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Abstract

Robust positive sampled-data observer-based output-feedback energy-to-peak disturbance attenuation is challenging problem
because of the following reasons. (i) The typical Luenberger observer has a limited structure for guaranteeing closed-loop
positivity. (ii) The conventional sampled-data control framework has no lever to manage closed-loop positivity during sam-
pling intervals and at sampling instants. (iii) A separation principle is to be established for this problem. In this paper, we

propose an affirmative methodology to solve this problem.

Keywords Positive observer-based output feedback - Sampled-data control - Energy-to-peak disturbance attenuation -

Separation principle

1 Introduction

Positive systems effectively model practical dynamic
behaviors where state must remain nonnegative [2], such as
economics [3] and pharmacokinetics [12]. In recent years,
substantial research has been conducted on positive homo-
geneous-time control methodologies based on state feedback
[10, 18], static output feedback [4], and observer-based out-
put feedback (OBOF) [5, 6]. Although sampled-data control-
lers offer implementation flexibility, their design is structur-
ally complex [7-9, 11]. Prompted by these observations, the
authors of this study focus on positive sampled-data OBOF
control.

(i) To ensure the positivity of the OBOF-controlled plant
dynamics, the matrices coupled with the system state
and estimation error must be Metzler and positive
matrices, respectively [6]. However, conventional
OBOF controllers may struggle to enforce the Met-
zler property and positivity simultaneously in each
matrix, because controllers typically consist of a sin-
gle compensation term. A similar challenge arises

>4 Ho Jae Lee
mylchi@inha.ac.kr

Korea Institute of Robotics & Technology Convergence,
Pohang 37666, Korea

Department of Electronic Engineering, Inha University,
Incheon 22212, Korea

(i)

in the estimation-error dynamics when uncertain-
ties are present in a plant. Shu et al. [14] studied a
positive observer with multiple compensation terms
without considering uncertainties. Considering that
the augmented closed-loop matrix is partitioned, a
four-compensation OBOF controller emerges as an
effective solution.

Despite the rising prominence of the sampled-
data framework in controller design, facilitated by
advancements in digital technology, the research
on positive sampled-data control has been limited.
The hybrid nature of sampled-data control systems,
characterized by continuous-time plant dynamics and
discrete-time controllers, makes it difficult to estab-
lish closed-loop positivity because of the requirement
of nonnegativity not only during sampling intervals
but also at sampling instants. The existing direct
discrete-time design approaches for sampled-data
control are limited because they disregard intersam-
pling behavior. The alternate input-delay method,
which transforms a sampled-data system into an
equivalent continuous-time model [1], incurs a
time-varying delay up to one sampling period, which
results in conservative design conditions. By con-
trast, implementing aperiodic sampling provides a
novel perspective on positive sampled-data control
problems [19]. Zhang and Du [18] constructed an
event-triggered positive control strategy for fuzzy
systems without uncertainties or disturbances.
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@iii)) In the presence of system model uncertainties,
designing the controller and observer separately
within the OBOF framework is demanding. Eigen-
value analysis, commonly performed to confirm
the separation principle, is ineffective in this case
because the closed-loop system matrix no longer
retains a triangular form [17]. Additionally, research
on separate design of OBOF controllers for distur-
bance attenuation, even in the absence of model
uncertainties, is scant. This is primarily because of
the estimation error in closed-loop plant dynam-
ics, which causes an estimation error to appear in
the disturbance attenuation performance inequality.
Nguyen et al. [13] proposed a separate design scheme
by extending the H ., technique without considering
uncertainties.

The authors of this paper introduce a separate design
methodology for a sampled-data OBOF controller that
accomplishes robust positive energy-to-peak (L£,—L,)
disturbance attenuation—to achieve a finite peak value of
controlled outputs for all possible bounded-energy distur-
bances—in uncertain linear time-invariant (LTI) systems.

The developed controller possesses the following attrib-
utes: (i) amplified possibilities for positivity in uncertain
closed-loop plants through additional compensations, (ii)
utilization of an aperiodic sampling framework, built based
on the event-triggering mechanism, to impose a positivity
constraint on sampled-data closed-loop systems, and (iii)
separate design of the controller and observer, through
the introduction of distinct £,—L , disturbance attenuation
performances.

