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Abstract

In this article, a weak Galerkin finite element method for the Laplace equation using the
harmonic polynomial space is proposed and analyzed. The idea of using the P,-harmonic
polynomial space instead of the full polynomial space P, is to use a much smaller number of
basis functions to achieve the same accuracy when k > 2. The optimal rate of convergence
is derived in both H' and L? norms. Numerical experiments have been conducted to verify
the theoretical error estimates. In addition, numerical comparisons of using the P,-harmonic
polynomial space and using the standard P, polynomial space are presented.
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1 Introduction

In this article, we will consider the Laplace equation with the boundary condition,

—Au =0 in Q, (D
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u=g on Q. )

The Laplace equation is widely used in problems of electrical, magnetic, and gravi-
tational potentials, of steady-state temperatures, and of hydrodynamics. The classical
numerical method for partial differential equations is the finite difference method where the
discrete problem is obtained by replacing derivatives with difference quotients involving
the values of the unknown at certain points. The finite difference method may be a good
method to use when the geometry is simple and not very high accuracy is required. But
when the geometry becomes more complex, finite difference becomes unreasonably dif-
ficult to implement.

The finite element method is a generalization of methods in structural engineering for
beams, frames, and plates, where the structure is subdivided into small parts with known
simple behavior. The main difference between finite difference and finite element methods
lies in the concept of approximation. Finite difference discretizes the differential opera-
tor, while the finite element method discretizes the function space. It subdivides the com-
plicated domain into smaller, simpler parts that are called finite elements. In the classic
Galerkin finite element method, the approximating functions are continuous piecewise pol-
ynomials over a prescribed finite element partition for the domain. However, allowing the
use of discontinuous approximating functions on arbitrary polytopal elements is a highly
demanded feature for numerical algorithms in scientific computing. Consequently, we will
have a wider range of function options in applying the Galerkin formulation to partial dif-
ferential equations.

Different from the classic finite element method, the weak Galerkin finite element
method enables the approximating functions to take separated values in the interior and on
the boundary of each element, making the method highly flexible and efficient in practical
computation. The weak Galerkin method was first introduced and analyzed by Wang and
Ye [11] for second-order elliptic equations. The novel idea of the method is to define weak
functions and their weak derivatives as distributions. Weak functions and weak derivatives
can be approximated by polynomials with various degrees. The concept of weak gradients
provides a systematic framework for dealing with discontinuous functions defined on ele-
ments and their boundaries in a near classical sense.

The weak Galerkin method can be viewed as an extension of the classic Galerkin finite
element method where differential operators (e.g., gradient, divergence, and curl) are sub-
stituted by weakly defined operators. The weak Galerkin method allows arbitrary shapes
of finite elements in a partition by adding a parameter free stabilizer, which enforces a
weak continuity and provides a convenient flexibility in mesh generation. A mixed form is
developed for the second-order elliptic problems by Wang and Ye [12]. Through rigorous
analysis, the optimal order of priori error estimates has been established for various weak
Galerkin schemes. Numerical implementations of weak Galerkin were performed by Mu
et al. [6]. The possibility of an optimal combination of polynomial spaces that minimizes
the number of unknowns has been explored in several numerical experiments. Because
the weak Galerkin method inherits the advantages and overcomes the weaknesses of a
discontinuous Galerkin method, it has been developed to solve many equations, such as
elliptic interface problems [9], second-order elliptic equations with mixed boundary condi-
tions [2], biharmonic equations [4, 16], Helmholtz equations [5], Brinkman equations [3],
Stokes equations [13], Maxwall equation [8], hyperbolic equation [15], heat equations [17],
and time-dependent convection diffusion equations [14].

A harmonic polynomial is a multivariate polynomial with zero Laplacian. In two
dimensions, the regular P, finite element space has (k + 1)(k +2)/2 basis functions on
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each element, whereas the P,-harmonic finite element space has 2k + 1 basis functions on
each element. The Laplace equation (1)—(2) has been discussed by Sorokina and Zhang
[10] using a conforming and nonconforming harmonic finite element method and achieved
the optimal convergence in H! and L? norms. The purpose of this work is to propose a
weak Galerkin method for the Laplace equation using harmonic polynomial finite elements
instead of using the full polynomial space P, to achieve the same order of accuracy and
convergence and thus to improve the efficiency. For the sake of simplicity, we will confine
our attention to the case k = 2 in this paper.

