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Abstract

High-order strong stability preserving (SSP) time discretizations are often needed to ensure the
nonlinear (and sometimes non-inner-product) strong stability properties of spatial discretiza-
tions specially designed for the solution of hyperbolic PDEs. Multi-derivative time-stepping
methods have recently been increasingly used for evolving hyperbolic PDEs, and the strong sta-
bility properties of these methods are of interest. In our prior work we explored time discretiza-
tions that preserve the strong stability properties of spatial discretizations coupled with forward
Euler and a second-derivative formulation. However, many spatial discretizations do not sat-
isfy strong stability properties when coupled with this second-derivative formulation, but rather
with a more natural Taylor series formulation. In this work we demonstrate sufficient conditions
for an explicit two-derivative multistage method to preserve the strong stability properties of
spatial discretizations in a forward Euler and Taylor series formulation. We call these strong
stability preserving Taylor series (SSP-TS) methods. We also prove that the maximal order of
SSP-TS methods is p = 6, and define an optimization procedure that allows us to find such SSP
methods. Several types of these methods are presented and their efficiency compared. Finally,
these methods are tested on several PDEs to demonstrate the benefit of SSP-TS methods, the
need for the SSP property, and the sharpness of the SSP time-step in many cases.
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1 Introduction

The solution to a hyperbolic conservation law

U +fU), =0, 0]
may develop sharp gradients or discontinuities, which results in significant challenges to
the numerical simulation of such problems. To ensure that it can handle the presence of a
discontinuity, a spatial discretization is carefully designed to satisfy some nonlinear stabil-
ity properties, often in a non-inner-product sense, e.g., total variation diminishing, maxi-
mum norm preserving, or positivity-preserving properties. The development of high-order
spatial discretizations that can handle discontinuities is a major research area [4, 6, 15, 28,
30, 35, 4649, 54].

When the partial differential equation (1) is semi-discretized we obtain the ordinary dif-
ferential equation (ODE)

u, = F(u), )
where u is a vector of approximations to U. This formulation is often referred to as a
method of lines (MOL) formulation, and has the advantage of decoupling the spatial and
time discretizations. The spatial discretizations designed to handle discontinuities ensure
that when the semi-discretized equation (2) is evolved using a forward Euler method

uth =" + AtF(u"), A3)
where 1" is a discrete approximation to U at time #*, and the numerical solution satisfies
the desired strong stability property, such as total variation stability or positivity. If the
desired nonlinear stability property such as a norm, semi-norm, or convex functional, is
represented by || - || and the spatial discretization satisfies the monotonicity property

llu® + AtFI| < [lu"]l, )
under the time-step restriction

0 < At < Atgg. 3)

In practice, in place of the first-order time discretization (3), we typically require a higher
order time integrator, that preserves the strong stability property

[l 1< Nl (6)
perhaps under a modified time-step restriction. For this purpose, time discretizations with
good linear stability properties or even with nonlinear inner-product stability properties
are not sufficient. Strong stability preserving (SSP) time discretizations were developed
to address this need. SSP multistep and Runge-Kutta methods satisfy the strong stability
property (6) for any function F, any initial condition, and any convex functional || - || under
some time-step restriction, provided only that (4) is satisfied.

Recently, there has been interest in exploring the SSP properties of multi-derivative
Runge-Kutta methods, also known as multistage multi-derivative methods. Multi-derivative
Runge-Kutta (MDRK) methods were first considered in [3, 21, 22, 31, 33, 34, 40, 41, 45,
51], and later explored for use with partial differential equations (PDEs) [9, 29, 36, 39, 50].
These methods have a form similar to Runge-Kutta methods but use an additional derivative
F =u, ~ U, to allow for higher order. The SSP properties of these methods were discussed
in [5, 32]. In [5], a method is defined as SSP-SD if it satisfies the strong stability property (6)
for any function F, any initial condition, and any convex functional || - || under some time-step
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restriction, provided that (4) is satisfied for any A7 < Aty and an additional condition of the
form

llu" + APF@| < lu"|
is satisfied for any At < KAt. These conditions allow us to find a wide variety of time
discretizations, called SSP-SD time-stepping methods, but they limit the type of spatial
discretization that can be used in this context.
In this paper, we present a different approach to the SSP analysis, which is more along
the lines of the idea in [32]. For this analysis, we use, as before, the forward Euler base
condition (4), but add to it a Taylor series condition of the form

W' + AtF(") + %Atzl?‘(u”) < lu|

that holds for any Ar < KAty;. Compared to those studied in [5], this pair of base condi-
tions allows for more flexibility in the choice of spatial discretizations (such as the methods
that satisfy a Taylor series condition in [7, 10, 37, 39]), at the cost of more limited variety
of time discretizations. We call the methods that preserve the strong stability properties of
these base conditions strong stability preserving Taylor series (SSP-TS) methods. The goal
of this paper is to study a class of methods that is suitable for use with existing spatial dis-
cretizations, and present families of such SSP-TS methods that are optimized for the rela-
tionship between the forward Euler time step Aty and the Taylor series time step K Atpp.

In the following subsections we describe SSP Runge-Kutta time discretizations and pre-
sent explicit multistage two-derivative methods. We then motivate the need for methods
that preserve the nonlinear stability properties of the forward Euler and Taylor series base
conditions. In Sect. 2 we formulate the SSP optimization problem for finding explicit two-
derivative methods which can be written as the convex combination of forward Euler and
Taylor series steps with the largest allowable time step, which we will later use to find
optimized methods. In Sect. 2.1 we explore the relationship between SSP-SD methods and
SSP-TS methods. In Sect. 2.2 we prove that there are order barriers associated with explicit
two-derivative methods that preserve the properties of forward Euler and Taylor series
steps with a positive time step. In Sect. 3 we present the SSP coefficients of the optimized
methods we obtain. The methods themselves can be downloaded from our github reposi-
tory [14]. In Sect. 4 we demonstrate how these methods perform on specially selected test
cases, and in Sect. 5 we present our conclusions.

1.1 SSP Methods

It is well known [13, 42] that some multistep and Runge-Kutta methods can be decom-
posed into convex combinations of forward Euler steps, so that any convex functional prop-
erty satisfied by (4) will be preserved by these higher order time discretizations. If we re-
write the s-stage explicit Runge-Kutta method in the Shu-Osher form [43],

YO = 1,
i—1

YO =3 (ap? + AtpFGP)),  i=1,.s, (7
j=0

un+l - y(s)’
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itis clear that if all the coefficients a;; and f; are non-negative, and provided a; is zero only
if its corresponding f; is zero, then each stage can be written as a convex combination of
forward Euler steps of the form (3), and be bounded by

Iyl =

i—1
Z (aijy(i) + AtﬁyF(y(f)))
=0

i—1

St
=0

i—1

<D

=0

. By .
W+ A= F ()
@;j

under the condition %At < Atgg. By the consistency condition Z;;(l) a; =1, we now have
[le*1]| < |lu*||, under the condition

a;;

At < CAtg,  where C =min—, 8)
ij i

where if any of the fis are equal to zero, the corresponding ratios are considered infinite.

If a method can be decomposed into such a convex combination of (3), with a positive
value of C > 0 then the method is called strong stability preserving (SSP), and the value C is
called the SSP coefficient. SSP methods guarantee the strong stability properties of any spa-
tial discretization, provided, only, that these properties are satisfied when using the forward
Euler method. The convex combination approach guarantees that the intermediate stages in
a Runge-Kutta method satisfy the desired strong stability property as well. The convex com-
bination approach clearly provides a sufficient condition for preservation of strong stability.
Moreover, it has also been shown that this condition is necessary [11, 12, 16, 17].

Second- and third-order explicit Runge-Kutta methods [43] and later fourth-order methods
[23, 44] were found that admit such a convex combination decomposition with C > 0. How-
ever, it has been proven that explicit Runge-Kutta methods with positive SSP coefficient can-
not be more than fourth-order accurate [27, 38].

The time-step restriction (8) is comprised of two distinct factors: (1) the term Aty that
is a property of the spatial discretization, and (2) the SSP coefficient C that is a property of
the time discretization. Research on SSP time-stepping methods for hyperbolic PDEs has pri-
marily focused on finding high-order time discretizations with the largest allowable time step
At < C Aty by maximizing the SSP coefficient C of the method.

High-order methods can also be obtained by adding more steps (e.g., linear multistep
methods) or more derivatives (Taylor series methods). Multistep methods that are SSP have
been found [13], and explicit multistep SSP methods exist of very high order p > 4, but have
severely restricted SSP coefficients [13]. These approaches can be combined with Runge-
Kutta methods to obtain methods with multiple steps, and stages. Explicit multistep multistage
methods that are SSP and have order p > 4 have been developed as well [1, 24].

1.2 Explicit Multistage Two-Derivative Methods

Another way to obtain higher order methods is to use higher derivatives combined with the
Runge-Kutta approach. An explicit multistage two-derivative time integrator is given by:
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i—1 i—1
YO =4 ALY aiFGP) + AR Y 4 FOP), =2,
j=1 j=1
s i—1 9
W= ALY b FG) + A2 Y bGP, ©)
j=1 j=1

where y( = i,
The coefficients can be put into matrix-vector form, where

0 0 0 0 0 0 b, b,
a|a 0 0l s a0 0| (b p_|B2]
ag) Gy 0 asl &SZ =0 bs lés

We also define the vectors ¢ = Ae and ¢ = Ae, where e is a vector of ones.

As in our prior work [5], we focus on using explicit multistage two-derivative methods as
time integrators for evolving hyperbolic PDEs. For our purposes, the operator F is obtained
by a spatial discretization of the term U, = —f(U), to obtain the system u, = F'(u). Instead of
computing the second-derivative term F directly from the definition of the spatial discretiza-
tion F, we approximate ' ~ F by employing the Cauchy-Kovalevskaya procedure which uses
the PDE (1) to replace the time derivatives by the spatial derivatives, and discretize these in
space.

If the term F(u) is computed using a conservative spatial discretization D, applied to the
flux:

Fu) = =D (f(u)), (10)
then we approximate the second derivative
F(M) = Uy, ~ Un = _f(U)Xf = _(f(U);)x = _(f’(U)Ut)X ~ —Dx(fl(l/l)l/lt) = F(M),
1

where a (potentially different) spatial differentiation operator D, is used. Although these
two approaches are different, the differences between them are of high order in space, so
that in practice, as long as the spatial errors are smaller than the temporal errors, we see the
correct order of accuracy in time, as shown in [5].