Notation: The index set is defined as
Zy :={1,...,n} C N. Given a matrix A € R™" (or vec-
tors), (A); denotes the entry of A located in the ith row
and jth column. A>>Bor A—B€ Rg’g indicates that
(A-B); 20,Y(,j) €Ly XTIy . ¢, € R" denotes the Ith
standard unit vector. /, denotes the identity matrix in R™".
1, symbolizes the n-dimensional vector whose all entries
are equal to 1. The relationship P > Q indicates that the
matrix P — Q is positive definite. The transposed element
at symmetric positions is denoted by * and the shorthand
He{X} := X + X" is adopted.

2 Positive Model

We consider the following uncertain LTI model:
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X=(A+AA)x+Bu+B,w
y=Cx D
z=Cx
where x € R” is the state, u € R is the input, w € R! is
the disturbance in £,, y € R? is the measurement output,

z € RYis the controlled output, and AA denotes the system
uncertainty.

Definition 1 (Positivity) Suppose u = 0 in (1) for an entire
time horizon. System (1) is positive for all x(0) >> 0 and
w22 0ifx 2> 0and y 22> 0,Vr € Ry,

Definition 2 (Metzler) Matrix A € R™" is Metzler if
(A); 20V, j) €Iy X Iy i #].

Lemma 1 ([10]) System (1) is positive if and only if A + AA
is Metzler, B,, 2> 0, and C 22 0.

Assumption1 B, >> 0and C >> 0.

Lemma 2 ([6]) Matrix A € R™" is Metzler if and only if

n k
Y diag{e,}A [101 (1)] diag{e,} =0, k€ Iy,
=1 n=

In addition, A 2> 0 if only if the foregoing inequality holds
fork € Iy.

Assumption 2 There exist known compatible constant matri-
ces D and E and an unknown time-varying diagonal matrix
A satisfying ATA < 1,Vr € R such that

AA = DAE

with DE 2> 0.

Remark 1 The imposition of DE >> 0 in Assumption 2 is
not overly stringent, because AA typically represents the
potential deviation from A. In this case, the following prop-
erty holds:

—DE << DAE.

Lemma 3 ([15]) Given compatible matrices D, E, S = §7,
with A © ATA X 1, there exists € € R, such that

-1 T
S+He(DAE) <0 < S+ [D ET] [e ! *] [D <0.

0 €el|l|E

Assumption 3 Matrix B is full column rank and B >> 0.

Assumption 4 Only y, rather than x, is available for control.
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3 Separate Robust Positive Sampled-Data
L,~L . Disturbance Attenuation

In view of Assumption 4, we employ the following event-
triggered aperiodic sampled-data OBOF controller:

=A%+ Bu+L(y—9) + Hy
y=Cx )
u=Kx, +Fy,, 1€I[t,l)

where X and y are the estimates of x and y, respectively.
i € Ry, k € Z, denotes the sampling instant. The next
sampling instant is determined using the following event-
triggering mechanism

fopy i=inf{r€Ryy 11> 1

amax {llesly. el > Bl ©

where ¢; =% —1%, ¢, 1=y, —y, and f € R is a pre-
determined threshold.
The problem of interest is summarized as follows.

Problem 1 (positive £,-L_,) Find K, F, L, and H such that
the uncertain LTI system (1) closed by the aperiodic sam-
pled-data OBOF controller (2) based on the event-triggering
mechanism (3) is positive and robustly asymptotically sta-
ble against the norm-bounded parametric uncertainties when
w = 0, and for some attenuation level y € R, it exhibits
the £,—L -disturbance attenuation performance defined as
follows:

lzll < 7lIwll “4)
whenw € £,andw 22 0.
To independently design the controller and observer, we

introduce the following two £,—L -disturbance attenua-
tion performances:

lzllee < mrllelly + 7 lIwll; ®)

llell < mallxlly + ¥ llwll,. (6)

Then, we show that the overall closed-loop system satisfies
(4), where p,, 45,75, and y; € R,

We define e :=x— % and & := (x,e). The closed-loop
system of (1) and (2) under (3) is then written as

A+ AA+ BK + BFC

- ~BK BK
&= AA — HC A—Lc]“[o]ef
BF| [B @
+ 0]6),+[B:]W

fort € [#;, 1, ). In this case, from (3) and Assumption 1, we
deduce that the following intervals

€. €, € [—ﬁlnlgy, ﬁlnlgy]
hold as long as x >3> 0. We decompose K := K" + KY and
F :=FC + FY such that

BKY <<0, BKY>>0, BFC<<0, BFYC>>0.

From Assumption 1, it follows that
PBK"1,1Cx << BK"¢; << —fBK"1,1 Cx
— ﬂBKUlnllfo << BKVe, << ﬂBKUlnIZCx
and

PBF- 1p1;fcx << BF'e, << —pBF"1, 1: Cx

— pBFY1,17Cx << BFVe, << pBFU1,1Cx.

