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Abstract

We study connections among the ADM mass, positive harmonic functions, and capac-
ity of the boundary on asymptotically flat 3-manifolds of nonnegative scalar curvature.
We start with new formulae detecting the mass via positive harmonic functions. Then
we derive a family of monotone quantities and geometric inequalities assuming the
manifold has simple topology. As a first application, we observe several additional
proofs of the 3-dimensional Riemannian positive mass theorem. One proof leads to
new, sufficient conditions implying positivity of the mass via C%-geometry of regions
separating the boundary and oco. A special case of such conditions shows if a region
enclosing the boundary has relative small volume, then the mass is positive. As fur-
ther applications, we obtain integral identities for the mass-to-capacity ratio. We also
promote the inequalities to become equality on Schwarzschild manifolds outside rota-
tionally symmetric spheres. Among other things, we show the mass-to-capacity ratio
is always bounded below by one minus the square root of the normalized Willmore
functional of the boundary. Prompted by these findings, we carry out a study of mani-
folds satisfying a constraint on the mass-to-capacity ratio in the context of the Bartnik
quasi-local mass.
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1 Introduction and Statement of Results

On an asymptotically flat 3-manifold (M, g), the ADM mass [3] is a flux integral near
oo given by
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1
m = lim —/ (g'k,-—ggk)vk.
r—o00 165 |x|_rjzk: I M

Here {x;}1<i<3 is a coordinate chart defining the asymptotic flatness of (M, g) and
v = |x|~'x denotes the coordinate unit normal to {|x| = r}. By a result of Bartnik
[4], and of Chrusciel [11], m is independent on the choice of the coordinates {x;}.

On an asymptotically flat 3-manifold (M, g) with boundary X, the capacity (or the
L?-capacity) of ¥ is given by

inf 1/|Vf|2
¢, =inf { — ,
z 4]'[ M

where the infimum is taken over all locally Lipschitz functions f that equal 1 at ¥

1
and tend to 0 at co. Equivalently, ¢, = ) |Vo|* = 4—/ [Vo|, where
T Jy

4 S
Ap =0, ¢|x =1, and ¢ — 0 at oco.

Regarding the mass, a fundamental result is the Riemannian positive mass theorem,
first proved by Schoen and Yau [27] and by Witten [31]. The theorem states if (M, g) is
a complete, asymptotically flat 3-manifold with nonnegative scalar curvature, without
boundary, then

m >0,

and equality holds if and only if (M, g) is isometric to the Euclidean space R3.

Regarding the mass and the capacity, an important result was due to Bray [6]. Bray
showed if (M, g) is acomplete, asymptotically flat 3-manifold with nonnegative scalar
curvature, with minimal surface boundary ¥ = d M, then

m> ¢y,

and equality holds if and only if (M, g) is isometric to a spatial Schwarzschild manifold
outside the horizon.

If the mean curvature H of the boundary ¥ in (M, g) is not assumed to be zero,
using the weak inverse mean curvature flow developed by Huisken and Ilmanen [17],
Bray and the author [8] showed

1
1 2

—1 2
m'>1—-(— | H
= <167T/z>

under the assumptions f s H 2 <167 and Hy(M, ¥) = 0, and equality holds if and
only if (M, g) is isometric to a spatial Schwarzschild manifold outside a rotationally
symmetric sphere with nonnegative (constant) mean curvature.
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Recently, level sets of harmonic functions have been found to be an efficient tool
to study scalar curvature in 3-dimension. A pioneering work of Stern [30] revealed
intriguing analogy between the use of such level sets and the use of stable minimal
surfaces instituted by Schoen and Yau [27]. On asymptotically flat 3-manifolds, a new
proof of the positive mass theorem was given by Bray, Kazaras, Khuri and Stern [7],
which made use of harmonic functions asymptotic to a linear coordinate function.

In terms of monotone quantities along the level sets, Munteanu and Wang in [25]
established sharp comparison results on complete, nonparabolic 3-manifolds via the
discovery of a monotone quantity along level sets of the minimal positive Green’s
function. In [2], Agostiniani, Mazzieri and Oronzio obtained another proof of the
Riemannian positive mass theorem through a different monotone quantity along level
sets of the Green’s function on asymptotically flat 3-manifolds.

In this paper, we consider harmonic functions u satisfying

ux) =1 —cx| " +o(x|™h, as x > oo,

for some constant ¢ > 0, on an asymptotically flat 3-manifold (M, g). In the case
(M, g) has boundary ¥ and u is 0 at X, ¢ = ¢, and u is referred as the capacitary
function on (M, g). We obtain a sequence of new results relating the mass of (M, g),
the capacitary function u, and the capacity c.

We first find formulae that detect the mass of (M, g) via the level sets of such a u,
see Theorem 2.1. In particular, Theorem 2.1 (ii) implies

1 1
lim 4z — / [Vul> | = drme . (1.1
t>11—1¢ 1-0?2Js,

Here =; = u~1(p).
Besides (1.1), in Theorem 2.1 (i), we find

1 1
lim 8 — H|Vu||=127mc L. (1.2)
t—>11—1¢ 1—1t PN

Here H denotes the mean curvature of a regular level set &; with respect to |Vu|~! V.
An immediate implication of either (1.1) or (1.2) is that the ADM mass m is a
geometric invariant of (M, g), since the capacitary function and the boundary capacity
are independent on the choice of coordinates at co.
(1.1) and (1.2) indicate that, as t — 1,

1 _ 1 2
e E,H|Vu|_3|:4n_(l—l‘)Z/z,'VM' }-FO((I—I))-

While this asymptotic comparison was made only via information near oo, we show

in Theorem 3.1 that, if M has simple topology and g has nonnegative scalar curvature,
then, at each regular level set X;,
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1 1
87 — —— H|Vu|§3[4ﬂ— 2/ |Vu|21|, (1.3)
1—1¢ o) (1—-1) o

and “=" holds if and only if (M, g) outside ¥; is isometric to R? minus a round ball.

Inequality (1.3) is derived via a monotone quantity along {X,}, see Lemma 3.1.
Among other things, we apply (1.3) to find that the quantities in the mass formulae
(1.1) and (1.2) are actually monotone non-decreasing, that is

A(t) = % |:87'[ L H|Vu|] S oast (1.4)

1—1 %

and

B(t) = L[4n— ! 2[ |Vu|2:| S oast A, (1.5)
1—1¢ 1—-1 5,

see Theorem 3.2. This, combined with Theorem 2.1, then shows

8 —/EH|Vu| < 2rmc (1.6)

and
4 — fz IVul* < 4mrme! (1.7)
for the capacitary function u. Furthermore, “="" holds in any of these inequalities if

and only if (M, g) is isometric to R? minus a round ball.

As an immediate application of (1.1)—(1.7), we observe several new arguments
implying the 3-dimensional positive mass theorem, see Sect.4.

Inequalities (1.6) and (1.7) also give rise to sufficient conditions that imply the
positivity of the mass via C%-geometry of regions separating the boundary and co. For
instance, as a special case of Theorem 5.1, we show that if M has simply topology
and g has nonnegative scalar curvature, then

— m> 0. (1.8)

Here €2 is a region whose boundary has two components Sy and S, where S encloses
So and Sy encloses X, L is the distance from S; to Sy, and Vol(€2) is the volume of
(€2, g). Another such sufficient condition in Theorem 5.2 shows

f Vo> <47 = m > 0. (1.9)
So

Here v is the harmonic function on  with v = 0 at Sy and v = 1 at S;.
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In [2], Agostiniani, Mazzieri and Oronzio showed, along {%,},

_ 1 2
F(t)._l_t|:4n H|Vu|+(1_t)2/2t|Vu|}/' ast .

B 1—t oA
(1.10)
We observe that A(t), B(z) in our work are related to F(¢) related by
F@t) = A@) — BQ@). (1.11)

In (A.14) and (A.15) of Appendix A, we give integral identities for the differences
B(ty) — B(t1), A() — A(ty), for 11 < 1.

The monotonicity of F(¢) can also be seen from (1.11), (A.14) and (A.15). Moreover,
as a corollary of (1.1), (1.2) and (1.11), one has lim;,—,| F(t) = 8« mc;l. Such a
limit was shown in [2] in the case that (M, g) is isometric to a spatial Schwarzschild
manifold near infinity.

Applying the limits of A(¢), B(¢) as t — 1 and the formulae of their differences
at 11 < tp, we derive integral identities for the mass-to-capacity ratio mc;1 in Theo-
rem 6.1. Such integral identities can be compared with the mass identity obtained by
Bray, Kazaras, Khuri and Stern [7] via harmonic functions having linear asymptotic.

