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Abstract
Cells and organelles are enclosed by a biological membrane called the lipid bilayer membrane. These membranes appear in a
variety of complex shapes under certain conditions of the surrounding environment. Shape transformation of lipid bilayers is
involved inmany cellular processes to perform essential functions. Hence, dynamic behavior of lipid bilayer membranes is one of
the important subjects of researches in the last decades. Among different shape transformations of biomembranes, formation of
tubes and tethers is quite common in cells and between cells. Tubular networks of the Golgi apparatus and the smooth part of the
endoplasmic reticulum and tubes involving cell-cell adhesion are clear examples of formation of tubes. Most of these shape
transformations in the cell are carried out by the action of motor proteins of cytoskeleton. In this paper, a mathematical model
based on the mechanical properties of fluid bilayer membranes is utilized to study the dynamic behavior of the tether extension
process. The dynamic pulling force of the tether extracted by a constant pulling rate is obtained as a function of tether length. The
effect of the pulling rates on the dynamic pulling force and shape transformation of bilayer membrane is investigated. By
increasing the pulling rate, pearling occurred in the tether. For a specific value of pulling rate called the critical pulling rate,
the dynamic pulling force tends to zero and the tether becomes unstable. The effect of material parameters on the critical pulling
rate of tethers is also investigated.
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1 Introduction

Lipid bilayers are plasma membranes made of two monolayers of lipid molecules and amphiphilic proteins [1, 2]. Lipid
molecules consist of two parts, namely, hydrophilic head and hydrophobic tail self-assembled into a bilayer [3, 4]. This polar
structure with the hydrophobic core in the center separates the interior from the exterior of cells and organelles, monitoring the
passage of ions and other molecules [5].

Due to the chemical and physical state of the bilayer membranes and the external excitations, vesicles can undergo complex
morphologies [6, 7]. Various morphologies exhibited by vesicles are usually shown in a diagram called the phase diagram. These
stationary shapes that vesicles can get are from stomatocytes and oblates to prolates and pears [8, 9]. Dynamics and shape
transformation of membranes are crucial for the role cells and organelles play like budding, endo-, and exocytosis [10].

Bilayer membranes own numbers of mechanical properties of both solids and fluids evaluated by the experimental tests [11,
12]. Awide range of shapes exhibited by vesicles is due to the fluidity and flexibility in bending of bilayer membranes. Therefore,
mechanical models can be used to study the behavior of such structures. First, models describing the bending elasticity of
membranes were introduced by [13, 14]. Then, the model extended to the bilayer membranes and the effect of stretching elasticity
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was included [15, 16]. Later, tangential mobility of each monolayer was also added in the recent model [17, 18] resulting in inter-
monolayer drag and dissipation. Another dissipation mechanism created in fluid bilayer membranes was also considered due to
the viscosity of each monolayer in the model. Both dissipation mechanisms produced tangential stress on bilayer.

Among different dynamic procedures and shape transformation of membranes, formation of tubular structures from mem-
branes called tethers is well-known. Tethers are involved in many cellular processes such as inter- or intra-cellular transport [19]
and cell-cell adhesion [20, 21]. Tubular networks are also observed in the Golgi apparatus, the smooth part of the endoplasmic
reticulum, and the inner membrane of the Mitochondrion [22, 23]. One important in vivo example of tube formation is the action
of cytoskeletal motor proteins such as dynein and kinesin [24, 25]. Motor proteins convert chemical energy to pull on the
membrane mechanically, move along microfilaments or microtubules created by cytoskeleton, form and elongate the membrane
tubes [26, 27]. Membrane tubes can also be formed by in vitro experiments. Tethers are extracted from synthetic vesicles by
different techniques like optical tweezer [28] and hydrodynamic flow [29, 30]. Mechanical properties of the bilayer membrane
can be measured by these experiments.

From a theoretical point of view, numerous researches were conducted to study the tether extension process and provide a
formulation for this problem. In the static state, the tether was considered as a tube pulled out of a planar monolayer membrane
under the action of the surface tension on the boundaries and the static pulling force. The radius of the tube and the static pulling
force were obtained byminimizing the work done by external and elastic forces which were a function of the bending rigidity and
the surface tension [31, 32]. Some researchers directed their attention toward the dynamic behavior of this process. Formulations
in this case were provided for a tube [33] or cone [34] like tethers extracted from a planar monolayer membrane by a constant
pulling rate. Pearling instability of tubes and tethers under the action of specific parameters is another field of study [35]. Pearling
and vesiculation of tubes subjected to osmotic gradients were studied in [36]. It was also shown that electric fields can induce
pearling instability in tethers [37].