Then we obtain the following differential inequalities:

. [ O —BK ] (B ]

<< ! W
¢SS |aa-mHC A-LC| T B ®)
and
. e —BK | (B ]

>> 2 w
€22 |ama-nHC A-1Lc|* T |B,|" ©)
where

Q, :=A+AA+B(K"E; + KVEY + (FLE}L, + FUE;J)C)
Q, :=A+ AA +BK"E{ + KVEL + (FLE;J + FUEyL)C).

L

In the above expression, E& ::I—ﬁlnlgC,

=U ._ Tr=sL ._7_ T =U ._ T
2V :=1+p1,1°C.EL :=1- p1,1" andEY := 1+ p1,1".

X

The separate design condition for Problem 1 is sum-
marized as follows.

Theorem 1 (separate positive L,—L, design) Given y,, v,
€, €9, Ay Ay, My, and p, € Ry such that

dmax(CIC) = i} >0, A (CTC) — 5 > 0 (10)

the uncertain LTI system (1) closed by the aperiodic sam-
pled-data OBOF controller (2) based on the event-triggering
mechanism (3) is positive and exhibits the y-disturbance
attenuation performance (4) with asymptotic stability if
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there exist M, diagonal P, = PT >0and P, = Pg > 0, and
W, XL, XU YL YV, and Z, such that

(1,1) * * * %
LN\T RT U\T pT 2
-X*)'B' = X")'B" —pyl = * *
BTP, 0 -yl x « |<0 (11)
D'P, 0 0 —¢l =
E 0 0 0 —¢'I
P,B—BM =0 (12)
P| = A (CTCHI > 0 (13)
Y diag{e,}(P,A — P\DE + BX"E} + BX"E}
=1
(14)

k
0 1
LU UgL .
+BY'E]C+BYE[C) [1,._1 0] diag{e,} > 0,
kely_,

n

k
Y diag{e,} (BX" + BX") [IO é] diag{e,} <0,
n—1

=1 5)
kely
—,u%l * * * *
-WC He{P,A—-Z2C} = %  x
0 B'P, -y3l x * | <0 (16)
0 D'P, 0 —el =
E 0 0o 0 - 2_11
P,—1>0 17)
n 0 1 k
diagi e, ¢ (P,DE + WC) [ ] diagie;; <0,
,Z‘ {er} (P, 1, o diaeted as)

kely_,

n 0 1 k

l; diag{e, }(P,A — ZC) [ln_l o] diag{e,} >0, k€I
19)

Here, (1,1):= He{PA + BX“EL + BXVE! + BYLEyL,C+

BYUE;J} + A P,. In this case, the gains are given by

KL ZM—IxL KU :M—le FL =M_1YL FU :M_IYU

L=P;'Z and H = P;'W.

@ Springer

Proof Define the Lyapunov function candidate V; := xTP;x.
Considering (8), the time derivative of V| is majorized by

¢

V, <
w

T
M [E)] - MVt udete+yiwtw

where
He{QIP,} + 4,P| = =
—-K"B'P -l %
Bl P, 0 -yl

By using Lemma 3 and denoting MK* =: X', MKY =: XY,
MF" =: Y', and MFY =: YY, the following implication
holds:

(11)and (12) = M <0
. 20
=V, <-4V+ ulzeTe + }/12WTW. 20)

Then, from the zero-initial value assumption for the £,—L
-disturbance attenuation performance analysis, we have

1
V, < / e'll("’)(y%eTe + ylszw) dr
0

o0 [so]
< u% / eledr + ylz/ wlw dr.
0 0

In addition, because (13) reveals the following inequality
V,—22>0
the following expression can be derived for any 1 € R

2 20,12 4 2 2
lzIl™ < myllelly + i 1wl

= |lzll < \/(/41 lelly + villwll)? = 2uy 7 llell lIwll
= |lzll < mllelly + riliwll,.