Inspired by Bray’s work [6], in Sect. 7 we promote inequalities (1.3), (1.6) and (1.7)
to become equality in spatial Schwarzschild spaces. Among other things, we show in

Corollary 7.1 that
1 1
—/ |Vu| < —/ H + 1. (1.12)
T Jy 167 b))

Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere with nonnegative mean curvature.
In Theorem 7.3, we show, given the same triple (M, g, u),

1
1 1 z
—mesl>1-— —/ Vul?do | , (1.13)
2 = 47'[ b))

and equality holds if and only if (M, g) is isometric to a spatial Schwarzschild manifold
outside a rotationally symmetric sphere. As a result of (1.12) and (1.13), we obtain in

Theorem 7.4
1 3
I>1-(— | H? 1.14
me_ > (1671/2 ) , (1.14)

regardless of the mean curvature H of . (1.14) improves the earlier mentioned result
of Bray and the author in [8]. Moreover, if applied to the exterior of small geodesic
balls, (1.14) yields another proof of the positive mass theorem, see Remark 7.1.
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Prompted by (1.14), in Sect.8 we carry out a study of manifolds with boundary
satisfying a mass-capacity relation

me;! < L. (1.15)

Under this assumption, in Theorem 8.1 we promote (1.6) to
Q-mcHa —mh < i/ H|Vul (1.16)
x x ~ 4 b)) ’ ’

which picks up an intriguing quadratic term (mc;1 )2. Equality in (1.16) holds if and
only if (M, g) is isometric to a spatial Schwarzschild manifold outside a rotationally
symmetric sphere with nonnegative mean curvature.

In Corollary 8.1, we give a capacity-comparison result for manifolds satisfying
(1.15) under a condition

2
3J3

MHpax <

Here Hpax is the maximum of the mean curvature of the boundary and the number

% is the maximum value of mH evaluated along rotationally symmetric spheres in

a spatial Schwarzschild manifold with positive mass.
In Corollary 8.2, we show manifolds satisfying (1.15) have the mass bounded by

m< = 1+<L/H2>% (1.17)
-2 167 b)) ’ ’

where ry. is the area-radius of X. Moreover, the capacitary functions u# on these
manifolds satisfy

/ |Vul? > 7. (1.18)
)]

Heuristically, this suggests such manifolds may not have long cylindrical regions
shielding the boundary, see Remark 8.6.

Toward the end of Sect. 8, we place condition (1.15) in the context of the Bartnik
quasi-local mass [5]. We point out manifolds satisfying (1.15) do not contain closed
minimal surfaces enclosing the boundary and static metric extensions with a positive
static potential necessarily satisfy (1.15), see Proposition 8.1.

We finish this paper with an appendix, including regularization arguments that can
be used to verify various monotonicity in Sect. 3.
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2 Detecting the Mass at co

Let (M, g) denote an asymptotically flat 3-manifold (with one end) with boundary.
By this, we mean there is a compact set K C M such that M\ K is diffeomorphic to
R3 minus a ball and, with respect to the standard coordinates on R3, g satisfies

gij =08 +O(xI™™), dgij =0(xI""" ", 8dg;; =0(xI"") (2.1

for some constant T > % The scalar curvature R of g is also assumed to be integrable

so that the mass m of (M, g) exists (see [4, 11] for instance).
Let ¥ denote the boundary of M. Let u be the function on (M, g) given by

Au=0on M, u=0at X, and u — 1 at oco. 2.2)

Given any ¢ € [0, 1], let ¥; = {x € M | u(x) = t} denote the level set of u. Below,
we collect some basic facts about u and ;.

By the maximum principle, maxx u < 1, hence |x| is defined on ¥; for ¢ close to
1; moreover, miny, |x| — oo ast — 1. Now suppose T € (%, 1). As x — oo, itis
known u has an asymptotic expansion (see Lemma A.2 in [22] for instance)

u=1—cg|x|"' + 0x(Ix|779). (2.3)

Here ¢, > 0 is a positive constant equal to the capacity of X in (M, g). Let Vu and
V2u denote the gradient and the Hessian of u on (M, g), respectively. By (2.3),

IVul> = x|~ + O(lx| 77T, (2.4)
(V2u)ij = g lx| 7 (=31x]2xix; + 8i) + O(Ix| 7). (2.5)

Thus, ¢ is a regular value if ¢ is close to 1 and the mean curvature H of X, satisfies
H = div(|Vul"'Vu) = 2|x| 7" + o(lx|7'7). (2.6)
As a result, for ¢ close to 1, ¥; has positive mean curvature, and consequently >,
is area outer-minimizing as its exterior is foliated by mean-convex surfaces {Xg}s>;-

Here we say a surface S is area outer-minimizing if every surface S which encloses S
has greater area, see [6] for instance.

Lemma 2.1 Let |3;]| be the area of ¥, in (M, g) if t is a regular value of u. Then, as
t—1,

% =4rc(1 -2+ 01 —0"2). (2.7)
Proof By (2.3),ast — 1,
x| =cg(1=0D""+ 01 -0, (2.8)

@ Springer



P. Miao

Let r_(¢) = mingy, |x| and r1(f) = maxsy, |x|. Since 3; and the coordinate sphere
Sy := {|x| = r} are both area outer-minimizing in (M, g), for ¢ close to 1 and large r,
respectively, we have

ISr_y ] = 1% < [Srp - (2.9)
For large r, (2.1) implies

[S,| = 47r? + 0> 7). (2.10)
Thus, (2.7) follows from (2.8)—(2.10). O

Lemma2.2 Ast — 1,

H|Vu| =87 4+ 0((1 — 1))

1-0Js,
and
ﬁ /E |Vu|* = 4 + O((1 — 1)%).
Proof By (2.6) and (2.8),
H=2'd-0+0 -0, (2.11)

Therefore, using the fact f s, |[Vu| = 4mcg, one has

1 H 2
— | H|Vu|) -8x / 2 ) vy
1—1 PN = 1—1 Cs

= O((1 —1)").
Similarly, by (2.4) and (2.8),
IVu| = ' (1 = 0)* + 0((1 = )**). (2.12)
Therefore,
1 v 1
i o) o= ([ 2o
1 —=07Js, n (=07 ¢
= 0((1-1").
O
Lemma 2.3 Ast — 1, the gradient of |Vu| on X, satisfies
_ —3—1
|Vs, [Vul| = O(Ix| ). (2.13)
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Proof Write Vu = (Vu)/d;. By (2.3),
(Vi) = s x| 72|x| " xj + O (x| 7270,

Let V = Vi9; denote any unit vector tangent to ;. Then V! = O(1) and the fact
(V, Vu) = 0 shows

D o ViVw' = 0(lx|7*77), andhence Y Vix = O(lx|'"7).  (2.14)

1 1

Therefore, by (2.5) and (2.14),

V(Vul?) = 2(V2u)(V, Vu)
= 2¢y || [ =31x| 72 Vi (V) + 85, VI(Vi) ](1 4 0 (1x79)
= 0(x|>79). (2.15)

Thus, (2.13) follows from (2.15) and (2.4). O

Lemma 2.4 Ast — 1, the traceless part of the second fundamental form Il of %,
denoted by 11|, satisfies

I = O (x|~ "), (2.16)
and the Gauss curvature K of ¥; satisfies K = |x|~2 + O(|x|~>77).

Proof LetV = V."B,'.and W=Wwia ; be any two unit vectors tangent to X, at a given
point. Then §;; V' W/ = g(V, W)+ O(|x|™"). As V, W are tangential to X;, one has

V2u(V, W) = (VyVu, W) = |Vu|Il(V, W).

Hence,
|Vu| TI(V, W) = (V2u);;VIW/
= ¢ x| 73 (=31x 2 Vi W+ 8 VW) (14 O(1x| ™))
= cx x| g (V, W) + 0(Ix| 77, (2.17)

where one used (2.5) and (2.14). Therefore, by (2.4),
IV, W) = |x|"'g(V, W)+ Oo(x|~'). (2.18)

This combined with (2.6) shows
5 1
v, w) =TIV, W) = ZHg(V, W) = O(lx|~'™),
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which proves (2.16). The conclusion on the Gauss curvature follows from (2.18), (2.6)
and the Gauss equation. O

Lemma 2.5 If (M, g) satisfies 000g;; = O(x|737 %) in (2.1), then
IDII = O(jx|~277). (2.19)
Here D denotes covariant differentiation on %;.
Proof If g satisfies the higher order derivatives decay assumption, then u satisfies
u=1-cg|x|7"+ 03(|x|7'77)
(see the proof of Lemma A.2 in [22] for instance). The terms O (|)c|_3 ~T)in (2.5) and
O(]x|~'=7) in (2.6) are then replaced by O;(|x|~3~7) and O (Jx|~'~7), respectively.

