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Abstract
The tempered fractional calculus has been successfully applied for depicting the time evolu-
tion of a system describing non-Markovian diffusion particles. The related governing equa-
tions are a series of partial differential equations with tempered fractional derivatives. Using 
the polynomial interpolation technique, in this paper, we present three efficient numerical 
formulas, namely the tempered L1 formula, the tempered L1-2 formula, and the tempered 
L2-1

�
 formula, to approximate the Caputo-tempered fractional derivative of order � ∈ (0, 1) . 

The truncation error of the tempered L1 formula is of order 2−� , and the tempered L1-2 for-
mula and L2-1

�
 formula are of order 3−� . As an application, we construct implicit schemes 

and implicit ADI schemes for one-dimensional and two-dimensional time-tempered frac-
tional diffusion equations, respectively. Furthermore, the unconditional stability and con-
vergence of two developed difference schemes with tempered L1 and L2-1

�
 formulas are 

proved by the Fourier analysis method. Finally, we provide several numerical examples to 
demonstrate the correctness and effectiveness of the theoretical analysis.

Keywords  Caputo-tempered fractional derivative · Polynomial interpolation · Implicit ADI 
schemes · Stability

Mathematics Subject Classification  65M06

1  Introduction

The tempered fractional calculus is a generalization of the fractional calculus, and the 
definition contains both the weak singular kernel and the exponential kernel. It has par-
ticular mathematical properties and plays an important role in the actual mathematical 
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physics model. The tempered fractional calculus describes the transition between normal 
and anomalous diffusions or some anomalous diffusions in finite time or bounded space 
domain. As we know, the anomalous diffusion phenomena can be seen frequently in the 
nature world, and the continuous time random walk (CTRW) model has been  proved to be 
a useful tool that describes this phenomenon well [28]. The process of the CTRW model, 
which is non-Markovian is usually depicted by the waiting time probability density func-
tion (PDF) and  the  jump length PDF. For the CTRW model with tempered power law 
waiting time, the PDF of diffusion particles obeys the tempered fractional diffusion equa-
tion [13, 16, 40]

where u(�, t) denotes the probability density of searching a particle in position � at time t, 

𝜅
𝛼
> 0 is the diffusion coefficient, the standard Laplace operator Δ =

d∑
i=1

�
2

�x2
i

, d = 1, 2, and 

0D
1−𝛼,𝜆
t

(0 < 𝛼 < 1) represents the Riemann–Liouville tempered fractional derivative oper-
ator. The Riemann–Liouville tempered fractional derivative of order 𝛽 (n − 1 < 𝛽 < n) 
gives [18, 31]

Using the properties of the fractional derivative [21], Eq. (1) can be rewritten as

where C
0
D�,�

t
 denotes the Caputo-tempered fractional derivative [21, 32, 37]

The more detailed background and application of model (1), we refer to [16, 28] or Appen-
dix A. For the equivalence of models (1) and (2), see [36].

In this paper, without loss of generality, we consider the following time fractional sub-
diffusion equation:

with the initial condition

and a Dirichlet boundary condition

where � ∈ Rd is a bounded domain in ℝd, d = 1, 2 with the boundary �� , and f ,�,� are 
given functions.

There are several numerical approaches to the Caputo fractional derivative. The first tech-
nique is the piecewise interpolation polynomials, such as the L1 approximation [10, 11, 23, 
29, 35, 42], the L1-2 approximation [14, 20], and the  L2-1

�
 approximation [1] and so on. 

Another widely used technique is the shifted Grünwald–Letnikov approach [2, 6, 19, 26, 30]. 
The main idea is to approximate the Riemann–Liouville derivative by the Grünwald–Letnikov 

(1)u
t
(�, t) = �

� 0D
1−�,�

t
(Δu(�, t)) − �u(�, t),

0D
�,�
t u(�, t) =

e−�t

Γ(n − �)

dn

dtn ∫
t

0

e�su(�, s)

(t − s)1+�−n
ds.

(2)C
0
D�,�

t
u(�, t) = �

�
Δu(�, t),

(3)C
0
D𝛼,𝜆

t
u(t) =

e−𝜆t

Γ(1 − 𝛼) ∫
t

0

(e𝜆su(s))�

(t − s)𝛼
ds, 0 < 𝛼 < 1.

C
0
D�,�

t
u(�, t) = Δu(�, t) + f (�, t), � ∈ �, t ∈ (0, T]

u(�, 0) = �(�), � ∈ �

u(�, t) = �(�, t), � ∈ ��, t ∈ (0, T],
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formula. The third used technique is the so called Lubich’s approach which is  introduced by 
[25]. The main advantages of above-mentioned approaches are simplicity and efficiency. More 
importantly, the error estimates can be analyzed when above-mentioned approaches are used 
to approximate the time fractional diffusion equations [22, 38]. More applications of above-
mentioned approaches to solve the various kinds of fractional order partial differential equa-
tions, see [15, 24, 34] and references, therein.

Recently, there has been a vast interest in the numerical solutions of tempered fractional 
differential equations due to their wide applications [2, 4, 7, 9, 16, 27, 37, 40, 41]. Several 
numerical methods, such as the Grünwald–Letnikov approach and the Lubich’s approach, 
have been used to approximate the tempered fractional derivatives. In [2], Baeumera and 
Meerschaert presented the finite difference scheme and the particle tracking method for 
the space-tempered fractional diffusion equation with drift. Applying the spectral method, 
Zayernouri et al. [39] obtained the eigenfunctions of the tempered fractional Sturm–Liou-
ville problem. Based on the weighted and shifted Grünwald difference (WSGD) opera-
tor, Li and Deng [19] constructed a series of high-order numerical forms for the space-
tempered fractional diffusion equation, and proved the stability and convergence by the 
matrix analysis. Using the weighted and shifted Lubich difference operator to approximate 
the time-tempered fractional derivative, Sun et al. [36] analyzed some local discontinuous 
Galerkin schemes for a time-tempered fractional diffusion equation. The implicit numerical 
scheme of the tempered fractional Black–Scholes equation is provided by Zhang et al. [43], 
and the corresponding theoretical analysis is given. Using the Lubich’s approach for the 
time-tempered fractional derivative, Chen and Deng [5] derived a high-order algorithm for 
a time–space fractional Feynman–Kac equation. Dehghan et al. [8] proposed a numerical 
scheme that is convergent with the second-order accuracy in time for the space–time tem-
pered fractional diffusion–wave equation, and the unconditional stability and convergence 
of the developed method are also proved. Deng and Zhang [9] developed the finite differ-
ence/finite element schemes for a time fractional Feynman–Kac equation. Ding and Li [12] 
designed a high-order numerical algorithm to solve the space-tempered fractional convec-
tion equation with Riemann–Liouville fractional derivatives, and the rigorous stability and 
convergence analysis of the algorithm are also given. So far, the application of the piece-
wise interpolation polynomial technique to solve the tempered fractional diffusion equation 
has not been intensively investigated.

In this paper, we are interested in developing efficient and accurate numerical approxi-
mations for the time-tempered fractional diffusion equation. In particular, one of the chal-
lenges of this problem lies in the existence of the singular kernel and the smooth kernel. 
To overcome the difficulty, we discrete the tempered Caputo fractional derivative by 
transforming it to the conventional Caputo fractional derivative. In Sect.  2, we present 
three kinds of quadrature formulas for the Caputo-tempered fractional derivative of order 
� ∈ (0, 1) . The tempered L1 formula with the order 2 − � , the tempered L1-2 and L2-1

�
 

formulas with the order 3 − � . And the corresponding analysis of truncation errors of 
three formulas are discussed in detail. The presented discrete formulas are applied to solve 
the time-tempered fractional diffusion equations of one dimension and two dimension in 
Sects. 3 and 4, respectively. Besides, the unconditional stability and convergence of differ-
ence schemes with tempered L1 and L2-1

�
 formulas are proved by the Fourier method. In 

Sect. 5, the numerical results in the examples illustrate the effectiveness of the three pro-
posed discrete methods. Finally, we make a brief conclusion in Sect. 6.
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2 � Interpolation Formulas of Caputo‑Tempered Fractional Derivative

In this section, we are concerned with the efficient numerical discretization of the Caputo-tem-
pered fractional derivative. For a given positive integer N, let {tk}Nk=0 be an equidistant partition 
of [0, T], and denote tk = k�, tk+1∕2 = (tk + tk+1)∕2 , where � = T∕N is the time step size.

2.1 � Tempered L1 Formula

To discrete the Caputo-tempered fractional derivative (3), we introduce the following 
notations:

then we denote the linear interpolation function of v(t) as P1,�v(t) on each small interval 
[t
�−1, t�] (1 ⩽ � ⩽ k) , i.e.,

which leads to

and

Denoting v(t) = e�tu(t) and using the piecewise linear approximation on each cell [t
�−1, t�] , 

then we can get the expression of the tempered L1 formula of the Caputo-tempered frac-
tional derivative, as follows:

By simple calculation, Eq. (4) provides

�tvk− 1

2

=
v(tk) − v(tk−1)

�

, �
2
t
vk =

�tvk+ 1

2

− �tvk− 1

2

�

,

P1,�v(t) = v(t
�−1)

t
�
− t

�

+ v(t
�
)
t − t

�−1

�

,

(P1,�v(t))
� =

v(t
�
) − v(t

�−1)

�

= �tv�− 1

2

,

v(t) − P1,�v(t) =
v��(�

�
)

2
(t − t

�−1)(t − t
�
), t ∈ [t

�−1, t�], �� ∈ (t
�−1, t�).

(4)

C
0
D�,�

t
u(t)||t=tk =

e−�tk

Γ(1 − �)

k∑
�=1

∫
t
�

t
�−1

(tk − s)−�(P1,�v(s))
�ds + Rk

=
e−�tk

Γ(1 − �)

k∑
�=1

�tv�− 1

2 ∫
t
�

t
�−1

(tk − s)−�ds + Rk

=
e−�tk�1−�

Γ(2 − �)

k∑
�=1

a
(�)

k−�
�tv�− 1

2

+ Rk.

(5)

C
0
D�,�

t
u(t)||t=tk

=
�
−�

Γ(2 − �)

[
a
(�)

0
u(tk) −

k−1∑
�=1

(
a
(�)

k−�−1
− a

(�)

k−�

)
e�(t�−tk)u(t

�
) − a

(�)

k−1
e�(t0−tk)u(t0)

]
+ Rk

=∶ �
�,�
t

u(tk) + Rk,
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where

and

We denote � = �
�Γ(2 − �), Uk ≈ u(tk) and

then the tempered L1 approximation operator ��,�
t Uk can be rewritten as the following 

form:

For coefficients {a(�)
j
} , {d

(�)

a,m
} , and {d̃(�)

a,m
} , we can obtain

Lemma 1  For any � ∈ (0, 1), k ⩾ 1 , the coefficients a(�)
j
(0 ⩽ j ⩽ k − 1) and d

(�)

a,m
, d̃(�)

a,m
 

(1 ⩽ m ⩽ k) defined in Eqs. (6), (7), and (8) satisfy 

	(i)	 a
(𝛼)

j
> 0;

	(ii)	 1 = a
(𝛼)

0
> a

(𝛼)

1
> a

(𝛼)

2
> ⋯ > a

(𝛼)

k−1
;

	(iii)	
k−1∑
j=0

a
(�)

j
= k1−�;

	(iv)	 d
(𝛼)

a,m
> 0, �d(𝛼)

a,m
> 0;

	(v)	 d
(𝛼)

a,1
< d

(𝛼)

a,2
< d

(𝛼)

a,3
< ⋯ < d

(𝛼)

a,k
;

	(vi)	 �d
(𝛼)

a,1
< �d

(𝛼)

a,2
< �d

(𝛼)

a,3
< ⋯ < �d

(𝛼)

a,k
;

	(vii)	 d
(�)

a,m+1
− d̃(�)

a,m
⩽ a

(�)

k−m−1
− a

(�)

k−m
, 1 ⩽ m ⩽ k − 1;

	(viii)	d
(�)

a,1
⩽ a

(�)

k−1
.

Proof  The proof is provided in Appendix B.

Lemma 2  Assume that u(t) ∈ C2[0, tk] . Then, there is the following error estimate:

for Rk.

Rk = C
0
D�,�

t
u(t)||t=tk − �

�,�
t

u(tk),

(6)a
(�)

j
= (j + 1)1−� − j1−� , 0 ⩽ j ⩽ k − 1.

(7)d
(�)

a,m
= a

(�)

k−m
e�(tm−1−tk), m = 1, 2,⋯ , k,

(8)d̃(�)
a,m

= a
(�)

k−m
e�(tm−tk), m = 1, 2,⋯ , k,

(9)�
�,�
t

Uk =
1

�

[
d̃
(�)

a,k
Uk −

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
U� − d

(�)

a,1
U0

]
.