In this paper, the dynamic behavior of a bilayer membrane in a tether extension process is studied using a mathematical model.
A fluid bilayer membrane is utilized in this model consisting of twomonolayers sliding on each other. The bending and stretching
energy in addition to dissipations due to the viscosity of each monolayer and the inter-monolayer drag are defined for the bilayer
membrane. The tether is extracted from a planar bilayer membrane by a constant pulling rate. The dynamic pulling force of the
tether is obtained as a function of tether length for different pulling rates. A region of instability is observed during the tether
formation depending on the pulling rate. There is a critical pulling rate beyond which the tether becomes unstable. This critical
pulling rate depends on the material parameters of the bilayer membrane. The region of instability for bending rigidity, stretching
rigidity, and inter-monolayer drag coefficient is introduced. The results of this study will help researchers in conducting
experiments.

2 Theory

To study the dynamic behavior of a fluid bilayer membrane, the mathematical model introduced in [18] is utilized. This model is
briefly described in this section and the detail information about the formulations is not presented here for the sake of brevity. A
lipid bilayer membrane consists of two thin monolayers of lipid molecules as it is depicted in Fig. 1a. Each monolayer is
recognized by a surface called the neutral surface representing its mechanics. It is more suitable to define all parameters on
the midsurface which is at the distance d from each neutral surface representing the shape of the membrane. The neutral surface
and the midsurface are shown in Fig. 1b.

Each point on the midsurface can be specified by the position vector r = r(u1, u2, t) in the reference frame where u1, u2 are the
curvilinear coordinated in the surface [38]. The velocity of a point on the midsurface can be obtained by taking time derivative of
the position vector. Since the monolayers are capable of sliding on each other, the velocity of a material point on each monolayer
and a point on the midsurface are the same in the normal direction but differ in the tangential plane. It can be summarized as
follows:

V ¼ d
dt

r u1; u2; t
� � ¼ vþ vnn; v ¼ vαtα ¼ vbð Þαbα ð1Þ

Vi ¼ vi þ vnn; vi ¼ vi
� �α

tα ¼ vib
� �α

bα
Vo ¼ vo þ vnn; vo ¼ voð Þαtα ¼ vob

� �αbα
�

ð2Þ

where V is the velocity of a point on the midsurface consisting of tangential parts (vα) and a normal component (vn) in the normal
direction (n). Vi and Vo are the velocity of material points on the inner and the outer monolayers, respectively, which are different
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in the tangential plane due to the slippage of the monolayers. bα = ∂r/∂uα is the base vector relative to the curvilinear system
which can be normalized as tα = bα/|bα|.

2.1 Governing equations

In this section, the governing equations of a fluid bilayer membrane are obtained by taking advantage of an energy approach. In
the absence of the inertial forces due to its negligible effect, the power of the system consisting of the rate of the elastic energies
and the dissipation functions is minimized to derive the governing equations.

The total elastic energy of a curved membrane consisting of the bending and stretching energy is written as follows:

E ¼ Eb þ Es ¼ ∫
κ
2

2H−C0ð Þ2dAþ ∫
Ks

2

ρi

ρ0
−1þ 2dH

� �2

þ ρo

ρ0
−1−2dH

� �2
" #

dA ð3Þ

The first and the second terms in the right side of Eq. 3 are the bending and stretching energy, respectively. κ and Ks are the
bending and stretchingmodulus, respectively. 2H is the mean andC0 is the spontaneous curvature which is considered zero in this
study. ρi and ρo are the density of the inner and the outer monolayer projected to the midsurface, respectively. ρ0 is the equilibrium
density and is the same for both leaflets. dA is an element of area positioned on the midsurface.