The paper is organized as follows. In Sect. 2, we introduce the weak Galerkin scheme
on the harmonic finite element space. We discuss the weak Galerkin algorithm in Sect. 3.
The error analysis for the weak Galerkin solutions in an energy norm will be investigated
in Sect. 4. In Sect. 5, we will derive the L? error estimates for the weak Galerkin finite ele-
ment method for solving (1)—(2). The results of some numerical experiments are reported
in Sect. 6 to validate our method. In the end, some concluding remarks are given in Sect. 7.

2 The Weak Galerkin Finite Element Method

In this section, we will introduce the weak function spaces, the discrete weak gradients and
the weak Galerkin scheme for (1)-(2).

2.1 Weak Function and Discrete Weak Gradients

We denote the L? norm and inner product used in this article as|| - || 12 and (-, +)q, Tespec-
tively. The vector-valued space H(div;Q) is defined as

Hdiv:Q) = {v : v € [LX(QP.V-v e L} (Q)}.

Let K be a polygonal domain K C R? with the interior K° and the boundary dK. A weak
function v = {vy, v} on K is such that v, € L>(K°) and v, € L?(dK). In this instance, the
component v, symbolizes the interior value of v, and the component v, symbolizes the edge
value of v on K° and 0K, respectively. Note that v, is not necessarily the trace of v, on oK.
Then, we define the space of weak functions in the following way:

WK) = {v = {0} : vy € L*(K°),v, € L*(0K)}. 3)
Definition 1 For any v = {vy,»,} € W(K), the weak gradient Vv is the linear functional
on H(div, K) satisfying

Vv, 0 =— / vwV-rt 6x+/ w(r-7)ds, Vre H(div,K), 4)
K oK

where n is the unit outward normal vector to dK. Note that because of trace theorem and
variation theorem Vv is well defined and V,v = Vvif v € H'(K).

For each k > 0, denote by P,(K) the set of polynomials defined on K with degree no

more than k. Denote the vector-valued space [Pk(K)]z, then for any v € W(K), the discrete
weak gradient V., , v is defined below.
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Definition 2 For any v € W(K), the discrete weak gradient Vv € [P(K)]* is the
unique polynomial satisfying

(VyuxVsTg = — / VoV - Ty 6x+/ v - T) 0s, Y, € [P(K)]%; 3)
K oK

for simplicity, we use Vv instead of V, , v in the sequel.

2.2 The Weak Galerkin Scheme

Let 7, be a partition of the domain Q with the mesh size & = max h; that consists of poly-
€

gons in R?, and let £, be the set of all edges in 7,. Denote by 6'2 = &,\0Q the set all interior
edges. Let 7, be a shape regular partition (see [7]) of Q. For each T € 7,, the P,-harmonic
polynomial space is defined as

Pk,harm(T) = {PlP € Pk(T), AP = 0} (6)

Let Py pum(T°) be the set of harmonic polynomials defined in 7° and P, (e) be the set of
polynomials defined on e € 9T with degree no more than k. Then, we define two weak
Galerkin finite element spaces of weak functions as follows:

V= {v="{v0.%} : Vlr € Pypum(T*)VT € T, |, € Pi(e),.Ve €T}, (7
and
VP ={veV,v,=0o0ndQ}. (8)

According to (5), for any v € V,, the discrete weak gradient operator Vv of v on each ele-
ment 7 is defined as follows.

Definition 3 For any v = {v, v, } € V,, the discrete weak gradient V,,v|; € [P\(T)]? is a
vector satisfying

V1) = —/VOV -t 0T +/ vm-1)os, Vte€E [PI(T)]Z. 9)
T ar
Next, we define four global projections Q,, O, , @), and Q,, as follows.

Definition 4 For each element T € 7,

0y :LX(T) — Py (D),
0y :L*(e) — Py(e),
Q, (LA — [P(DT

are the L? projections onto the associated local polynomial spaces. Finally, we define a pro-
jection operator Q,,v = {Qov, va} eV, forve H'(Q).