(10)

|||R
k||| ⩽

1

2Γ(1 − �)

[
1

4
+

�

(1 − �)(2 − �)

][
�
2 max
t0⩽t⩽tk

|u(t)| + 2� max
t0⩽t⩽tk

||u�(t)||
+ max

t0⩽t⩽tk

||u��(t)||
]
�
2−�
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Proof  We list the proof in Appendix C.

To see the smoothness of the solution more clearly, we also give the asymptotic 
expansion formula of the tempered fractional derivative. The asymptotic expansion for-
mula of the tempered L1 approximation is derived from the asymptotic expansion of the 
L1 approximation. There is the asymptotic expansion of the L1 approximation of the 
order 3 − � [10, 11]

where uk = u(t
k
), � (s) is the Riemann zeta function, and the L1 approximation has weights 

�
(�)

0
= 1,�

(�)

k
= (k − 1)1−� − k1−� , and �

(�)

�
= (� − 1)1−� − 2�1−� + (� + 1)1−� for 

1 ⩽ l ⩽ k − 1.
The tempered L1 approximation (9) has weights d̃(�)

a,k
= �

(�)

0
= 1, d

(�)

a,1
= −�

(�)

k
∕e�k� , 

and d
(�)

a,k−�+1
− d̃

(�)

a,k−�
= −�

(�)

�
∕e��� (1 ⩽ � ⩽ k − 1) . By applying the asymptotic expan-

sion formula for the function e�su(s) and multiplying by e−�tk , we obtain the asymptotic 
expansion formula of the order 3 − � of the tempered L1 approximation as follows:

2.2 � Tempered L1‑2 Formula

To improve the accuracy, we apply the quadratic interpolation P2,�v(t) on each 
cell  [t

�−1, t�](� ⩾ 2) and the linear interpolation P1,1v(t) = �tv1∕2 on the first cell [t0, t1] 
to approximate the function v(t) like [14]. For the cells [t

�−1, t�] (� ⩾ 2) , the quad-
ratic interpolation function P2,�v(t) with three points (t

�−2, v(t�−2)) , (t�−1, v(t�−1)) , and 
(t
�
, v(t

�
)) is employed, i.e.,

and it leads to

1

�

k∑
�=0

�
(�)

�
uk−�

= C
0
D�

t
u(t)||t=tk +

� (� − 1)

Γ(2 − �)
(uk)

��

�
2−� −

(
u�(0)

Γ(−�)tk
1+�

−
d2

dt2
C
0
D�

t
u(t)

|||t=tk
)
�
2

12
+O(�3−�),

1

�

(
d̃
(�)

a,k
u
k −

k−1∑
�=1

(
d

(�)

a,�+1
− d̃

(�)

a,�

)
u
� − d

(�)

a,1
u
0

)

= C

0
D

�,�

t
u(t)||t=t

k

+
� (� − 1)

Γ(2 − �)

(
(uk)

��

+ 2�(uk)� + �
2
u
k
)
�
2−�

−

[
e−�tk (�u(0) + u

�(0))

Γ(−�)t1+�
k

−

(
d
2

dt2
+ 2�

d

dt
+ �

2

)
C

0
D

�,�

t
u(t)

|||||t=tk
]
�
2

12
+O(�3−�).

P2,�v(t) = v(t
�−1) +

v(t
�
) − v(t

�−1)

�

(t − t
�−1)

−
v(t

�
) − 2v(t

�−1) + v(t
�−2)

�
2

(t − t
�−1)(t� − t)

2
,
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and

By virtue of Eq. (11), we can obtain

Recalling v = e�tu , we have

where Tk = C
0
D�,�

t
u(t)||t=tk − �

�,�
t u(tk). For k = 1 , there is c(k,�)

0
= a

(�)

0
= 1 ; for k ⩾ 2 , the 

coefficients are given as

and

We call the fractional numerical differentiation formula (12) the tempered L1-2 formula, 

which adds a correction term e
−�tk �

2−�

Γ(2−�)

k∑
�=2

b
(�)

(k−�)
�
2
t
v
�−1 in the tempered L1 operator ��,�

t u(tk) 

for k ⩾ 2 . Setting

(11)
(
P2,�v(t)

)�
= �tv�− 1

2

+
(
�
2
t
v
�−1

)(
t − t

�−
1

2

)
,

v(t) − P2,�v(t) =
v���

(
�
�

)
6

(
t − t

�−2

)(
t − t

�−1

)(
t − t

�

)
, t ∈ [t

�−1, t�], �� ∈
(
t
�−2, t�

)
.

C
0
D�,�

t
u(t)||t=tk

=
e−�tk

Γ(1 − �)

[
∫

t1

t0

(tk − s)−�(P1,1v(s))
�ds +

k∑
�=2

∫
t
�

t
�−1

(tk − s)−�(P2,�v(s))
�ds

]
+ Tk

=
e−�tk

Γ(1 − �)

[ k∑
�=1

�tv�− 1

2 ∫
t
�

t
�−1

(tk − s)−�ds +

k∑
�=2

(�2
t
v
�−1)∫

t
�

t
�−1

(s − t
�−

1

2

)(tk − s)−�ds

]
+ Tk

= �
�,�
t

u(tk) +
e−�tk�2−�

Γ(2 − �)

k∑
�=2

b
(�)

(k−�)
�
2
t
v
�−1 + Tk.

(12)

C
0
D�,�

t
u(t)||t=tk

=
1

�

[
c
(k,�)

0
u(tk) −

k−1∑
�=1

(
c
(k,�)

k−�−1
− c

(k,�)

k−�

)
e�(t�−tk)u(t

�
) − c

(k,�)

k−1
e�(t0−tk)u(t0)

]
+ Tk

∶= �
�,�
t

u(tk) + Tk,

(13)c
(k,�)

j
=

⎧
⎪⎪⎨⎪⎪⎩

a
(�)

0
+ b

(�)

0
, j = 0,

a
(�)

j
+ b

(�)

j
− b

(�)

j−1
, 1 ⩽ j ⩽ k − 2,

a
(�)

j
− b

(�)

j−1
, j = k − 1,

b
(�)

j
=

1

2 − �

[
(j + 1)2−� − j2−�

]
−

1

2

[
(j + 1)1−� + j1−�

]
, j ⩾ 0.

(14)d
(k,�)

c,m
= c

(k,�)

k−m
e�(tm−1−tk), m = 1, 2,⋯ , k,
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 the tempered L1-2 approximation operator ��,�t Uk can be rewritten as

The tempered L1-2 approximation operator (16) reduces to the tempered L1 approximation 
operator (9) for k = 1 ; for k = 2 , c(k,�)

0
∈ (1, 3∕2), c

(k,�)

1
∈ (−1∕2, 1) , then we can obtain 

d
(k,�)

c,2
− d̃

(k,�)

c,1
⩽ c

(k,�)

0
− c

(k,�)

1
 ; as for k ⩾ 3 , the properties of d

(k,�)

c,m
 and d̃(k,�)

c,m
(1 ⩽ m ⩽ k) can 

be derived with the help of properties of c(k,�)
j

 , see [14] .

Lemma 3  For any � ∈ (0, 1), k ⩾ 3 , the coefficients c(k,�)
j

(0 ⩽ j ⩽ k − 1) and d
(k,�)

c,m
 , d̃(k,�)

c,m
 

(1 ⩽ m ⩽ k) defined in Eqs. (13), (14), and (15) satisfy 

	(i)	 c
(k,𝛼)

0
>
||c(k,𝛼)1

||;
	(ii)	 c

(k,𝛼)

j
> 0, j ≠ 1;

	(iii)	 c
(k,�)

2
⩾ c

(k,�)

3
⩾ ⋯ ⩾ c

(k,�)

k−1
;

	(iv)	 c
(k,𝛼)

0
> c

(k,𝛼)

2
;

	(v)	 d
(k,𝛼)

c,m
> 0, �d(k,𝛼)

c,m
> 0, m ≠ k − 1;

	(vi)	 d
(k,�)

c,1
⩽ c

(k,�)

k−1
;

	(vii)	 d
(k,𝛼)

c,m+1
> �d(k,𝛼)

c,m
, 1 ⩽ m ⩽ k − 1,m ≠ k − 2;

	(viii)	 d
(k,�)

c,m+1
− d̃(k,�)

c,m
⩽ c

(k,�)

k−m−1
− c

(k,�)

k−m
, 1 ⩽ m ⩽ k − 1,m ≠ k − 2.

It is easy to check that c(k,�)
1

∈ (−1∕2, 1), c
(k,�)

2
∈ (0, 1) , the positive and negative of c(k,�)

1
 

and c(k,�)
1

− c
(k,�)

2
 change with the difference 𝛼 (0 < 𝛼 < 1) , which are discussed in the follow-

ing lemma.

Lemma 4  The coefficients of c(k,�)
1

 and c(k,�)
1

− c
(k,�)

2
 for different k and � ∈ (0, 1) satisfy 

(i)	 c
(k,𝛼)

1
> 0, d

(k,𝛼)

c,1
⩽ c

(k,𝛼)

1
, for any 𝛼 ∈ (0, 𝛼1), 𝛼1 ≈ 0.673 6 when k = 2;

(ii)	 c
(k,𝛼)

1
− c

(k,𝛼)

2
> 0, d

(k,𝛼)

c,2
− �d

(k,𝛼)

c,1
⩽ c

(k,𝛼)

1
− c

(k,𝛼)

2
, for any 𝛼 ∈ (0, 𝛼2), 𝛼2 ≈ 0.390 9, k = 3;

(iii)	 c
(k,𝛼)

1
− c

(k,𝛼)

2
> 0, d

(k,𝛼)

c,k−1
− �d

(k,𝛼)

c,k−2
⩽ c

(k,𝛼)

1
− c

(k,𝛼)

2
, for any 𝛼 ∈ (0, 𝛼3), 𝛼3 ≈ 0.373 9, k > 3;

(iv)	 |c(k,𝛼)
1

− c
(k,𝛼)

2
| < 1

2
.

Proof  The proof is provided in Appendix D.

Lemma 5  Suppose that u(t) ∈ C3[0, tk] , and for the truncation error Tk , we can derive that

(15)d̃(k,�)
c,m

= c
(k,�)

k−m
e�(tm−tk), m = 1, 2,⋯ , k,

(16)�
�,�
t

Uk =
1

�

[
d̃
(k,�)

c,k
Uk −

k−1∑
�=1

(
d
(k,�)

c,�+1
− d̃

(k,�)

c,�

)
U� − d

(k,�)

c,1
U0

]
.

(17)
|||T

1||| ⩽
�

2Γ(3 − �)

[
�
2 max
t0⩽t⩽t1

|u(t)| + 2� max
t0⩽t⩽t1

||u�(t)|| + max
t0⩽t⩽t1

||u��(t)||
]
�
2−� ,
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Proof  The proof is provided in Appendix E.

2.3 � Tempered L2‑1
�

 Formula

By Alikhanov’s work [1], letting � = 1 − �∕2 , we discuss the discretization of the 
tempered fractional derivative at tk+� (k = 0, 1,⋯ ,N − 1) . The interpolation polyno-
mial based on the quadratic interpolation on each interval [t

�−1, t�] (1 ⩽ � ⩽ k) is con-
structed to approximate v(t) = e�tu(t) using the three points (t

�−1, v(t�−1)) , (t� , v(t�)) , and 
(t
�+1, v(t�+1)) , i.e.,

leading to

and

For the last small interval [tk, tk+�] , we use the linear interpolation in the cell [tk, tk+1] at 
non-equidistant subdivision points tk, tk+� , and tk+1 . To sum up, we have

(18)

|||T
k||| ⩽

1

Γ(1 − �)

{
�

12

[
�
2 max
t0⩽t⩽t1

|u(t)| + 2� max
t0⩽t⩽t1

||u�(t)|| + max
t0⩽t⩽t1

||u��(t)||
]
(tk − t1)

−�−1
�
3

+

[
1

12
+

�

3(1 − �)(2 − �)

(
1

2
+

1

3 − �

)][
�
3 max
t0⩽t⩽tk

|u(t)| + 3�2 max
t0⩽t⩽tk

||u�(t)||
+ 3� max

t0⩽t⩽tk

||u��(t)|| + max
t0⩽t⩽tk

||u���(t)||
]
�
3−�

}
, k ⩾ 2.

�2,�v(t) = v(t
�
) −

v(t
�
) − v(t

�−1)

�

(t
�
− t) −

v(t
�+1) − 2v(t

�
) + v(t

�−1)

�
2

(t
�
− t)(t − t

�−1)

2
,

(�2,�v(t))
� = �tv�− 1

2

+ (�2
t
v
�
)(t − t

�−
1

2

),

v(t) −�2,�v(t) =
v���(�

�
)

6
(t − t

�−1)(t − t
�
)(t − t

�+1), t ∈ [t
�−1, t�], �� ∈ (t

�−1, t�+1).

