, then F is rapidly varying to infinity at zero;

(4) lim
s!0þ

ððnþ1ÞFðsÞÞn=ðnþ1Þ

f ðsÞu�1ðsÞ ¼ C�1
f .

Lemma 2.3 (Lemma 2.11 of [27]) Let f satisfy (f1), (f2), and u is defined by (1.4). Then we
have

(1) u0ðtÞ ¼ ½ðnþ 1ÞFðuÞ�1=ðnþ1Þ
,and u00ðtÞ ¼ �½ðnþ 1ÞFðuðtÞÞ�ð1�nÞ=ð1þnÞf ðuðtÞÞ;

(2) lim
t!0þ

u0ðtÞ
tu00ðtÞ ¼ �C�1

f ;
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(3) u 2 NRVZ1�Cf
;

(4) u0 2 NRVZ�Cf
;

(5) If (1.7) holds, then lim
t!0þ

t
uðnHðtÞÞ ¼ 0 for n 2 ½d1; d2� with 0\d1\d2;

(6) If (1.7) holds, then lim
t!0þ

HðtÞ
hðtÞuðHðtÞÞ ¼ 0.

Lemma 2.4 If f satisfies ðf1Þ; ðf2Þ, u is defined by (1.4), h;H are defined in ðb2Þ, and
0� q\n, then we have

lim
t!0þ

nq
½ðnþ 1ÞFðuðnHðtÞÞÞ�q=ðnþ1Þ

hnþ1�qðtÞf ðuðnHðtÞÞÞ
¼ 0

uniformly for n 2 ½c1; c2� with 0\c1\c2.

Proof By (1.4) and Lemmas 2.1–2.3, we get

lim
t!0þ

HðtÞ
hðtÞ ¼ 0 and lim

t!0þ
uðHðtÞÞ ¼ 0:

When 0\Cf\1, letting s ¼ uðHÞ, we have

lim
t!0þ

HðtÞ½ðnþ 1ÞFðuðHðtÞÞÞ�1=nþ1

uðHðtÞÞ ¼ � lim
s!0

HðsÞ
R s

0
ds

HðsÞ
s

¼ Cf � 1:

Then, by Lemma 2.3 (6), for q 2 ½0; nÞ, we have

lim
t!0þ

nq
½ðnþ 1ÞFðuðnHðtÞÞÞ�q=ðnþ1Þ

hnþ1�qðtÞf ðuðnHðtÞÞÞ

¼ n1þq lim
t!0þ

½ðnþ 1ÞFðuðnHðtÞÞÞ�n=ðnþ1Þ

nHðtÞf ðuðnHðtÞÞÞ � lim
t!0þ

HðtÞ
hðtÞ lim

t!0þ

HðtÞ
hðtÞuðHðtÞÞ

� �n�q

� lim
t!0þ

½HðtÞ½ðnþ 1ÞFðuðHðtÞÞÞ�1=nþ1

uðHðtÞÞ �q�n

¼ n1þqC�1
f ðCf � 1Þ�ðn�qÞ

lim
t!0þ

HðtÞ
hðtÞ lim

t!0þ

HðtÞ
hðtÞuðHðtÞÞ

� �n�q

¼ 0

uniformly for n 2 ½c1; c2� with 0\c1\c2.

If Cf ¼ 1 and Dh [ 0, by using Lemmas 2.1 and 2.3, then we find that h 2 NRVZD�1
h �1,

H 2 NRVZDh
�1 and u0ðtÞ ¼ ½ðnþ 1ÞFðuðtÞÞ�1=ðnþ1Þ

belongs to NRVZ�1. So Proposition 2.7

implies that ½ðnþ 1ÞFðuðHðtÞÞÞ�1=ðnþ1Þ
belongs to NRVZ�Dh

�1 and hðtÞ½ðnþ
1ÞFðuðHðtÞÞÞ�1=ðnþ1Þ

belongs NRVZ�1. It follows by Proposition 2.6 that

hðtÞ½ðnþ 1ÞFðuðHðtÞÞÞ�1=ðnþ1Þ ! 1:

Thus, for q 2 ½0; nÞ, we have
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lim
t!0þ

nq
½ðnþ 1ÞFðuðnHðtÞÞÞ�q=ðnþ1Þ

hnþ1�qðtÞf ðuðnHðtÞÞÞ

¼ n1þq lim
t!0þ

HðtÞ
hðtÞ lim

t!0þ

½ðnþ 1ÞFðuðnHðtÞÞÞ�n=ðnþ1Þ

nHðtÞf ðuðnHðtÞÞÞ
lim
t!0þ

½hðtÞ½ðnþ 1ÞFðuðHðtÞÞÞ�1=ðnþ1Þ�ðq�nÞ

¼ 0:

h

3 Proofs of Theorem 1.1 and Theorem 1.2

Let dðxÞ ¼ inf
y2oX

jx� yj. For any d[ 0, we define

Xd ¼ fx 2 X : 0\dðxÞ\dg:

When X is C1-smooth, choose d1 [ 0 such that(see Lemmas 14.16 and 14.17 of [3])

d 2 C1ðXd1
Þ:

Let �x 2 oX be the projection of the point x 2 Xd1
to oX, and jið�xÞði ¼ 1; 2. . .; n� 1Þ be

the principal curvatures of oX at �x, then, according to a principal coordinate system at �x, we

get, by Lemma 14.17 in [3],

DdðxÞ ¼ ð0; 0; . . .; 1Þ;

D2dðxÞ ¼ diag
�j1ðxÞ

1 � dðxÞj1ðxÞ
; . . .;

�jn�1ðxÞ
1 � dðxÞjn�1ðxÞ

; 0

� �
:

We first collect some results for the convenience of later use and reference.

Lemma 3.1 (Lemma 2.1 of [44]) Suppose that X 
 Rn is a bounded domain, and u; v 2
C2ðXÞ are strictly convex. If

(1) wðx; z; pÞ�/ðx; z; pÞ; forall ðx; z; pÞ 2 ðX� R� RnÞ;
(2) detðD2uÞ�wðx; u;DuÞ and detðD2vÞ�/ðx; v;DvÞ in X;

(3) u� v on oX;

(4) wzðx; z; pÞ[ 0 or /zðx; z; pÞ[ 0, then u� v in X.

Lemma 3.2 (Theorem 7.1 of [2]) The equation of the form

detðD2uÞ ¼ uðx; u;DuÞ; x 2 X;

u ¼ / 2 C1; x 2 oX;

�

where uðx; u; pÞ is a positive C1 function for x 2 X; u� max/; p 2 Rn and / is a strictly

convex function in all of X, admits a strictly convex solution u 2 C1ðXÞ, if there exists a

subsolution u 2 C2ðXÞ which equals / on oX and satisfies

detðuijÞ�uðx; u;DuÞ; 8x 2 X:
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If uu � 0, then this solution is unique.

Lemma 3.3 (Proposition 2.1 of [45]) Let X be an open subset of Rn with n� 2. If z 2
C2ðXÞ and h 2 C2ðRÞ, then it holds

detðD2hðzðxÞÞÞ ¼
�
h0ðzðxÞÞn�1h00ðzðxÞÞðrzðxÞÞTBðzÞrzðxÞþ

þ ðh0ðzðxÞÞÞn
�
detðD2ðzðxÞÞÞ; x 2 X;

where AT denotes the transpose of matrix A, and B denotes the inverse of the matrix ðzijÞ:
Moreover, when zðxÞ ¼ dðxÞ, we have

detD2ðhðzðxÞÞÞ ¼ ð�h0ðzðxÞÞÞn�1h00ðzðxÞÞ
Yn�1

i¼1

jið�xÞ
1 � zðxÞjið�xÞ

:

Proof of Theorem 1.1 Set zðxÞ ¼ 1 � u0ðxÞ, where u0 2 C1ðXÞ is the unique strictly

convex solution to problem

detðD2u0Þ ¼ 1 in X; u0 ¼ 1 on oX:

Then z[ 0 in X and it is the unique strictly concave solution to problem

ð�1ÞndetðD2zÞ ¼ 1 in X; z ¼ 0 on oX:

Since ðzxixjÞ is negative definite on X, its trace is negative, that is Dz\0, and hence one can

use the Hopf boundary lemma to obtain that krzk[ 0 for x 2 oX. It follows that there

exist constants b1 and b2 with b1 [ 0; b2 [ 0 such that

b1dðxÞ� zðxÞ� b2dðxÞ for x 2 X:

Let 0\s\min

�
1; nþ1

nþd

�
and

c ¼
�

1

M1sn
ðMc1jzjnþ1�sðnþdÞ

max þ cgs
q�njzjðs�1Þqþnþ1�sn

max jDzjqmaxÞ
� 1

n�q

þ 1;

where

M ¼ max
x2 �X

bðxÞ:

Let w ¼ �cðzðxÞÞs, where z is defined above.