To prove (2.19), let {V, }o=1,2 be a local orthonormal frame around a given point
p on X;. By definition,

(Dy, ) (Ve, Vg) = (Dv, IT) (Va, Vp) — %VM(H)BW;.
By (2.6) and (2.14),
Vi (H) = 2(=D)|x| 2V, (Ix]) + O (x| 7>7%) = 0 (x| 7>7).
To estimate DII, one may assume {V,} is normal at p, i.e., Dy, Vg = 0 at p, then

(Dy, 1) (Va, Vg) = Vu(IL(Vy, Vp))
= Vu(IVul™) (V2u)ap + [Vul ™' Vi (VZi)ap).

By (2.13) and (2.17),
Vi (IVu| ™) (Vu)ap = O(1x|7270).
By (2.17) and (2.14),
IVul ™' Vi (VPu)ep) = [Vl 7 O(x|77) = 0 (x| >7).

Thus, (Dy, II)(Ve, Vp) = O(|x|~277). This proves (2.19). m]

Let m,, (X;) denote the Hawking mass [14] of %, if ¢ is a regular value of u. That
is
It

m, (Z) = 5 (1 b H2>. (2.20)

167 R
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Here r; =/ % is the area—radius of ¥;. By Lemma 2.1,

rn=c(-—0""+01-0"". 2.21)

Proposition 2.1 Iflim;_.; m, (3;) = m, where m is the mass of (M, g), then

1 1
lim 87 — H|Vu|| =127 mc! (2.22)
t—11—t¢ 1—1 R z
and
li ! 4 ! /|v ?l=4 -1 (2.23)
tl—Iﬂ]—t T (1—1‘)2 s, u = JTmC): . .

Proof For regular values z, define
1
A(t) =87 — —— H|Vu|. (2.24)
1—1t R

Then
1 /
—A/(t):—[—A(t)+8n+( H|Vu|> ]
11—t P
Applying formulae for the first and second variation of area, we have

/
( H|Vu|> = | H'|Vu|+ H|Vu| + H|Vu|H|Vu|""
PN PN

3 1. 1
— | —1Vu| |V, |Vul]* + K — 2H? — Z|TT)? — =R,
/, Vul | Vg, IVul[" + K = 5 S I —
(2.25)
where |[Vu|' = —H and H' = —Asx, |Vu|~! — (Ric(v, v) + [11]%)|Vu|~".
By (2.20) and the Gauss—Bonnet theorem,
"4 z
8n+< HIVu|> _ 2 () g, (2.26)
poM r't

where
-2 2 e 1
E@) = [Vu|~“|V¢ |Vull* + - |II|* + =R.
5, 2 2
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Therefore,

A@) | 2drm,(Z) 1

—A 0= T —E@. 2.27)
By Lemma 2.2, lim,_,{ A(¢) = 0. Hence,
1
AW =+ ! / [24”“1”(23) — E(s)]. (2.28)
- t Iy

Ast — 1, m,(%;) = m+ o(l) by the assumption. Thus, by (2.21),

er(E;) _ mc;l(l — 1)+ (1 = Ho(1). (2.29)
t
Consequently,
1
/ M) L S — 2 ol = 1P (2.30)
t Ts 2 F

To estimate ftl E(s), we note Lemmas 2.3 and 2.4, combined with (2.8), show
|Vm*Wﬂvmf+§ﬂF=00ﬂ*4v=cua—w“”m
Thus, by Lemma 2.1,
fz IVl 2| Vg | Vul| + %ufmz = 0((1 —1)™). (2.31)
’
Therefore,
f,lfg |Vu|_2|VE|Vu||2 + %|]f]1|2 =0((1 —p)'+%). (2.32)

To handle the scalar curvature term, we use the assumption R is integrable. Ast — 1,

1
om=/|m=/f|mwﬁ,
u>t t Ex

where we also used the coarea formula. By (2.12), |Vu|~' > %cz (11— t)_2 for  close

to 1. Hence,
1 1 1
//|MWWz—wuw”//|m
t X 2 4 s
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These imply

1
f IR| = o((1 —1)%). (2.33)
t s
It follows from (2.28), (2.30), (2.32) and (2.33) that

IL_IA(t) = 2rmc +o(l) + 01— > . (2.34)

Since T > %, this proves (2.22).
Similarly, define

— 1 2
B = 47— /z Vul. (2.35)

At any regular value ¢,

_B() = —— [2<—B<z> Fam) 4 — (— HIWI)}
1—1¢ T,

! I’ (2.36)
=1 [-2B(t) + A(?)].
By Lemma 2.2, lim,_,{ B(¢) = 0. Thus,
1 1
B(t) = — 1 —s)A(s).
0 == [ 1=
Therefore, as t — 1, by (2.34),
L — -1 N 2t—1
1 tB(t)_ drme " +o(l)+0((1—1) ).
This proves (2.23). m]

Theorem 2.1 Let (M, g) be an asymptotically flat 3-manifold with boundary ¥, with
000gi; = 0(|x|_3_f) at 0o. Let u be the harmonic function that tends to 1 at 0o and
vanishes at ¥. Then

. 1 1 1
@1) }E}T} 1— |:87T — : 5 H|VU|] = 127Tmc): N

oo ] 1 2 -1
@ Jim g [ [ e =4
Here m is the mass of (M, g) and cy. is the capacity of ¥ in (M, g).
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Proof 1t suffices to show lim;_, | m,, (X;) = m. Fort close to 1, let 7_(¢) = miny, |x|
and r4 (1) = maxg, |x|. By (2.8), r4(t) < Cr_(¢). Here and below, C > 0 denotes
some constant independent on 7. By Lemma 2.1, |%;| < Cr2. By Lemma 2.4, K >
Cr=2, hence diam(%;) < Cr_. By Lemmas 2.4 and Lemma 2.5, |]I°]I| <Cr-'"7and
|D]I°]I| < Cr-%7". Hence, {X;} is a family of nearly round surfaces near oo in (M, g)
according to Definition 1.3 in [29]. By Theorem 2 in [29], lim; 1 m, (%;) = m.
Theorem 2.1 now follows from Proposition 2.1. O

We can indeed interpret the mass-to-capacity ratio as the derivatives at oo of the
two functions

1 1

A(t) =87 — —— H|Vu| and B(t) =4m — —2/ IVul®. (2.37)
1—1tJs, (I-0*Js,

Corollary 2.1 Let (M, g) be an asymptotically flat 3-manifold with boundary X, with

000gi; = O(|x|_3_’) at 0o. Let u be the harmonic function that tends to 1 at 0o and

vanishes at X.. Then the functions A(t) and B(t) have C U extensions tot = 1 with

Ay=0, A()=—-12rmc.', B(1)=0, B'(l)=—4mrmc,".

y

Proof By Lemma 2.2, A(¢) and B(¢) extend continuously toz = 1 with A(1) = 0 and
B(1) = 0. By Theorem 2.1 (i), (2.27), (2.29) and (2.31),

_ _ 1 247m, () 1
lim A'(1) = 1 —A@) — i E(t
AmA® fLmlL—z O "hr, TT=E®
= 12nmc;1—24nmc;1
1
= lim ——A(t).
t—11t—

Similarly, by Theorem 2.1 (i), (ii) and (2.36),
lim B’(t) = lim ; [2B(t) — A()] = —4r m ¢! = lim LB(t)
-1 Tl —t B =TS —1 ’

This shows A’(¢) and B’(¢) are continuous at t = 1 with A’(1) = — 127 m c;l and
B'(1) = —471mc;1. O

Remark 2.1 Proofs in this section essentially only use the structure near oo of (M, g).
The arguments indeed establish (1.1) and (1.2) for any harmonic function u, satisfying

u(x) =1—clx| ™" +o(lx|™"), as x — oo,
for some constant ¢ > 0. Another way to see this is to derive (1.1) and (1.2) as a
corollary of Theorem 2.1. For instance, we may assume 0 < u < 1 on {|x| > r}

for some large r. Let T be a regular value of u so that maxy—,u < T < 1. On
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Mt = {u > T}, consider u, = ﬁ(u — T), which is the capacitary function on
(M7, g). By Theorem 2.1 (ii),

lim 4 — ——— Vu,|* | =4rmc !, 2.38

s—>11—S|: (1—S)2 {MT=S}| MT|:| T ( )

where ¢, = +c is the capacity of {# = T'}. Re-writing (2.38) in terms of u, we then
T = 1-T

obtain (1.1). Similarly, (1.2) follows from Theorem 2.1 (i).