C
0
D�,�

t
u(t)||t=tk+�

=
e−�tk+�

Γ(1 − �)

k∑
�=1

∫
t
�

t
�−1

v�(s)ds

(tk+� − s)�
+

e−�tk+�

Γ(1 − �) ∫
tk+�

tk

v�(s)ds

(tk+� − s)�

=
e−�tk+�

Γ(1 − �)

k∑
�=1

∫
t
�

t
�−1

(�2,�v(s))
�ds

(tk+� − s)�
+

e−�tk+� �tvk+ 1

2

Γ(1 − �) ∫
tk+�

tk

ds

(tk+� − s)�
+ Tk+�

=
e−�tk+�

Γ(1 − �)

k∑
�=1

∫
t
�

t
�−1

�tv�− 1

2

+ (�2
t
v
�
)(s − t

�−
1

2

)ds

(tk+� − s)�
+

e−�tk+� �1−�

Γ(2 − �)
�tvk+ 1

2

�
1−� + Tk+�

=
e−�tk+� �1−�

Γ(2 − �)

[ k∑
�=1

(
p
(�,�)

k−�+1
�tv�− 1

2

+ q
(�,�)

k−�+1
(�tv�+ 1

2

− �tv�− 1

2

)
)
+ p

(�,�)

0
�tvk+ 1

2

]
+ Tk+�

=
e−�tk+� �−�

Γ(2 − �)

k∑
�=0

s
(k,�,�)

k−�

(
v(t

�+1) − v(t
�
)

)
+ Tk+� ,
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where

And for k = 0 , we have s(k,�,�)
0

= p
(�,�)

0
= �

1−� ; for k ⩾ 1 , we have

Moreover, recalling v = e�tu , we have

where Tk+� = C
0
D�,�

t
u(t)||t=tk+� − Δ

�,�
t u(tk+�). Here, we call this numerical differentiation 

formula (20) the tempered L2-1
�
 formula. If we adopt the approximate solution  Uk and set

then the tempered L2-1
�
 approximation operator Δ�,�

t Uk is equivalent to the form

It is clear that s(k,𝛼,𝜎)
0

= 𝜎
1−𝛼

> 0 and d
(k,𝛼,𝜎)

s,0
< s

(k,𝛼,𝜎)

0
, �d

(k,𝛼,𝜎)

s,0
> s

(k,𝛼,𝜎)

0
 for k = 0 . And, for 

k ⩾ 1 , with the similar fashion given in [1], we can check that the properties of d
(k,�,�)

s,m
 and 

d̃(k,�,�)
s,m

(1 ⩽ m ⩽ k) hold the following lemma.

Lemma 6  For any � ∈ (0, 1), k ⩾ 1 , s(k,�,�)
j

(0 ⩽ j ⩽ k) defined in Eq. (19) and d
(k,�,�)

s,m
 , 

d̃(k,�,�)
s,m

 (0 ⩽ m ⩽ k) defined in Eqs. (21) and (22), we have 

	(i)	 s
(k,𝛼,𝜎)

k
>

1−𝛼

2
(k + 𝜎)−𝛼 > 0;

	(ii)	 s
(k,𝛼,𝜎)

0
> s

(k,𝛼,𝜎)

1
> s

(k,𝛼,𝜎)

2
> ⋯ > s

(k,𝛼,𝜎)

k−1
> s

(k,𝛼,𝜎)

k
;

	(iii)	 d
(k,𝛼,𝜎)

s,m
> 0, �d(k,𝛼,𝜎)

s,m
> 0;

	(iv)	 d
(k,𝛼,𝜎)

s,m+1
> �d(k,𝛼,𝜎)

s,m
, 0 ⩽ m ⩽ k − 1;

	(v)	 �d
(k,𝛼,𝜎)

s,k
> s

(k,𝛼,𝜎)

0
;

p
(�,�)

0
= �

1−� , p
(�,�)

j
= (j + �)1−� − (j − 1 + �)1−� , j ⩾ 1,

q
(�,�)

j
=

1

2 − �

[
(j + �)2−� − (j − 1 + �)2−�

]
−

1

2

[
(j + �)1−� + (j − 1 + �)1−�

]
, j ⩾ 1.

(19)s
(k,�,�)

j
=

⎧
⎪⎨⎪⎩

p
(�,�)

0
+ q

(�,�)

1
, j = 0,

p
(�,�)

j
+ q

(�,�)

j+1
− q

(�,�)

j
, 1 ⩽ j ⩽ k − 1,

p
(�,�)

k
− q

(�,�)

k
, j = k.

(20)

C

0
D

�,�

t
u(t)||t=t

k+�

=
�
−�

Γ(2 − �)

[
e�(tk+1−tk+� )s

(k,�,�)

0
u(t

k+1) −

k−1∑
�=0

(
s
(k,�,�)

k−�−1
− s

(k,�,�)

k−�

)
e�(t�+1−tk+� )u(t

�+1)

− s
(k,�,�)

k
e�(t0−tk+� )u(t0)

]
+ T

k+� ∶= Δ�,�

t
u(t

k+�) + T
k+� ,

(21)d
(k,�,�)

s,m
= s

(k,�,�)

k−m
e�(tm−tk+� ), m = 0, 1,⋯ , k,

(22)d̃(k,�,�)
s,m

= s
(k,�,�)

k−m
e�(tm+1−tk+� ), m = 0, 1,⋯ , k,

(23)Δ�,�
t

Uk =
1

�

[
d̃
(k,�,�)

s,k
Uk+1 −

k−1∑
�=0

(
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

)
U�+1 − d

(k,�,�)

s,0
U0

]
.
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	(vi)	 d
(k,𝛼,𝜎)

s,0
< s

(k,𝛼,𝜎)

k
.

Lemma 7  Suppose that u(t) ∈ C3[0, tk+1] (0 ⩽ k ⩽ N − 1) , then the truncation error of the 
tempered L2-1

�
 formula gives

Proof  The proof is provided in Appendix F.

3 � Implicit Schemes for One‑Dimensional Time‑Tempered Fractional 
Diffusion Equation

3.1 � Derivation of Difference Schemes

For a given positive integer M, let {xj}Mj=0 be a partition of [0,  L] with xj = jhx and 
hx = L∕M . Define a mesh function Vh = {u|u = (u0, u1,⋯ , uM)},V

0
h
= {u|u ∈ Vh, u0 = uM = 0} 

with the discrete L2 norm ‖�k(x)‖2
2
=

M−1∑
j=1

hx��k
j
�2.

Consider the initial boundary value problem as follows:

where the functions f ,�,�1,�2 are given, and smooth which satisfy our numerical 
schemes. Denote uk

j
= u(xj, tk), f

k
j
= f (xj, tk) . Here we consider the spatial variable is 

approximated by the center difference formula �2
x
uk
j
=

uk
j+1

−2uk
j
+uk

j−1

h2
x

+O(h2
x
), and  the time 

variable is discretized by tempered L1, L1-2, and L2-1
�
 formulas, respectively. Then, the 

first equation of Eq. (25) at the grid points (xj, tk) and (xj, tk+�) holds

where f k+�
j

= f (xj, tk+�) and uk+�
j

=

(
�uk+1

j
+ (1 − �)uk

j

)
+O(�2) , thus the truncation error

(24)

|||T
k+�||| ⩽

1

3��Γ(1 − �)

[
�
3 max
t0⩽t⩽tk+1

|u(t)| + 3�2 max
t0⩽t⩽tk+1

||u�(t)||
+ 3� max

t0⩽t⩽tk+1

||u��(t)|| + max
t0⩽t⩽tk+1

||u���(t)||
]
�
3−� +O(�3−�).

(25)

⎧⎪⎪⎨⎪⎪⎩

C
0
D�,�

t
u(x, t) =

�
2u

�x2
(x, t) + f (x, t), x ∈ (0,L), t ∈ (0, T],

u(x, 0) = �(x), x ∈ (0, L),

u(0, t) = �1(t), u(L, t) = �2(t), t ∈ (0, T],

(26)𝔻
�,�
t

uk
j
= �

2
x
uk
j
+ f k

j
+ Rk

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(27)�
�,�
t

uk
j
= �

2
x
uk
j
+ f k

j
+ Tk

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(28)Δ𝛼,𝜆
t

uk̄
j
= 𝛿

2
x
uk+𝜎
j

+ f k+𝜎
j

+ Tk+𝜎
j

, 1 ⩽ j ⩽ M − 1, 0 ⩽ k ⩽ N − 1,

(29)|Rk
j
| ⩽ C1(�

2−� + h2
x
), |Tk

j
| ⩽ C2(�

3−� + h2
x
), |Tk+�

j
| ⩽ C3(�

2 + h2
x
).
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The value of the approximation solution to a function u(x,  t) at the grid point (xj, tk) is 
denoted by Uk

j
 . If the truncation error is omitted and Uk

j
 is adopted, then we have the differ-

ence schemes

where Uk+�
j

= �Uk+1
j

+ (1 − �)Uk
j
.

3.2 � Stability Analysis

In this subsection, we will analyze the stability of numerical schemes (30) and (32) 
using the Fourier analysis [3, 6, 20]. Let Ũk

j
 be the approximate solution of Eqs. (30) 

and (32). Then, define 𝜀k
j
= Uk

j
− Ũk

j
, 1 ⩽ k ⩽ N, 1 ⩽ j ⩽ M − 1 , and the error vector 

�
k = [�k

1
, �k

2
, �k

3
,⋯ , �k

M−1
]T ∈ V0

h
. To begin the error analysis, we define the grid function

Therefore, �k(x) can be expanded by the Fourier series

where �k
m
=

1

L
∫ L

0
�
k(x)e−i2�mx∕Ldx, i =

√
−1. According to the definition of the discrete L2 

norm and Parseval’s equality, there exists

From the numerical schemes (30) and (32), we get the following error equations, 
respectively:

Suppose that the solutions of Eqs. (34) and (35) can be written as the following form:

(30)𝔻
�,�
t

Uk
j
= �

2
x
Uk

j
+ f k

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(31)�
�,�
t

Uk
j
= �

2
x
Uk

j
+ f k

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(32)Δ𝛼,𝜆
t

Uk̄
j
= 𝛿

2
x
Uk+𝜎

j
+ f k+𝜎

j
, 1 ⩽ j ⩽ M − 1, 0 ⩽ k ⩽ N − 1,

𝜀
k(x) =

⎧⎪⎨⎪⎩

𝜀
k
j
, xj −

hx

2
< x ⩽ xj +

hx

2
, 1 ⩽ j ⩽ M − 1,

0, 0 ⩽ x ⩽
hx

2
and L −

hx

2
< x ⩽ L.

�
k(x) =

+∞∑
m=−∞

�
k
m
ei2�mx∕L, k = 1, 2,⋯ ,N,

(33)‖�k‖2
2
=

M−1�
j=1

hx��kj �2 = ∫
L

0

��k
j
�2dx =

+∞�
n=−∞

��k
m
�2.

(34)d̃
(�)

a,k
�
k
j
− ��

2
x
�
k
j
=

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
�
�

j
+ d

(�)

a,1
�
0
j
,

(35)

d̃
(k,�,�)

s,k
�
k+1
j

− ���
2
x
�
k+1
j

=

k−1∑
�=0

(
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

)
�
�+1
j

+ d
(k,�,�)

s,0
�
0
j
+ �(1 − �)�2

x
�
k
j
.



13Communications on Applied Mathematics and Computation (2021) 3:1–40	

1 3

The main idea of the Fourier analysis method is to check the propagation of the error �0
j
 

produced in the initial condition. Since the information is exactly given in boundary condi-
tions, we have �k

0
= �

k
M
= 0 . Now, we check the propagation of the error with the develop-

ment of time steps. For the stability of the difference scheme (30), we have

Theorem 1  The difference scheme (30) is unconditionally stable, and we can derive that

Proof  Inserting Eq. (36) into Eq. (34), and combining with the Euler formula 
ei�h = cos(�h) + i sin(�h) , we arrive at

where d̃(�)
a,k

= a
(�)

0
= 1.

Suppose that �k
m
(k = 1, 2,⋯ ,N) are the solutions of Eq. (37), we will prove the follow-

ing inequality by mathematical induction:

The inequality (38) holds obviously for k = 1 . Now, we suppose that the inequality (38) is 
true for k = 1, 2,⋯ , n − 1 . Thus, for k = n , using Eq. (37) and (vii), (viii) of Lemma 1, we 
have

 and it yeilds 

where the relation 
n−1∑
�=1

(a
(�)

n−�−1
− a

(�)

n−�
) + a

(�)

n−1
= 1 is used. Applying the definition (33) and 

the inequality (38), we get

which means the difference scheme (30) is unconditionally stable.

With the similar approach, we have the stability of the difference scheme (32).

Theorem 2  The difference scheme (32) is unconditionally stable, and we can derive that

Proof  From Eq. (35), we have

(36)�
k
j
= �

k
m
ei�jhx , � =

2�m

L
.