Twomain dissipative mechanisms are acting on the fluid bilayer membrane. One is created by the viscosity of each leaflet and
the other one is the inter-monolayer drag caused by the slippage of the monolayers. By considering the monolayers as a 2-D
Newtonian interfacial fluid and assuming a linear relationship between the drag force and the relative tangential velocity of the
monolayers, the dissipation potentials can be written as follows:

Wvisc ¼ 1

2
∫ λ Si

� �γ
γ

h i2
þ 2μ Si

� �β
γ Si
� �γ

β

� �
dAþ 1

2
∫ λ Soð Þγγ

h i2
þ 2μ Soð Þβγ Soð Þγβ

� �
dA

W fric ¼ 1

2
∫μ f v

o−vi
�� ��2dA

8><
>: ð4Þ

where λ and μ are the shear and dilatational viscosities of the monolayers and μf denotes the drag coefficient. Si
� �β

α and Soð Þβα
are the rate-of-deformation tensor of the inner and the outer monolayers, respectively, which are as follows:

Si
� �β

α ¼ 1

2
vib
� �β

;α þ vib
� �α

;β

h i
−gαγbγβvn; Soð Þβα ¼ 1

2
vob
� �β

;α þ vob
� �α

;β

h i
−gαγbγβvn ð5Þ

(a) Schematic of a bilayer membrane

(b) Description of the neutral surface and midsurface 

MidsurfaceNeutral surface

Fig. 1 A lipid bilayer membrane. a Schematic of a bilayer membrane. b Description of the neutral surface and midsurface
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In Eq. 5, (),α denotes the covariant derivative [38]. gαγ is the contravariant metric tensor and bγβ ¼ n⋅ ∂2r
∂uγ∂uβ is created in the

second fundamental form of the midsurface.
The numbers of lipid molecules in the inner and the outer leaflets are Ni = ∫ ρidA and No = ∫ ρodA, respectively. By taking time

derivative of these equations, the continuity equations will be obtained as follows, if the number of lipid molecules in both
monolayers is constant:

dNi

dt
¼ d

dt
∫ρidA ¼ 0

dNo

dt
¼ d

dt
∫ρodA ¼ 0

8><
>: ð6Þ

The power functional is the power of the system added by constraints such as volume or area constrains and boundary
conditions. It is presented as follows:

P ¼ Wvisc þW fric þ E_−∑
i
λici ð7Þ

where λi is the multiplier of the i-th constraint (ci). Constraints are expressed in velocity form as it is used in the power
functional.

The governing equations can be obtained by minimizing Eq. 7 with respect to velocities (vα, vn, (v
i)α, (vo)α) and the

multipliers.

2.2 Solution

In this section, we turn our attention to the surfaces of revolution. The generating curve is rotated around the z axis and the surface
is parametrized by:

r1 s; θ; tð Þ ¼ x s; tð Þcosθ
r2 s; θ; tð Þ ¼ x s; tð Þsinθ
r3 s; θ; tð Þ ¼ z s; tð Þ

8<
: ð8Þ

where u1 = s, u2 = θ are the curvilinear coordinates and the generating curve is in the xz plane.
With the definition of Eq. 8, one can find the tangential and normal velocity of a point on the midsurface as a function of x, z

and their time derivative. It is important to note that by using Eq. 8, all the variables are only a function of u1 = s. Also by
substituting Eq. 8 into Eq. 1, one can easily find that the tangential velocity of the midsurface and each leaflet has a component
only in the s direction which means vi = (vi)αtα = vit1, v

o = (vo)αtα = vot1.
The problem is solved numerically by a finite element method taking advantage of B-spline basis functions [39] and the

Galerkin method to discretize the governing equations.
Each variable can be decomposed into space and time parts as follows:

q s; tð Þ≈pNqT sð Þq tð Þ ð9Þ

where pNqT(s) is a nq × 1 vector of B-spline basis functions of order p and nq is the number of control points. q(t) is the vector of
time part describing the magnitude of the variable in control points. In this study, q(s, t) is substituted by x(s, t), z(s, t), vi(s, t), vo(s,
t), ρi(s, t), and ρo(s, t).
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By replacing Eqs. 8 and 9 into Eq. 7 and minimizing the power function, the governing equations are obtained as follows [18]:

D

x_

z_

vi

vo

8>><
>>:

9>>=
>>;þ Cλþ f ¼ 0

CT

x_

z_

vi

vo

8>><
>>:

9>>=
>>; ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

ð10Þ

where D and C are functions of x, z called the dissipation and the constraint matrix. λ is a vector containing all the constraint
multipliers and f is created by minimization of the elastic energy and is a function of x, z, ρi, ρo.