Taking the supremum over R yields (5).
Similarly, for the following time derivative of the Lyapu-
nov function candidate V, := eTP,e with (8) and (9)

T
V,= [fv] N[fv] - AV, + ,u%xTx + yngw

the following implication holds:

(16) = N'<0 @1
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=V, < =LV +@x"x+ yiwTw

o 00 22
=>V2<y§/ xTxdT+J/22/ whw dr 2
0 0
where
— ﬂ% I * *
N :=|Py(DAE — HC) He{(A = LO)"P,} + 1,P, *
0 B'P, -r;1

Similar to the above expression, connecting (22) with the
condition

(17) =V, —ele>0

implies (6).
Next, by applying Assumption 2, Remark 1, and Lemma
2, we have

(14) = P,(A — DE + B(K"E{ + KVE\+
(FLE;J + FUE}L,)C)) Metzler

= Q, Metzler

because P; > 0 is diagonal. Moreover, (19) implies that
A — LC is Metzler. Similar arguments are applied to (15)
and (18) to ensure the positivity of —BK and AA — HC,
respectively. According to Assumption 1 and Lemma 1, (9)
is positive. Accordingly, the positivity of x in (7) follows.

To demonstrate that the separately designed controller
and observer fulfill (4) with respect to (7), we prove the
existence of y; and y, € R, such that the following two
inequalities for V(&) 1=y, V,(x) + v, V,(e) along the trajec-
tory of (8)

T
V4+ AV —y2wlw = [fv] @[:’;] <0

23
v, P, —C;FCZ * =

V_ZTZZ T[
¢ 0 v, Py

].§>0

hold for some y and 1 € R, where
W]#%I =W Py + Ay, Py, (w 712 + ll/27/22 - 72)1}-

By using (20) and (21), we only need to show

—y (A = DApin(Py) + woul <0 (24)
—y(Ay = DApin(Py) + wypt < 0 (25)
vyl +wrs -yt <0 (26)

LS| Amin(Pl) - ’lmax(c;rcz) > 0. 27
The inequalities (24) and (25) are true if and only if

dy,p, AER,D

2
H A (P4 — A
S I <ﬁ<—mm( D )/\/1</11,/12
Anin(P)(A —4) M%
(28)
which can be expressed as
dJAeRy, >
MM,
FA) = 2= (A + DA+ 44, — L2 >0

Xmin(Pl )imin (Pz)

assuming A, < 4, without loss of generality. It is straight-
forward to deduce that

Hiu;

f(/ll) B _)‘min(Pl)/lmin(PZ) <0

Furthermore, considering (13) and (17),

(10) => Ay (CIC.) — i3 > 0

= 4142 Ayin(P1) Ain (P2) = pi 13 > 0

2.2
HiH
S f0)=Ah——2 >0,
/lmin(Pl)/lmin(PZ)

This implies that there indeed exists a 4 € (0, 4,) and a set
of pairs of (v, y,) that satisfiy (28). Within this set, the
pair (y, y,) 3 y; > 1satisfies (27) through (13). One can
identify y for which (26) is true. Whenw = 0,Vt € R, , (23)
can be expressed as V + AV < 0 = V < 0. The invertibility
of M follows from Assumption 3 (for more details, refer to
[6]). This concludes the proof. O

4 Excluding the Zeno Phenomenon

To exclude the possibility of Zeno behavior in the sampling
with (3), we investigate the existence of a nonzero lower
bound of the minimum event-triggering interval.

Theorem 2 (no Zeno) The interval between the consecu-
tive sampling instants determined by the event-triggering

mechanism (3) is positively lower bounded.

Proof Because %, is fixed for [#;, 1, ), k € Z, we have the
following dynamics:

@ Springer
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& =% —%
€

+— [HC LC| &€ — [A+ B(K + FC) —A — BK| ¢,

e

By solving the above expression and taking a norm on both
sides yields

/ MO ([HC LC) &

+[A+B(K +FC) ~A - BK| ¢,) dr”

lezll =

< ﬂ(elmnu—w 1)
=X .
Al

Here, we know that

py = sup |[[HC LC A+B(K+FC) -A - BK]| |

)‘k 2
24, €RZ,

M

is finite. Similarly, for the dynamics

X

X, —Xx= A+ AA)(x,k —X)
- ([A+ AA + B(K + FC) BK]| & +B,w)

we can derive the following inequality:

o] =llex -

t
C / o(A+AA)(1—1)
I

x([A+AA+B(K + FC) BK] &, +B,w) dr|

ICllps,
< L (el+adle—y _ q)
IA + AA]
where
p, 1= sup || [A+ AA + B(K + FC) BK B, H
0 .feR;’;O,weﬁz
X g’k]
w

is finite as well. Based on (3), the next event may occur at

. 1 BlIylHIAI
t,,;>mink t,+—In| 1+ ——— ),
! { CT Al ( 2

U3
t +;ln 1+
ET1A + AA|l

AIYIIIA + AA|
ICllp,

@ Springer

It is clear that ;.| —#; > O for all k € Z,, which excludes
the Zeno phenomenon from (3). O

5 An Example

Consider the following LTI model, adopted from the phar-
macokinetics study of Yin et al. [16]

-225 0 0 0 0
0 =256 0 0 0
A=| O 0 =367 O 0
0 0 3.67 -3.18 061
0 0 0 155 -0.61

with the parameters defined in Nam et al. [12]. We modify
the other state-space data as follows:!