‖�k‖2 ⩽ ‖�0‖2, 1 ⩽ k ⩽ N.

(37)
[
d̃
(�)

a,k
+ �

4

h2
x

sin2
(
�hx

2

)]
�
k
m
=

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
�
�

m
+ d

(�)

a,1
�
0
m
,

(38)|�k
m
| ⩽ |�0

m
|, k = 1, 2,⋯ ,N.

[
1 + �

4

h2
x

sin2
(
�hx

2

)]
|�n

m
| ⩽

n−1∑
�=1

(
a
(�)

n−�−1
− a

(�)

n−�

)
|��

m
| + a

(�)

n−1
|�0

m
| ⩽ |�0

m
|,

|�n
m
| ⩽ |�0

m
|, ∀n = 1, 2,⋯ ,N,

‖�k‖2
2
=

+∞�
m=−∞

��k
m
�2 ⩽

+∞�
m=−∞

��0
m
�2 = ‖�0‖2

2
,

‖�k‖2 ⩽ ‖�0‖2, 1 ⩽ k ⩽ N.
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where d
(k,�,�)

s,k
= s

(k,�,�)

0
e�(tk−tk+� ) , s(k,𝛼,𝜎)

0
= 𝜎

1−𝛼
> 0 (k = 0) , and s(k,𝛼,𝜎)

0
= p

(𝛼,𝜎)

0
+ q

(𝛼,𝜎)

1
> 0 (k ⩾ 1).

Suppose that �k+1
m

(k = 0, 1,⋯ ,N − 1) are the solutions of the numerical scheme (39), 
we shall prove that

For k = 0 , it holds

and hence

Now, we suppose that Eq. (40) is true for k = 0, 1,⋯ , n − 1 . Then, according to Eq. (39), 
for k = n , we have

In view of the relation 
n−1∑
�=0

�
s
(k,�,�)

n−�−1
− s

(k,�,�)

n−�

�
= s

(k,�,�)

0
− s(k,�,�)

n
 , by simple argument, there 

exists

Finally, using Eqs. (33) and (40), we obtain the difference scheme (32) is unconditionally 
stable.

3.3 � Convergence Analysis

In this subsection, we are dedicated in studying the convergence order of the difference 
schemes. As an example, we give the complete proof with the tempered L1 approximate and 
the proofs of other difference schemes are omitted with respect to the length of this paper. 
Define the truncation error �k

j
= u(xj, tk) − Uk

j
= uk

j
− Uk

j
, 1 ⩽ k ⩽ N, 1 ⩽ j ⩽ M − 1 , and 

let the error vectors

(39)

(
d̃
(k,�,�)

s,k
+

4��

h2
x

sin2
(
�hx

2

))
�
k+1
m

=

k−1∑
�=0

(
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

)
�
�+1
m

+ d
(k,�,�)

s,0
�
0
m
−

(4(1 − �)�

h2
sin2

(
�hx

2

))
�
k
m
,

(40)|�k+1
m

| ⩽ |�0
m
|, k = 0, 1,⋯ ,N − 1.

(
s
(k,�,�)

0
+

4��

h2
x

sin2
(
�hx

2

))
�
1
m
⩽

(
s
(k,�,�)

0
−

4(1 − �)�

h2
x

sin2
(
�h

2

))
�
0
m
⩽ s

(k,�,�)

0
�
0
m
,

|�1
m
| ⩽ |�0

m
|.

(
s
(k,�,�)

0
+

4��

h2
x

sin2
(
�hx

2

))
|�n+1

m
|

⩽

[ n−1∑
�=0

(
s
(k,�,�)

n−�−1
− s

(k,�,�)

n−�

)
+ s

(k,�,�)

k
−

4(1 − �)�

h2
x

sin2
(
�hx

2

)]
|�0

m
| ⩽ s

(k,�,�)

0
|�0

m
|.

|�n+1
m

| ⩽ 1

1 +
4��

s
(k,�,�)

0
h2
x

sin2(
�hx

2
)
|�0

m
| ⩽ |�0

m
|, ∀n = 0, 1,⋯ ,N − 1.
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Set the grid functions

And �k(x),Rk(x) have the following Fourier series expansions:

where �k
m
=

1

L
∫ L

0
�
k(x)e−i2�mx∕Ldx, �k

m
=

1

L
∫ L

0
Rk(x)e−i2�mx∕Ldx. From the definition of the 

L2 norm and Parseval’s equality, we can obtain

Subtracting numerical schemes (26) from Eq. (30) and multiplying h2
x
 on both sides of the 

final error equation, we arrive at

where �0
j
= 0, 1 ⩽ j ⩽ M − 1; �k

0
= �

k
M
, 1 ⩽ k ⩽ N − 1 . Assume that �k

j
 and Rk

j
 are

Noticing that �0
j
= 0 , we obtain �0

m
= 0 . And we can deduce the following inequality from 

Eq. (29) and the first equality of Eq. (42):

And from the convergence of the last series of Eq. (42), there exists a positive constant Ĉ 
such that [20]

�
k = [�k

1
, �k

2
, �k

3
,⋯ , �k

M−1
]T, Rk = [Rk

1
,Rk

2
,Rk

3
,⋯ ,Rk

M−1
]T, 1 ⩽ k ⩽ N.

𝜌
k(x) =

⎧
⎪⎨⎪⎩

𝜌
k
j
, xj −

hx

2
< x ⩽ xj +

hx

2
, 1 ⩽ j ⩽ M − 1,

0, 0 ⩽ x ⩽
hx

2
and L −

hx

2
< x ⩽ L,

Rk(x) =

⎧
⎪⎨⎪⎩

Rk
j
, xj −

hx

2
< x ⩽ xj +

hx

2
, 1 ⩽ j ⩽ M − 1,

0, 0 ⩽ x ⩽
hx

2
and L −

hx

2
< x ⩽ L.

�
k(x) =

+∞∑
m=−∞

�
k
m
ei2�mx∕L, k = 1, 2,⋯ ,N,

Rk(x) =

+∞∑
m=−∞

�
k
m
ei2�mx∕L, k = 1, 2,⋯ ,N,

(41)‖�k(x)‖2
2
=

M−1�
j=1

hx��kj �2 = ∫
L

0

��k
j
�2dx =

+∞�
m=−∞

��k
m
�2,

(42)‖Rk(x)‖2
2
=

M−1�
j=1

hx�Rk
j
�2 = ∫

L

0

�Rk
j
�2dx =

+∞�
m=−∞

��k
m
�2.

(43)
(
h2
x

�

d̃
(�)

a,k
+ 2

)
�
k
j
− �

k
j+1

− �
k
j−1

=
h2
x

�

[ k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
�
�

j
+ d

(�)

a,1
�
0
j

]
+ h2

x
Rk
j
,

(44)�
k
j
= �

k
m
ei�jhx , Rk

j
= �

k
m
ei�jhx , � =

2�m

L
.

(45)‖Rk‖2 ⩽ C1

√
L(�2−� + h2

x
).
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Lemma 8  There is the following relationship between �k
m
 and �1

m
:

Proof  Inserting Eq. (44) into Eq. (43), we arrive at

As for k = 1 , there is

and we can easily come to

where 𝜇 = 𝜏
𝛼Γ(2 − 𝛼) < 1 when 0 < 𝛼, 𝜏 < 1 . We suppose that the inequality (47) is true 

for k = 1, 2,⋯ , n − 1 . For k = n , we deduce the following estimate from Eqs. (48) and (46):

i.e.,

Therefore, this lemma is proved.

Let C4,2
x,t  denote the space of function u(x, t) which satisfies u(x, t) ∈ C2[0, tk] ∩ C4[0, L] . 

Then, there exists the following convergence theorem.

Theorem  3  Suppose u(x, t) ∈ C
4,2
x,t  , then the difference scheme with the tempered L1 for-

mula (30) is convergent with the convergence order O(�2−� + h2
x
).

Proof  Applying the definition (41)–(42), Eq. (45), and Lemma 8, we arrive at

where C̃ = eTC1Ĉ
√
L . Therefore, the difference scheme (30) is L2 convergent.

(46)|𝛾k
m
| ⩽ Ĉ𝜏|𝛾1

m
|, k = 1, 2,⋯ ,N.

(47)|�k
m
| ⩽ (1 + �)k|�1

m
|, k = 1, 2,⋯ ,N.

(48)
[h2

x

�

+ 4 sin2
(
�hx

2

)]
�
k
m
=

h2
x

�

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
�
�

m
+ h2

x
�
k
m
.

[h2
x

�

+ 4 sin2
(
�hx

2

)]
�
1
m
= h2

x
�
1
m
,

|𝜂1
m
| ⩽ 𝜇|𝛾1

m
| ⩽ |𝛾1

m
| ⩽ Ĉ(1 + 𝜏)|𝛾1

m
|,

[h2
x

�

+ 4 sin2
(
�hx

2

)]
|�n

m
| ⩽ h2

x

�

n−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
|��

m
| + h2

x
|�n

m
|,

|𝜂n
m
| ⩽

n−1∑
�=1

(
d
(𝛼)

a,�+1
− �d

(𝛼)

a,�

)
|𝜂�

m
| + 𝜇|𝛾n

m
|

⩽ (1 + 𝜏)n−1Ĉ|𝛾1
m
|
n−1∑
�=1

(
d
(𝛼)

a,�+1
− �d

(𝛼)

a,�

)
+ Ĉ𝜏|𝛾1

m
|

⩽ (1 + 𝜏)nĈ|𝛾1
m
|.

‖𝜌k‖2 ⩽ (1 + 𝜏)kĈ‖R1‖2 ⩽ ek𝜏C1Ĉ
√
L(𝜏2−𝛼 + h2

x
) ⩽ C̃(𝜏2−𝛼 + h2

x
),
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The proof of the convergence of the difference scheme with the tempered L2-1
�
 for-

mula (32) is similar to Theorem 3, so there exists the following result.

Theorem 4  Suppose u(x, t) ∈ C
4,3
x,t  , then the difference scheme with the tempered L2-1

�
 for-

mula (32) is convergent with the convergence order O(�2 + h2
x
).

4 � Implicit ADI Schemes for Two‑Dimensional Tempered Fractional 
Diffusion Equation

In this section, we will discretize the two-dimensional diffusion equation using tempered 
L1, L1-2, and L2-1

�
 formulas. From the point of view of computation, we construct ADI 

schemes by introducing different terms of mixed derivatives similar to [42]. Consider the 
following two-dimensional initial boundary value problem:

where � = (0,L) × (0,L) and �� is the boundary of � . Here, we also assume that  func-
tions f ,�,�1, and�2 are smooth enough for our numerical schemes.

4.1 � Construction of Tempered ADI Schemes

For two positive integers M1 and M2 , denote hx = L∕M1 , hy = L∕M2 with xj = jhx , ym = mhy . 
Let 𝛺̄h = {(xj, ym)|0 ⩽ j ⩽ M1, 0 ⩽ m ⩽ M2} , 𝛺h = 𝛺̄h ∩𝛺 , �

�
= {tk|0 ⩽ k ⩽ N}.

4.1.1 � Tempered L1‑ADI

For any grid function in 𝛺̄h ×𝛺
𝜏
 , we define the spatial difference quotients

And denote the grid functions in 𝛺̄h ×𝛺
𝜏
 , uk

j,m
= u(xj, ym, tk) , f k

j,m
= f (xj, ym, tk), 

(xj, ym) ∈ �h, 0 ⩽ k ⩽ N . Using the tempered L1 formula (5) to approximate the time 
derivative in the first equation of Eq. (49) at the grid point (xj, ym, tk) , we have

Using Lemma 2 and the Taylor expansion formula, we get

(49)

⎧⎪⎪⎨⎪⎪⎩

C
0
D𝛼,𝜆

t
u(x, y, t) =

𝜕
2u

𝜕x2
(x, y, t) +

𝜕
2u

𝜕y2
(x, y, t) + f (x, y, t), (x, y) ∈ 𝛺, t ∈ (0,T],

u(x, y, 0) = 𝜙(x, y), (x, y) ∈ 𝛺̄,

u(x, y, t) = 𝜓(x, y, t), (x, y) ∈ 𝜕𝛺, t ∈ (0, T],

�xv
k

j+
1

2
,m

=
vk
j+1,m

− vk
j,m

hx
, �

2
x
vk
j,m

=

�xv
k

j+
1

2
,m
− �xv

k

j−
1

2
,m

hx
,

�
2
x
�
2
y
vk
j,m

=

�x(�
2
y
vk
j+

1

2
,m
) − �x(�

2
y
vk
j−

1

2
,m
)

hx
.