Discretizing the continuity equations of the both monolayers results in:

Dρiρ
_i þ Kρiρ

i ¼ 0
Dρoρ

_o þ Kρoρ
o ¼ 0

(
ð11Þ

In which Kρi and Kρo are functions of x; z; x_; z_; vi; vo.
Equations 10 and 11 are two sets of first-order ODEs which should be solved simultaneously for variables x, z, vi, vo, ρi, ρo. An

ODE solver is utilized to solve these equations numerically. In the first step, with the initial values for the shape parameterizations
and densities, the velocity variables are calculated from Eq. 10. Then, matrices Dρi ; Dρo ; Kρi , and Kρo which are functions of
velocities are computed and the derivatives of densities are calculated from Eq. 11.

3 Results

In order to model the tether pulling out of a giant vesicle, one can model the whole vesicle which is pressurized by an external
suction. Another way which is more efficient computationally and utilized in this study is to model the region around the
extraction point. Since the vesicle is large enough, this part can be modeled as a disk which means that the generating curve is
a line parallel to the x axis as shown in Fig. 2.

To consider the effect of the initial pressure in the vesicle on the disk, we put surface tension on the boundaries of each
monolayer (σi, σo). The surface tension in a thin single membrane can be calculated by the Young-Laplace equation [40] which
relates the pressure difference between two sides of a surface to its shape. For a static surface, the relation isΔp = 2Hσwhere σ =
2σi = 2σo can be used for a bilayer membrane. Also, the tangential velocity of the monolayers is set free on the boundaries so that
the disk part can exchange mass with the reservoir.

Generating curve
Point of extension

Surface tension

Fig. 2 Generating curve of a disk membrane used to model tether extension procedure
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In this study, tether is pulled out from the center of the disk at constant rate z_0 and the force is measured. This can be added to
the governing equations by a constraint where its multiplier corresponds to the force needed to pull the tether out. The basic
material parameters of a lipid bilayer membrane are presented in Table 1.

3.1 Static state

Consider the tether pulled out from the bilayer membrane and is held in equilibrium. A simple formulation was presented in
literature for this case, modeling the tether as a cylinder of radius rs and length l. The static pulling force and the radius of the
tether in equilibrium state were obtained by minimizing the work done by external force, surface tension, and the elastic forces.
These parameters were reported as follows [34]:

rs ¼
ffiffiffiffiffiffi
κ
2σ

r
; f s ¼ 2π

ffiffiffiffiffiffiffiffi
2κσ

p
ð12Þ

Because of the fact that the curvature of the membrane is higher in the region of tether, the bending energy of the membrane in
static state with no spontaneous curvature can be written as follows:

Eb

κ
¼ ∫

1

2
2Hð Þ2dA≈ π

rs
z0 ð13Þ

By substituting the bending modulus from Table 1 and the surface tension is equal to σ = 10−5N/m into Eqs. 12 and 13, the
radius of tether and the pulling force in its static state are obtained and presented in Table 2.

3.2 Dynamic procedure

With the given values in Table 1 and the surface tension (σ = 2σi = 2σo = 10−5N/m), the dynamic behavior of the tether extension
process is studied. The normalized pulling force as a function of tether length is obtained for three different values of constant
pulling rates z_0, i.e., 20, 50, and 100μm/s.

As it is observed in Fig. 3a, the dynamic pulling force first grows linearly with the tether length until reaching its maximum
value. Then, the dynamic pulling force oscillates about the static value fs and consequently converges to it. It can be concluded
that the shape of the tether converges to a cylinder of radius rs and length z0 in a steady state which is the shape of the static state.
Themaximum value of the dynamic pulling force is the same for the three cases which is fMax = 1.131fs. The length of the tether in
which this maximum value is occurred is (z0)Max = 0.61μm which is identical for three cases.

After the peak point, the dynamic pulling force decreases and reaches a local minimum. It is shown that the value of local
minimum decreases as the pulling rate increases, and therefore, the tether reaches its steady state at higher length. For example,
for the first two cases (z_0 ¼ 20; 50μm=s ), the pulling force approaches its static value at the length z0 = 0.75μmwhile for the third
case (z_0 ¼ 100μm=s ), this length increases to z0 = 7.1μm. This can also be verified by the bending energy of the membrane as a
function of tether length which is shown in Fig. 3b. The bending energy of the membrane in the first two cases is almost the same
and it grows linearly by tether length after z0 = 0.75μm. This is due to the fact that in these two cases, the dynamic pulling force
and tether shape approaches its steady state in z0 = 0.75μm. In steady state, the tether is similar to a cylinder where the bending
energy of the membrane is calculated by Eq. 13 and is a linear function of tether length. The slope of the linear part of the bending
energy curve for these two cases is π/rs = 44.4 as reported in Table 2. The nonlinear part of the bending energy corresponds to the
beginning of the dynamic procedure where the tether is not a cylinder. In the third case, the tether shape reaches its steady state at
a higher length of tether. So, its shape deviates from the cylinder of radius rs which is the shape of the steady state. This leads to
the difference between the results of the bending energy for the first two cases and the third case.