For simplicity, we adopt the following notations:
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(v, W)T,, = Z v, w)y = Z ywdx,

T€eT, 7€,/ T
(vw)or, = 2 W Whor = 2 vwds.
TeT, TeT, oT

Forany v = {vo, vb} and w = {wo, wb} in V,,, we define the stabilization term as follows:

s(v,w) = Z h Qv = Vi QyWo — Wi ) gr- (10)
TeT,

The following bilinear forms will be needed later:
A(w,w) =(V,v- VWW)Th, (1)
A;(v,w) =A(v, w) + s(v, w). (12)

Now, we are situated to introduce the weak Galerkin algorithm for (1)-(2).

3 Weak Galerkin Algorithm

A numerical approximation for (1)-(2) can be obtained by seeking u;, = {uy,u,} €V,
satisfying u, = Qg on 0Q and

Ay v) =0, Vv ={vy, v} €V, (13)
where A (-, -) is defined in (12).
Accordingly, we define an energy norm || - || on V}: for any v € V7,
VI = 3 IV, VI +500v) = Av.v). (14)
iet,

It can be easily verified that this energy norm is a norm on V,?.

Lemma 1 The weak Galerkin algorithm has one and only one solution.

Proof Let ugll) and uzz) be two solutions of (13). Then, ¢, = uzl) — 14512) would satisfy the
forthcoming equation
A0, =0, WeV. (15)

Note that g, € V. Letting v = g, in (15) yields

lloylI* = Ay(o4- 0) = 0,

m_ ®
.

which implies ¢, = 0. Consequently, u, * =

Next, we will show the commutative property for the Q,, and Q,, operators.
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Lemma 2 (see [11]) Let Q) and Q,, be the projection operators defined in previous sec-
tions and ¢ € H'(Q). Then, for each element T € T,, we have the following commutative

property:
Vo (Qyd) = Q,u(V).
Lemma3 Lety € H'(Q). Then, for all v € V,, we have
Vy, Vvg)y = (V,0,w, V V) +(Q, Vi - 1, vy — vy ) o
Proof It follows from Lemma 2, using (9), and integration by parts that

(Vo Ouw, VW = (Q,Vy, V )y
=—(g, V- (Q,Vy))7 + (v, Q, Vi - ) ;
= (Vvg, @, Vy)r = (vog = v, @, Vy - )57
= (Vy, Vvp)r —(Q,Vy - 0, vy — vy ) op.

Solving for (aVy, Vv,) gives us the required result.

(16)

a7

Let u;, and u be the numerical solution of (13) and the exact solution of (1)—(2), respec-
tively. Denote by o, = Q,u — u,, the error where Q,u is the projection of u. We will state

and prove the forthcoming error equation.

Lemma 4 Let u;, € V), be the solution to the formulation (13) and let u be the solution of

(1)=(2). Then, the error gy, satisfies
A0y, v) = s(Qpu,v) = £(u,v), Vve€ V;Ol,

where £(u,v) = Y, ((Q,Vu—Vu)-n,vy — vy,

TeT,

Proof Testing (1) by v, and using integration by parts, we get
0 =—(Au,vy)

=(Vit, Vvg)g = D (V- 1, vp)yr.
TeT,

Using the fact that ), (Vu-n,v,),; =0, we get
Tel,

(Vu, Vvg)7 — Z (Vu-n,vy—vy),r = 0.
TeT,

By setting w = u in (17) and substituting it into the equation above, we obtain

(VoQuit, VW) = — X (@, Vi = Vut) - 1,vg = v ).
TeT,

Adding the term s(Q,u, v) to both sides of the above equation gives rise to

(Vo Qyut, Vo7 + 5(Qpu, v) =s(Qpu, v) — Z ((Q,Vu = Vu) - n,vy — v,) yp.

T€7,

Subtracting (13) from (19) yields
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A0, v) = s(Qpu, v) = £(u, ). (20)

The proof is completed.

4 Error Estimates in Energy Norm

We will derive error estimates in this section. First, we present two essential inequalities in
shape regular partitions. For further details, please see [12].

Lemma 5 (Trace inequality) On each element T € T, the following inequality holds true
for some constant C:

Il < (7 ll + 171Vl ). ¢ € H'() @

Lemma 6 (Inverse inequality) There exists a constant C such that for any piecewise poly-
nomial ¢ € P (T),

Vel < Chz'lllly, VT €17, (22)

Before presenting Lemma 8, we need to prove the following lemma.