Considering problem ðCþÞ, we have from Lemma 3.3 that

detðD2wÞ ¼ ð�cÞndetðD2zÞsnznðs�1Þ þ ð�cÞnðs� 1Þsnznðs�1Þ�1ðrzÞTBðzÞrz

¼ cnsnznðs�1Þ�1½zþ ðs� 1ÞðrzÞTBðzÞrz�;

where B(z) denotes the inverse of the matrix ðzxixjÞ.
Let
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D1 ¼ zþ ðs� 1ÞðrzÞTBðzÞrz:

Then, in the light of the definition of z, we get ðzxixjÞ is negative definite. It follows that

there exist constants e1 and e2 [ 0 such that

�e1krzk2 �ðrzÞTBðzÞrz� � e2krzk2;

and traceð�zxixjÞ ¼ �Dz[ 0 on X, and �z reaches its maximum on X at each point of oX,

and then it follows from the maximum principle that there exist an open set U containing

oX such that

krzk� e[ 0:

Since that 0\s\1, there exists M1 [ 0 such that

D1 �M1:

Then we get

detðD2wÞ
� cnsnznðs�1Þ�1M1

[
�

1

M1sn
ðMc1jzjnþ1�sðnþdÞ

max þ cgs
q�njzjðs�1Þqþnþ1�sn

max jDzjqmaxÞ
�
cqsnznðs�1Þ�1M1

�ðMc1z
�sd þ cgc

qsqjzjðs�1ÞqjDzjqÞ

[
Mc1

ðczsÞd
þ cgjcszs�1Dzjq

[ bðxÞf ð�wÞ þ gðjDwjÞ;

where jzjmax ¼ maxx2X jzj and jDzjmax ¼ maxx2X jDzj. By Lemma 3.2, problem ðCþÞ
admits a strictly convex solution.

Similarly to the proof above, when it comes into problem ðC�Þ, let

0\s\min

�
nþ 1 � q

nþ d � q
;
nþ 1

nþ d
; 1

�
;

and

c ¼
�

1

M1sn

�
Mc1jzjnþ1�sðnþdÞ

max þMc1cgs
q�njzjðnþ1�qÞ�sðnþd�qÞ

max jDzjqmax
��1=ðnþd�qÞ

þ 1:

Then we obtain
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detðD2wÞ
� cnsnznðs�1Þ�1M1

[
�

1

M1sn

�
Mc1jzjnþ1�sðnþdÞ

max þMc1cgs
qjzjðnþ1�qÞ�sðnþd�qÞ

max jDzjqmax
��

c�dþqsnznðs�1Þ�1M1

�Mc1c
�dz�sd þMc1c

q�dcgs
qz�sdjzjðs�1ÞqjDzjq

¼ Mc1

ðczsÞd
ð1 þ cgc

qjszs�1DzjqÞ

[ bðxÞf ð�wÞð1 þ gðjDwjÞÞ:

By Lemma 3.2, problem ðC�Þ admits a strictly convex solution.

The uniqueness of solution can be derived immediately by Lemma 3.1. The proof of

Theorem 1.1 is completed. h

Proof of Theorem 1.2 For an arbitrary � 2 ð0;minf1=2; bgÞ, let

nþ� ¼
ðbþ �Þð1 þ �Þ þ �

m0ð1 � C�1
f ð1 � DhÞÞ

 !1=ð1þnÞ

;

and

n�� ¼
ðb� �Þð1 � �Þ � �

M0ð1 � C�1
f ð1 � DhÞÞ

 !1=ð1þnÞ

;

where m0;M0 were given by (1.3), b; b were given by (1.2). Using Lemmas 2.1–2.3, we

see that

lim
dðxÞ!0

HðdðxÞÞ
hðdðxÞÞ ¼ 0;

lim
dðxÞ!0

HðdðxÞÞh0ðdðxÞÞ
h2ðdðxÞÞ

¼ 1 � Dh;

lim
dðxÞ!0

½ðnþ 1ÞFðuðHdðxÞÞÞ�n=ðnþ1Þ

HðdðxÞÞf ðuðHðdðxÞÞÞÞ ¼ C�1
f ;

lim
dðxÞ!0

Yn�1

i¼1

ð1 � dðxÞjiðxÞÞ ¼ 1;

m0n
nþ1
þ� ð1 � C�1

f ð1 � DhÞ � ðbþ �Þð1 þ �ÞÞ ¼ �;

M0n
nþ1
�� ð1 � C�1

f ð1 � DhÞ � ðb� �Þð1 � �ÞÞ ¼ ��;

lim
t!0þ

nq
½ðnþ 1ÞFðuðnHðtÞÞ�q=ðnþ1Þ

hnþ1�qðtÞf ðuðnHðtÞÞÞ
¼ 0:

Since

lim
dðxÞ!0

Yn�1

i¼1

ð1 � dðxÞjiðxÞÞ ¼ 1;
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we find �, for any x 2 Xd� , such that

1 � �\
Yn�1

i¼1

ð1 � dðxÞjiðxÞÞ\1 þ �;

and it follows from ðb2Þ that for x 2 Xd� ,

ðb� �Þhnþ1ðdðxÞÞ\bðxÞ\ðbþ �Þhnþ1ðdðxÞÞ:

Letting

u�ðxÞ ¼ �uðn��HðdðxÞÞÞ and u�ðxÞ ¼ �uðnþ�HðdðxÞÞÞ;

then we have

detðD2u�Þ � bðxÞf ð�u�Þ � gðjD�u�jÞ
� detðD2u�Þ � bðxÞf ð�u�Þ
� detðD2u�Þ � ðb� �Þhnþ1ðdðxÞÞf ðuðn��HðdðxÞÞÞÞ

¼ ð�1Þn½n��u0ðn��HðdðxÞÞÞhðdðxÞÞ�n�1Qn�1
i¼1

�jiðxÞ
1 � dðxÞjiðxÞ

� ½n2
��u

00ðn��HðdðxÞÞÞh2ðdðxÞÞ þ n��u
0ðn��HðdðxÞÞÞh0ðdðxÞÞ�

� ðb� �Þhnþ1ðdðxÞÞf ðuðn��HðdðxÞÞÞÞ
� ð1 � �Þ�1hnþ1ðdðxÞÞf ðuðn��HðdðxÞÞÞÞ

�
�
nnþ1
�� M0

�
1 �HðdðxÞÞh0ðdðxÞÞ

h2ðdðxÞÞ
Þ ½ðnþ 1ÞFðuðn��HðdðxÞÞÞÞ�n=ðnþ1Þ

n��HðdðxÞÞf ðuðn��HðdðxÞÞÞÞ

�
� ðb� �Þð1 � �Þ

�

� 0;

which means u� is a supersolution to problem Cþ in Xd� .

On the other hand, we can similarly show that u� ¼ �uðnþ�HðdðxÞÞÞ is a subsolution to

problem ðCþÞ in Xd� as follow

detðD2u�Þ � bðxÞf ð�u�Þ � gðjDu�jÞ
� detðD2u�Þ � bðxÞf ð�u�Þ � cgjDu�jq

� detðD2u�Þ � ðbþ �Þhnþ1ðdðxÞÞf ðuðnþ�HðdðxÞÞÞÞ � cgjDu�jq

¼ ð�1Þn½nþ�u
0ðnþ�HðdðxÞÞÞhðdðxÞÞ�n�1Qn�1

i¼1

�jiðxÞ
1 � dðxÞjiðxÞ

� ½n2
þ�u

00ðnþ�HðdðxÞÞÞh2ðdðxÞÞ þ nþ�u
0ðnþ�HðdðxÞÞÞh0ðdðxÞÞ�

�ðbþ �Þhnþ1ðdðxÞÞf ðuðnþ�HðdðxÞÞÞÞ � cgn
q
þ�h

qðtÞ½ðnþ 1ÞFðuðnHðtÞÞÞ�q=ðnþ1Þ

� ð1 þ �Þ�1hnþ1ðdðxÞÞf ðuðnþ�HðdðxÞÞÞÞ

�
�
nnþ1
þ� m0

�
1 �HðdðxÞÞh0ðdðxÞÞ

h2ðdðxÞÞ
Þ ½ðnþ 1ÞFðuðnþ�HðdðxÞÞÞÞ�n=ðnþ1Þ

nþ�HðdðxÞÞf ðuðnþ�HðdðxÞÞÞÞ

�
� ðbþ �Þð1 þ �Þ

� cgð1 þ �Þnqþ�

½ðnþ 1ÞFðuðnHðtÞÞÞ�q=ðnþ1Þ

hnþ1�qðtÞf ðuðnþ�HðtÞÞÞ

�

� 0:

Let v ¼ �dðxÞ. Then we can choose a sufficiently large constant M[ 0 such that
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uþMv� u� on C :¼ fx 2 X : dðxÞ ¼ d�g:

Since

u ¼ v ¼ u� ¼ 0 on oX;

and

detðD2ðuþMvÞÞ� detðD2uÞ ¼ bðxÞf ð�uÞ þ gðjDujÞ � bðxÞf ð�ðuþMvÞÞ þ gðjDðuþMvÞjÞ;

we deduce from Lemma 3.2 that

uþMv� u� in Xd� ;

which implies that

u

�uðn��HðdðxÞÞÞ � 1 � MdðxÞ
�uðn��HðdðxÞÞÞ in Xd� :

Letting dðxÞ ! 0; � ! 0, then we get by Lemma 2.3 (5) that

lim
dðxÞ!0

inf
x2X

uðxÞ
�uðnHðdðxÞÞÞ � 1:

Similarly, we derive

lim
dðxÞ!0

sup
x2X

uðxÞ
�uðnHðdðxÞÞÞ

� 1:

The estimate of the solution to problem C� is similar to the proof above.

The proof of Theorem 1.2 is finished. h
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