1.3 Motivation for the New Base Conditions for SSP Analysis

In [5] we considered explicit multistage two-derivative methods and developed sufficient condi-
tions for a type of strong stability preservation for these methods. We showed that explicit SSP-
SD methods within this class can break this well known order barrier for explicit Runge-Kutta
methods. In that work we considered two-derivative methods that preserve the strong stability
property satisfied by a function F under a convex functional || - ||, provided that the conditions:
Forward Euler condition : |[u" + AtF(u")|| < ||u"|| for Ar < Atgg, (12)

and

Second derivative condition : |[u" + AFu")|| < ||u"|| for At < KAty (13)
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where K is a scaling factor that compares the stability condition of the second-derivative
term to that of the forward Euler term. While the forward Euler condition is characteristic
of all SSP methods (and has been justified by the observation that it is the circle contractiv-
ity condition in [11]), the second-derivative condition was chosen over the Taylor series
condition:

Taylor series condition : |[u" + AtF(u") + %Atsz ")

< |lu"|| for At < KAtgg,

(14)
because it is more general. If the forward Euler (12) and second-derivative (13) conditions
are both satisfied, then the Taylor series condition (14) will be satisfied as well. Thus, a
spatial discretization that satisfies (12) and (13) will also satisfy (14), so that the SSP-SD
concept in [5] allows for the most general time discretizations. Furthermore, some methods
of interest and importance in the literature cannot be written using a Taylor series decom-
position, most notably the unique two-stage fourth-order method!

Y ="+ %AtF(u”) + %AtzF(u"), (15a)

™t ="+ AtF(u") + ész(u") + %AtzF(y(l)), (15b)

which appears commonly in the literature on this subject [9, 29, 36]. For these reasons, it
made sense to first consider the SSP-SD property which relies on the pair of base condi-
tions (12) and (13).

However, as we will see in the example below, there are spatial discretizations for which
the second-derivative condition (13) is not satisfied but the forward Euler condition (12)
and the Taylor series condition (14) are both satisfied. In such cases, the SSP-SD methods
derived in [5] may not preserve the desired strong stability properties. The existence of
such spatial discretizations is the main motivation for the current work, in which we
re-examine the strong stability properties of the explicit two-derivative multistage method
(9) using the base conditions (12) and (14). Methods that preserve the strong stability prop-
erties of (12) and (14) are called, herein, SSP-TS methods. The SSP-TS approach increases
our flexibility in the choice of spatial discretization over the SSP-SD approach. Of course,
this enhanced flexibility in the choice of spatial discretization is expected to result in limi-
tations on the time discretization (e.g., the two-stage fourth-order method is SSP-SD but
not SSP-TS).

To illustrate the need for time discretizations that preserve the strong stability properties
of spatial discretizations that satisfy (12) and (14), but not (13), consider the one-way wave
equation

Uu=uU,
(here f(U) = U) where F is defined by the first-order upwind method
1
F(u")j = E(u;l-f-l - MJ") ~ U, (x)). (16)

! Note that here we use F to indicate that these methods are designed for the exact time derivative of F.
However, in practice we use the approximation F as explained above.
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When solving the PDE, we compute the operator F by simply applying the differentiation
operator twice (note that f/(U) = 1)

N 1
F~F := E(u}‘” - 2u/'.‘+1 +uj"> 17)

We note that when computed this way, the spatial discretization F coupled with the forward
Euler satisfies the total variation diminishing (TVD) condition:

lu" + AtF@)lry < llu’llpy  for Az < Ax, (18)
while the Taylor series term using F and F satisfies the TVD

u"+AtF(u”)+%At2F(u") <l'llyy for Ar<Ax. (19)

TV

In other words, these spatial discretizations satisfy the conditions (12) and (14) with K = 1,
in the total variation semi-norm. However, (13) is not satisfied, so the methods derived in
[5] cannot be used. Our goal in the current work is to develop time discretizations that will
preserve the desired strong stability properties (e.g., the total variation diminishing prop-
erty) when using spatial discretizations such as the upwind approximation (17) that satisfy
(12) and (14) but not (13).

Remark 1 This simple first-order motivating example is chosen because these spatial discre-
tizations are provably TVD and allow us to see clearly why the Taylor series base condition
(14) is needed. In practice, we use higher order spatial discretizations such as WENO that
do not have a theoretical guarantee of TVD, but perform well in practice. Such methods are
considered in Examples 2 and 4 in the numerical tests, and provide us with similar results.

In this work we develop explicit two-derivative multistage SSP-TS methods of the form (9)
that preserve the convex functional properties of forward Euler and Taylor series terms. When
the spatial discretizations F and F that satisfy (12) and (14) are coupled with such a time-
stepping method, the strong stability condition

™ < e
will be preserved, perhaps under a different time-step condition
At < CpgAtgg. (20)

If a method can be decomposed in such a way, with Crg > 0 we say that it is SSP-TS. In the
next section, we define an optimization problem that will allow us to find SSP-TS methods
of the form (9) with the largest possible SSP coefficient Crq.

2 SSP Explicit Two-Derivative Runge-Kutta Methods

We consider the system of ODEs

u, = F(u) 1)
resulting from a semi-discretization of the hyperbolic conservation law (1) such that F sat-
isfies the forward Euler (first derivative) condition (12)

Forward Euler condition : |[u" + AtF(u")|| < |[u"]] for Af < Atgg,
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for the desired stability property indicated by the convex functional || - ||.
The methods we are interested in also require an appropriate approximation to the second
derivative in time

F~F=u,.
We assume in this work that F and F satisfy an additional condition of the form (14)
u" + AtF(u") + %Atzl:"(u")

Taylor series condition : < |lu"]] for At < KAtgg,

in the same convex functional || - ||, where K is a scaling factor that compares the stability
condition of the Taylor series term to that of the forward Euler term.

We wish to show that given conditions (12) and (14), the multi-derivative method (9)
satisfies the desired monotonicity condition under a given time step. This is easier if we
re-write the method (9) in an equivalent matrix-vector form

y = eu" + AiSF(y) + APSE(y), )
wherey = (y0,y®, ...y, urt)",
A0 N A0
S= [bT 0] and  §= [ET 0]

and e is a vector of ones. As in prior SSP work, all the coefficients in S and S must be non-
negative (see Lemma 3).

We can now easily establish sufficient conditions for an explicit method of the form
(22) to be SSP:

Theorem 1 Given spatial discretizations F and F that satisfy (12) and (14), an explicit
two-derivative multistage method of the form (22) preserves the strong stability property
|| < ||u*|| under the time-step restriction At < rAtyg if it satisfies the conditions

212 D7
<1 S+ 5= K)S) e>0, (23a)
2r2 A7 2r 4
r<I 1S+ 221 - K)S> (S - ES) >0, (23b)
22 22 A7
K—r2<1+rs+ K—Z(l—K)S) §>0 (23¢)

for some r > 0. In the above conditions, the inequalities are understood component-wise.

Proof We begin with the method

y = eu" + AtSF(y) + ASE(y),

and add the terms rSy and 2#(# — r)Sy to both sides to obtain the canonical Shu-Osher form
of an explicit two-derivative multistage method:
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(I+7rS+2¢G—rS)y =u"e+r(S— 2?’3’)<y + gF(y))

+ 2?2S<y + —F(y) + o5 F(y)>

y =R +P(y+ 2LFm) + Q(y + 2R+ F(y))
where

R=(I+rS+2:G-r8)", P=rR(S-2i8), Q=2iRS.

If the elements of P, O, and Re are all non-negative, and if (R+ P+ Q)e =e, theny is a
convex combination of strongly stable terms

Iyl < Rllew"]| + PHy N —F(y)H ; QHy +80F() + F(y)”

and so is also strongly stable under the time-step restrictions At < rAtpg and At < K Atpg.
In such cases, the optimal time step is given by the minimum of the two. In the cases we
encounter here, this minimum occurs when these two values are set equal, so we require
r = K7. Conditions (23a)—(23c) now ensure that P > 0, Q > 0, and Re > 0 component-
wise for # = Z, and so the method preserves the strong stability condition ||u"*!|| < ||u"||
under the time-step restriction At < rAtgg. Note that if this fact holds for a given value of
r > 0 then it also holds for all smaller positive values.

Definition 1 A method that satisfies the conditions in Theorem 1 for values r € (0, 7y, is
called a Strong Stability Preserving Taylor Series (SSP-TS) method with an associated SSP

coefficient
CTS = Tmax-

Remark 2 Theorem 1 gives us the conditions for the method (22) to be SSP-TS for any
time step At < CpqAtgs. We note, however, that while the corresponding conditions for
Runge-Kutta methods have been shown to be necessary as well as sufficient, for the multi-
derivative methods we only show that these conditions are sufficient. This is a consequence
of the fact that we define this notion of SSP based on the conditions (12) and (14), but if
a spatial discretization also satisfies a different condition (for example, (13)) many other
methods of the form (22) also give strong stability preserving results. Notable among these
is the two-derivative two-stage fourth-order method (15) which is SSP-SD but not SSP-
TS. This means that solutions of (15) can be shown to satisfy the strong stability prop-
erty ||u"*!|| < ||u”|| for positive time steps, for the appropriate spatial discretizations, even
though the conditions in Theorem 1 are not satisfied.

This result allows us to formulate the search for optimal SSP-TS methods as an opti-
mization problem, as in [5, 13, 23, 25].

Find the coefficient matrices S and §
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that maximize the value of C;y = maxr
such that the relevant order conditions (summarized in Appendix 1)
and the SSP conditions (23a)—(23c¢) are all satisfied.

However, before we present the optimal methods in Sect. 3, we present the theoretical
results on the allowable order of multistage multi-derivative SSP-TS methods.

2.1 SSP Results for Explicit Two-Derivative Runge-Kutta Methods

In this paper, we consider explicit SSP-TS two-derivative multistage methods that can be
decomposed into a convex combination of (12) and (14), and thus preserve their strong sta-
bility properties. In our previous work [5] we studied SSP-SD methods of the form (9) that
can be written as convex combinations of (12) and (13). The following lemma explains the
relationship between these two notions of strong stability.

Lemma 1 Any explicit method of the form (9) that can be written as a convex combination
of the forward Euler formula (12) and the Taylor series formula (14) can also be written as
a convex combination of the forward Euler formula (12) and the second-derivative formula

(13).

Proof We can easily see that any Taylor series step can be rewritten as a convex combina-
tion of the forward Euler formula (12) and the second-derivative formula (13):

W+ AMFW) + 2 APFGM = (x(u" + EF(M")> +( - w+ ——APFWM),

2 a 2(1 —a)
for any 0 < a < 1. Clearly then, if a method can be decomposed into a convex combination
of (12) and (14), and in turn (14) can be decomposed into a convex combination of (12)

and (13), then the method itself can be written as a convex combination of (12) and (13).

This result recognizes that the SSP-TS methods we study in this paper are a subset of
the SSP-SD methods in [5]. This allows us to use results about SSP-SD methods when
studying the properties of SSP-TS methods.

The following lemma establishes the Shu-Osher form of an SSP-SD method of the form
(9). This form allows us to directly observe the convex combination of steps of the form
(12) and (13), and thus easily identify the SSP coefficient Cgp,.