3 Inequalities Along the Level Sets

In this section, we establish a family of geometric inequalities along {X;} under
assumptions that g has nonnegative scalar curvature and M has simple topology.
We first compare

1
A(t) =87 — —— | H|Vu| and B(t) =47 — |Vul?.

1—1¢ R (1_02 po

Theorem 3.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose X is connected and Hy(M, X) = 0. Let u be the harmonic
function that tends to 1 at oo and vanishes at . If g has nonnegative scalar curvature,
then

1 3
dr + —— | H|Vu| > Vul? 3.1
ﬂ+1_t/21 Iul_(l_t)Z/Z[Iul 3.1

for all regular values t, and equality holds at some t if and only if (M, g), outside %,
is isometric to R minus a round ball.
In particular, at %,

471+f H|Vu| 23/ [Vul?, (3.2)
> >

and equality holds if and only if (M, g) is isometric to R minus a round ball.

Remark 3.1 Inequality (3.1) is equivalent to
A(t) <3B(1). 3.3)

We will use Theorem 3.1 in this form later to derive other inequalities along {%;}.

Remark 3.2 To the author’s knowledge, inequality (3.2) represents a new result even
in the 3-dimensional Euclidean space.

To prove Theorem 3.1, we begin with a lemma which may be derived directly from
the work of Stern in [30].
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Lemma 3.1 Let (L2, g) be a compact, orientable, Riemannian 3-manifold with nonneg-
ative scalar curvature, with boundary 02. Suppose 02 has two connected components
S1 and Sy. Let u be a harmonic function on (2, g) such thatu = c; on S;, i = 1,2,
where c1, ¢ are constants withcy < ¢y < 1. Ifthe level set X5 := ul (s) is connected
fors € [c1, c2], then

3
W) :=4n(1—1)+ | H|Vu| - T IVul> \, ast /,
¥ 7

i.e., V(1) is monotone nonincreasing. Here t € [c1, c2] denotes a regular value of u
and H is the mean curvature of X, with respect to the unit normal v = |Vu|~'Vu.

Proof Lett; < t; be two regular values of u. On Q, 1,1 '={x € Q|1 < u(x) < 1r},
one has

|V2u|2 23
H|Vu| — f H|Vu|>/ / ( : R)—27r/ X ().
2 %, 2 \ |Vu| f

Here V2u, Vu denote the Hessian, the gradient of u on (M, g), respectively, R is the
scalar curvature of g, and x (X,) is the Euler characteristic of ¥;. Relation (3.4) is a
direct consequence of Stern’s computations in Section 2 of [30], and can also be found
explicitly from (4.7) in [7] and (2.18) in [16].

Let IT denote the second fundamental form of X; w.r.t. v. Let X, Y denote vectors
tangent to ;. Along X, one has

34)

V2u(X,Y) = |Vulll(X,Y), VZu(X,v)=X(Vu|), Viu(,v)=—H|Vul.
(3.5)

Here the first two equations follow from definitions of VZu and I, and the last equation
follows from 0 = Au = Az,” + Ho,u + Vzu(v, v). As a result,

|Vu| =2 |V2ul* = |II* 4 2|Vu| 2|V, |Vu|| + H>. (3.6)

Under the assumption X; is connected, it follows from (3.4) and (3.6) that

dn(ty—t)+ | H|Vul— | H|Vul
M =,
(3.7)

> /Q/ l|]1°11|2+|W|—2|v |Vu||2+§H2+1R
=), )52 2 4 2

where IT denotes the traceless part of I
To handle the term of H? in (3.7), we follow the idea in [2, 25] to replace it with

(H —2|Vu|(1 — u)_l)z. A motivation to this may be seen in the model case in which
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={R; < |x| <Ry} cR¥andu =1 — |x|~!. In this special setting, H and |Vu|
satisfy H = 2|Vu|(1 — u)~! along any level set sphere.
Thus, one can rewrite (3.7) as

4 (ty — 1) + H|Vu| — H|Vu|
Z P

+3/[2|: ! H|Vu|+;'/ |V u|2]
1—1 (1-0n2Jg,

1
s 2|Vu|
—|]I]I| + |Vu| |V2t|Vu|| — + 2R (3.8)

u

At each regular value ¢, one has (er |Vu|2)/ =— fZ; H|Vu|, and therefore,

1 1 , d 1 )
—— | H|\Vul+ Vul? = — (—— | |vu?).
1—1¢ P (1—[)2 % dr \1—1¢ %
Thus, if [#1, t>] has no critical values, the above directly shows
/ ( / H|Vu|+ 2/ |Vu|2)
51 )

1 ) 1
1—1n x 1—1 =,

[}

(3.9)

In general, if [#1, #2] has critical values, one may use a regularization argument to
still obtain (3.9). For instance, applying Lemma A.1 of Appendix A to u on Q[ 1,1,
one has

1 1
/ wuP — —— [ vap
1—l2 ) l—tl A

1)

|Vul? 1 192
= —+ —|Vu|"" V*u(Vu, Vu). (3.10)
Quiyy (I —10) (Vur0}C Qi 1 — U

This, together with the coarea formula and (3.5), gives (3.9).
By (3.8) and (3.9),

1—u 2
(3.11)

horol 3 2|Vu
\y(zl)—\y(zz)zf / — |1 + |Vu| 2|V, |Vu||2+—<H— | ') +—R
) ‘ 4

For the later purpose in Appendix A, we note that (3.11) holds without assumptions
on the scalar curvature R.

If the scalar curvature R is nonnegative, then (3.11) implies W(#;) > W(#p), which
proves the lemma. O
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In the context of Theorem 3.1, the assumption X is connected and Hy (M, X) =0
is a sufficient condition to ensure x (¥;) < 2 for a regular ¥;. Under this condition,
u being harmonic and the maximum principle guarantee X, is connected. (The same
assumption was used by Bray and the author [8] in estimating the capacity of ¥ in
(M, g) via the solution to the weak inverse mean curvature (1/H) flow [17]. In that
setting, a different reasoning shows the level set of the 1/H flow is connected.)

Proof of Theorem 3.1 Let W (¢) be given from Lemma 3.1. On an asymptotically flat
(M, g), a corollary of Lemma 2.2 shows

lim ¥ (¢) = 0.
t—1

Thus, letting 7, — 1in (3.11) gives

1 2
1, _ 2 3 2|Vu| 1
W) > —|IT? 4 |Vu| 2|V, |V “(H- —R

()—/t/zsz"“”' v, | u||+4( 1_u> i

(3.12)
for every regular value ¢. In particular, if R > 0, then W(¢) > 0.
Inequality (3.1) follows from (3.12) by noting that
1

——W() =3B@) — A(®). (3.13)

1 —1t

To show the rigidity case of (3.1), it suffices to establish it for the case t = O.
Suppose the equality in (3.2) holds, then, by (3.12) and its proof, for every regular
value ¢ € [0, 1], X; is connected (orientable) with x (¥;) = 2, hence X; is a 2-sphere;
moreover, R = 0, |Vu| only depends on ¢, X; is totally umbilic, and H = ﬁ|Vu|.

To show (M, g) is isometric to R3 minus a round ball, we start from a neighborhood
of the boundary X. For convenience, we normalize (M, g) so that | X| = 4. It follows
from the equality

47r+/ H|Vu|=3/ |Vu|?
p)) p))

that |[Vu| = 1and H = 2 at ¥ = Xg. Locally, g takes the form of g = (1) 2dr> 4+ y,
near X, where t = u, n(t) = |Vu| and y; denotes the induced metric on X;, which
satisfies 8y, = 2n(0) 'L, = n(t) 'Hy, = 2(1 — )"y, Thus, (1 — )%y, = a
fixed metric. Similarly, since |Vu|' = —H, n(¢) satisfies '(t) = f—_%n(t). Hence,
(1 — )72 = a constant. As [Vu| = 1 at =, we thus have n = (1 — )% and g =
(1-— t)"‘dt2 + (1 = 1)~ 25, for some fixed metric o, on the 2-sphere X. Invoking the
fact R = 0 near X, we see o, is a round metric with Gauss curvature 1 on X.