There is an important point in Fig. 3c which is a basis of the next section. The total elastic energy of the membrane is depicted
versus tether length. By comparing with Fig. 3b, one can find that the effect of the stretching energy in the first two cases is
negligible while in the third case, the stretching energy has a great influence on the problem. It seems that in the third case, the

Table 1 Material
properties of lipid bilayer
membrane [11]

d(m) κ(N. m) Ks(N/m) μ(N. s/m) λ(N. s/m) μf(N. s/m
3)

1.2 × 10−9 10−19 0.1 10−10 10−7 108

2 Page 6 of 12 Mech Soft Mater (2020) 2: 2



density of the monolayers deviate significantly from the equilibrium density. For this purpose, the mean normalized density of the
outer monolayer is drawn as a function of tether length for the second and the third cases in Fig. 4a.

As it is depicted in Fig. 4a, the mean density of the outer monolayer is close to the equilibrium density for the case z_0 ¼ 50
μm=s as the stretching energy is negligible. However, for the case z_0 ¼ 100μm=s, the mean density of the outer monolayer
deviates considerably from equilibrium density which results in a large stretching energy as illustrated in Fig. 3c. This can also be
observed in Fig. 4b where the bending and total elastic energy of the membrane are drawn versus tether length for this case. The
maximum stretching energy is (Es/κ)Max = 59.27 which occurred at z0 = 1.80μm.

It is important to mention that there is a consistency between the dynamic pulling force of tether and the mean density of the
monolayers and consequently the total elastic energy of the membrane diagrams. For the case z_0 ¼ 100μm=s, as the dynamic
pulling force decreases after the peak point toward the local minimum point, the density starts to deviate significantly from the
equilibrium density and the difference is created between the bending and total elastic energies is growing. The large stretching
energy is created in the range of tether length where the dynamic pulling force is smaller than its static value after the peak point.
Also, the stretching energy becomes larger as the dynamic pulling force decreases more. Between two diagrams of dynamic
pulling force, the one with the lower value of local minimum point has a higher amount of stretching energy.

The question that arises here is that why the stretching energy increases as the dynamic pulling force decreases. The answer to
this question leads us to the topic of instability of tethers in tether extension process. The disk membrane used in the problem is in
exchange of mass with the rest of the vesicle. In other words, the mass can enter the membrane from the boundaries of the disk.
By pulling the center point of the disk, mass enters into the membrane allowing formation of the tether. Therefore, there is a
balance between the pulling of the tether and the mass exchange with the rest of the vesicle. When the membrane is pulled out
with a higher pulling rate, the tangential velocity of the monolayers increases on the boundaries of the membrane and extra mass
enters the membrane. This extra mass causes deviation of the density of the monolayers from the equilibrium density and is the
main reason for increasing the stretching energy as shown in Fig. 4. Increase in the density of the monolayers reduces the tension

Table 2 The radius of
the tether and the pulling
force in static state

rs(nm) fs(pN) π/rs

70.7 8.89 44.4

(a) Dynamic pulling force as a function of tether length

(b) Bending energy as a function of tether length (c) Total energy as a function of tether length

Fig. 3 Dynamic pulling force and elastic energies of the bilayer membrane during tether extension process. a Dynamic pulling force as a function of
tether length. b Bending energy as a function of tether length. c Total energy as a function of tether length
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in the membrane and therefore, the dynamic force needed to pull the tether decreases. This is the reason why the dynamic pulling
force decreases after its peak point below its static value and reaches the steady state later in the case z_0 ¼ 100μm=s.

3.2.1 Critical pulling rates

By taking another look at Fig. 3a, an idea comes tomind: what will happen by a further increase in the pulling rate of the tether? Is
it possible for the dynamic pulling force to decrease and tend to zero? The answer to the last question is positive.