(50)𝔻
𝛼,𝜆
t

uk
j,m

= 𝛿
2
x
uk
j,m

+ 𝛿
2
y
uk
j,m

+ f k
j,m

+ R̂k
j,m
, (xj, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N.
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Moreover, add the mixed derivative term �2�
�,�
t

(
�
2
x
�
2
y
uk
j,m

)
 to Eq. (50), and  there exists

where (R̂1)
k
j,m

= R̂k
j,m

+ 𝜇
2𝔻

𝛼,𝜆
t

(
𝛿
2
x
𝛿
2
y
uk
j,m

)
, (xj, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N.

Lemma 9  For the truncation error given in Eq. (52), there is

Proof  If v(x) ∈ C2[x − h, x + h] , the Taylor’s formula with the integral remainder implies

Setting �2
x
�
2
y
uk
j,m

= P(xj, ym, tk), we have

and hence

In addition, combining with Eq. (51), Eq. (53) immediately follows.

Letting Uk
j,m

 be the approximation solution of u(xj, ym, tk) and omitting the truncation 
error in Eq. (52), we have

Because ��,�
t

(
�
2
x
�
2
y
uk
j,m

)
 is the tempered L1 operator of C

0
D�,�

t
P(xj, ym, tk) , we call Eq. (55) 

the tempered L1-ADI scheme. According to the expression of the tempered L1 approxima-
tion operator (9) and noting that d̃(�)

a,k
= 1 , multiplying � on both sides of Eq. (55) and the 

first equation of Eq. (55) yields

(51)R̂k
j,m

= O(𝜏2−𝛼 + h2
x
+ h2

y
).

(52)�
𝛼,𝜆
t

(
uk
j,m

+ 𝜇
2
𝛿
2
x
𝛿
2
y
uk
j,m

)
= 𝛿

2
x
uk
j,m

+ 𝛿
2
y
uk
j,m

+ f k
j,m

+ (R̂1)
k
j,m
,

(53)|(R̂1)
k
j,m
| = O(𝜏min{2𝛼,2−𝛼} + h2

x
+ h2

y
).

v(x + h) − 2v(x) + v(x − h)

h2
= ∫

1

0

[v��(x + �h) + v��(x − �h)](1 − �)d�.

P(x, y, t) = ∫
1

0 ∫
1

0

[
�
4u

�x2�y2
(x − �hx, y − �hy, t) +

�
4u

�x2�y2
(x + �hx, y − �hy, t)

+
�
4u

�x2�y2
(x − �hx, y + �hy, t) +

�
4u

�x2�y2
(x + �hx, y + �hy, t)

]
(1 − �)(1 − � )d�d� ,

(54)�
2
�

�,�
t

(
�
2
x
�
2
y
uk
j,m

)
= �

2
[
C
0
D�,�

t
P(xj, ym, tk) +O(�2−�)

]
= O(�2�).

(55)

⎧⎪⎪⎨⎪⎪⎩

𝔻
𝛼,𝜆
t

�
Uk

j,m
+ 𝜇

2
𝛿
2
x
𝛿
2
y
Uk

j,m

�
= 𝛿

2
x
Uk

j,m
+ 𝛿

2
y
Uk

j,m
+ f k

j,m
, (xi, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N,

U0
j,m

= 𝜙(xj, ym), (xj, ym) ∈ 𝛺̄h,

Uk
j,m

= 𝜓(xj, ym, tk), (xj, ym) ∈ 𝜕𝛺h, 1 ⩽ k ⩽ N.

(56)

(I − ��
2
x
)(I − ��

2
y
)Uk

j,m

=

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)(
U�

j,m
+ �

2
�
2
x
�
2
y
U�

j,m

)
+ d

(�)

a,1

(
U0

j,m
+ �

2
�
2
x
�
2
y
U0

j,m

)
+ �f k

j,m
,
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where I is the identical operator. Let U∗
j,m

= (I − ��
2
y
)Uk

j,m
, 0 ⩽ j ⩽ M1, 1 ⩽ m ⩽ M2 − 1 . 

Then, we can rewrite the ADI scheme (55) as the following two steps.
Step 1 For fixed m = 1, 2,⋯ ,M2 − 1 , using

we get the intermediate variables {U∗
j,m
}.

Step 2 For fixed j = 1, 2,⋯ ,M1 − 1 , using

we get the numerical solutions {Uk
j,m
}, 0 ⩽ k ⩽ N.

4.1.2 � Tempered L1‑2‑ADI

If the time fractional derivative in problem (49) is approximated by the L1-2 formula 
(12), we have

With the help of Lemma 5 and the Taylor expansion, we have

Adding the mixed derivatives term �2(d̃
(k,�)

c,k
)−2�

�,�
t

(
�
2
x
�
2
y
uk
j,m

)
 to the both sides of Eq. (57), 

and noticing the fact that d̃(k,�)
c,k

= c
(k,�)

0
 , there is

where (R̂2)
k
j,m

= R̃k
j,m

+ 𝜇
2(c

(k,𝛼)

0
)−2𝜕

𝛼,𝜆
t

(
𝛿
2
x
𝛿
2
y
uk
j,m

)
, (xj, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N. Recalling the 

truncation error of the small term (54), we deduce that

Omitting the truncation error in Eq. (58), we have the tempered L1-2-ADI scheme

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

(I − ��
2
x
)U∗

j,m
=

k−1�
�=1

�
d
(�)

a,�+1
− d̃

(�)

a,�

��
U�

j,m
+ �

2
�
2
x
�
2
y
U�

j,m

�

+ d
(�)

a,1

�
U0

j,m
+ �

2
�
2
x
�
2
y
U0

j,m

�
+ �f k

j,m
, 1 ⩽ j ⩽ M1 − 1,

U∗

0,m
= (I − ��

2
y
)Uk

0,m
, U∗

M1,m
= (I − ��

2
y
)Uk

M1,m
,

{
(I − ��

2
y
)Uk

j,m
= U∗

j,m
, 1 ⩽ m ⩽ M2 − 1,

Uk
j,0

= �(xj, y0, tk), Uk
j,M2

= �(xj, yM2

, tk),

(57)𝜕
𝛼,𝜆
t

uk
j,m

= 𝛿
2
x
uk
j,m

+ 𝛿
2
y
uk
j,m

+ f k
j,m

+ R̃k
j,m
, (xj, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N.

R̃k
j,m

= O(𝜏3−𝛼 + h2
x
+ h2

y
).

(58)𝜕
𝛼,𝜆
t

(
uk
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+ 𝜇
2(c

(k,𝛼)

0
)−2𝛿2

x
𝛿
2
y
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)
= 𝛿

2
x
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j,m

+ 𝛿
2
y
uk
j,m

+ f k
j,m

+ (R̂2)
k
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,

(59)|(R̂2)
k
j,m
| = O(𝜏2𝛼 + h2

x
+ h2

y
).
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which can be rewritten as

If denote U∗
j,m

= (I − �(c
(k,�)

0
)−1�2

y
)Uk

j,m
, 0 ⩽ j ⩽ M1, 1 ⩽ m ⩽ M2 − 1 , then, for the view of 

computation, it can follow the procedure below.
Step 1 For fixed m = 1, 2,⋯ ,M2 − 1 , computing

 we can obtain {U∗
j,m
}.

Step 2 For fixed j = 1, 2,⋯ ,M1 − 1 , applying

we obtain the numerical solutions {Uk
j,m
}, 0 ⩽ k ⩽ N.

4.1.3 � Tempered L2‑1
�

‑ADI

Unlike above two numerical ADI schemes, we consider the numerical method for the first 
equation in Eq. (49) at the non-integer grid point (xj, ym, tk+�)

where uk+�
j,m

= u(xj, ym, tk+�) . Combining with the tempered L2-1
�
 formula (20), we have

Using the Taylor expansion, we can check that

⎧⎪⎪⎨⎪⎪⎩

𝜕
𝛼,𝜆
t
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2
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�
= 𝛿

2
x
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j,m
+ 𝛿

2
y
Uk

j,m
+ f k

j,m
, (xi, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N,

U0
j,m

= 𝜙(xj, ym), (xj, ym) ∈ 𝛺̄h,

Uk
j,m

= 𝜓(xj, ym, tk), (xi, ym) ∈ 𝜕𝛺h, 1 ⩽ k ⩽ N,

(60)

(
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c,�

��
U�

j,m
+ �

2(c
(k,�)

0
)−2�2

x
�
2
y
U�

j,m

�
+ �f k

j,m

�
, 1 ⩽ j ⩽ M1 − 1,

U∗

0,m
=

�
I − �(c

(k,�)

0
)−1�2

y

�
Uk

0,m
, U∗

M1,m
=

�
I − �(c

(k,�)

0
)−1�2

y

�
Uk

M1,m
,

{
(I − �(c

(k,�)

0
)−1�2

y
)Uk

j,m
= U∗

j,m
, 1 ⩽ m ⩽ M2 − 1,

Uk
j,0

= �(xj, y0, tk), Uk
j,M2

= �(xj, yM2

, tk),

C
0
D�,�

t
uk+�
j,m

=
�
2

�x2
uk+�
j,m

+
�
2

�y2
uk+�
j,m

+ f k+�
j,m

, (xj, ym) ∈ �h, 0 ⩽ k ⩽ N − 1,

(61)Δ𝛼,𝜆
t

uk̄
j,m

= 𝛿
2
x
uk+𝜎
j,m

+ 𝛿
2
y
uk+𝜎
j,m

+ f k+𝜎
j,m

+ R̂k+𝜎
j,m

, (xj, ym) ∈ 𝛺h, 0 ⩽ k ⩽ N − 1.
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which means R̂k+𝜎
j,m

= O(𝜏2 + h2
x
+ h2

y
).

With the similar method of the tempered L1-ADI and tempered L1-2-ADI schemes, we 
add another term �2

�
2(d̃

(k,�,�)

s,k
)−2Δ

�,�
t

(
�
2
x
�
2
y
uk+�
j,m

)
 to Eq. (61), which yields

where (R̂3)
k+𝜎
j,m

= R̂k+𝜎
j,m

+ 𝜇
2
𝜎
2(�d

(k,𝛼,𝜎)

s,k
)−2Δ

𝛼,𝜆
t

(
𝛿
2
x
𝛿
2
y
uk+𝜎
j,m

)
 with the truncation error

Dropping the truncation error (62), we get the tempered L2-1
�
-ADI scheme

Taking into account the expression of the tempered L2-1
�
 approximation formula (23), we 

can rewrite the scheme (64) as follows:

The tempered L2-1
�
-ADI scheme (65) can be summarized briefly in the following 

procedure.
Step 1 For fixed m = 1, 2,⋯ ,M2 − 1 , using

uk+�
j,m

= �uk+1
j,m

+ (1 − �)uk
j,m

+O(�2),

(62)

Δ𝛼,𝜆

t

(
uk̄
j,m

+ 𝜇
2
𝜎
2(�d

(k,𝛼,𝜎)

s,k
)−2𝛿2

x
𝛿
2

y
uk+𝜎
j,m

)
= 𝛿

2

x
uk+𝜎
j,m

+ 𝛿
2

y
uk+𝜎
j,m

+ f k+𝜎
j,m

+ (R̂3)
k+𝜎
j,m

,

(xj, ym) ∈ 𝛺h, 0 ⩽ k ⩽ N − 1,

(63)|(R̂3)
k+𝜎
j,m

| = O(𝜏2𝛼 + h2
x
+ h2

y
).

(64)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Δ𝛼,𝜆
t

�
Uk̄

j,m
+ 𝜇

2
𝜎
2(�d

(k,𝛼,𝜎)

s,k
)−2𝛿2

x
𝛿
2
y
Uk+𝜎

j,m

�
− 𝛿

2
x
Uk+𝜎

j,m
− 𝛿

2
y
Uk+𝜎

j,m
= f k+𝜎

j,m
,

(xj, ym) ∈ 𝛺h, 0 ⩽ k ⩽ N − 1,

U0
j,m

= 𝜙(xj, ym), (xj, ym) ∈ 𝛺̄h,

Uk+𝜎
j,m

= 𝜓(xj, ym, tk+𝜎), (xj, ym) ∈ 𝜕𝛺h, 0 ⩽ k ⩽ N − 1.

(65)

(
I − ��(d̃

(k,�,�)

s,k
)−1�2

x

)(
I − ��(d̃

(k,�,�)

s,k
)−1�2

y

)
Uk+1

j,m

= (d̃
(k,�,�)

s,k
)−1

[ k−1∑
�=0

(
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

)(
U�+1

j,m
+ �

2
�
2(d̃

(k,�,�)

s,k
)−2�2

x
�
2
y
U�+1

j,m

)

+ d
(k,�,�)

s,0

(
U0

j,m
+ �

2
�
2(d̃

(k,�,�)

s,k
)−2�2

x
�
2
y
U0

j,m

)
+ �f k+�

j,m

+ �(1 − �)(�2
x
Uk

j,m
+ �

2
y
Uk

j,m
)

]
, (xj, ym) ∈ �h, 0 ⩽ k ⩽ N − 1.
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we get the intermediate variables U∗
j,m

=

(
I − ��(d̃

(k,�,�)

s,k
)−1�2

y

)
Uk+1

j,m
, 0 ⩽ j ⩽ M1, 0 ⩽ k ⩽ N − 1.