Now, if u has a critical value, let 79 € (0, 1) be the smallest critical value of u. The
above argument then shows (1! ([0, 19)), g) is isometric to

(2 x [0, 1), (1 — )~ *de® + (1 — t)_zao) .
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In particular, this implies |Vu| = (1 — 10)> # 0 on the set 3{u < to} = {u > 1p}. As
aresult, d{u > 1y} is an embedded surface in M. Therefore, d{u > to} = {u = #p} by
the strong maximum principle. In summary, this shows Vu # 0 on the set {u = 1y},
which contradicts to the assumption #; is a critical value. Hence, u has no critical
values. We conclude (M, g) is isometric to

(z [0, 1), (1 — )~ *de® + (1 — t)_zao) ,

1

which, upon a change of variable 1 — ¢ = r~", is isometric to R3 minus a unit ball. O

Remark 3.3 In Theorem 3.1, if u = ¢ at ¥ for some constant ¢ < 1, (3.1) and
its equality case still hold. This can be seen either from the above proof, or from
considering the function 1%C(u —0).

Theorem 3.1 implies an upper bound of ﬁ Iz, |Vu|? via Jz, H 2,

Corollary 3.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose X is connected and Hy(M, ¥) = 0. Let u be the harmonic
function such thatu = 0 at ¥ andu — 1 at oo. If g has nonnegative scalar curvature,
then

1
/|W| —[2W 4+ 2V W2+ 3W + 3], (3.14)

9

where W = % fz H?, and equality holds if and only if (M, g) is isometric to R
minus a round ball.

1
Proof Let z = ( fz |Vu|2) 2. By Theorem 3.1 and Holder’s inequality,

4 + V167 W7z > 372

This implies the bound of z in (3.14) by elementary reason. The equality case follows
from the equality case in Theorem 3.1. O

We next apply Theorem 3.1 to show that the quantities in Theorem 2.1, which
approach to constant multiples of mc;l at oo, are actually monotone.

Theorem 3.2 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold

with boundary X. Suppose X is connected and Hy(M, X) = 0. Let u be the harmonic

function such thatu = 0 at ¥ andu — 1 at co. If g has nonnegative scalar curvature,

then

1 AQ@) = ﬁ[&r — l_it fEt H|Vu|] J ast J, ie., A(t) is monotone non-
decreasing int. Ifinaddition900g;; = 0(|x|_3_f) atoo, then A(t) < 12x m c;l.
In particular, at %,

sn—/ H|Vu| < 12rmc!, (3.15)
D)
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and equality holds if and only if (M, g) is isometric to R minus a round ball.
(i) B(t) = ﬁ[47‘[ — ﬁle |Vu|2] J ast J, ie, B(t) is monotone non-

decreasing int. If in addition 300g;; = O(|x|7377) at oo, then B(t) < 47 m c;l.

In particular, at %,
4 —f IVul* < dmrme!, (3.16)
p))

and equality holds if and only if (M, g) is isometric to R minus a round ball.

Proof We first show (ii) as it is more straightforward. By (2.36) and (3.3), at every
regular value 7, we have

L I
—-B'(t) = 11— [-2B(®) + A1) ] =< :B(fl

Therefore, [ﬁB(t)]/ > 0, which implies the monotonicity of B(t) = ﬁB(t) in
the case that  has no critical values. If u has critical values, we may again apply a
regularization argument to show that B(#;) —B(t;) > Ofor, > 11, see Proposition A.1
in Appendix A for details.

By Theorem 2.1 (ii),

lim B(t) = 47 mc_ L.
t—1 z

Therefore, the monotonicity of B(f) shows
1

B(t) <4mrmc_ .

At t = 0, this gives
B(0) = 47 —/ IVul* <4mrme .
P

The rigidity part follows from the rigidity part of Theorem 3.1.
To show (i), we calculate, at a regular value 7,

L 1 '

I1—1tJs,
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By (2.25) and the Gauss—Bonnet theorem,

A1) > _ [A(t) b H|Vul +/ (—K + EHZH
(1—1)? -1 s, % 4

s A(t) ! H|Vu| —4 +3/ H?
~ (-2 1=t Js, 4 s

1 1 3 5
= —— | 4r+— | HVu-—— [ |Vul
(1-1 1—1)s, (1—02J,

+3/ 2Vl 2
4 hoR 1—M

I1(t)

By (3.3),
I1(t) =3B() — A(t) = 0.

Therefore, A’(¢) > 0, which implies the monotonicity of A(z) in the absence of critical
values. The general case can be again handled by a regularization argument that shows
A(ty) — A(ty) = 0 for 1, > 11, see Proposition A.1 in Appendix A.

The remaining conclusions in (i) follow from Theorem 2.1 (i) and Theorem 3.1. O

Remark 3.4 If u = c at ¥ for some constant ¢ < 1, Theorem 3.2 still holds with ¢
replaced by ¢, the constant in the asymptotic expansion u = 1 — ¢|x|~! + o(|x|™") as
X — o0.

Remark 3.5 In the above proof of (3.15) and (3.16), we assumed 3 g;; = O(|x|~7~?)
to obtain lim,—1 A(t) = 12nmc;1 and lim,—1 B(t) = 4nmc;1 by applying The-
orem 2.1. We mention that this assumption on 33 g; ; can indeed be dropped, due to
some recent developments since the appearance of this work. In [15], it was shown
that, under the general asymptotic condition (2.1), one has

1 1

limsup A(t) < 127'rmc; and limsup B(f) < 4erc; .

t—1 t—1

(See [15, Proposition 4.1], which made use of [1, Lemma 2.5].) Combined with the
monotonicity, such inequalities are sufficient to obtain (3.15) and (3.16) in Theo-
rem 3.2. For this reason, theorems in later sections of this paper, which made use of
(3.15) and (3.16), do not need the assumption on 93 gij neither.

Remark 3.6 Comparing (3.2), (3.15) and (3.16), we have (3.2) + (3.16) = (3.15).
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4 Proofs of the Positive Mass Theorem

The 3-dimensional Riemannian positive mass theorem (PMT), first proved by Schoen—
Yau [27] and later by Witten [31], asserts that if (M, g) is a complete, asymptotically
flat 3-manifold without boundary, with nonnegative scalar curvature, then m > 0, and
m = 0 if and only if (M3, g) is isometric to R3.

Since the work of Schoen—Yau and Witten, other proofs of this theorem have been
given by Huisken—Ilmanen [17], by Li [21], by Bray—Kazaras—Khuri—Stern [7], and
by Agostiniani-Mazzieri—Oronzio [2]. (Agostiniani-Mantegazza—Mazzieri—Oronzio
[1] also gave a new proof of the Riemannian Penrose inequality, first proved by Bray
[6] and Huisken—Ilmanen [17].)

To show the 3-dimensional PMT, it is known it suffices to assume M is topologically
R3, see [7, Section 2] for instance; it also suffices to assume g has higher order
derivatives decay near oo, see [26, 28]. For this reason, one can make these assumptions
in proving m > 0. Once the inequality is shown, the rigidity case of m = 0 follows
from a variational argument, see [27].

As applications of Theorems 2.1 and 3.2, we observe a few additional arguments
that demonstrate m > 0. We first outline the tools and features of the proofs to be
given:

e Proof [ uses Theorem 2.1 (ii) and a result of Munteanu—Wang [25].

e Proof Il is self-contained. It makes use of Theorems 2.1 and 3.2.

e Proof III is self-contained. It uses the inequalities in Theorem 3.2. Proof III leads
to new sufficient conditions that guarantee the positivity of the mass, see Sect.S5.

In what follows, let (M, g) be a complete, asymptotically flat 3-manifold with
nonnegative scalar curvature. Suppose M is topologically R3.

Proof I Take p € M. Let G(x) be the minimal positive Green’s function with a pole
at p, with G(x) - Oasx — oo.Letu = 1 — G. By Theorem 1.1 of Muntenau—Wang
(251,

1
(1 —1) — T IVul> \, ast /,
),

i.e., it is monotone non-increasing in .