To observe the effect of a further increase in the pulling rate, the center point of the membrane with properties used in the
previous section is pulled out with higher pulling rates. The normalized dynamic pulling force as a function of tether length is
shown in Fig. 5.

The first two cases are the same as cases in section 3.2.1 while the third case where z_0 ¼ 120μm=s is of importance. It can be
seen that the dynamic pulling force decreases below the static value after its peak point in all the cases. In the first two cases, it
reaches to a local minimum point and converges to the static value. However, in the third case, a further decrease is observed and
the dynamic pulling force intersects with the horizontal axis. This can be expressed that there is no force needed to pull out the

(b) bending and total elastic energy of the membrane for the 

case 0 100 m/sz
(a) Mean normalized density of the outer monolayer versus 

tether length

Fig. 4 Themean normalized density of the outer monolayer and the energy of the membrane versus tether length.aMean normalized density of the outer
monolayer versus tether length. b Bending and total elastic energy of the membrane for the case z_0 ¼ 100μm=s

(a) Dynamic pulling force as a function of tether length

(b) Bending energy as a function of tether length (c) Total energy as a function of tether length

Fig. 5 Dynamic pulling force and elastic energies of the bilayer membrane during tether extension process. a Dynamic pulling force as a function of
tether length. b Bending energy as a function of tether length. c Total energy as a function of tether length
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tether at a constant pulling rate describing instability of the tether. In other words, negative values of dynamic pulling force
determine the region of instability of the tether extension problem.

It can be concluded that by increasing the pulling rate of the tether, the dynamic pulling force decreases more and approaches
to zero. For a certain value of pulling rate, the dynamic pulling force does not converge to static value and it tends to zero. This
value of the pulling rate in which the dynamic pulling force tends to zero is called the critical pulling rate. Beyond this value, the
tether does not reach the steady state and becomes unstable.

With the description provided in the previous paragraph about the decrease in the dynamic pulling force, one can
find the reason of instability. Consider the tether pulled out with a critical pulling rate. The extra mass entering into
the disk membrane from the rest of vesicle reduces greatly the tension in the membrane causing a reduction of
dynamic pulling force. This means that the balance between the pulling force and the entering mass is not kept and
the tether becomes unstable. Therefore, it is expected to see a larger deviation of density from the equilibrium
density for the monolayers and consequently divergence in the stretching energy. This is depicted in Fig. 5c where
the stretching energy is growing fast. The bending energy of the membrane also increases as the tether becomes
unstable and the membrane shape is transformed into a highly curved shape.

In order to see the effect of the pulling rate on the shape of the tether, shape transformation of the membrane is obtained for
these three cases, namely z_0 ¼ 50; 100; 120μm=s and shown in Fig. 6.

As it is observed in Fig. 6a, there is a relation between the shape transformation of the tether and the dynamic pulling force. For
example, in the case z_0 ¼ 50μm=s, from the moment the tether is formed, its shape is close to a cylinder with static radius of rs but
with varying length. This is due to the fact that the dynamic pulling force approaches to the static value immediately after its peak
point.

In the second case z_0 ¼ 100μm=s, there is a difference between the dynamic pulling force and its static value after
the peak point. Therefore, the shape of the tether deviates from a cylinder with radius rs. This can be seen in Fig. 6a
where the neck of the tether has the lowest radius. The most important point in the shape of the tether in this case is
creation of pearls along the length of the tether. These pearls are better shown in Fig. 6b. The reason why these
shapes are formed is the extra mass which is entering into the disk. The extra mass extends the surface and
consequently increases the surface area of the tether. Increase in the surface area is caused by creation of pearls.
Since pearls are curved shapes, the mean curvature of the membrane increases. This will affect the bending energy
and can be verified by Fig. 3b in which the bending energy of membrane for the case z_0 ¼ 100μm=s increases in
comparison with other cases.

The curvature of the pearls increases for the case z_0 ¼ 120μm=s before the tether becomes unstable as it is clearly shown in
Fig. 6a. Also, the number of pearls increases in comparison to cases with lower z_0. This is due to the fact that the higher extra mass
requires larger surface area in this case. This can also be related to the dynamic pulling force diagram, too. It is observed that when
the dynamic pulling force approaches to zero, pearls are clearer and the number of them increases. The lower is the dynamic
pulling force, the higher is the number of pearls in the tether.