100

010 10010
B=]100], C=[10000}{.

010 01101

001

To highlight the advantage of our method, we further
introduce

-2.2550000 0

0 0000 0

AMA=| 0 0000, B,=|01

0 0000 0

0 0000 0
C.=[00010]

where 6 € R,_, ; is the uncertain parameter. According to
Assumption 2, AA is decomposed as

V2.25

0

. a=s E=[v2250000].

(=Nl

The £, disturbance is defined as

{0.1cos(t)+0.l,
w .=

0, otherwise.

te R[o,m]

! We found that the state-space model introduced by Yin et al. [16] is
uncontrollable and unobservable.
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In solving Theorem 1, the controller gain matrices

[-0.0206 —0.0234 —0.0248 —0.0267 —0.0246
—0.0407 —0.0475 —0.0472 —0.0534 —0.0503
—0.0051 —0.0055 —0.0054 —0.0069 —0.0097

[0.0108 0.0102 0.0100 0.0097 0.0100
KV =10.0211 0.0198 0.0198 0.0190 0.0194
0.0027 0.0026 0.0026 0.0024 0.0022

[—0.0954 0.0878 —0.0200
—0.2814 0.2662 —0.0412
[ —1.5528 1.5509 —0.0053

[0.2149 —0.0417 0.1263
FY =10.4992 —0.1452 0.2409
0.0353 0.0110 0.0314

Kt =

F- =

and the observer gain matrices

—0.8256 9.2118 —0.6981
—0.2180 0.0005 -0.1687
L=]-0.2728 —-0.0022 -0.2143
11.6227 —12.8626 —0.5654
1.5048 —1.5500 -0.0279

—0.2103 -0.1303 —-0.2103
—0.0548 0.0176 —0.0548
H=|[-0.0692 0.0223 -0.0692
—0.3144 0.1006 -0.3144
—0.0091 0.0030 -0.0091

are found independently, where A_;,(P,) = 7.0858 and
Amin(P>) = 2.3232. In this case, the parameters, y = 2.2937,
A =0.3396, p = 5.2609, y, = 2.3556, and y, = 8.3808 sat-
isfy (24)—(27). Therefore, the separation principle holds for
Problem 1.

Figure 1 demonstrates the closed-loop time responses,
where all the system state variables are nonnegative and well
guided to be bounded over the entire simulation time horizon
[0, 20] in the presence of parametric uncertainties and the
L, disturbance. The disturbance attenuation performance is

calculated as l:Z”E"" = (0.3824 < y. Specifically, the third sub-

wllz,

figure on the rigilt depicts the Ez[o’,ﬂ norm of the applied
disturbance (dashed-red) and the ‘Coo[O,lf] norm of the perfor-
mance output multiplied by y (solid-blue), where the pro-
posed controller guarantees the disturbance attenuation per-
formance in (4) for all 7;. The last subfigure on the right

x1

0.2

=
S
8 ]
= 06 J/
x ,
e //
o 04 -
g /
0.2
Iyl
= 0
0 5 10 15 20 & 0 5 10 15 20
t 32 ty
x1072 x1072
10
15
5 5 a 10
5
0 0
0 5 10 15 20 0 5 10 15 20
t t
x107 1
0
1
n —1 ey
s [
3
-2

o
o
=
o
=
(S
[~
o

Fig. 1 Time response of a Leontief input—output model with uncer-
tainties and disturbances

depicts the event-triggering interval versus the event-trig-
gering instant. In this subfigure, the discrete-time signal does
not converge to zero, meaning that the proposed OBOF
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controller operates well in a sampled-data manner without
the Zeno behavior affecting the sampling process.

6 Conclusions

We established a robust positive £,—L, disturbance attenu-
ation scheme for uncertain LTI systems by using a sampled-
data OBOF. The contributions of this paper are as follows:
(i) The proposed controller enhances the likelihood of
closed-loop positivity. (ii) The proposed controller guaran-
tees positivity in the sampled-data closed loop free from the
effect of Zeno behavior on the sampling process. (iii) The
observer and controller can be designed separately in the
presence of disturbance system uncertainties. The results
of a numerical simulation involving an LTI model adopted
from a pharmacokinetics study validated the effectiveness
of the proposed technique.
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