Lemma 7 Suppose that u € C™(T) and Au = 0. Then, for any 0 < k < m, the degree k Tay-
lor polynomial of u centered at p € T, P,(x,,x,), is harmonic.

Proof First

k
Da
Pw=Y 3 e
i=0 =i &

Since

DCOy(p) + DO =0, VpeT,
{ u(p) u(p) P (23)

D COY(p) 4+ DOy (p) =0, Va| < k-2,

we want to show that for each 0 < i <k,

Dﬂ
A Z u!(p)(x—p)” =0.

a

|a|=i

It follows from (23) that
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Da
> u,(p)(x—p)" =
.

la|=i ogj<d

22y o 1 =P T = py)Y
(i=2j.2j) 1 1 2~ D2
2 DI

Z D=1=2%2+ D) () _ 14 )i_l_z.j(xz ._ Pt
Gl i—-1-2)!Zj+ D!
IS5

+
0:

x; = P (xy — py)?
i@ —2)'2N!

=DDup) Y (1)
oj<!

+ D) Z (_1),‘(351 =P Vg —py)Y

(- 1-2)!2j + D)

o<t

=DOu(p)A + D" Du(p)B.

‘We need to show that AA = AB =0,

(1 =P 2 (xy — py)¥
i = 2)'2p!

A= Y (-1YG-2)i -2 - 1)
0<j<4

(x, _p2)2(/’—1)(x1 _Pl)i_zj
(i —2)'2))!

+ ) (=1Y2i2i - 1)
0<<é'

_ () = )2 (xy — py)?

= 2 SV T

(o —p ) TH(xy — py)¥?
D T e T

Similarly, AB = 0.
Remark 1 The proof of Lemma 7 implies that the dimension of Py, is 2k + 1.
The forthcoming lemma presents estimates for the projection operators O, and Q,,.

Lemma 8 Let 7T, be a partition of Q satisfying the shape regularity and u be the exact solu-
tion of the problem (1)~(2). Then, the L? projections Q, and Q,, satisfy

3 (lu = Qoullz + 2NV — Qul2) < CRVlul?,,. 0<s<k — (24)
TeT,

Z (Vi = Q,Vull7 + h3 | Vu = Q,Vull3) < Ch*|ull?,,, 0<s<k (25)
T€eT,

Proof Let u € H"(2). For each T€ 7, let BCT be a ball, and w >0 such that
v € C*®(B), / pwdx=1lLandy(x)=0 for x € T\B. Then, by Bramble-Hilbert Lemma [1],

lu=vll, 7 < ChF " Nlull,, 7s
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where
v(x) = / T u(x)w (y)dy
.
and
m—1 1
Tru() = ), Y, =D u(y)x - y)".
’ =0 lal=k &*
By Lemma 7,
AT;’u(x) =0.
Thus,
Av(x) = /AT;"u(x)u/(y)dy =0.
B
Letting m = s+ land t = 0, 1 yields
2(s 2(s
lu=vIF < CH Pully,, and bl =vI, < CH Pl (26)
respectively. Summing up inequalities (26) over T’ € 7, yields
lu=vI*> < CRP*Vu|)?,,  and P lu=vI* < Ch*ul’?,,.
Since
lu = vI* < llu = Qouell® + 1Qou = I, o
lu = Qoull* < CR** V|2,
and
1Qou = vII* < CR**lul,
lu = Qoull = llu = VI + 1Qou = viIy
< CRPNull?,, + 2 1Qou — v
< Ch*|lull?,,. (28)

(24) follows from (27) and (28). (25) follows from (24).