It is concluded that pearling of tethers in the tether extension process is a prelude to the instability of them. In
this stage, the shape of tethers deviates from the steady-state shape which is a cylinder and then pearls before
becoming unstable. The most important note is that the formulation used in the literature for the tether extension
process is feasible when the tether is going to pearl and the dynamic pulling force deviates from its static value.
Modeling the tether as a cylinder or cone is no longer capable of observing this procedure. A model like the one
introduced in [18] is able to completely describe the dynamic features of the bilayer membranes and to predict the
correct shape transformations in tethers.

3.2.2 The effect of material parameters

By definition of instability region for tethers, it seems that the material parameters of the bilayer membrane may
have an influence on the critical pulling rate. The material parameters are the bending and stretching moduli, the
shear and dilatational viscosities, and the drag coefficient. In order to study the effect of these parameters on the
critical pulling rate of tethers, the values given in Table 1 are considered as the basic values. In each step, the
critical pulling rate of the tether is obtained for different values of one parameter while other parameters are kept
fixed. In this case, one can investigate the effect of each parameter separately on the critical pulling rate. Different
values of each parameter are chosen from the range where it varies for the bilayer membranes.
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It was observed that the critical pulling rate is greatly affected by changing the values of the bending and stretchingmoduli and
the drag coefficient. On the contrary, the effect of the shear and dilatational viscosities on the critical pulling rate is negligible.
This will prove that the bending and stretching energies and the drag force due to the slippage of monolayers are the dominant
mechanisms in the shape transformation and the dynamic procedure of the tether extension process. The effect of bending
modulus, stretching modulus, and drag coefficient on the critical pulling rate is shown in Fig. 7.

As it is depicted in Fig. 7a, the critical pulling rate increases by the increase in the bending modulus. This can be explained by
the relation between the bending energy and the pearling of the tether. By increasing the bending modulus, there is a stronger
resistance in membrane for creation of curved shapes. Therefore, a greater pulling rate is needed for pearls to be formed as they
increase the curvature in the tether. In the similar analysis, increasing the stretching modulus reduces the deviation of the density
of the monolayers from the equilibrium density. In this case, the pulling rate should increase to bring in the extra mass needed to
form the pearls from the rest of the vesicle and the critical pulling rate increases. However, the results are different for the drag
coefficient. By increasing this parameter, the difference between the tangential velocities of the inner and the outer monolayers is

(a) Shape transformation with three different values of pulling rate

(b) Closer look to the tether shapes at the length of 1.89 m

Fig. 6 Shape transformation of themembrane in tether extrusion process. a Shape transformation with three different values of pulling rate. bCloser look
to the tether shapes at the length of 1.89μm
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decreased and the bilayer membrane acts as a monolayer. Hence, the amount of the extra mass entering the tether increases and
the tether becomes unstable at lower pulling rates. The critical pulling rate is reduced by increasing the drag coefficient.

4 Conclusions

In this paper, the dynamic behavior of fluid lipid bilayer membranes in the tether extension process was studied using a
continuum model. The elastic energy and the dissipation functions are the mechanisms acting on the bilayer membrane in this
model. The study was focused on the tether extension process. A planar bilayer membrane was considered to model the region of
a giant vesicle around the extraction point. The tether was extracted on this membrane by a constant pulling rate and the dynamic
pulling force was obtained as a function of tether length. It was observed that the dynamic pulling force is decreased after its peak
point to reach a local minimum value and then converges to its static value.

Next, the effect of pulling rate was studied. By increasing the pulling rate, the dynamic pulling force deviated more from its
static value. In this case, the stretching energy increased considerably due to entrance of mass to the tether from the rest of the
vesicle. By further increasing the pulling rate, the local minimum point approached to zero. Due to the extra mass entering the
tether, it underwent pearling. It was shown that by approaching the dynamic pulling force to zero, pearls are formed in shapes
with higher curvature. At a specific pulling rate called the critical pulling rate, the dynamic pulling force reached to zero which
made the tether unstable. The negative values of the dynamic pulling force were introduced as the region of instability in the
tether extension process. In the final step, the effect of material parameters of the bilayer membrane on the critical pulling rate was
investigated. It was shown that the change in the bending and stretching moduli and the drag coefficient will greatly affect the
critical pulling rate of tether while the effect of the shear and dilatation viscosities are negligible.
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