Lemma 2 If an explicit method of the form (9) written in the Shu-Osher form

O—
i-1

yW = Z apy? + At FG0) + ay0 + APBFGD),  i=2,..541,  (24)
J=1

un+ 1 (s+1)

=Yy

has the properties that
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(i) all the coefficients are non-negative,

(i) pB; = O whenever a; = 0,

(iii) f; = 0 whenevera; =0,

then this method preserves the strong stability properties of (12) and (13) (i.e., is SSP-SD)

Sfor At < Cqp Atpg with
a; _ Q.
Csp =minq —, K= &
v ﬁij ﬂlj
i1

Y ay? + AtpFGP) + ay? + ARG FGP)
j=1
i—1

1
-1

Proof For each stage we have

Iy 21l =

. By .
W+ A2 ZFG)
@jj

[y + At F(y(’))

X

s (aij +a) |
J=1

assuming only that for each one of these At— < Atgg and Ata < KAtgg. The result imme-

diately follows from the fact that for each i We have Z (a + a; ) = 1 for consistency.

When a method is written in the block Butcher form (22), we can decompose it into a
canonical Shu-Osher form,

A A A A 2 ~
=+ rS+38) e + (I +7S+ ?S)’IS<Y + ATIF(Y)> A4S+ ?S)’IS<Y + AT’F(Y))
This allows us to define an SSP-SD method directly from the Butcher coefficients.
Definition 2 Given spatial discretizations F and F that satisfy (12) and (13), an

explicit two-derivative multistage method of the form (22) is called a Strong Stabil-
ity Preserving Second Derivative (SSP-SD) method with and associated SSP coefficient

Csp = min{r,,,., K7, } if it satisfies the conditions
(I+rS+#8)7'e >0, (25a)
I+rS+#87'rS >0, (25b)
I+rS+#8)7'#8>0 (25¢)
for all r = (0, 7, ] and 7 = (0, 7,,.]. In the above conditions, the inequalities are under-

stood COIHpOIlCnt-WlSG.
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The relationship between the coefficients in (9) and (24) allows us to conclude that the
matrices S and S must contain only non-negative coefficients.

Lemma 3 If an explicit method of the form (9) can be converted to the Shu-Osher form (24)
with all non-negative coefficients @, ﬁl/, ay, ﬁl/,for all i, j, then the coefficients a;, b], al],bj
must be all non-negative as well.

Proof The transformation between (9) and (24) is given by a,, = f,, and a,, = f,, and,
recursively,

i—1

a; = f + Z (ay + @ylay, (26a)
k=j+1
i-1
=py+ Z (@i + Q)ay;, (26b)
k=j+1
b; =B+ Z (@p1x + U1 g (26¢)
k=j+1
i’j = ﬂAsHJ + Z gy g g + Oy 1)y (26d)
k=it
Clearly then,
ﬂ21 Z 0 — (2531 Z 0
and

5\2120 :> &2120.

From there we proceed recursively: given that all a; > 0 and f; > 0 for all 4, j, and that
Q= 0 and a Q= Oforalll <j <k <i—1, then by the formulae (26a) and (26b) we have
a; 2 0anda; > 0.

Now glvena >0 and f; > 0 for all i, j and a;; > 0 and &; > 0 for all 1 <j <k <,

the formulae (26c) and (26d) give the result b; > 0 and b > 0. Thus, all the coefficients
a;, u’ bj, b. must be all non- negative.

We wish to study only those methods for which the Butcher form (9) is unique. To
do so, we follow Higueras [18] in extending the reducibility definition of Dahlquist and
Jeltsch [19]. Other notions of reducibility exist, but for our purposes it is sufficient to
define irreducibility as follows:

Definition 3 A two-derivative multistage method of the form (9) is DJ-reducible if there
existsets Ty and T, such that T, # @, T\ nT, =@, T, VT, =[1,2,...,s], and
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>

b;

=0, jeT,
;=0, i€T,jeT,.

>

ajj

We say a method is irreducible if it is not DJ-reducible.

Lemma 4 An irreducible explicit SSP-SD method of the form (22) must satisfy the (compo-
nent-wise) condition

b+b>o0.

Proof An SSP-SD method in the block form (22), must satisfy conditions (25a)—(25c¢) for
O<r<r.,, andO0<?7 <7 The non-negativity of (25b) and (25c¢) requires their sum to

max

be non-negative as well,

max-*

I +rS+78)7'rS+78) > 0.

Note that these matrices commute, so we have

rS+ T +rS+ 287! > 0.

Recalling the definition of the matrix S, we have

e, (rS + P8I + rS +78)7! > 0,
([(rb + #B),0DU + rS + #8)~! > 0.

Now, we can expand the inverse as

([(rb + #5), ODU — (S + #8) + (rS + #8)* = (S + #8)* + ) > 0.

Because the positivity must hold for arbitrarily small r << 1 and 7 << 1 we can stop our
expansion after the linear term, and require

([(rb + #b),01)(I — (rS + #8)) > 0,
which is
(rb+ )T — (rA + 7A)) 2 0 = (rb+ 7b) > (rb + #h)(rA + FA).
Now we are ready to address the proof. Assume that j = J is the largest value for which we

have b, = b, = 0,

0 = (rb + #h)e; > (rb + #b)(rA + #A)e; > 0.

Clearly, then we have
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Y (rby+ #b)A, + 7 Y (rb; + A, = 0.

Since the method is explicit, the matrices A and A are lower triangular (i.e., a;; = &;, = 0
fori < J), so this condition becomes

P b+ #h)A, + 7 Y (b, +7b)A, = 0. 27

i=J+1 i=J+1

By the assumption above, we have (b, + b,) > 0 for i > J, and r > 0,7 > 0. Clearly, then,
for (27) to hold we must require

Al.J=AU=O for i>J,

which, together with b; = IQ, = (0, makes the method DJ-reducible. Thus we have a
contradiction.

We note that this same result, in the context of additive Runge-Kutta methods, is due to
Higueras [18].

2.2 Order Barriers

Explicit SSP Runge-Kutta methods with C > 0 are known to have an order barrier of four,
while the implicit methods have a barrier of six [13]. This follows from the fact that the
order p of irreducible methods with non-negative coefficients depends on the stage order ¢

such that
p—1
> | —.

For explicit Runge-Kutta methods the first stage is a forward Euler step, so ¢ = 1 and thus
p < 4, whereas for implicit Runge-Kutta methods the first stage is at most of order two, so
that ¢ = 2 and thus p < 6.

For two-derivative multistage SSP-TS methods, we find that similar results hold. A stage
order of g = 2 is possible for explicit two-derivative methods (unlike explicit Runge-Kutta
methods) because the first stage can be second order, i.e., a Taylor series method. However,
since the first stage can be no greater than second order we have a bound on the stage order
q < 2, which results in an order barrier of p < 6 for these methods. In the following results
we establish these order barriers.

Lemma 5 Given an irreducible SSP-TS method of the form (9), if b; = 0, then the corre-
sponding b; = 0.

Proof In any SSP-TS method the appearance of a second-derivative term F can only
happen as part of a Taylor series term. This tells us that ' must be accompanied by the
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corresponding F, meaning that whenever we have a non-zero &; or b; term, the correspond-
ing a;; or b; term must be non-zero.

Lemma 6 Any irreducible explicit SSP-TS method of the form (9) must satisfy the (compo-
nent-wise) condition

b>0.

Proof Any irreducible method (9) that can be written as a convex combination of (12) and
(14) can also be written as a convex combination of (12) and (13), according to Lemma 1.
Applying Lemma 4 we obtain the condition b + b > 0, component-wise. Now, Lemma 5
tells us that if any component b; = 0 then its corresponding Bj =0, so that b; + ZA)j > 0 for
each j implies that b; > 0 for each j.

Theorem 2 Any irreducible explicit SSP-TS method of the form (9) with order p > 5 must
satisfy the stage order q = 2 condition

1'2=Ac+6—%02=0, (28)

2

where the term ¢~ is a component-wise squaring.

Proof A method of order p > 5 must satisfy the 17 order conditions presented in the
Appendix 1. Three of those necessary conditions are’

Pt 445 = 4, (292)
b (P 0Ac) +b" (P 0¢) + b7 +2b"(c @ Ac) +2bT(c 0 &) = %, (29b)

bT(Ac @ Ac) + 267 © Ac) + bT? + 26" (c © Ac) + 2bT (c 0 &) = %. (29¢)

From this, we find that the following linear combination of these equations gives

2
i(29a) ~ (29) +(290) = b7 (Ac + 2 - %cz> =52 =0

(once again, the squaring here is component-wise). Given the strict component-wise posi-
tivity of the vector b according to Lemma 6 and the non-negativity of 72, this condition
becomes 7, = 0.

Theorem 3 Any irreducible explicit SSP-TS method of the form (9) cannot have order
p=".

2 In this work we use O to denote component-wise multiplication.
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Proof This proof is similar to the proof of Theorem 2. The complete list of additional
order conditions for seventh order is lengthy and beyond the scope of this work. However,
only three of these conditions are needed for this proof. These are

BTeb + 6bcS = % (30a)

bT (A62 0] 03) +2b7 (Ac 0] c3) +57¢% +3b" (A02 0] c2) +6b" (Ac © cz) = %, (30b)

bT(Ac2 OAcz) + 4bT(Ac 0] Acz) +4pT (Ac G)Ac) +4b7 (Ac 0] cz) + 23T<AC2 (0] c2) = é
(30c)
Combining these three equations we have

1 2 N Post 2
§(30a) - 5(3013) +(30c) =b" <Ac2 +Ac— §> =0.

From this we see that any seventh order method of the form (9) which admits a decomposi-
tion of a convex combination of (12) and (14), must satisfy the stage order ¢ = 3 condition

2,4 ¢’
T3 = <Ac +Ac - §> =0.

However, as noted above, the first stage of the explicit two-derivative multistage method
(9) has the form

U+ ay AtF(U") + &y AP F(u"),

which can be at most of second order. This means that the stage order of explicit two-
derivative multistage methods can be at most ¢ = 2, and so the 7; = 0 condition cannot be
satisfied. Thus, the result of the theorem follows.

Note that the order barriers do not hold for SSP-SD methods, because SSP-SD methods
do not require that all components of the vector » must be strictly positive.

3 Optimized SSP Taylor Series Methods

In Sect. 2 we formulated the search for optimal SSP two-derivative methods as:

Find the coefficient matrices S and S that maximize the value of Crg = max r
such that the relevant order conditions and the SSP conditions (23a)—(23b) are all
satisfied.