Lemma9 Assume that u, € V) is the solution to the formulation (13). Letu € H3(Q) be the
exact solution of (1)—(2). Then, there exists a positive constant C such that for any v € V°,

the following estimates hold true:

|2, v)| <CR|lull5 ]IV,

|s(Qyu, V)| SCI? ull5 VIl

Proof Applying the Cauchy-Schwarz inequality, we obtain

29

(30)
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|Z(u,v)| < Z [{(Vu —Q,Vu) - m,vy — vp) o7
TeT,

<C Y V=@, Vil orllvg = vyllor

T€eT,
1 1
2 2
<c< > byl Vu - @hwuzT) ( > hgtlve - vbn§T> :
TeT, TeT,

Using the trace inequality (21) and Lemma 8, we directly have
1
2
1, v)] <Ch2||u||3< 3 kv - vbn;T)
TeT,
<CR|lul5 Vil

As to inequality (30), start using the Cauchy-Schwarz inequality followed by the trace ine-
quality (21) and Lemma 8, we find that

|s(Que. )| = Y h7'{Qy(Qot) = Qyits Qv = Vi Yr|

TeT,
= Z h;l |<Q0u —u, Qpvo — vb)aT|
TeT,
3 3
<C( > M IQou - u||§T> < > W 1Qyvo — vb||§T>
TeT, TeT,
: :
<C( Z h2(1Qou — ull? + B2 V(Qou — u)||§)> (Z 1 1040 — vy ”§T>
T€eT, TeT
<Ch* [lull3 IvIl.-

This completes the proof.

Theorem 1 Assume that u;, € V, and u € H>(Q) are the weak Galerkin solution to the for-
mulation (13) and the exact solution of the problem (1)—(2), respectively. Then, there exists
a constant C > 0 such that

ety = Qpulll < Ch?|lulls. 31
Proof Letting v = g, in (18), we obtain
llonll® = —£(u. 04) + 5(Qyu. 0).
From the estimates (29) and (30), we find that
llonll* < Ch?lulis N0,

which gives (31).
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5 Error Estimates in L2 Norm

We are going to derive the L? error estimate for the weak Galerkin finite element
scheme. Consider the problem that seeks w € H(l)(Q) satisfying

—-Aw =0, inQ, (32)

w=0 onodQ (33)

with the H?-regularity assumption ||w||, < C|lo |l

Theorem 2 Let u € H*(Q) and u, € V, be the solutions of the problem (1)—(2) and (13),
respectively. Then, there exists a constant C such that

1Qou — upll < Ch3||“||3« (34)
Proof Testing (32) with g, we get

llooll* = —(Aw, gy).

Using integration by parts, we get

||00||2 = Z (Vw,Vog)r — Z (Vw-n,04)47.

TeT, TeT,

Since Y (Vw - n, 0),r = 0, we can rewrite the above expression as

TeT,
looll> = ), (Vw, Vag)y = D (Vw- 1,00 = 0y)or- (35)
TeT, TeT,

Setting y = w and v = ¢, in (17) gives

Z (Vw,Voy)r = Z Vi Qpw, Vio)r + Z (00 = 05 @, VW - 1)y (36)

TeT, TeT, TeT,

Substituting (35) into (36), we get

leoll® = AQyw. 0,) + D (@, Yw = Vw) - 1,05 = 0y )or-
TeT,

Adding and subtracting the term s(Q,,w, g,,), we obtain

||00||2 = A (Qyw, 0,) — s(Qw, 0,) + Z ((Q,Vw — VW) - 1,09 — 0p)or- (37)
TeT,

It follows from the error Eq. (18) that

AQw,0,) = X ((Vu— Qi) - 1, Qgw = Quw)r + 5(Qyit, QW) (38)

TeT,

By combining (37) with (38), we get
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”00”2 = Z ((Vu— Q,Vu) - n, Qyw — QbW>aT + s(Qu, Quw) — s(Q)w, 0)

TeT,
+ Z (@, Vw = Vw) -1, 00 = 0y)or
TeT,
= £(u, Q)W) + s(Q)u, Q)W) — s(Q,w, 0,) + £(w, 9). (39)

Now we are going to bound the terms on the right-hand side of (39). Using the Cauchy-
Schwarz inequality and the definition of Q,, we get

|’/ﬂ(”’ Qhw)| = Z ((Vu—Q,Vu) - n, Qow — Qyw)sr
TeT,
1/2 1/2
<( > Vu - @,,vmu;T) < X 11Qew - wanﬁT)
TeT, TeT,
1/2 1/2
<c( 3 1I(Vu - @hVu)ngT) < > 1Qgw - wngT) .
i =, (40)
From the trace inequality (21) and the estimate (24), we have
1/2
3
< > llVu - @hw)nﬁT) <Ch? ||ull3, (41)
Te7,

12
3
(Z ||Qow—w||§T> <Ch? [[wll,. (42)