Asx — 00,u =1—z-|x|71 + O(|x|7'7"). By Lemma 2.2, 1% [y |[Vul?> - 0
ast — 1. Hence,

1
dr(l—1t)— —— [ |Vu)* > 0.
11—t PN

Consequently,

[ )
47 — IVul?| > 0.
(I—=1) 1-02Js,
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By Theorem 2.1 (ii),

li 1 4—1/v2—4)2
MGy | T as e V| = e

Therefore, m > 0. O

Proof Il Take p € M. Let G(x) be the minimal positive Green’s function with a pole
at p. Let d(x) denote the distance from x to p in (M, g). As x — p, it is known

1 1
G(x) = —dx) ' +od)™), IVGw)| = -—dx) > +o0(dx)7?). 4.1)
4 4w

(See [25, Equation (3.3)] or [23, Theorem 2.4] for instance.)
Consider u = 1 — G. By Theorem 3.2 (ii),

1
B(@) = : |:47T

- (1_”2/2 |Vu|21| S ast A, 4.2)

i.e., it is monotone non-decreasing in ¢. Note this is different from the monotonicity
of Munteanu—Wang [25]. The latter asserts (1 — 1)2B(t) is monotone non-increasing.

hAst — —o0, by (4.1), ﬁ J5, |Vul? is bounded, hence ﬁ J5, |Vul? = 0.
Thus,

l_l)ir_noo B(t) =0. 4.3)

Therefore, by (4.2) and (4.3), B(t) > 0. By Theorem 2.1 (ii),
(47)?m = lim B(t) > 0. O
t—1

Remark 4.1 Proof II is similar to that of Agostiniani-Mazzieri—Oronzio [2]. The dif-
ference is the use of different monotone quantities, i.e., B(z) compared to F(z). A
feature of B(¢) used here is that it does not involve derivatives of the metric.

Remark 4.2 One can also work with A(¢), and apply Theorems 3.2 (i) and 2.1 (i). In
this case, one checks lim;_, ﬁ fE, H|Vu| = 0, which follows from known

estimates on V2G near the pole (see [2, 23, 25] for instance).

Proof Il Take p € M. Given a small r > 0, let B, denote the geodesic ball of radius
r centered at p. Let ¥, = 9B, and u = u, be the harmonic function with u = 0 at
Y, and u — 1 at co. Let ¢, be the capacity of X, in (M, g).

Applying (3.15) of Theorem 3.2 (i) to (M \ B,, g), we have

cr <8n —/ H|Vu|) < 127 m. (4.4)
A
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It remains to check, as r — O,
¢, = O(r) and / H|Vu| =0(Q). “4.5)
=,

A conclusion m > O will follow from (4.4) and (4.5).
To estimate ¢, we may use the variational characterization of the capacity, i.e.,

1
¢ =inf { — \Y 2}, 4.6
n {4ﬂ /M\B,| fl (4.6)

where f is a Lipschitz function with f = 0 at ¥, and f — 1 at co. Consider a test
function f(x) = r! (d(x) —r) in By, \ B, and extend f to be 1 outside Bj,. Here
d(x) is the distance from x to p. Then

1 1
e < o IV fI? = —5Vol(Bar\By) = O(). (4.7)

- 2
B, \Br r

For fEr H|Vu|, we have

/ H|Vu|
s,

by (4.7) and the fact H = 2r~! 4+ O(r) (see (3.34) in [13] for instance).
This verifies (4.5) and completes the proof. O

< max |H| / |Vu| =max |H|¢, = O(1)
P =, %,

Remark 4.3 In the above proof, we estimated ¢, by the so-called relative capacity of
%, in By,. By a result of Jauregui [18], one can indeed check

lim sup <87r —/ H|Vu|> > 0.
r—0 Z,

Remark 4.4 Alternatively one may use (3.16) of Theorem 3.2 (ii) to have

cr (47‘[ —/ |W|2> <4z m
s,

and check fEr |Vu|?> = O(1). Forinstance, by the maximum principle, |Vu| < |Vv]| at
0 B,, where v is the harmonic function with v = 0 at 9 B, and v = 1 at d By,. By scaling
and elliptic boundary estimates, [, 5 [Vv|2 = O(1) which shows s, IVu|? = 0(1).

In addition to the above proofs, we want to mention there is a more geometric

proof of PMT, which makes use of the full strength of our mass-capacity inequality
Theorem 7.4 in Sect. 7. We give that proof in Remark 7.1.
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5 Positive Mass Theorems with Boundary

Inspired by Proof III in the preceding section, we give some sufficient conditions that
imply positive mass on manifolds with boundary.

Theorem 5.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with nonnegative scalar curvature, with boundary X. Suppose % is connected and
Hy(M, ) = 0. Let Q C M be abounded region separating ¥ and 0o. More precisely,
this means 02 has two connected components Sy and Sy, where Sy encloses X (and
is allowed to coincide with ¥ ) and S| encloses Sy. Let u, be the function on 2 with

Aug =0, uglsy =0, andugyls, =1.

Let «(Q) = 7= [ [Vug|? = 2 Js, IVug |- Then

— ir
H < 2 — m>0 (5.1
— > 0. .
T ()
In particular, this implies
8L s (5.2)
> 0. .
~ Vol(R2)

Here H is the mean curvature of ¥ in (M, g), Vol(K2) is the volume of (2, g), and L
is the distance between Sy and Si.

Proof Let u be the harmonic function on M with u = 0 at ¥ and u — 1 at co. By
(3.15) of Theorem 3.2 (i),

-1
127 me_

v

Sn—/ H|Vul
z (5.3)

47[(2— cy mEaxH),

v

where ¢y, is the capacity of X in (M, g). This shows

mzaxH < 2cg1 == m>0, mng < 2c;1 — m > 0, 5.4

respectively.
Let D denote the region enclosed by S with X. Extending u, to be 1 on M \ D
and to be 0 on D \ Q. By the variational characterization of the capacity,

1
< oo fM |Vug > = ¢(Q). (5.5)
Therefore, (5.1) follows from (5.4) and (5.5).
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To see (5.2), it suffices to estimate ¢(£2). On €2, consider a test function f(x) which
equals L~'d(x) if d(x) < L and is identically 1 if d(x) > L. Here d(x) denotes the
distance from x to Sg. Then

Vol(Q). (5.6)

1
Q< — | |VfP<
«() = 47r/9| /1 T 4xL?

Hence, (5.2) follows from (5.1) and (5.6). O

The next result does not involve the mean curvature of the boundary. It makes use
of (3.16) in Theorem 3.2 (ii).

Theorem 5.2 Let (M, g), 2, So, S1 and u, be given as in Theorem 5.1. Then

|Vug|? < 4m = m > 0. (5.7)
So

Proof Let M denote the region outside Sy. Let i be the harmonic function on M with
i =0atSpand u — 1 at oo. Applying (3.16) of Theorem 3.2 (ii) to (M, g, i), we
have

/ |Vii|? < 47 = m > 0, / |Vii|? <47 = m > 0, (5.8)
So So

respectively. On (€2, g), the maximum principle shows
|Vii| < |[Vug| at Sp. (5.9)

Therefore, (5.7) follows from (5.8) and (5.9). O

Remark 5.1 It may be worthy of noting that the condition in (5.7) and the upper bound
of H in (5.1) only involve the C%-geometry of (2, g).

It is conceivable that Theorems 5.1 and 5.2 may be used to study the mass of
incomplete asymptotically flat 3-manifolds. Recently Cecchini—Zeidler [10] and Lee—
Lesourd—Unger [19] have given sufficient conditions, involving a positive lower bound
of the scalar curvature on suitable regions in a manifold (M", g) that is spin or of
dimension 3 < n < 7, which guarantee the positivity of the mass. If such conditions
are interpreted as shielding the incomplete part by regions with sufficiently positive
scalar curvature, conditions in (5.1), (5.2) and (5.7) may be thought as shielding
conditions in terms of the C%-geometry of a separating region.

We end this section with the following proposition which was known and proved
previously via the weak inverse mean curvature (1/H) flow developed by Huisken—
Ilmanen [17]. We include it here to show that the result can also be proved using
harmonic functions.
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Proposition 5.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose X is connected and Hy(M, ) = 0. If g has nonnegative
scalar curvature, then

/H2§16n = m>0,
)

and m = 0 if and only if (M, g) is isometric to R3 minus a round ball.

Proof By Corollary 3.1,
szs lor = f |Vu|? < 4r.
b b

Hence, m > 0 by (3.16). The rigidity case follows from that of Corollary 3.1. O

6 Integral Identities for the Mass-to-Capacity Ratio

In [7], Bray—Kazaras—Khuri—Stern found an integral identity for the mass of an asymp-
totically flat manifold. More precisely, if (E, g) denotes the exterior region of a
complete, asymptotically flat Riemannian 3-manifold (M, g) with mass m, then

|V2ul
16nm2/ + R|Vul ), 6.1)
£\ [Vul

where u is a harmonic function on (E, g) satisfying Neumann boundary conditions at
d E, and which is asymptotic to one of the asymptotically flat coordinate functions at
00. In particular, if the scalar curvature is nonnegative, then m > 0.