To accomplish this, we develop and use a MATLAB optimization code [14] (similar to
Ketcheson’s code [26]) for finding optimal two-derivative multistage methods that pre-
serve the SSP properties (12) and (14). The SSP coefficients of the optimized SSP explicit
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multistage two-derivative methods of order up to p = 6 (for different values of K) are pre-
sented in this section.
We considered three types of methods:

(M1) Methods that have the general form (9) with no simplifications.
(M2) Methods that are constrained to satisfy the stage order two (¢ = 2) requirement (28),

12:Ac+€’—%c'2=0.

e (M3) Methods that satisfy the stage order two (¢ = 2) (28) requirement and require
only F(u"), so they have only one second-derivative evaluation. This is equivalent to
requiring that all values in A and b, except those on the first column of the matrix and
the first element of the vector, be zero.

We refer to the methods by type, number of stages, order of accuracy, and value of K. For
example, an SSP-TS method of type (M1) with s = 5 and p = 4, optimized for the value of
K = 1.5 would be referred to as SSP-TS M1(5,4,1.5) or as SSP-TS M1(5,4,1.5). For compari-
son, we refer to methods from [5] that are SSP in the sense that they preserve the properties
of the spatial discretization coupled with (12) and (13) as SSP-SD MDRK(s, p, K) methods.

3.1 Fourth-Order Methods

Using the optimization approach described above, we find fourth-order methods with
s =3,4,5 stages for a range of K =0.1,...,2.0. In Fig. 1 we show the SSP coefficients of
methods of SSP-TS methods of type (M1) and (M2) with s = 3,4,5 (in blue, red, green)
plotted against the value of K. The open stars indicate methods of type (M1) while the filled

0 I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Fig.1 The SSP-TS coefficient C;g (on the y-axis) of fourth-order SSP-TS M1 and M2 methods with
s =3,4,5 stages plotted against the value of K (on the x-axis). The open stars indicate methods of type
(M1) while the filled circles are methods of type (M2). Filled stars are (M1) markers overlaid with (M2)
markers indicating close if not equal SSP coefficients
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circles are methods of type (M2). Filled stars are (M1) markers overlaid with (M2) markers
indicating close if not equal SSP coefficients.

Three Stage Methods Three-stage SSP-TS methods with fourth-order accuracy exist, and
all these have stage order two (g = 2), so they are all of type (M2). Figure 1 shows the SSP
coefficients of these methods in blue. The (M3) methods have an SSP coefficient

2K for K <1
CTS = K+1
1 for K >1.

For the case where K > 1 we obtain the following optimal (M3) scheme with an SSP coef-
ficient Cg = 1t

Yy =g

YO =+ AF(WD) + SALF(GD),

Y =+ ZAL(14FOD) + 4F)) + ZALFGWD),

Wl =ut + LA (1TFGWD) + 4F0) + 27F6P)) + 1 ALFGOD).

When K < 1 we have to modify the coefficients accordingly to obtain the maximal value
of Crg as defined above. Here we provide the non-zero coefficients for this family of
M3(3,4,K) as a function of K:

_ K+1 b = 3KO—9K*—22K3+30K>+21K+11  »  _ (K+1)?
20 = 5 1= 3 3 » Uy = —¢
2 3(K=3)2(K+1)3 8
_ (K+1)(=K?=2K>+14K+3) _ 2K A K(=K*+2K+3)?
az; = s by =, a31 = — Qg xn
2(K+2)3 3(K+1)3 8(K+2)3
G = (K+1)(K=3)? b = 2(K+2)° 13 _ “BK343K*4K+1
327 Tok+2p 37T 3(K-3)2(K+1)?3° L= 6k =-3)K+1)? *

In Table 1 we compare the SSP coefficient of three-stage fourth-order SSP-TS methods of
type (M2) and (M3) for a selection of values of K. Clearly, the (M3) methods have a much
smaller SSP coefficient than the (M2) methods. However, a better measure of efficiency is
the effective SSP coefficient computed by normalizing for the number of function evalu-
ations required, which is 2s for the (M2) methods, and s + 1 for the (M3) methods. If we
consider the effective SSP coefficient, we find that while the (M2) methods are more effi-
cient for the larger values of K, for smaller values of K the (M3) methods are more efficient.

Four Stage SSP-TS Methods While four-stage fourth-order explicit SSP Runge-Kutta
methods do not exist, four-stage fourth-order SSP-TS explicit two-derivative Runge-
Kutta methods do. Four-stage fourth-order methods do not necessarily satisfy the stage
order two (¢ =2) condition. These methods have a more nuanced behavior: for very
small K < 0.2, the optimized SSP methods have stage order ¢ = 1. For 0.2 < K < 1.6
the optimized SSP methods have stage order ¢ = 2. Once K becomes larger again, for

Table 1 SSP-TS coefficients of
three-stage fourth-order SSP-TS

methods (M2) Crg 0.1995 03953 09757 1.8789 24954 27321
C.; 0.0333 00659 0.1626 03131 04159 0.4553

(M3) Cpg 0.1818 03333 0.6667 1.0000 1.0000 1.0000

Cq 00454 00833 0.1667 02500 0.2500 0.2500

K 0.1 0.2 0.5 1.0 1.5 2.0
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Table 2 SSP-TS coefficients of four-stage fourth-order SSP-TS methods
K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

M1) Cpg 04400 0.6921 09662 15617 2.6669 34735 3.5607 3.6759 3.7161
Cq 00550 0.0865 0.1208 0.1952 03334 04342 04451 04595 0.4645
M2) Crg 03523 0.6569 09662 15617 26669 34735 35301 35850 3.6282
Cqr 00440 0.0821 0.1208 0.1952 0.3334 04342 04413 04481 04535
M3) Cpg 03381 0.6102 0.8407 1.2174 18181 2.0596 2.0793 2.1030 2.1093
Cq 0.0676 0.1220 0.1681 02435 03636 04119 04159 04206 0.4219

K > 1.6, the optimized SSP methods are once again of stage order ¢ = 1. However, the
difference in the SSP coefficients is very small (so small it does not show on the graph)
so the (M2) methods can be used without significant loss of efficiency.

As seen in Table 2, the methods with the special structure (M3) have smaller SSP coeffi-
cients. But when we look at the effective SSP-TS coefficient we notice that, once again, for
smaller K they are more efficient. Table 2 shows that the (M3) methods are more efficient
when K < 1.5, and remain competitive for larger values of K.

It is interesting to consider the limiting case, SSP-TS M2(4, 4, c0), in which the Tay-
lor series formula is unconditionally stable (i.e., K = o0). This provides us with an upper
bound of the SSP coefficient for this class of methods by ignoring any time-step constraint
coming from condition (14). A four-stage fourth-order method that is optimal for K = oo is

RO
YO = w4 S AFGD) + SAPEGD),

YO = w4 A (FOW) + FGP)) + S AR (FOWD) + FG:@)),

YO =+ S A(FOWD) + FOP) + FOD)) + S AR (FGP) + 2F()),

W =+ LA (FOW) + FO) + FO®) + FO™))
+$A[2 (SF(y(l)) + le(y(Z)) + 3F(y(3)) + 16F(y(4)))

This method has an SSP coefficient Crg = 4, with an effective SSP coefficient C 4 = %
This method also has stage order ¢ = 2. This method is not intended to be useful in the
SSP context but gives us an idea of the limiting behavior: i.e., what the best possible value
of Crg could be if the Taylor series condition had no constraint (K = o0). We observe in
Table 2 that the SSP coefficient of the M2(4,4,K) method is within 10% of this limiting Crg
for values of K = 2.

Table 3 SSP-TS coefficients of five-stage fourth-order methods

K 0.1 0.2 0.3 0.5 0.6 0.7 1.0 1.5 2.0

M1) Cprg 15256 15768 1.6563 2.0934 24472 27819 35851 44371 49919
Cq 01526 01577 0.1656 0.2093 0.2447 0.2782 0.3585 04437 0.4992
M2) Cprg 05876 1.0003 13319 20934 24472 27819 35381 43629 4.6614
Cq 00588 0.1000 0.1332 02093 0.2447 0.2782 0.3538 04363 0.4661
M3) Crg 05631 09296 12057 1.6551 1.8554 2.0300 24407 28748 29768
Cr 0.0939 0.1549 0.2009 0.2758 03092 0.3383 04068 04791 0.4961
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Five-Stage Methods The optimized five-stage fourth-order methods have stage order
q = 2 for the values of 0.5 < K <7, and otherwise have stage order ¢ = 1. The SSP coeffi-
cients of these methods are shown in the green line in Fig. 1, and the SSP and effective SSP
coefficients for all three types of methods are compared in Table 3. We observe that these
methods have higher effective SSP coefficients than the corresponding four-stage methods.

3.2 Fifth-Order SSP-TS Methods

While fifth-order explicit SSP Runge-Kutta methods do not exist, the addition of a sec-
ond derivative which satisfies the Taylor Series condition allows us to find explicit SSP-
TS methods of fifth order. For fifth order, we have the result (in Sect. 2.2 above) that all
methods must satisfy the stage order ¢ = 2 condition, so we consider only (M2) and (M3)
methods. In Fig. 2 we show the SSP-TS coefficients of M2(s,5,K) methods for s = 4, 5, 6.

Four-Stage Methods Four-stage fifth-order methods exist, and their SSP-TS coefficients are
shown in blue in Fig. 2. We were unable to find M3(4,5,K) methods, possibly due to the pau-
city of available coefficients for this form.

Five-Stage Methods The SSP coefficient of the five-stage M2 methods can be seen
in red in Fig. 2. We observe that the SSP coefficient of the M2(5,5,K) methods plateaus
with respect to K. As shown in Table 4, methods with the form (M3) have a significantly
smaller SSP coefficient than that of (M2). However, the effective SSP coefficient is more

Fig.2 SSP-TS coefficients Cyg 6
(on the y-axis) for M2(4,5,K) and
M2(5,5,K) and M2(6,5,K), where 50
K is on the x-axis
4r X kKKK
* * *
3 *
[ * ok * Kk KK *
*
2t ¥ %
* *
* * *
1L * K
* *
*
E 4 *
0 L L L )
0 0.5 1 1.5 2

Table 4 SSP-TS coefficients and effective SSP-TS coefficients of fifth-order methods

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

M2(5,5,K) Crg 03802 0.7448 1.0892 1.6877 29281 3.8102 3.8479 38879 3.8971
Cqr 0.0380 0.0745 0.1089 0.1688 0.2928 0.3810 0.3848 0.3888 0.3897
M3(5,5,K) Cy;g 03298 05977 08186 1.0625 1.0625 1.0625 1.0625 1.0625 1.0625
Cy 0.0550 0.0996 0.1364 0.1771 0.1771 0.1771 0.1771 0.1771 0.1771
M2(6,5,K) Crg 05677 1.0230 14581 22102 3.8749 49201 5.0002 5.0903 5.1301
Cr 0.0473 0.0852 0.1215 0.1842 0.3229 04100 04167 04242 04275
M3(6,5,K) Cpg 05398 09370 12592 1.6914 18208 1.8208 1.8208 1.8208 1.8208
Cr 00771 0.1339 0.1799 02416 02601 02601 02601 0.2601 0.260 1
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informative here, and we see that the (M3) methods are more efficient for small values of
K < 0.5, but not for larger values.