Step 2 For fixed j = 1, 2,⋯ ,M1 − 1 , using

we can get the numerical solutions {Uk+1
j,m

}, 0 ⩽ k ⩽ N − 1.

4.2 � Stability Analysis

Let Ũk
j
 be the approximate solution of Eqs.  (56) and  (65). Then, define 𝜀̂k

j,m
= Uk

j,m
− Ũk

j,m
,

1 ⩽ k ⩽ N, 1 ⩽ j ⩽ M1 − 1, 1 ⩽ m ⩽ M2 − 1, and error vectors

Similar to the one-dimensional case, define the function 𝜀̂k(x, y) in the domain 0 ⩽ x, y ⩽ L 
with the node values 𝜀̂k

j,m
 at (xj, ym, tk) . This means

And 𝜀̂k(x, y) can be expanded in the Fourier series

where

⎧
⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

�
I − ��(d̃

(k,�,�)

s,k
)−1�2

x

�
U∗

j,m

= (d̃
(k,�,�)

s,k
)−1

� k−1�
�=0

�
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

��
U�+1

j,m
+ �

2
�
2(d̃

(�,k)

s,k
)−2�2

x
�
2
y
U�+1

j,m

�

+ d
(k,�,�)

s,0

�
U0

j,m
+ �

2
�
2(d̃

(�,k)

s,k
)−2�2

x
�
2
y
U0

j,m

�
+ �f k+�

j,m

+ �(1 − �)(�2
x
Uk

j,m
+ �

2
y
Uk

j,m
)

�
, 1 ⩽ j ⩽ M1 − 1.

U∗

0,m
=

�
I − ��(d̃

(k,�,�)

s,k
)−1�2

y

�
Uk+1

0,m
, U∗

M1,m
=

�
I − ��(d̃

(k,�,�)

s,k
)−1�2

y

�
Uk+1

M1,m
,

⎧⎪⎨⎪⎩

�
I − ��(d̃

(k,�,�)

s,k
)−1�2

y

�
Uk+1

j,m
= U∗

j,m
, 1 ⩽ m ⩽ M2 − 1,

Uk+1
j,0

= �(xj, y0, tk+1), Uk+1
j,M2

= �(xj, yM2

, tk+1),

𝜀̂
k =

[
𝜀̂
k
1,1
, 𝜀̂k

1,2
,⋯ , 𝜀̂k

1,M2−1
, 𝜀̂k

2,1
, 𝜀̂k

2,2
,⋯ , 𝜀̂k

2,M2−1
,⋯ , 𝜀̂k

M1−1,1
, 𝜀̂k

M1−1,2
,⋯ , 𝜀̂k

M1−1,M2−1

]T
.

𝜀̂
k(x, y) =

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝜀̂
k
j,m
, xj −

hx

2
< x ⩽ xj +

hx

2
, ym −

hy

2
< y ⩽ ym +

hy

2
,

1 ⩽ j ⩽ M1 − 1, 1 ⩽ m ⩽ M2 − 1,

0, 0 ⩽ x ⩽
hx

2
or L −

hx

2
< x ⩽ L,

0 ⩽ y ⩽
hy

2
or L −

hy

2
< y ⩽ L.

𝜀̂
k(x, y) =

+∞∑
l1=−∞

+∞∑
l2=−∞

𝜉
k
l1,l2

ei2𝜋(l1x+l2y)∕L, 1 ⩽ k ⩽ N,
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According to the definition of the discrete L2 norm and Parseval’s equality, there exists

From numerical schemes (56) and (65), we have the related error equations

Assume that the solutions of Eqs. (67) and (68) have the following form:

where �1 = 2�l1∕L, �2 = 2�l2∕L , and there are

For the stability of the tempered L1-ADI scheme, we have

Theorem 5  The tempered L1-ADI scheme (56) is unconditionally stable, and we can obtain

Proof  Inserting Eq. (69) and the Euler formula into Eq. (67), the error equation (67) can be 
rewritten as

𝜉
k
l1,l2

=
1

L2 ∫
L

0 ∫
L

0

𝜀̂
k(x, y)e−i2𝜋(l1x+l2y)∕Ldxdy.

(66)‖𝜀̂k‖2
2
=

M1−1�
j=1

M2−1�
m=1

hxhy�𝜀̂kj,m�2 =
+∞�

l1=−∞

+∞�
l2=−∞

�𝜉k
l1,l2

�2.

(67)

(I − 𝜇𝛿
2
x
)(I − 𝜇𝛿

2
y
)𝜀̂k

j,m

=

k−1∑
�=1

(
d
(𝛼)

a,�+1
− �d

(𝛼)

a,�

)(
𝜀̂
�

j,m
+ 𝜇

2
𝛿
2
x
𝛿
2
y
𝜀̂
�

j,m

)

+ d
(𝛼)

a,1

(
𝜀̂
0
j,m

+ 𝜇
2
𝛿
2
x
𝛿
2
y
𝜀̂
0
j,m

)
, (xj, ym) ∈ 𝛺h, 1 ⩽ k ⩽ N,

(68)

(
I − 𝜇𝜎(�d

(k,𝛼,𝜎)

s,k
)−1𝛿2

x

)(
I − 𝜇𝜎(�d

(k,𝛼,𝜎)

s,k
)−1𝛿2

y

)
𝜀̂
k+1
j,m

= (�d
(k,𝛼,𝜎)

s,k
)−1

[
d
(𝛼,k)

s,0

(
𝜀̂
0
j,m

+ 𝜇
2
𝜎
2(�d

(𝛼,k)

s,k
)−2𝛿2

x
𝛿
2
y
𝜀̂
0
j,m

)

+

k−1∑
�=0

(
d
(k,𝛼,𝜎)

s,�+1
− �d

(k,𝛼,𝜎)

s,�

)(
𝜀̂
�+1
j,m

+ 𝜇
2
𝜎
2(�d

(k,𝛼,𝜎)

s,k
)−2𝛿2

x
𝛿
2
y
𝜀̂
�+1
j,m

)

+ 𝜇(1 − 𝜎)(𝛿2
x
𝜀̂
k
j,m

+ 𝛿
2
y
𝜀̂
k
j,m
)

]
, (xj, ym) ∈ 𝛺h, 0 ⩽ k ⩽ N − 1.

(69)𝜀̂
k
j,m

= 𝜉
k
l1,l2

ei𝛽1jhx+i𝛽2mhy ,

𝛿
2
x
𝜀̂
k
j,m

=
−4

h2
x

sin2
(
𝛽1hx

2

)
𝜉
k
l1,l2

ei𝛽1jhx+i𝛽2mhy ,

𝛿
2
y
𝜀̂
k
j,m

=
−4

h2
y

sin2
(
𝛽2hy

2

)
𝜉
k
l1,l2

ei𝛽1jhx+i𝛽2mhy ,

𝛿
2
x
𝛿
2
y
𝜀̂
k
j,m

=
16

h2
x
h2
y

sin2
(
𝛽1hx

2

)
sin2

(
𝛽2hy

2

)
𝜉
k
l1,l2

ei𝛽1jhx+i𝛽2mhy .

‖𝜀̂k‖2 ⩽ ‖𝜀̂0‖2, 1 ⩽ k ⩽ N.
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where �1 =
4

hx
2 sin

2 (
�1hx

2
), �2 =

4

hy
2 sin

2 (
�2hy

2
). Suppose that �k

l1,l2
(k = 1, 2,⋯ ,N) are the 

solutions of Eq. (70), then we will use the mathematical induction to proof the following 
inequality:

For k = 1 , Eq. (70) clearly deduces that

Now, we assume that Eq. (71) is true for k = 1, 2,⋯ , n − 1 . For k = n , there exists

where the relation 
n−1∑
�=1

(a
(�)

n−�−1
− a

(�)

n−�
) + a

(�)

n−1
= 1 is utilized. Thus, Eq. (71) is proved. With 

the help of Eqs. (66) and (71), we obtain

which indicates that the tempered L1-ADI scheme (56) is unconditionally stable.

For the stability of the L2-1
�
-ADI difference scheme (65), we have

Theorem 6  The tempered L2-1
�
-ADI scheme (65) is unconditionally stable, and we can obtain

Proof  Rewriting the error equation (68) as

Supposing that �k+1
l1,l2

(k = 0, 1,⋯ ,N − 1) are the solutions of Eq. (72), now we will prove 
the inequality

(70)

(
1 + ��1

)(
1 + ��2

)
�
k
l1,l2

=

k−1∑
�=1

(
d
(�)

a,�+1
− d̃

(�)

a,�

)
(1 + �

2
�1�2)�

�

l1,l2
+ d

(�)

a,1
(1 + �

2
�1�2)�

0
l1,l2

, (xj, ym) ∈ �h, 1 ⩽ k ⩽ N,

(71)|�k
l1,l2

| ⩽ |�0
l1,l2

|, k = 1, 2,⋯ ,N.

|�1
l1,l2

| = d
(�)

a,1
(1 + �

2
�1�2)

(1 + ��1)(1 + ��2)
|�0

l1,l2
| ⩽ |�0

l1,l2
|.

|�n
l1,l2

| ⩽ (1 + �
2
�1�2)

(1 + ��1)(1 + ��2)

[ n−1∑
𝓁=1

(
d
(�)

a,𝓁+1
− d̃

(�)

a,𝓁

)
�
𝓁

l1,l2
+ d

(�)

a,1
�
0
l1,l2

]
,

⩽ |�0
l1,l2

|, (xj, ym) ∈ �h,∀ n = 1, 2,⋯ ,N,

‖𝜀̂k‖2
2
=

+∞�
l1=−∞

+∞�
l2=−∞

�𝜉k
l1,l2

�2 ⩽
+∞�

l1=−∞

+∞�
l2=−∞

�𝜉0
l1,l2

�2 = ‖𝜀̂0‖2
2
,

‖𝜀̂k+1‖2 ⩽ ‖𝜀̂0‖2, 0 ⩽ k ⩽ N − 1.

(72)

(1 + ��(d̃
(k,�,�)

s,k
)−1�1)(1 + ��(d̃

(k,�,�)

s,k
)−1�2)�

k+1
l1,l2

=
1

d̃
(k,�,�)

s,k

[
(1 + �

2
�
2(d̃

(k,�,�)

s,k
)−2�1�2)

( k−1∑
�=0

(
d
(k,�,�)

s,�+1
− d̃

(k,�,�)

s,�

)
�
�+1
l1,l2

+ d
(k,�,�)

s,0
�
0
l1,l2

)
− �(1 − �)(�1 + �2)�

k
l1,l2

]
, (xj, ym) ∈ �h, 0 ⩽ k ⩽ N − 1.
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For k = 0 , there is

Next, we suppose that

For k = n , using the relation 
k−1∑
�=0

(s
(k,�,�)

k−�−1
− s

(k,�,�)

k−�
) + s

(k,�,�)

k
= s

(k,�,�)

0
 and 

�d
(k,𝛼,𝜎)

s,k
= s

(k,𝛼,𝜎)

0
e(𝜆tn+1−tn+𝜎 ) > s

(k,𝛼,𝜎)

0
 , there exists

Thus, according to Eqs. (73) and (66), we have ‖𝜀̂k‖2
2
⩽ ‖𝜀̂0‖2

2
.

4.3 � Convergence Analysis

Just like the one-dimensional case, the convergence analysis of the two-dimensional case 
can be obtained similarly. Let C4,4,2

x,y,t  denote the space of function u(x,  y,  t) which satis-
fies u(x, y, t) ∈ C2[0, tk] ∩ C4(𝛺̄) , 𝛺̄ = [0,L] × [0,L] . Then, the corresponding convergence 
results are given as follows.

Theorem  7  Suppose u(x, y, t) ∈ C
4,4,2
x,y,t  , then the tempered L1-ADI scheme (56) is con-

vergent with the accuracy O(�2� + h2
x
+ h2

y
) for � ∈ (0, 2∕3] , and O(�2−� + h2

x
+ h2

y
) for 

� ∈ (2∕3, 1).

Theorem 8  Suppose u(x, y, t) ∈ C
4,4,3
x,y,t  , then the tempered L2-1

�
-ADI scheme (65) is conver-

gent with the accuracy O(�2� + h2
x
+ h2

y
) for � ∈ (0, 1).

5 � Numerical Experiments

5.1 � Truncation Error

In this subsection, we present an example to verify the theoretical results of the three pro-
posed tempered formulas.