In this section, we derive mass identities analogous to (6.1) with u being a harmonic
function that equals O at the boundary and is asymptotic to 1 at co.

Theorem 6.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary . Suppose ¥ is connected and Hy(M, ) = 0. Let u be the harmonic
function such thatu = 0 at ¥ and u — 1 at co. Let ©, be a symmetric (0, 2) tensor
given by

|Vul|? 3du ® du

)
" 1—u 1—u

Let m be the mass of (M, g) and ¢y, be the capacity of ¥ in (M, g). Then

1
meo! — 1——/ |Vu|?
p 4]T b3)
1

6.2
= Tor Ju L (= u)? IVl "
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and

me! 2( 1/H|V|
- = - — u
z 3 87 )

6.3
_ 1 1 |V2u_®“|2+R|V | ©.3)
= Tor Jy|a—uw? 3 V| “l-
Proof By (3.5), along a regular level set %;, (V2u — @,) satisfies
) 2|Vul|?
(V2= @u) 0.v) = —HIVu + T,
(V2= @) 0. )15, = (V3 1Vul, ),
5 |Vl
(V2u =) ol = 1Vl (L= =y ).
’ 1—u
where y denotes the induced metric on X,. Therefore,
2 |2 2
\Vu|~ ‘v u—®,
(6.4)

3 21Vul\? .
== (H— 1'_u|) 2/ Vu| 2|V, [Vl |? + 1.

Given two regular values #; < 12, by (A.14) in Proposition A.1 of Appendix A, we
have

n 1
B(tz)—B(tl):/t1 WBB(I)—A(I)]- (6.5)
By (3.13) and (3.12),
1
3B(t)—A(t)=%\IJ(r) and W(t)z/ v (s), (6.6)
- t

where

3 2|Vu|\? 5 2 1, 1
= “(H- Vu| 2|V, |V — M2 + =R
v ‘L[4< ) 9 9l 1R o

_ 1/ |V2u—d>u|2+R
2y, |Vu|? '
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Taking #; = 0 and letting #, — 1, applying Theorem 2.1, we hence have

drme; — B(0) = / (1 ‘D(t)

. (6.8)
2/0 a0 </ ‘“S))'
Integration by parts gives
/1 1 (/1
Iﬁ(S))
3
o (I—-1) o 6.9)
B '[m(l r>2/ e / Ve ”/ = z)z}
We claim
1
th_r)r{ 1 t)Z/t Y(s) =0. (6.10)

This is because, by (2.32),
! 2 1
//|Vu|‘2|vz|w|| + [ = o1 — '),
¢ I3 2
and, by (2.33),

1
/f|R|=o<(1—t)2>.
t JE

Also, by (2.11), (2.12) and Lemma 2.1,

//( 2|V“|) = 0((1 — 1)+, 6.11)
ol -

Therefore, (6.10) holds.
Now it follows from (6.8)—(6.10) that

47tmc;1 — B(0)

>l/l_ ! _1}1/f(r)
=2 )y La=on2

1 1 | IVZu — @, )? R (6.12)
/0 et Nz( Vuf )

1
4
1 [ VZu — &, |?
= - — 1| ——=—— +R|Vul).
4 oy L (1 —u)? |Vu|
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This proves (6.2).
Similarly, by (A.17) following Proposition A.1 of Appendix A,

[A(r2) — B(12)] = [A(t1) — B(11)] = / (1 2Iﬁ(t)- (6.13)

n

Taking #; = 0, letting o — 1 and applying Theorem 2.1, we have

8rme, ! — (A(0) — B(0))

1 /‘ 1 / IV2u — @, |2
> — + R
2Jo (1=02Js, |Vul? (6.14)
1 1 IV2u — @, |2
= = + R|Vul ).
2 Sy (1 —u)? |Vu|
This together with (6.12) proves (6.3). O

Remark 6.1 If the scalar curvature R is nonnegative, then (6.2) implies (3.16), (6.3)
implies (3.15), and (6.14) implies

471—/ H|Vu|+/ |Vu|* < 8mme_ . (6.15)
P p))

For manifolds that are spatial Schwarzschild manifolds near infinity, (6.15) also fol-
lows from the work of Agostiniani-Mazzieri—Oronzio [2]. On the other hand, one sees
(6.15) is an algebraic consequence of (3.2) and (3.16).

Remark 6.2 If the manifold M in Theorem 6.1 has no boundary, let G be a minimal
positive Green’s function with a pole at some p € M. Takingu = 1 — 47 G in (6.13),
and letting r, — 1, f{ — —o0, one finds

1 1 [|V?G + &g)?
> — | —— + RIVGI| ). 6.16
™= G2 fM G2 ( vg  TRIVO] (10

Here @ is the (0, 2) tensor given by

IVG|? 3dG ® dG

D = _
6="¢g ¢ G

Inequality (6.16) gives the integral version of the proof of the 3-dimensional PMT in
[2].

7 Promoting Inequalities via Schwarzschild Models

Inequalities in Sect.3 are derived via monotone quantities that become constant in
Euclidean spaces outside round balls. As a result, they are strict inequalities when
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evaluated in spatial Schwarzschild manifolds with nonzero mass outside rotationally
symmetric spheres.

Inspired by Bray’s proof of the Riemannian Penrose inequality [6], in this section
we apply results from the previous sections to derive inequalities that become equality
in Schwarzschild spaces.

We first outline the idea. Given a tuple (M, g, u) satisfying assumptions in The-
orem 3.1 (or equivalently in Theorem 3.2), let v be any other harmonic function on
(M, g) withv — 1 at oo and v > 0 at X. The following facts hold:

1. the metric g := v*g is asymptotically flat, with nonnegative scalar curvature;
2. the function i := v~!u is a harmonic function with respect to the metric g, and
satisfies # = 0 at ¥ and u — 1 at oo.

Thus, results from the previous sections are applicable to M with the conformally
deformed metric g and the g-harmonic function .

To proceed, we compute the quantities involved. Let V denote the gradient on
(M, ), let H be the mean curvature of ¥ in (M, g) with respect to the co-pointing
normal. Let do, do denote the surface measure on X in (M, g), (M, g), respectively.
As ¥ has dimension two, it can be checked

f|6ﬁ|§d5=/ Vi) do. (7.1
b)) p))

(We omitted writing the area and volume measures in previous integrals as there was
only one metric g involved therein.) The mean curvature H is related to the mean
curvature H of ¥ in (M, g) via H = v=2(4v~'9,v + H). Thus,

/Fuﬁmgd&:/ (4v~"a,v + H)|Vii| do. (7.2)
) )

Let m denote the mass of (M, g). m and m are related by
m=m— 2¢,, (7.3)

where ¢, is the constant in the expansion
¢
v=1-=+o(x™h,
|x]

1

as x — 00. Since u = v~ 'u, u satisfies

€y — Cy

x|

where ¢y > ¢, by the fact v > u and the maximum principle. The capacity of ¥ in
(M, g), which we denote by ¢y, is then given by

ii=1- +o(lx|™h,

Ty =y — . (7.4)
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Finally, we note, as u = 0 at X,
|Vi| = v |Vu| at x. (7.5)

We want to seek implications of the inequalities (3.2), (3.16), (3.15) and (6.15),
ie.,

4n+/ H|Vu| 33/ |Vul?, (7.6)

) )

A7 —/ |Vul* < 4mme] !, (1.7
)

871—/ H|Vu| < 127rmc] !, (7.8)
)

471—/ H|Vu|+/ |Vu|* < 8rmc, !, (7.9)
) )

when they are applied to the conformally deformed triple (M, g, u). As mentioned in
Remark 3.6 and Remark 6.15, one knows

(7.6) + (1.7 => (7.8) and (7.9).

For this reason, we focus on the use of (7.6) and (7.7) below.

Theorem 7.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose X is connected and Hy(M, X) = 0. Let u be the harmonic
function such thatu = 0 at ¥ andu — 1 at co. If g has nonnegative scalar curvature,
then, for any constant k > 0,

Az +k/ H|Vul zk(4—k)/ [Vul?. (7.10)
X )

Moreover, equality in (7.10) holds for some k if and only if (M, g) is isometric to a
spatial Schwarzschild manifold outside a rotationally symmetric sphere, that is, up to

isometry,
m \4
(M’g)z <R3\{|X| <r}7 <1+_) gE>7
2|x]

where r > 0 is a constant, g, = 8;;dx'dx/ is the Euclidean metric, and m, k, r are
related by m = 2r(k — 1).