Six-Stage Methods The SSP coefficient of the six-stage M2 methods can be seen in
green in Fig. 2. In Table 4 we compare the SSP coefficients and effective SSP coefficients
of (M2) and (M3) methods. As in the case above, the methods with the form (M3) have a
significantly smaller SSP coefficient than that of (M2), and the SSP coefficient of the (M3)
methods plateaus with respect to K. However, the effective SSP coefficient shows that the
(M3) methods are more efficient for small values of K < 0.7, but not for larger values.

3.3 Sixth-Order SSP-TS Methods

As shown in Sect. 2.2, the highest order of accuracy this class of methods can obtain is
p = 6, and these methods must satisfy (28). We find sixth-order methods with s =5,6,7
stages of type (M2). As to methods with the special structure M3, we are unable to find
methods with s < p, but we find M3(7,6,K) methods and M3(8,6,K) methods. In the first
six rows of Table 5 we compare the SSP-TS and effective SSP-TS coefficients of the (M2)
methods with s = 5, 6,7 stages. In the last four rows of Table 5 we compare the SSP coef-
ficients and effective SSP coefficients for sixth-order methods with s = 7,8 stages. Fig-
ure 3 shows the SSP-TS coefficients of the optimized (M3) methods for seven and eight
stages, which clearly plateau with respect to K (as can be seen in the tables as well). For

Table 5 SSP-TS coefficients and effective SSP-TS coefficients of sixth-order SSP-TS methods

K 0.1 0.2 0.3 0.5 1.0 1.5 2.0

M2(5,6,K) Crg 0.144 1 0.228 0 0.278 0 0.3242 0.3500 0.3536 03555
Cegt 0.014 4 0.022 8 0.027 8 0.032 4 0.0350 0.0354 0.0355
M2(6,6,K) Crg 0.294 4 0.5157 0.6725 0.904 4 1.5225 2.000 2 2.196 6
Cest 0.024 5 0.0430 0.056 0 0.075 4 0.126 9 0.166 7 0.183 1
M2(7,6,K) Crg 0.398 1 0.715 8 09734 1.4217 2.0376 2.564 8 2.779 4
Cesr 0.028 4 0.0511 0.069 5 0.101 6 0.1455 0.1832 0.198 5
M3(7,6,K) Crg 0.354 7 0.600 7 0.8059 0.894 1 0.894 7 0.894 7 0.894 7
Cet 0.044 3 0.075 1 0.100 7 0.1118 0.1118 0.1118 0.1118
M3(8,6,K) Crg 0.549 5 09754 1.288 2 1.6435 1.736 9 1.736 9 1.736 9
Cegt 0.061 1 0.108 4 0.143 1 0.1826 0.1930 0.1930 0.1930

Fig.3 SSP-TS coefficients Cyg 2-
(on the y-axis) for M3(7,6,K)
and M3(8,6,K), where K is on N * ok ook ok ok & ok ok ok &
the x-axis 15/ *
*
1t *
0.5f *
0 . . ,
0 0.5 1 15
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the sixth-order methods, it is clear that M3(8,6,K) methods are most efficient for all values
of K.

3.4 Comparison with Existing Methods

First, we wish to compare the methods in this work to those in our prior work [5]. If a
spatial discretization satisfies the forward Euler condition (12) and the second-derivative
condition (13) it will also satisfy the Taylor series condition (14), with

K=i<<\/i<2+2—i<>.

In this case, it is preferable to use the SSP-SD MDRK methods in [5]. However, in the case
that the second-derivative condition (13) is not satisfied for any value of K >0, or if the
Taylor series condition is independently satisfied with a larger K than would be established
from the two conditions, i.e., K > k( K2+2- f(), then it may be preferable to use one

of the SSP-TS methods derived in this work.

Next, we wish to compare the methods in this work to those in [32], which was the
first paper to consider an SSP property based on the forward Euler and Taylor series base
conditions. The approach used in our work is somewhat similar to that in [32] where the
authors consider building time integration schemes which can be composed as convex
combinations of forward Euler and Taylor series time steps, where they aim to find meth-
ods which are optimized for the largest SSP coefficients. However, there are several differ-
ences between our approach and the one of [32], which results in the fact that in this paper
we are able to find more methods, of higher order, and with better SSP coefficients. In
addition, in the present work we find and prove an order barrier for SSP-TS methods.

The first difference between our approach and the approach in [32] is that we allow
computations of F of the intermediate values, rather than only £("). Another way of say-
ing this is that we consider SSSP-TS methods that are not of type M3, while the methods
considered in [32] are all of type M3. In some cases, when we restrict our search to M3
methods and K = 1, we find methods with the same SSP coefficient as in [32]. For exam-
ple, HBT34 matches our SSP-TS M3(3.4,1) method with an SSP coefficient of Cg = 1,
HBT44 matches our SSP-TS M3(4,4,1) method with Crg = %, HBT54 matches our SSP-TS
M3(5.4,1) method with Crg = 2.441, and HBT55 matches our SSP-TS M3(5,5,1) method
with an SSP coefficient of Crg = 1.062. While methods of type M3 have their advantages,
they are sometimes sub-optimal in terms of efficiency, as we point out in the tables.

The second difference between the SSP-TS methods in this paper and the methods in
[32] is that in [32] only one method of order p > 4 is reported, while we have many fifth-
and sixth-order methods of various types and stages, optimized for a variety of K values.

The most fundamental difference between our approach and the approach in [32] is
that our methods are optimized for the relationship between the forward Euler restriction
and the Taylor series restriction while the time-step restriction in the methods of [32] is
defined as the most restrictive of the forward Euler and Taylor series time-step conditions.
Respecting the minimum of the two cases will still satisfy the nonlinear stability prop-
erty, but this approach does not allow for a balance between the restrictions considered,
which can lead to severely more restrictive conditions. In our approach we use the relation-
ship between the two time-step restrictions to select optimal methods. For this reason, the
methods we find have larger allowable time steps in many cases. To understand this a little
better consider the case where the forward Euler condition is Afgzy < Ax and the Taylor
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series condition is Atpg < 2Ax In the approach used in [32], the base time-step restric-
tion is then Ar,, = max{Afgg, Atyg} < zAx. The HBT23 method in [32] is a third-order
scheme with two stages which has an SSP coefficient of Crs = 1, so the allowable time step
with this scheme will be the same At < CrgAt,, < LAx. On the other hand, using our
optimal SSP-TS M2(2,3,0.5) scheme which has an SSP coefficient Crg = 0.75, the allow-
able time step is At < CrgAtpp < 4Ax a 50% increase. This is not only true when K < 1
consider the case where Aty < Ax and Atpg < Ax. Once agam the HBT23 method in
[32] will have a time-step restrlctlon of At < Crglt, < Ax while our M2(2,3,2)
method has an SSP coefficient C;g = 1.88, so that the overall time-step restriction would
be Ar < L8 Ay = 0.94Ax, which is 88% larger. Even when the two base conditions are
the same (i.e., K = 1) and we have Aty < Ax and Arg < Ax, the HBT23 method in [32]
gives an allowable time step of Cyg = 1 while our SSP-TS M2(2,3,1) has an SSP coefficient
Cpg = 1.5, so that our method allows a time step that is 50% larger.® These simple cases
demonstrate that our methods, which are optimized for the value of K, will usually allow a

larger SSP coefficient that the methods obtained in [32].

4 Numerical Results
4.1 Overview of Numerical Tests

We wish to test our methods on what are now considered standard benchmark tests in the
SSP community. In this subsection we preview our results, which we then present in more
detail throughout the remainder of the section.

First, in the tests in Sect. 4.3 we focus on how the strong stability properties of these meth-
ods are observed in practice, by considering the total variation of the numerical solution. We
focus on two scalar PDEs: the linear advection equation and Burgers’ equation, using sim-
ple first-order spatial discretizations which are known to satisfy a total variation-diminishing
property over time for the forward Euler and Taylor series building blocks. We want to ensure
that our numerical approximation to these solutions observe similar properties as long as the
predicted SSP time-step restriction, At < CrgAtgg, is respected. These scalar one-dimen-
sional partial differential equations are chosen for their simplicity so we may understand the
behavior of the numerical solution, but the discontinuous initial conditions may lead to insta-
bilities if standard time discretization techniques are employed. Our tests show that the meth-
ods we design here preserve these properties as expected by the theory.

In Example 2, we extend the results from Example 1 to the case where we use the higher
order weighted essentially non-oscillatory (WENO) method, which is not probably TVD but
gives results that have very small increases in total variation. We demonstrate that our methods
out-perform other methods, such as the SSP-SD MDRK methods in [5], and that non-SSP
methods that are standard in the literature do not preserve the TVD property for any time step.

In many of these examples we are concerned with the total variation-diminishing prop-
erty. To measure the sharpness of the SSP condition we compute the maximal observed
rise in total variation over each step, defined by

ma n+1 _ n
OS"S}\PIEI(HM llry = 1" ll7v ), 31)

3 These efficiency measures do not account for the fact that the methods in [32] are of type SSP-TS M3 and
so require fewer funding evaluations. Correcting for this, our methods are still 10%—40% more efficient.
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as well as the maximal observed rise in total variation over each stage, defined by

max (1Y llry = 11yl )- (32)

15

n+1

where y*+1 corresponds to #"*!. The quantity of interest is the time step Az, , or the SSP
At,

coefficient C%ts’s = T”‘ at which this rise becomes significant, as defined by a maximal

increase of 10719,

It is important to notice that the SSP-TS methods we designed depend on the value of
K in (14). However, in practice we often do not know the exact value of K. In Example 3
we investigate what happens when we use spatial discretizations with a given value of K
with time discretization methods designed for an incorrect value of K. We conclude that
although in some cases a smaller step size is required, for methods of type M3 there is gen-
erally no adverse result from selecting the wrong value of K.

In Example 4 we investigate the increased flexibility in the choice of spatial discretiza-
tion that results from relying on the (12) and (14) base conditions. The only constraint
in the choice of differentiation operators D, and D, (described at the end of Sect. 1.2) is
that the resulting building blocks must satisfy the monotonicity conditions (12) and (14)
in the desired convex functional || - ||. As noted above, this constraint is less restrictive than
requiring that (12) and (13) are satisfied: any spatial discretizations for which (12) and (13)
are satisfied will also satisfy (14). However, there are some spatial discretizations that sat-
isfy (12) and (14) that do not satisfy (13). In Example 4 we find that choosing spatial dis-
cretizations that satisfy (12) and (14) but not (13) allows for larger time steps before the
rise in total variation. And finally, in Example 5, we demonstrate the positivity-preserving
behavior of our methods when applied to a nonlinear system of equations.