TeT,
Substituting (41) and (42) into (40), we get
|2, Qw)| < CR[lull5]Iwll,- (43)

Similarly, it follows from the definition of Q,, the trace inequality (21), and the estimate
(24) that

|5(Qptt, QW) < Y 1| Qot — Qi Qow — Q|

TeT,
1/2 1/2
s( > 1 1Qgu - unéT) < > 1 1Qow ~ wuéT)
TeT, TeT,
<C ulls Iwll,- “44)
The estimates (30) and (31) imply that
[s(Qyw. 0| < Chlwll,lloll < CR llullslIwll,. (45)

For the fourth term, using the Cauchy-Schwarz inequality, the trace inequality (21), and
(31), we have
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|5(W, 0h)| = Z (@, Vw = Vw) - n, 00 — 0p)or
TeT,
1 1
<< > el @, Vw - VW>||§T> ( > hz'leg - obugT)
T€T, TeT,
<Chlwl, 1o,
<CI[|ull3 I, (46)

Substituting (43)—(46) into (39) yields
llooll* < CR [lull5lIwll,.-
Using the regularity assumption ||w||, < Cl|o,l|, we arrive at
llooll < CH|Julls,

which concludes the proof.

6 Numerical Experiments

We are devoting this section to verify our theoretical results in previous sections by three
numerical examples. On each triangle 7, the standard P,-space and P, },,,,-space are
P,(T) =span{1,x,y,xy,x*,y*},
P) harm(T) =span{l, x, y, xy,x2 - yz}.
We apply the weak Galerkin algorithm (13) with (P,(T), P, (e)) and (Py p,,,,(T), P (e)) finite
element space on a square domain and an L-shaped domain to find the weak Galerkin solu-

tion u;, = {uy,u,} in the computation. The first two levels of meshes are shown in Figs. 1
and 2.

6.1 Example 1

In this example, we numerically solve the problem (1)—(2) on an L-shaped domain
Q =[-1,1]*\ (0, 1) x (—1,0) and the exact solution is

Fig.1 A triangulation of a square
domain in computation

(a) Level 1 (b) Level 2
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Fig.2 A triangulation of an
L-shape domain

(a) Level 1 (b) Level 2

u(x,y) = Xt - 6x2y2 + y4.

The errors and convergence results are reported in Table 1. The errors measured in the H'
norm and L? norm have convergence rate of O(h?) and O(h?), respectively. The numerical
error and convergence rate plots are shown in Fig. 3.

6.2 Example 2

In this example, we use the P, WG scheme (13) to solve the problem —Au = 0 with the Dir-
ichlet boundary condition on an L-shaped domain Q = [—1, 1]% \ (0, 1) x (-1, 0) and the ana-
lytic solution is

u(x,y) = e*cosy.

Table 2 lists errors and the convergence rates for H' norm and L? norm. The numerical
results are convergent with order O(h?) in H' norm and O(%%) in L? norm. The numerical
solutions and the error Q,u — u,, are plotted in Fig. 4.

6.3 Example 3: a Singular Harmonic Solution
Let Q = (0, 1)? and the boundary value condition (1) is chosen such that the exact solution is
u(x,y) = %+ yz)l/3 sin (2 arctan <X>>
3 X
The solution is in space H'*?/3(Q). The results obtained in Table 3 show the convergence

rates in the H! norm is 0.67 and L? norm is 1.67. The numerical error and convergence rate
plots can be found in Fig. 5.

Table 1 H'and L? errors and the rate of convergence of P, ., elements and P, elements

h P) parm €lements P, elements
ey, — Qpull Rate  [lug — Qoul Rate [[lu;, — Qpull Rate  [lug — Qqul Rate
12  34344x1070 - 34366 x 1072 — 33613 x107! — 3.7374 x1072 -