(73)|�k+1
l1,l2

| ⩽ |�0
l1,l2

|, k = 0, 1,⋯ ,N − 1.

|�1
l1,l2

| = d
(k,�,�)

s,0
(1 + �

2
�
2(d̃

(k,�,�)

s,k
)−2�1�2) − �(1 − �)(�1 + �2)

d̃
(k,�,�)

s,k
(1 + ��(d̃

(k,�,�)

s,k
)−1�1)(1 + ��(d̃

(k,�,�)

s,k
)−1�2)

|�0
l1,l2

| ⩽ |�0
l1,l2

|.

|�k+1
l1,l2

| ⩽ |�0
l1,l2

|, k = 0, 1,⋯ , n − 1.

|�n+1
l1,l2

| ⩽ (1 + �
2
�
2(d̃(k,�,�)

s,n
)−2�1�2)

d̃
(k,�,�)
s,n (1 + ��(d̃

(k,�,�)
s,n )−1�1)(1 + ��(d̃

(k,�,�)
s,n )−1�2)

×

( n−1∑
�=0

(s
(k,�,�)

n−�−1
− s

(k,�,�)

n−�
) + s(k,�,�)

n

)
|�0

l1,l2
|,

⩽ |�0
l1,l2

|, (xi, ym) ∈ �h, 0 ⩽ k ⩽ N.
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Example 1  We calculate the Caputo-tempered fractional derivative of function 
u(t) = e−�tt4+� in [0, 1]. Applying the formula [21]

the exact solution of u(t) is given by

The numerical errors and the convergence orders are calculated with the different 
parameters � = 0.1, 0.5, 0.9 and � = 0, 6, 20, 40 . The pointwise maximum norm error and 
the corresponding convergence order are measured by 
Error(�) = max

0⩽j⩽N

||u(tj) − Uj
|| , Order = log2

(
Error(�)

Error(�∕2)

)
, where Uj is the approximate 

solution of u(t) at the grid point tj.
Figures 1, 2, 3, where the  time steps are 1/10, 1/20, 1/40, 1/80, 1/160, 1/320, 1/640,  

1/1 280, and  1/2 560, give the maximum norm errors and convergence orders for differ-
ent � , � of the three presented discretization formulas (9), (16), and (23), respectively. 

C
0
D�,�

t
(e−�tt�) =

Γ(� + 1)

Γ(� + 1 − �)
e−�tt�−� ,

C
0
D�,�

t
(e−�tt4+�)||t=tk =

Γ(5 + �)

24
e−�tt4

|||t=tk .

–3.0 –2.0 –1.0

–3.0 –2.0 –1.0 –3.0 –2.0 –1.0

–3.0 –2.0 –1.0

Fig. 1   The log–log plot of the maximum norm errors versus time-steps for � = 0.1
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Based on the results displayed in Figs. 1, 2, 3, we can easily observe that the conver-
gence orders of tempered L1-2 and L2-1

�
 formulas are both 3 − � , which is higher than 

2 − � order of the tempered L1 formula. These are in accordance with the theoretical 
analysis.

5.2 � One‑Dimensional Problem

To further illustrate the effectiveness of the proposed numerical formulas, we test two 
kinds of equations. The first equation is the initial boundary value problem of the time-
tempered fractional diffusion equation and the second one is the time-tempered fractional 
Burgers equation.

5.2.1 � Caputo‑Tempered Fractional Diffusion Equation

Example 2  In this example, we solve problem (25) with L = 1 using the proposed numeri-
cal schemes (30)–(32). The source term f(x, t) was chosen as f (x, t) = e−�t+xt4

[
Γ(5+�)

Γ(5)
− t�

]
 

–3.0 –2.0 –1.0 –3.0 –2.0 –1.0

–3.0 –2.0 –1.0–3.0 –2.0 –1.0

Fig. 2   The log–log plot of the maximum norm errors versus time-steps for � = 0.5
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such that the exact solution is u(x, t) = e−�text4+� with �(x) = 0,�1(t) = e−�tt4+� , 
�2(t) = e−�t+1t4+� . The numerical errors can be measured by the maximum norm errors at 
each discrete point

To demonstrate the numerical accuracy in time direction with a small spatial step size 
h = 1∕2 000 , we list the computed results in Table 1. The orders of convergence are identi-
fied with theoretical orders of convergence (abbreviated as TOC) in the last row, and the 
errors of the tempered L1-2 and L2-1

�
 formulas are significantly smaller than that of the 

tempered L1 formula. Owing to the interpolation at the non-grid point tk+� , it should be 
noted that the order of the tempered L2-1

�
 formula is O(2) rather than O(3 − �) . Moreover, 

the comparisons of CPU times (in seconds) for different implicit difference schemes are 
exhibited in Fig. 4 of � = 0.1 and � = 6 . From Fig. 4 we can see that the CPU times are 
proportional to the time steps, while the L2-1

�
 formula requires more time for this problem 

than tempered L1 and L1-2 formulas.

Error = max
0⩽k⩽N

(
max
0⩽j⩽M

||u(xj, tk) − Uk
j
||
)
.

–3.0 –2.0 –1.0 –3.0 –2.0 –1.0

–3.0 –2.0 –1.0–3.0 –2.0 –1.0

Fig. 3   The log–log plot of the maximum norm errors versus time-steps for � = 0.9
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5.2.2 � Caputo‑Tempered Fractional Burgers Equation

Consider the following time-tempered fractional Burgers equation:

where �
�
 is a positive constant. And denote the difference operator

(74)

⎧⎪⎪⎨⎪⎪⎩

C
0
D�,�

t
u(x, t) + u(x, t)

�u

�x
(x, t) = �

�

�
2u

�x2
(x, t) + f (x, t), x ∈ (0, L), t ∈ (0, T],

u(x, 0) = u0(x), x ∈ (0, L),

u(0, t) = 0, u(L, t) = 0, t ∈ (0, T],

�x̂U
k
j
=

Uk
j+1

− Uk
j−1

2h
.

Table 1   (Example 2) The maximum norm errors and the corresponding convergence orders of tempered 
L1, L1-2, and L2-1

�
 formulas for � = 0.5

� Tempered L1 formula Tempered L1-2 formula Tempered L2-1
�
 formula

Error Order Error Order Error Order

� = 20 1/10 2.886 8E−06 – 2.203 1E−06 – 8.495 4E−07 –
1/20 1.536 8E−06 0.909 6 7.204 6E−07 1.612 5 2.220 9E−07 1.935 6
1/40 6.580 2E−07 1.223 7 1.972 8E−07 1.868 7 4.933 2E−08 2.170 5
1/80 2.631 7E−07 1.322 1 4.363 7E−08 2.176 6 1.048 3E−08 2.234 4
1/160 1.005 5E−07 1.388 0 8.760 6E−09 2.316 5 2.145 8E−09 2.288 5
1/320 3.736 8E−08 1.428 1 1.667 3E−09 2.393 5 4.369 4E−10 2.296 0
1/640 1.365 6E−08 1.452 2 3.078 1E−10 2.437 4 9.034 7E−11 2.273 9
1/1 280 4.936 6E−09 1.468 0 5.588 7E−11 2.461 4 1.916 3E−11 2.237 2
1/2 560 1.771 9E−09 1.478 2 1.005 3E−11 2.474 9 4.164 5E−12 2.202 1

TOC 1.5 2.5 2.0

Fig. 4   The comparisons of CPU 
times for different implicit dif-
ference schemes with � = 0.1 , 
� = 6 , h = 1∕2 000
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The time direction is discretized by three proposed difference formulas, and the first and 
second derivatives of space direction are discretized by central difference. Regarding the 
nonlinear advection term, we adopt the linearization technique

Then, the following discretization schemes can be obtained, respectively:

where N(Uk+𝜎
j

) =
1

3
[2Uk

j
𝛿x̂(U

k+𝜎
j

) + Uk+𝜎
j

𝛿x̂(U
k
j
)] , and the initial value and boundary con-

dition are discretized as U0
j
= u0(xj), U

k
0
= 0, Uk

M
= 0.

Example 3  We solve the problem (74) using the numerical schemes (75)–(77) with L = 1 . 
The source term is determined by the exact solution u(x, t) = e−�tt3+�x3(1 − x) , the initial 
value and boundary value are both 0.

Without loss of generality, we can get the following numerical results with �
�
= 1 . We 

check the numerical results in both time and space directions with � = 6 . The computa-
tional results about time direction are listed in Table 2 with h = 1∕2 000 , while the corre-
sponding results are listed in Table 3 for space direction with different ways of selecting � 
of three difference schemes.

5.3 � Two‑Dimensional Problem

Example 4  Consider the problem (49) on � = (0,�) × (0,�), t ∈ (0, 1∕2] . The exact solu-
tion is u(x, y, t) = e−�t sin(x) sin(y)t2 with the right source term

u
𝜕u

𝜕x

|||(x,t)=(xj ,tk) ≈
1

3
[2Uk−1

j
𝛿x̂(U

k
j
) + Uk

j
𝛿x̂(U

k−1
j

)] ∶= N(Uk
j
).

(75)𝔻
�,�
t

Uk
j
+N(Uk

j
) = �

�
�
2
x
Uk

j
+ f k

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(76)�
�,�
t

Uk
j
+N(Uk

j
) = �

�
�
2
x
Uk

j
+ f k

j
, 1 ⩽ j ⩽ M − 1, 1 ⩽ k ⩽ N,

(77)Δ𝛼,𝜆
t

Uk̄
j
+N(Uk+𝜎

j
) = 𝜅

𝛼
𝛿
2
x
Uk+𝜎

j
+ f k+𝜎

j
, 1 ⩽ j ⩽ M − 1, 0 ⩽ k ⩽ N − 1,

f (x, y, t) = e−�t sin(x) sin(y)
[

2

Γ(3 − �)
+ 2t2

]
.

Table 2   (Example 3) The maximum norm errors and the corresponding convergence orders of time direc-
tion of difference schemes adopting tempered L1, L1-2, and  L2-1

�
 formulas for � = 0.5 and h = 1∕2 000

� Tempered L1 formula Tempered L1-2 formula Tempered L2-1
�
 formula

Error Order Error Order Error Order

� = 6 1/10 7.303 8E−06 – 3.051 5E−06 – 6.898 4E−06 –
1/20 2.991 1E−06 1.288 0 7.072 3E−07 2.109 2 1.912 7E−06 1.850 6
1/40 1.157 7E−06 1.369 4 1.453 2E−07 2.283 0 4.828 8E−07 1.985 9
1/80 4.341 5E−07 1.415 0 2.798 8E−08 2.376 3 1.186 8E−07 2.024 7
1/160 1.594 2E−07 1.445 3 5.211 5E−09 2.425 1 2.949 3E−08 2.008 6
1/320 5.777 0E−08 1.464 5 9.462 5E−10 2.461 4 7.496 6E−09 1.976 1

TOC 1.5 2.5 2.0
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The error in this example is measured by

Tables 4 and 5 show the numerical results calculated by the three different implicit ADI 
schemes with different � for classic ( � = 0 ) and tempered ( � = 6 ) situation when the spa-
tial step size hx = hy = �∕400 are fixed, respectively. In Fig.  5, we plot the CPU times 

Error = max
0⩽k⩽N

{
max
0⩽j⩽M1

(
max

0⩽m⩽M2

||u(xj, ym, tk) − Uk
j,m
||
)}

.

Table 3   (Example 3) The maximum norm errors and the corresponding convergence orders of space direc-
tion of difference schemes adopting tempered L1, L1-2, and L2-1

�
 formulas for � = 0.5

h Tempered L1 formula Tempered L1-2 formula Tempered L2-1
�
 formula

� = h
4∕3

� = h
4∕5

� = h

Error Order Error Order Error Order

� = 6 1/10 7.777 4E−06 – 6.829 6E−06 – 1.365 5E−04 –
1/20 1.922 4E−06 2.016 4 2.203 7E−06 1.631 9 5.341 3E−05 1.354 1
1/40 4.789 3E−07 2.005 0 7.240 2E−07 1.605 8 1.537 1E−05 1.797 0
1/80 1.193 3E−07 2.004 9 2.148 6E−07 1.752 6 4.070 1E−06 1.917 1
1/160 2.977 3E−08 2.002 9 5.884 4E−08 1.868 5 1.045 3E−06 1.961 2
1/320 7.434 7E−09 2.001 6 1.565 6E−08 1.910 2 2.648 3E−07 1.980 7

TOC 2.0 2.0 2.0

Table 4   (Example 4) The maximum norm errors and the numerical convergence orders of tempered 
L1-ADI, L1-2-ADI, and L2-1

�
-ADI approximation with � = 0

� � Tempered L1-ADI Tempered L1-2-ADI Tempered L2-1
�
-ADI

Error Order Error Order Error Order

1/2 1/10 3.493 0E−03 – 3.849 4E−03 – 4.078 6E−03 –
1/20 1.992 5E−03 0.809 9 1.910 6E−03 1.010 5 1.953 8E−03 1.061 8
1/40 1.084 1E−03 0.878 0 9.538 4E−04 1.002 3 9.573 8E−04 1.029 1
1/80 5.731 5E−04 0.919 6 4.766 7E−04 1.000 7 4.738 8E−04 1.014 6
1/160 2.974 2E−04 0.946 4 2.381 0E−04 1.001 4 2.355 5E−04 1.008 4

TOC 1 1 1
2/3 1/10 2.091 9E−03 – 2.092 0E−03 – 1.694 1E−03 –

1/20 8.748 8E−04 1.257 7 6.066 1E−04 1.786 0 5.985 3E−04 1.501 0
1/40 3.575 3E−04 1.291 0 2.308 0E−04 1.394 2 2.203 7E−04 1.441 5
1/80 1.443 3E−04 1.308 7 8.944 0E−05 1.367 6 8.317 0E−05 1.405 8
1/160 5.789 6E−05 1.317 8 3.482 4E−05 1.360 9 3.174 3E−05 1.389 6

TOC 1.33 1.33 1.33
3/4 1/10 3.869 8E−03 – 2.362 5E−03 – 1.186 2E−03 –

1/20 1.754 5E−03 1.141 1 6.189 4E−04 1.932 5 3.622 1E−04 1.711 5
1/40 7.812 5E−04 1.167 3 1.595 5E−04 1.955 8 1.146 7E−04 1.659 3
1/80 3.430 7E−04 1.187 3 4.119 7E−05 1.953 4 3.716 3E−05 1.625 6
1/160 1.493 3E−04 1.200 0 1.375 1E−05 1.583 0 1.121 0E−05 1.618 9

TOC 1.25 1.5 1.5
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of the tempered L1-ADI, tempered L1-2-ADI, and tempered L2-1
�
-ADI schemes. From 

Fig.  5, we observe that the CPU times of L2-1
�
-ADI scheme are bigger than two other 

schemes, which is almost the same as the one-dimensional case.