4.2 On the Numerical Implementation of the Second Derivative

In the following numerical test cases the spatial discretization is performed as follows: at
each iteration we take the known value " and compute the flux f(¢") = —u" in the lin-
ear case and f(u") = %(u")2 for Burgers’ equation. Now to compute the spatial derivative
f(u"), we use an operator D, and compute
up = =f"), = up =D (=fW").

In the numerical examples below the differential operator D, will represent, depending on
the problem, a first-order upwind finite difference scheme and the fifth-order finite differ-
ence WENO method [20]. In our scalar test cases f’(u) does not change sign, so we avoid
flux splitting.

Now we have the approximation to U, at time ¢, and wish to compute the approximation
to U,,. For the linear advection problem, this is very straightforward as U,, = U,,.. To compute
this, we take u, as computed before, and differentiate it again. For Burgers’ equation, we have
U,= (—U U,)X. We take the approximation to U, that we obtained above, and we multiply it
by u", then differentiate in space once again. In pseudocode, the calculation takes the form

uy = (=f'Whu)), = uy = D(=f W)
Using these, we can now construct our two building blocks

Forward Euler "' = u" + An!,

. n+l _ n n l 2. n
Taylor series """ =u" + Am/ + zAt u,.
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In choosing the spatial discretizarions D, and Dx it is important that these building blocks
satisfy (12) and (14) in the desired convex functional || - ||.

4.3 Example 1: TVD First-Order Finite Difference Approximations

In this section we use first-order spatial discretizations, that are probably total variation
diminishing (TVD), coupled with a variety of time-stepping methods. We look at the maxi-
mal rise in total variation.

Example 1la: Linear advection As a first test case, we consider a linear advection
problem

Uu-U,=0, (33)
on a domain x € [—1, 1], with step-function initial conditions
1 if-i<x<!
= 2 = -2’

to(%) { 0  otherwise, (34)

and periodic boundary conditions. This simple example is chosen as our experience has
shown [13] that this problem often demonstrates the sharpness of the SSP time step.

For the spatial discretization we use a first-order forward difference for the first and second
derivative:

ny . u/}:l‘*'l B M;L = = e u7+2 - 2”;-1+1 + M;
Fy i= 2ot Uy, and By m P 1= o m U ).

These spatial discretizations satisfy

+1 ! At 1( ar\?

: it n+l _ n atf.n  _ .n 1 Aar noo_ n ny i

e Taylor series condition W=l + (uj ") uj> + 2( AX) (uj o 2uj T uj) is
TVD for Ar < Ax.

e Forward Euler condition uj’?“ =u’+ % (uj”+ L= uj” is TVD for At < Ax, and

So that Atz = Ax and in this case we have K = 1 in (14). Note that the second-derivative
discretization used above does not satisfy the second-derivative condition (13), so that most of
the methods we devised in [5] do not guarantee strong stability preservation for this problem.

For all of our simulations for this example, we use a fixed grid of M = 601 points, for a
grid size Ax = %, and a time step Ar = AAx where we vary A from A = 0.05 until beyond
the point where the TVD property is violated. We step each method forward by N = 50 time-
steps and compare the performance of the various time-stepping methods constructed earlier
in this work, for K = 1. We define the observed SSP coefficient C%ts’s as the multiple of Atp, for
which the maximal rise in total variation exceeds 1071°,

We verify that the observed values of Atz and K match the predicted values, and test this prob-
lem to see how well the observed SSP coefficient C;ts’s matches the predicted SSP coefficient C%rsed
for the fourth-, fifth-, and sixth-order methods. The results are listed in the upper half of Table 6.

Example 1b: Burgers’ equation We repeat the example above with all the same param-
eters but for the problem

v+ (507) =0 @
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. ovred : :
s s @ w  a @
methods Linear advection

FE 1.000 0 1.000 0 1.00 1.00
TS 1.000 0 1.000 0 0.50 0.50
M2(3,4,1) 1.878 8 1.878 8 0.31 0.31
M3(3,4,1) 1.000 0 1.000 0 0.25 0.25
M2(4,4,1) 2.666 8 2.666 8 0.33 0.33
M3(4.4,1) 1.818 1 1.818 1 0.36 0.36
M2(5.4,1) 3.538 1 3.629 1 0.35 0.36
M3(5.4,1) 2.440 6 2.440 6 0.40 0.40
M2(4,5,1) 2.186 4 2.2239 0.27 0.27
M2(5,5,1) 29280 3.168 1 0.29 0.31
M3(5,5,1) 1.062 5 1.5710 0.17 0.26
M2(6,5,1) 3.8749 3.8749 0.32 0.32
M3(6,5,1) 1.8207 1.956 2 0.26 0.27
M2(5,6,1) 0.350 0 1.939 8 0.03 0.19
M2(6,6,1) 1.5225 2.354 8 0.12 0.19
M2(7,6,1) 2.1150 2.369 5 0.15 0.19
M3(7,6,1) 0.894 6 1.3207 0.11 0.16
M3(8,6,1) 1.736 9 1.986 1 0.19 0.22
Burgers’
FE 1.000 0 1.000 0 1.00 1.00
TS 1.000 0 1.000 0 0.50 0.50
M2(3.4,1) 1.878 8 1.878 8 0.31 0.31
M3(3.4,1) 1.000 0 1.000 0 0.25 0.25
M2(4,4,1) 2.666 8 2.666 8 0.33 0.33
M3(4,4,1) 1.818 1 1.818 1 0.36 0.36
M2(5,4,1) 3.538 1 3.6102 0.35 0.36
M3(5,4,1) 2.440 6 2.440 6 0.40 0.40
M2(4,5,1) 2.186 4 22130 0.27 0.27
M2(5,5,1) 29280 3.1009 0.29 0.31
M3(5,5,1) 1.062 5 1.543 6 0.17 0.25
M2(6,5,1) 3.8749 3.8749 0.32 0.32
M3(6,5,1) 1.8207 2.000 3 0.26 0.28
M2(5,6,1) 0.3500 1.9239 0.03 0.19
M2(6,6,1) 1.5225 2.2875 0.12 0.19
M2(7,6,1) 2.1150 23189 0.15 0.16
M3(7,6,1) 0.894 6 1.2893 0.11 0.16
M3(8,6,1) 1.736 9 1.973 4 0.19 0.21

on x € (—1, 1). Here we use the spatial derivatives

e
F(u"); := —% ~ —f(U),(x),

and
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JI@OF ") = f . DFu");

! 4
Ax ~ (WO (U),),(x)).

Fu", = Fu"); i= -

Using Harten’s lemma we can easily show that these definitions of F and F cause the Tay-
lor series condition to be satisfied for Ar < Ax. The results are quite similar to those of the
linear advection equation in Example 1a, as can be seen in the lower half of Table 6.

The results from these two studies show that the SSP-TS methods provide a reliable
guarantee of the allowable time step for which the method preserves the strong stability
condition in the desired norm. For methods of order p = 4, we observe that the SSP coeffi-
cient is sharp: the predicted and observed values of the SSP coefficient are identical for all
the fourth-order methods tested. For methods of higher order (p = 5, 6) the observed SSP
coefficient is often significantly higher than the minimal value guaranteed by the theory.

4.4 Example 2: Weighted Essentially Non-oscillatory (WENO) Approximations

In this section we re-consider the nonlinear Burgers’ equation (35)

U2
(), =0

on x € (—1,1). We use the step function initial conditions (34), and periodic boundaries.
We use M = 201 points in the spatial domain, so that Ax = ﬁ, and we step forward for
N = 50 time steps and measure the maximal rise in total variation for each case.

For the spatial discretization, we use the fifth-order finite difference WENO method
[20] in space, as this is a high-order method that can handle shocks. We describe this
method in Appendix 3. Recall that the motivation for the development of SSP multistage
multi-derivative time-stepping is for use in conjunction with high-order methods for prob-
lems with shocks. Ideally, the specially designed spatial discretizations satisfy (12) and
(14). Although the weighted essentially non-oscillatory (WENO) methods do not have a

2/ _, RK(5,5) g 2’—.—NonSS(P-RK)(8,G) |
—o MDRK(3,5,2 —e MDRK(4,6,1 .
O T M2as ) ), exsgpsfeioevete? 0172 M2(5,6.1) -
2 M3(5,5,1) ,e3e°° s 2l o M3(761)
——M3(7,51) * | -o—M3(9,6,1) ¢
!
-4 .....0’ || -4} I,
6 & ! 6F I
(s I
. H I
8+ ¢ 1 -8 II
|
10} ! -10¢ |
2] ! A2} i
1
141 | ) 14} I
a6t A6l o
0 02040608 1 1.2 1.4 1.6 1.8 2 0 0204 06 08 1 12 1.4 16 1.8 2
(@) (b)

Fig.4 Example 2: Comparison of the maximal rise in total variation (on the y-axis) as a function of 4 = A

(on the x-axis) for a selection of time-stepping methods for evolving Burgers’ equation with WENO spatiﬁi
discretizations. (a) Fifth-order methods. (b) Sixth-order methods
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theoretical guarantee of this type, in practice we observe that these methods do control the
rise in total variation, as long as the step-size is below a certain threshold.

Below, we refer to the WENO method on a flux with f’(u) > 0 as WENO™ defined in
(41) and to the corresponding method on a flux with /(1) < 0 as WENO™ defined in (42).
Because f’(u) is strictly non-negative in this example, we do not need to use flux splitting,
and use D = WENO™, For the second derivative we have the freedom to use D, = WENO*
or D, = WENO"™. In this example, we use D, = D, = WENO™. In Example 4 below we
show that this is more efficient.

In Fig. 4(a), we compare the performance of our SSP-TS M3(7,5,1) and SSP-TS M2(4,5,1)
methods, which both have eight function evaluations per time step, and our SSP-TS M3(5,5,1),
which has six function evaluations per time step, to the SSP-SD MDRK(3,5,2) in [5] and
non-SSP RK(6,5) Dormand-Prince method [8], which also have six function evaluations per
time step. We note that we use the SSP-SD MDRK(3,5,2) (designed for K = 2) because this
method performs best compared to other explicit two-derivative multistage methods designed
for different values of K. Clearly, the non-SSP method is not safe to use on this example. The
M3 methods are most efficient, allowing the largest time step per function evaluation before
the total variation begins to rise.

This conclusion is also the case for the sixth-order methods. In Fig. 4(b), we compare our
SSP-TS M3(9,6,1) and M2(5,6,1) methods, which both have ten function evaluations per time
step, and our M3(7,6,1), which has eight function evaluations per time step, to the SSP-SD
MDRK(4,6,1) and non-SSP RK(8,6) method given in Verner’s paper table [52], which also
have eight function evaluations per time step. Clearly, the non-SSP method is not safe to use
on this example. The M3 methods are most efficient, allowing the largest time step per func-
tion evaluation before the total variation begins to rise.

This example demonstrates the need for SSP methods: classical non-SSP methods do not
control the rise in total variation. We also observe that the methods of type M3 are efficient,
and may be the preferred choice of methods for use in practice.