/4  9.0913 x1072 191 46098 x1073 290 8.8989 x1072 192 49654 x 107> 291
1/8 23303 x1072 196 59602 x10™* 295 22822 x1072 196 63921 x10™* 296
1/16 5.8954 x 1073 198 7.5787 x107 298 57758 x 107> 198 8.1103 x 107 298
1732 14824 x1073 199 95558 x107% 299 14527 x1073 199 1.0215 x 107 2.99
1/64 37167 x107* 200 1.1997 x107% 299 36425 x10™* 200 12818 x107% 299
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10° 10° =
lluy-Q ull
114G, o)
% o(r?) 107
107
- 102
S 8
= =
@ 10? o 107%F
(3]
T =
10
10
105k
104 n n 10-6 L L L " 1
10° 10' 102 10° 10* 10° 10' 102 10° 10* 10° 10°
(a) (b)
10° 10° v - -Q-
Nlug-Qy ull
o) 107 E
107
i 102
S 8
= =)
9 10? o 10°
@™
T N
10
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10 - L 10
10° 10' 102 10° 10* 10°

Fig.3 Example 1: plot of the errors and convergence rate for (PZ(T),Pl(e), [PI(T)]Z) and h = 1/64, for
errors measured by [|Qgu — ul| and [|[|Q),u — ul|[: (a), (b) Py, €lements; (c), (d) standard P, elements

Fig. 4 Example 2: plot of numerical solutions (a) and the error Q, — u, (b) for (PZ(T),Pl(e), [Pl(T)]z) and
h=1/64: P, elements (top); standard P, elements (bottom)
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Table2 H'and L2 errors and the rate of convergence of P, ., elements and P, elements

h P harm €lements P, elements
llety, — Qpull Rate  [lug — Qoul Rate [[lu;, — Qpull Rate  [lug — Qoul Rate
12 1695 x 1072 - 16073 x 1073 - 1.6660 x 1072 - 17398 x 1073 -
1/4 46364 x107° 1.87 22101 x10™* 286 4.5583 x 107 1.87 23653 x10™* 2.88
1/8 12036 x1073 195 28843 x107 294 1.1843 x107 194 3.0705 x 107 295
1716 3.0621 x107* 197 3.6812 x107° 297 3.0144 x10™* 197 39097 x107°° 2.97
1732 77203 x 107 199 46495 x 1077 299 7.6017 x10™ 199 49324 x1077 299
1/64 19381 x107° 199 58422 x107% 299 19086 x10™ 199 6.1941 x10% 2.99
10° : 10° :
€ lllu,—q, ull € llug-Q,ull
% o(h? 4 % o(h’)
10’ E|
107
o 102
@ 107 o 10°
) i
10%
10°¢
10
10 - - - 10 . . . . .
10° 10" 10? 10° 10* 10° 10’ 10% 10° 10* 10° 108
(a) (b)
10° 10°
& lllu,—Q, ull] € l1u,~Q, ull
% o(n?) 107 o) ]
10
§ 5 102
) 102 5] 10°
S N
10
10
10
10 . . . 10 - - - - -
10° 10’ 10% 10° 104 10° 10’ 102 10° 104 10° 108
(©) (GY)

Fig.5 Example 3: plot of the errors and convergence rate for (P,(T), P\ (e),[P,(T)*) and h = 1/64, for
errors measured by ||Qou — ul| and |||Q,u — ul||: (), (b) P, .y, €lements; (c), (d) standard P, elements

7 Conclusion

In this work, we propose a weak Galerkin harmonic finite element method for the
Laplace equation. The error estimates and rate of convergence are proved. Numerical
results show that while the same order of convergence can be achieved using standard
P, elements and P,y elements, using P, -space requires less degrees of freedom,
which makes the numerical computation more efficient.
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Table 3 H'and L2 errors and the rate of convergence of P, ., elements and P, elements

h P arm €lements P, elements

llleey, — Qpull Rate  [lug — Qoull Rate  [lu, — Qpull Rate  [lug — Qoul Rate
12 19457x1072 - 20813%x 1073 - 1.8822x 1072 - 22712%x 1073 -
/4 12290%x1072 0.66 6.6221x107* 1.65 1.1878x1072 0.66 7.2193x10™* 1.65
1/8  7.7415x1073 0.67 2.0883x107* 1.66 7.4800x107 0.67 22764x107* 1.67
1/16  4.8762x 107> 0.67 6.5788x 1075 1.67 47112%x107 0.67 7.1715%x107° 1.67
1732 3.0717x107% 0.67 20723x107° 167 29677x107° 0.67 22589x107° 1.67
1/64 1.9350x 107> 0.67 6.5272x107° 167 1.8695x107 0.67 7.1152x107% 1.67
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