Table 5   (Example 4) The maximum norm errors and the numerical convergence orders of tempered 
L1-ADI, L1-2-ADI, and L2-1

�
-ADI approximation with � = 6

� � Tempered L1-ADI Tempered L1-2-ADI Tempered L2-1
�
-ADI

Error Order Error Order Error Order

1/2 1/10 3.793 7E−04 – 8.745 3E−04 – 2.418 2E−04 –
1/20 1.546 4E−04 1.294 7 3.032 4E−04 1.528 1 1.103 5E−04 1.131 8
1/40 6.130 0E−05 1.334 9 9.084 9E−05 1.738 9 5.859 3E−05 0.913 3
1/80 3.375 5E−05 0.860 8 3.193 4E−05 1.508 4 3.026 3E−05 0.953 1
1/160 1.809 6E−05 0.899 5 1.591 8E−05 1.004 4 1.538 0E−05 0.976 5

TOC 1 1 1
2/3 1/10 8.315 5E−04 – 1.148 1E−03 – 1.518 3E−04 –

1/20 3.634 4E−04 1.194 1 4.067 5E−04 1.497 0 6.366 2E−05 1.254 9
1/40 1.543 2E−04 1.235 8 1.224 0E−04 1.732 6 1.906 2E−05 1.738 8
1/80 6.359 4E−05 1.279 0 3.379 7E−05 1.856 6 5.205 4E−06 1.872 6
1/160 2.579 6E−05 1.301 8 8.916 1E−06 1.922 4 1.937 1E−06 1.426 1

TOC 1.33 1.33 1.33
3/4 1/10 1.130 6E−03 – 1.296 6E−03 – 1.228 0E−04 –

1/20 5.183 1E−04 1.125 2 4.585 2E−04 1.499 6 5.304 3E−05 1.211 1
1/40 2.293 7E−04 1.176 1 1.373 3E−04 1.739 4 1.639 4E−05 1.694 0
1/80 9.937 0E−05 1.206 8 3.772 7E−05 1.863 9 4.533 3E−06 1.854 5
1/160 4.253 6E−05 1.224 1 9.909 6E−06 1.928 7 1.178 2E−06 1.944 0

TOC 1.25 1.5 1.5
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Fig. 5   The comparisons of CPU times for three different implicit ADI schemes
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6 � Conclusion

In this paper, we presented and analyzed the efficient difference schemes for diffu-
sion equations with the Caputo-tempered fractional derivative. To design the difference 
schemes, we first proposed the tempered L1 formula for the Caputo-tempered fractional 
derivative of the order � ∈ (0, 1) . The tempered L1 formula is constructed by using the 
piecewise linear interpolation on each small interval with the order 2 − � . To improve the 
numerical accuracy, another two fractional numerical quadrature formulas, called tem-
pered L1-2 and L2-1

�
 formulas with the order 3 − � are presented. The tempered L1-2 

formula is established by means of the quadratic interpolation approximation on each 
cell  [t

�−1, t�] (� ⩾ 2) , while the linear interpolation approximation is applied on the first 
cell  [t0, t1] . The tempered L2-1

�
 formula is developed by using the quadratic interpolation 

approximation on each cell  [t
�−1, t�] (1 ⩽ � ⩽ k) , while the linear interpolation in the cell 

[tk, tk+1] is applied on the last non-integer grid cell  [tk, tk+�].
We further designed the difference schemes for one- and two-dimensional fractional dif-

fusion equations with the help of the presented interpolation formulas. We checked the sta-
bility and convergence of two proposed difference schemes by the Fourier analysis method. 
The key idea of our method is to examine the weighted coefficients of difference schemes. 
The analysis shows that the implicit numerical schemes are unconditionally stable and con-
vergent when the tempered L1 formula and L2-1

�
 formula are used. However, the rigorous 

theoretical analysis of numerical scheme are not obtained for the tempered L1-2 formula 
due to the lack of positivity of the weighting coefficients. Finally, several numerical exam-
ples are given to validate the theoretical results. As the Caputo fractional derivative, the 
challenges still exist due to the nonlocal property of tempered fractional derivatives [17]. 
We expect that a new technique will be needed to construct the fast algorithm for the con-
sidered problem.
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Appendix A: Background of Eq. (1)

In particle motion, sometimes the waiting time of particles is too long, however, too long 
waiting time may not be appropriate for some physical process, therefore, we need to con-
trol the waiting time of particles in the finite time domain. To overcome this shortcoming, 
the PDFs which are exponentially tempered power law are put forward [13, 21]. There-
fore, the tempered power law waiting time leads to the time-tempered fractional deriva-
tives, which have proved available in geophysics. And the purpose of tempered fractional 
differential equations is to more accurately describe the motion behavior of particles in 
complex dynamic systems. The CTRW model is based on the idea that the length of a 
given jump, as well as the waiting time elapsing between two successive jumps is drawn 
from a pdf �(�, t) which will be referred to as the jump pdf. For �(�, t) , the jump length 
pdf gives �(�) = ∫ ∞

0
�(�, t)dt, and the waiting time pdf obeys w(t) = ∫

Rd �(�, t)d�. Thus, 
�(�)d� produces the probability for a jump length in the interval (�, � + d�) and w(t)dt the 
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probability for a waiting time in the interval (t, t + dt) . If the jump length and waiting time 
are independent random variables, one finds the decoupled form �(�, t) = �(�)w(t) for the 
jump pdf �(�, t) . The probability density function �(�, t) of the positions � of the particle, 
which have just made a jump at time t can be described through an appropriate generalized 
master equation [16, 33]

The pdf u(�, t) of particle being in � at time t is given by

where � (t − t�) is the probability of staying at site � for a time t − t� after a jump

The pdf u(x, t) in the Fourier–Laplace space takes the form

where the Laplace and Fourier transforms are defined, respectively, by L(u(t)) = ũ(s) =

∫ ∞

0
u(t)e−stdt, s ∈ C,Re(s) > 0, and F(u(�)) = û(�) =

1

(2�)d
∫
Rd e

−i�⋅�u(�)d�, � = (k1, k2,⋯ , kd) ∈ Rd. 
In the Fourier space, the jump length distribution behaved [28]

where �(�) is the characteristic exponent of �(�) , the probability distribution 
for jumps. Taking �(�) = −C

�
|�|2, and a waiting time pdf of a Pareto type [28] 

�w(s) ≃ 1 − Γ(1 − 𝛼)𝜏𝛼s𝛼 , 0 < 𝛼 < 1, Eq. (A1) can be rewritten in the following form:

Introducing the Riemann–Liouville tempered fractional derivative operator [18, 31]

and the Fourier transform of the standard Laplace operator is F
(
Δu(�)

)
= −|�|2F(u(�)), 

after inverting the Fourier–Laplace transform on both sides of Eq. (A2), we get that the pdf 
of diffusion particles obeys the tempered fractional diffusion equation [16]

�(�, t) = ∫Rd

�(��, t�)e−�(t−t
�)
�(� − �

�, t − t�)d��dt� + u(�, 0)�(t).

u(�, t) = ∫
t

0

�(�, t�)e−�(t−t
�)
� (t − t�)dt�,

� (t) = 1 − ∫
t

0

w(t�)dt�.

(A1)̂ũ(�, s) =
1 − w̃(s + �)

s + �

û(�, 0)

1 − w̃(s + �)�̂(�)
,

�̂(�) = e�(�) ≈ 1 + �(�), |�| → 0,

(A2)s��u(�, s) − s�u(�, 0) = −(s + 𝜆)1−𝛼
𝜎
𝜇

Γ(1 − 𝛼)𝜏𝛼
|�|𝜇��u(�, s) − 𝜆

�
�u(�, s),

0D
1−�,�
t

u(�, t) =
e−�t

Γ(�)

d

dt ∫
t

0

e�su(�, s)

(t − s)1−�
ds,

ut(�, t) = �
� 0D

1−�,�
t

(Δu(�, t)) − �u(�, t).
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Appendix B: Proof of Lemma 1

For the proof of (i), (ii), and (iii), see the references [23, 35].
(iv) According to (i) and the definition of Eqs. (7) and (8), it is easy to see that (iv) is 

true.
(v) Let g(x) = [(k − x + 1)(1−�) − (k − x)1−�]e�(tx−1−tk) . Then, there is

which represents that d
(�)

a,m
 is monotone increasing about m.

(vi) d̃(�)
a,m

 is also monotone increasing with the same fashion of (v).

(vii) d
(�)

a,m+1
− d̃(�)

a,m
=

(
a
(�)

k−m−1
− a

(�)

k−m

)
e�(tm−tk) ⩽ a

(�)

k−m−1
− a

(�)

k−m
, 1 ⩽ m ⩽ k − 1.

(viii) d
(�)

a,1
= a

(�)

k−1
e�(t0−tk) ⩽ a

(�)

k−1
.

Appendix C: Proof of Lemma 2

By simple calculation, we have the truncation error as follows:

and it yields

On the other hand, for the integral of the right term, we have

with

and

g�(x) = e𝜆(x−1−k)𝜏
[
𝜆𝜏

(
(k − x + 1)1−𝛼 − (k − x)1−𝛼

)
+ (𝛼 − 1)

(
(k − x + 1)−𝛼 − (k − x)−𝛼

)]
> 0,

(C1)

Rk =
e−�tk

Γ(1 − �)

k∑
�=1

∫
t
�

t
�
−1

[
v(s) − P1,�v(s)

]�
(tk − s)−�ds

= −
�e−�tk
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Recalling v(t) = e�tu(t) , we have 

Combining Eqs. (C3)–(C5) with Eq. (C2) we arrive at Eq. (10).

Appendix D: Proof of Lemma 4

(i) For k = 2 , d
(k,�)

c,1
= c

(k,�)

1
e�(t0−t2) , and

which is strictly monotone decreasing, so c(k,�)
1

∈ (−1∕2, 1) . Moreover, �1 ≈ 0.673 6 is the 
unique zero point for � ∈ (0, 1) , which means

Thus, d
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(k,�)

1
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(ii)  For k = 3 , d
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 . Moreover, the zero point of c(k,�)
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− c
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2
 showed in Fig. 6a is �2 ≈ 0.390 9 , i.e.,

Thus d
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the zero point �3 is about 0.373 9 in Fig. 6b and c(k,�)
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2
.

(iv) The computed numerically as in the Fig. 6.

Appendix E: Proof of Lemma 5

For k = 1 , we find that Eq. (12) actually is the tempered L1 formula of the Caputo-tem-
pered fractional derivative and its numerical accuracy is O(�2−�) , i.e.,

thus Eq. (17) is established.
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For k ⩾ 2 , we get

In [14] there exist

and we have

The substitution of Eqs. (E2)–(E5) into Eq. (E1) can lead to Eq. (18).
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Fig. 6   The curves with c(k,�)
1

− c
(k,�)

2
 with different k 
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Appendix F: Proof of Lemma 7

The error estimate is

Similarly to [1], we have

and

where another term in (F3) besides O(�3−�) is zero due to the special choice of 
� = 1 − �∕2 , so the order of truncation error Tk+� is 3 − � . At the same time, there exists

Then substituting Eqs. (F2)–(F4) into Eq. (F1), we have

and using the Taylor expansion

thus Eq. (24) is proved.
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