4.5 Example 3: Testing Methods Designed with Various Values of K

In general, the value of K is not exactly known for a given problem, so we cannot choose a method
that is optimized for the correct K. We wish to investigate how methods with different values of K
perform for a given problem. In this example, we re-consider the linear advection Eq. (33)
U, =0,

with step function initial conditions (34), and periodic boundary conditions on x € (-1, 1).
We use the fifth-order WENO method with M = 201 points in the spatial domain, so that
Ax = % and we step forward for N = 50 time steps and measure the maximal rise in total
variation for each case. Using this example, we investigate how time-stepping methods
optimized for different K values perform on the linear advection with finite difference spa-
tial approximation test case above, where it is known that K = 1. We use a variety of fifth-
and sixth-order methods, designed for 0.1 < K < 2 and give the value of A = A for which
the maximal rise in total variation becomes large, when applied to the linear advection
problem.

In Fig. 5(a) we give the observed value (solid lines) of A for a number of SSP-TS meth-
ods, M2(4,5,K), M2(5,5,K), M2(6,5,K), M3(5,5,K), and M3(6,5,K), and the corresponding
predicted value (dotted lines) that a method designed for K = 1 should give. In Fig. 5(b)
we repeat this study with sixth-order methods M2(5,6,K), M2(6,6,K), M3(7,6,K), and
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Fig.5 Example 3: The observed value of A = % such that the method is TVD (y-axis) when methods
designed for different K values (on the x-axis) are applied to the problem with K = 1. For each method, the
observed value(solid line) is higher than the predicted value (dashed line)

M3(8,6,K). We observe that while choosing the correct K value can be beneficial, and is
certainly important theoretically, in practice using methods designed for different K values
often makes little difference, particularly when the method is optimized for a value close
to the correct K value. For the sixth-order methods in particular, the observed values of the
SSP coefficient are all larger than the predicted SSP coefficient.

4.6 Example 4: The Benefit of Different Base Conditions

In [5] we use the choice of D, = WENO™ defined in (41), followed by D, = WENO™
defined in (42), by analogy to the first-order finite difference for the linear advection case
U, = U,, where we use a differentiation operator D} followed by the downwind differen-
tiation operator D to produce a centered difference for the second derivative. In fact, this
approach makes sense for these cases because it respects the properties of the flux for the
second derivative and consequently satisfies the second-derivative condition (13). How-
ever, if we simply wish the Taylor series formulation to satisfy a TVD-like condition, we
are free to use the same operator (WENO™ or WENO™, as appropriate) twice, and indeed
this gives a larger allowable At.

In Fig. 6 we show how using the repeated upwind discretization D = WENO™ and
DX = WENO™ (solid lines) which satisfy the Taylor Series Condition (14) but not the
second-derivative condition (13) to approximate the higher order derivative allows for a
larger time step than the spatial discretizations (dashed lines) used in 9. We see that for
the fifth-order methods the rise in total variation always occurs for larger A for the solid
lines (D, = D, = WENO") than for the dashed lines (D, = WENO™ and D, = WENO"),
even for the method designed in [5] to be SSP for the second case but not the first case. For
the sixth-order methods the results are almost the same, though the SSP-SD MDRK(4,6,1)
method that is SSP for base conditions of the type in [5] performs identically in both cases.
These results demonstrate that requiring that the spatial discretizations only satisfy (12)
and (14) (but not necessarily (13)) results in methods with larger allowable time steps.
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Fig.6 Example 4: The maximal rise in total variation (on the y-axis) for values of A (on the x-axis). Simu-
lations using the repeated upwind discretization D, = WENO™ and D, = WENO™ (solid lines) are more
efficient than those using D, = WENO™ and D, = WENO™ (dashed lines). This demonstrates the enhanced
allowable time step afforded by the SSP-T'S methods

4.7 Example 5: Nonlinear Shallow Water Equations

As a final test case we consider the shallow water equations, where we are concerned with
the preservation of positivity in the numerical solution. The shallow water equations [2]
are a nonlinear system of hyperbolic conservation laws defined by

h hy (0
hv [+ hvz+%gh2 X_ 0/’

where h(x, ) denotes the water height at location x and time ¢, v(x, f) the water velocity, g is
the gravitational constant, and U = (h, )T is the vector of unknown conserved variables.
In our simulations, we set g = 1. To discretize this problem, we use the standard Lax-Frie-
drichs splitting

B = 3 0F@) + ) = 5 =) a=max {1y, /1.

and define the (conservative) approximation to the first derivative as

Py

fUK)), ~ (f,+1/2 —fi12)-

We discretize the spatial grid x € (0, 1) with M = 201 points. To appr0x1mate the second
derivative, we start with element-wise first derivative u;, 1= — (f j+1/2 f 1 /2) and then
approximate the second derivative (consistent with (11)) as

u

1
it - = T oAx (fl(uj+1)uj+1,z _f,(uj—l)uj—l,r)’
where f’(u;,,) is the Jacobian of the flux function evaluated at u,,. A simple first-order

spatial discretization is chosen here because it enables us to show that positivity is pre-
served for forward Euler and Taylor series for A* = A* = a— <l
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Table 7 The predicted and observed values of 4 = a% (where Ax = ﬁ) for which positivity of the height
of the water is preserved in the shallow water equations in Example 5

Method Apred Acbs Method Apred Aobs

Forward Euler 1.000 00 1.010 58 Taylor series 1.000 00 1.025 98
Dormand Prince 0.000 00 0.000 00 nonSSPRK(8,6) 0.000 00 0.000 00
SSP-SD MDRK(3,5,2) - 1.03176 SSP-SD MDRK(4,6,1) - 1.078 03
SSP-TS M2(4,5,1) 2.186 48 3.010 05 SSP-TS M2(5,6,1) 0.350 01 2484 11
SSP-TS M3(5,5,1) 1.062 53 1.78593 SSP-TS M3(7,6,1) 0.894 68 1.640 84
SSP-TS M3(6,5,1) 1.820 79 2.12579 SSP-TS M3(9,6,1) 2.598 60 3.033 87

In problems such as the shallow water equations, the non-negativity of the numerical
solution is important as a height of 4 < 0 is not physically meaningful, and the system loses
hyperbolicity when the height becomes negative. For a positivity-preserving test case, we
consider a Riemann problem with zero initial velocity, but with a wet and a dry state [2, 53]:

r_ [ 10,007, x<0.5,
(k)" = { 0,07, x> 0.5.

In our numerical simulations, we focus on the impact of the numerical scheme on the posi-
tivity of the solver for the the water height A(x, #). This quantity is of interest from a numer-
ical perspective because if the height h(x, f) < O for any x or ¢, the code will crash due to
square-root of height.

First, we investigate the behavior of the base methods in terms of the positivity-preserv-
ing time step. In other words, we want to get a numerical value for Afgg, K. To do so, we
numerically study the positivity behavior of the forward Euler and Taylor series approach.
To do this, we evolve the solution forward for more time steps with different values of
A= a% to identify the predicted positivity-preserving value APd. Using the approach, we
see that as we increase the number of steps the predicted value of the positivity preserving
value, A " 1and A?sd — 1, for both forward Euler and Taylor series. We are not able
to numencally identify K resulting from the second-derivative condition, which cannot be
evolved forward as it does not approximate the solution to the ODE at all.

In Table 7 we compare the positivity-preserving time step of a variety of numerical
time integrators. We consider the fifth-order SSP-TS methods M2(4,5,1), M3(5,5,1), and
M3(6,5,1), and compare their performance to the SSP-SD MDRK(3,5,2) method in [5],
and the non-SSP Dormand-Prince method. We also consider the sixth-order SSP-TS meth-
ods M2(5,6,1), M3(7,6,1), and M3(9,6,1), as well as the SSP-SD MDRK(4,6,1) from [5]
and the non-SSPRK(8,6) method. Positivity of the water height is measured at each stage
for a total of N = 60 time steps. We report the largest allowable value of A = aﬂ_ (a is
the maximal wavespeed for the domain) for which the solution remains positive. For each
method, the predicted values AP are obtained by multiplying the SSP coefficient Crq of
that method by /lpred = Apred = 1. For the SSP-SD MDRK methods we do not make a pre-
diction as we are not able to identify K resulting from the second-derivative condition.

In Table 7 we show that all of our SSP-TS methods preserve the positivity of the solu-
tion for values larger than those predicted by the theory A°° > AP™d_ and that even for the
SSP MSRK methods there is a large region of values A°®* for which the solution remains
positive. However, the non-SSP methods permit no positive time step that retains positivity
of the solution, highlighting the importance of SSP methods.
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5 Conclusions

In [5] we introduced a formulation and base conditions to extend the SSP framework to mul-
tistage multi-derivative time-stepping methods, and the resulting SSP-SD methods. While the
choice of base conditions we used in [5] gives us more flexibility in finding SSP time-stepping
schemes, it limits the flexibility in the choice of the spatial discretization. In the current paper
we introduce an alternative SSP formulation based on the conditions (12) and (14) and investi-
gate the resulting explicit two-derivative multistage SSP-TS time integrators. These base con-
ditions are relevant because some commonly used spatial discretizations may not satisfy the
second-derivative condition (13) which we required in [5], but do satisfy the Taylor series con-
dition (14). This approach decreases the flexibility in our choice of time discretization because
some time discretizations that can be decomposed into convex combinations of (12) and (13)
cannot be decomposed into convex combinations of (12) and (14). However, it increases the
flexibility in our choice of spatial discretizations, as we may now consider spatial methods that
satisfy (12) and (14) but not (13). In the numerical tests we showed that this increased flexibil-
ity allowed for more efficient simulations in several cases.

In this paper, we proved that explicit SSP-TS methods have a maximum obtainable order
of p = 6. Next we formulated the proper optimization procedure to generate SSP-TS meth-
ods. Within this new class we were able to organize our schemes into three sub categories
that reflect the different simplifications used in the optimization. We obtained methods up to
and including order p = 6 thus breaking the SSP order barrier for explicit SSP Runge-Kutta
methods. Our numerical tests show that the SSP-TS explicit two-derivative methods perform
as expected, preserving the strong stability properties satisfied by the base conditions (12) and
(14) under the predicted time-step conditions. Our simulations demonstrate the sharpness of
the SSP-TS condition in some cases, and the need for SSP-TS time-stepping methods. Further-
more the numerical results indicate that the added freedom in the choice of spatial discretiza-
tion results in larger allowable time steps. The coefficients of the SSP-TS methods described in
this work can be downloaded from [14].
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Appendix 1 Order Conditions

Any method of the form (9) must satisfy the order conditions for all p < P to be of order P.
p=1

ble=1;
p=2,
A 1
blc+b"e==;
ct+be 5
p=3,
b+ 25T = l,
3
bTAc+b"e+ b c = é;
p=4
b +3b7? = l,
4
BTcOA) +b (cOO)+b'P +bTAc+bTe = %,
bTAC? +2b"Ac + b ? = %
bTA%c + bTAC + b"Ac + bTAc + bTe = 2—14;
p=>5,
1
T 4 T3 _ 1
bt +4b 5
BT (P Ac) +b" (2@ 2) +5"* +2bT(c @ Ac) + 2b"(c © &) = L

10°
b (c ©@ Ac?) + 26" (c © Ac) + BT® + BTAc? + 2b6TAc = %
BT (c @ A%) + b (c @ A®) + b" (c @ Ac) + b (c @ Ac) + b (c @ &) + bTA%c + BT Ae + bTAc = %,
bT(Ac ©@ Ac) + 20T (@ © Ac) + b"* + 26T (c © Ac) + 26" (c © &) = 21—0,

o 1
bTAC +3bTAC + b7 = —,

c + ¢+ Cc 20
bTA(c @ Ac) + bTA(c © &) + bTA® + b"AAc + bTAL + b (c @ Ac) + BT (c 0 &) = 4i0,
bTA%? + 2b"AAc + BTAC? + BTACP + 2bTAc = %,

bTA%c + BTA%E + b"AAc + bTAAc + bTAE + BTA%c + bTAZ + BTAc = 11%;
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p=6,

b'e’ +5b"ct =

>

=

L

BT (* @Ac) + 35" (F @ Ac) + b7t + b7 (P 0 ¢) +3b" (P o ¢) = 5

1
bT(c2 OAC2> + ZET(C OAC2) + 2bT(c2 OAC) +bTc + 413T(c Oflc) = %,
bT(c OACS) + 3bT(c OA?) +BTAG + 3DTAR + b7t = 2—14,

)
b At + 4b"AC + "¢t = 3i

b'(* @ A’c) + 26" (c @ Ac) +b" (> @ Ae) +b"(? @ Ac) +b"(c? ©@ Ac) +2b"(c © A?)
+25"(c0Ac) +HT(02) = 5,
b (c @ A%?) + BTA’? + BT (c 0 Ac?) +b" (c @ Ac?) +2b" (c @ AAc) + b"Ac* +2bTAAc
+25"(coAc) = =,

BTA% + BTAC + YA + 3bTAAC + 3bTA? = %),

b (c @ Ac @ Ac) + b"(Ac © Ac) + b" (c © AAc) + b (c @ A(c @ 8)) + b (> @ Ac) + b (c © A?)

+BTAAc + BTAC © &) + b7 (¢ © A2) + BTAC® + BTc% + bTAe =

= %

b'A(* @ Ac) +bTA(? ©¢) + b (® © Ac) +2b" (Ac @ Ac) + bTAC? + 20" (Ac 0 ¢)
ST 2~ a) L

+b'(c* o) = 0

b'(Ac® A?) + b"(c @ Ac?) + b"AAC* + b"Ac + 2b" (Ac @ Ac) + 2b"A%c +2b" (c © Ac) = 91—0,
b (c @A) +b"A%c + b (c © A’c) + b (c @ AAc) + b" (c @ AAc) + b (c © A%¢) + bTAAc

+ DA+ DA% + BT (c © A2) + BTCAC + BT CAe + BT = -,

b (Ac © A%c) + bT(Ac © A2) + b (Ac ©@ Ac) + b (Ac @ Ac) + bTAA%c + BT (c © A%c)

+07(Ac ) +b"AAC +5T(c© A0 + bR + 5T (c 0 Ac) = o,
bT(A%(c © Ac) + bTA%(c @ &) + bTAAC? + bTAAAc + bTA(c © Ac) + bTA(c © Ac) + bTAA?
+BTA(C ©8) + BTA(c © &) + BTAC + bTAAc + BTA = 2710

bTA3C? + HTA2? + BTAAC? + BTAAC? + 2bTA%Ac + BTAC? + 26T AAc + 2bTA%c = ﬁ,
b (c ®@ Ac @ Ac) + bT(Ac @ Ac) +2b"(c © ¢ @ Ac) +2b" (* ©@ Ac) +2b" (¢ @ Ac) + 25" (P @ ¢ )

T a2 fTa0 1
+b (cod®)+be =50
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BT (Ac 0] Azc) +o7 (E 0] Azc) +b7 (C (0] A2c) +b"(Ac © Ac) + b" (Ac (0] Ac) +bT(Ac © A®)
+20T (¢ @A) + b (¢ ©Ac) +bT(@ @A) + BT (c @ Ac) + bT(c © A®) + bT¢* = 7>
bT(Ac oAcz) + bT(é OAcz) + I;T(C OAcz) + @T(Ac 0} cz) + 2bT(Ac OAC) + BT(é 0] cz)
+2b" (2@ Ac) +2b"(c @ Ac) = %,
bTA(Ac @ Ac) + 2bTA(¢ © Ac) + 2b"A(c © Ac) + T (Ac © Ac) + 207 (¢ ® Ac) + 2bTA(c © &)
+ b A + b7 = o’
bTA%c + b A% + bTA%Ac + bTAAAC + bTAA%c + BTA3c + bTAAE + bTAAE + BTA%

+bTA% + bTAAc + bTAAc + BTAe = 0"

Appendix 2 Coefficients of Selected Methods

All the time-stepping methods in this work can be downloaded as Matlab files from [14]. In
this appendix we present selected methods.
SSP-TS M2(4,5,1) This method has C;q = 2.186 48,

ay =4.280141748 183 123E — 01, a,; = 9.159806692270039E — 02, b, = 3.456442194983 256E — 01,
ay; =3.174364422211321E - 01, a3, = 2.068159838961376E — 02, b, = 1.551487425849178E - 01,
as, = 1.032647478325804E — 01, a3, = 2.361437143530821E — 02, by =3.458932447335502E - 01,
ay; =3.280547501426051E — 01, a,; = 1.869435227642530E — 02, b, = 1.533137931832064E — 01,
ay = 9.334228 125655 676E — 02,  a,, = 2.134532206271365E — 02, b, = 3.226836 941745 746E — 02,
ay; = 4.134096 583922 347E — 01, a,; = 9.453767556 809974 — 02, b, = 1.785928 934720 153E — 02,

by =7.490 191 551289 183E — 02,

b, = 3.505948 481 328 697E — 02.

SSP-TS M3(8,6,1) This method has Cg = 1.7369,

ay; = 3.498630949258 150E — 01, ags = 3.779563241192044E — 01, a,, = 6.120209259553491E - 02,
ay =2.253295269463227E — 01, a;, =2.148681581922796E — 01, a; = 1.921063 160949 869E — 02,
ay, =1.807161013759724E - 01, a,, = 1.533420472452636E — 01, a,, =4.358 605297 856 505E — 03,
ay; =2.071695605 568 409E — 01, a,; = 1.813808417863 181E — 02, a5, =2.136333816692593E — 03,
a4, =4.100178308 548 576E — 02, asy =7.994387176 143 736E — 02, a4 = 1.402456 855983 780E — 03,
ay; = 1.306253212278 126E — 01, a;5 = 1.630752796 649 391E — 01, a;, = 1.631 142330728 269E — 02,
as; =1.667117585911237E - 01, a,s = 2.484093806816 690E — 01, ag, = 1.548 804492637 956E — 02,
as, =2.009667996 165993E — 02, ag, =2.036762412289922E — 01, b, =1.927179349665056E — 01,
as3 = 6.402490521280881E — 02, ag, = 1.456707401767411E—-01, b, =7.457643792836192E — 02,
asy =2.821909 187 189924E — 01, agy = 2.379744031395224E - 02, b3 = 1.097549250079706E — 01,
ag; = 1.493141923275556E — 01, ag, = 1.048777345557326E - 01, b, =1.166274027628658E — 01,
ag, = 1.319303489675465E — 02, ags = 2.139668745571685E — 01, bs; =1.862061970475841E — 01,
agy =4.203095914776495E — 02, ags = 6.560 681 670556 633E — 02, b, = 1.088089628270683E — 01,
agy = 1.852522020371737E - 01, ag; = 1.520556075200664E — 01, b; =4.414821350738243E — 02,

by =1.671599259522612E - 01,

b, =1.1565185169801 32E — 02.
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Appendix 3: Fifth-Order WENO Method of Jiang and Shu

To solve the PDE

u+f(u), =0,
we approximate the spatial derivative to obtain F(u) ~ —f(u),, and then use a time-step-
ping method to solve the resulting system of ODEs. In this section we describe the fifth-
order WENO scheme presented in [20].

First, we split the flux into the positive and negative parts
@) =T +f~w.

This can be accomplished in a variety of ways, e.g., the Lax-Friedrichs flux splitting
1 _ 1
frw = S @) +muw), f~ () = S (Fw) — mu),

where m = max |f’(u)|. In this way we ensure that = - > 0 and‘g <0.
To calculate the numerical fluxes f+ and f 1» we begin by calculating the smoothness

+3 +3
measurements to determine if a shock hes W1th1n the stencil. For our fifth-order scheme, these

are
15t =121~ o 4 +)2+1(+ — 4%, +3f+>2
12 \'i=2 J-1 Y 1 Vi—2
1 2
IS+ —(f _zf]++ /+l> +Z<]t1_ ]il) 5
1
188 = (5 =2+ )+ (3 -4 1)
and
],_13 — 2~ N2 1 e N2
5o _E(fj“ h };+ 3) +Z< i1 f}+2 +.7;+3> )
3

]; /+2> ’
(£ -4 +3J;.;l)2 .

(

~ 1 _
IS] =E<J; - /+1 +J§+2> +

Bl— A=

(o
157 = 5 (0 -2 +J;+l) +

Next, we use the smoothness measurements to calculate the stencil weights

2 2 2
+_ 1 1 +_ 6 1 +_ 3 1
“0‘10<e+1sg>’ i ‘10(e+1s,i>’ “2‘1o<e+1s;>’

and
+ + +
Cl)i_ aO a)i— al (x)i_ (12
0 * + +’ | I + +° 27 % + +°
050+051+oc2 tx0+a1+a2 0{0+011+a2
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Finally, the numerical fluxes are

2 7 11 1
7 =wo+(-f,-fz—-J_‘ii1+—.f+)+w?(—gﬁ+ 2

Jt3 6

1
(JT el gha)

and

_ _ S5, 2, (2,0 5, 1,._

fpp =@ i (~gm+ o+ )+ (g + g~ ne)
+

J
_(11 _ 7
+w0(_f/’+l

-, 2,
6 6f;+2 gfj+3>'
Finally, we compute
1 (4 N
WENO+ + - _ +  _ 7t ,
fruw=-5 (Jjﬂ ]3._;) @1)
1 (- N
WENO f~(w)=——\(f", —f~
o=k (5,17, )

and put it all together
F(u) = WENO™f* (1) + WENO ™ f~ (1) = —f(u),.
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