Proof Given any positive harmonic function v on (M, g),letg = v* gand it = v~ 'u.

Applying (3.2) in Theorem 3.1 to the triple (M, g, it), we have
47 +/ H|Vii|z d& > 3/ |W|§d5. (7.11)
= z
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By (7.1)—(7.5), (7.11) shows

47 +/ (4v~'9,v + H)v ™! |Vu| do > 3/ v 2|Vu|* do. (7.12)

s b

Given any constant k > 0, choose
1

v:u—l—%(l—u). (7.13)

It follows from (7.12) and the fact d,u = |Vu/| at X that

4z +k/ H|Vu|do > k(4 — k)/ [Vul|* do,
= x

which proves (7.10).

The above also shows equality in (7.10) holds for some k if and only if equality
in (7.11) holds for the corresponding (M, g, u). By Theorem 3.1, this occurs if and
only if (M, g) is isometric to (R3\Br, gE), where B, = {x € R? | |x| < r} for some
constant r > 0. In this case,

_ r
i=1-—. (7.14)
| x|

This combined with (7.13) and the fact i = v~'u shows

k—1
v i=1+ u (7.15)
x|
As a result,
k—1\* o
g= v_4gE = <1 + %) 8;j dx'dx/, (7.16)
X
which is a spatial Schwarzschild metric with mass m = 2r(k — 1). O

Theorem 7.1 implies a sharp bound of f 5 |Vu|? by the Willmore functional of X,
with the bound achieved by Schwarzschild spaces outside mean-convex round spheres.

Corollary 7.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary ¥. Suppose ¥ is connected and Hy(M, ) = 0. Let u be the harmonic
function such thatu = 0 at ¥ andu — 1 at co. If g has nonnegative scalar curvature,
then

1 3 1 3
<—/ |Vu|2> 5(—/ H2) +1. (7.17)
T Jy 167‘[ )
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Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere with nonnegative constant mean

curvature.

Proof Consider the following quadratic form of &,
Q(k) = a(u) k* + B(u) k + 4,

where

a(u):/ [Vul?, ,B(u):/ H|Vu|—4/ |Vul?.
> > >

We have Q(0) = 4, and Theorem 7.1 shows
Q) >0, Vk=>O0.
Thus, by elementary reasons, either
Bu)? — 16a(u) <0

or

/3(14)2 —l6mra(u) >0 and — B(u) + \/ﬂ(u)z — 16ma(u) < 0.

The latter case is equivalent to

Bw) >/ 16wa(u),

that is

1
H|Vu 2
fz—"l —4 (/ |Vu|2) > V167.
(fz IVu |2) ’ >
If (7.21) holds, then, by Holder’s inequality,
1

1
1 2 1 2
—/H2 >1+ —/IVu|2 .
167‘[2 T Jy

If (7.19) holds, then

2 2 %
‘/ H|Vu|—4/|Vu| §4<7t/|Vu|> ,
D) X X
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which in particular implies

1
2
4/ |Vu|2§4<7r/ |Vu|2) +/ H|Vu|. (7.23)
)] ) )]

Combined with Holder’s inequality, this shows

1 1
(%/Eww) <1+<161n/ H2> ) (7.24)

Therefore, in either case, we conclude (7.17) holds.
If equality in (7.17) holds, then (7.20) does not hold; (7.23) holds with equality;
and H = c|Vu| for some constant ¢ > 0. In particular, this gives

—B(u) —4/ |Vu| —/ H|Vu| = 16na(u) > 0.
As aresult, Q(kg) = 0 at

_1
ko=—2ﬂ(f))=2<%/|w2> . 2 >0,
o(u b
> 1+ (16 Js H?)?

By Theorem 7.1, (M, g) is isometric to a spatial Schwarzschild manifold

4
(M, g) = <R3\{|x| <rl, (1+%) )

where r > 0 and m = 2r (ko — 1). As kg < 2, the boundary {|x| = r} has nonnegative
mean curvature in (M, g).
On such an (M, g), direct calculation shows

1 N\ |2 1 N2
— | H =|-—1| and [(— [ |Vu| = -
167 b)) k T Jy k

As k < 2, equality holds in (7.17). This completes the proof. O

An immediate application of Corollary 7.1 yields a result of Bray and the author
[8] on the estimate of the capacity-to-area—radius ratio.

Theorem 7.2 ([8]) Let (M, g) be a complete, orientable, asymptotically flat 3-
manifold with boundary X. Suppose X is connected and Hy(M, %) = 0. If g has
nonnegative scalar curvature, then

1
2 1 2
= <—/ H2> F1. (7.25)
}"2 167‘[ b3l
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1
Here ¢y, is the capacity of ¥ in (M, g) and ry = (%)2 is the area—radius of X.
Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere with nonnegative constant mean
curvature.

Proof This follows directly from

1
2 Vu 2
(f |Vu|2> 2/12|—1|=\/;£
z =12 Iy

and Corollary 7.1. O
Next, we proceed to find implications of (3.16) in Theorem 3.2.

Theorem 7.3 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose X is connected and Hy(M, X) = 0. Let u be the harmonic
function such thatu = 0 at ¥ andu — 1 at co. If g has nonnegative scalar curvature,
then

1
1 2
= zl—(—/ |Vu|2da> ) (7.26)
2c¢y, 4 Jy

Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere.

Proof Given any positive harmonic function v on (M, g),letg = v* gand it = v~ 'u.

Applying (3.16) in Theorem 3.2 to (M, g, i), we have
47 —/ Wﬁ% do < 4mﬁE;1. (7.27)
b

By (7.1)—(7.5), (7.27) becomes

-2
Am —f V2| Vut do < 4w 22 (7.28)
) gy — Gy
Given any constant k£ > 0, choose
1
v:u—l—z(l—u). (7.29)

Thenv =k"'at =, ¢, = (1 — k~')cg, and (7.28) shows
m 1 k
—32—-——f |Vu|? do. (7.30)
CE k 47 b}
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Maximizing the right side of (7.30) over all £ > 0, we have

1
1 2
BLESS (-/ |Vu|2dcr> , (7.31)
2C): 4 b))
which proves (7.26).

If equality in (7.26) holds, then equality in (7.27) holds for v = u + kN1 —w)
with the constant k given by

1

k= (L/ |Vu|2do> ’) (732)
47 b

By Theorem 3.2, (M, g) is isometric to (R3 \ B, gE), where B, = {x € R3 | |x| < r}
for some r > 0, and

_ r
i=1- (7.33)

x|’
This combined with it = v~'u and (7.29) shows

k=D

v =1 (7.34)
|x|
As a result,
k—1\* o
g= v_4gE = (1 + %) 8;j dx'dx/, (7.35)
X
which is a spatial Schwarzschild metric with the mass m = 2r(k — 1).
On any such an (M, g), direct calculation shows
1 1 g
m
— =1—- and <—/|Vu|2> = -,
2cy, k 4 Jx k
which verifies equality in (7.26). This completes the proof. O

We now have a succinct lower bound of the mass-to-capacity ratio by the Willmore
functional.

Theorem 7.4 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold with
boundary ¥. Suppose X is connected and Hy(M, £) = 0. If g has nonnegative scalar

curvature, then
1 3
™o _/H2 , (7.36)
CZ - 167 b}
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Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere with nonnegative constant mean
curvature.

Proof This is a direct consequence of Corollary 7.1 and Theorem 7.3. O
We give a few remarks.

Remark 7.1 Theorem 7.4 gives another way to see the 3-dimensional positive mass
theorem. In the context of Proof III in Sect. 4, Theorem 7.4 gives

m 1 5 :
—>1—-(— H =o(l), asr—0,
[ 167 Jx,

where ¢, is the capacity of a small geodesic ball of radius r. Hence, m > 0.

Remark 7.2 Theorem 7.4 improves the result of Bray and the author in [8]. Under
an additional assumption of fz H? < 167, in [8] the capacity estimate (7.25) was
converted into a Hawking mass estimate

1 )\?

and the relation m > m,, (X) was applied (if X is outer-minimizing) to obtain (7.36).
In the current derivation of (7.36), we bound the ratio mc;1 via f 5 [Vu |2 and bound

fz |Vu|? via f): H?, hence bypassing the use of m, (X) in relating m and cy;.

Remark 7.3 One may re-write (7.36) as

1
1 2
mt(g):=3+(—/H2> —1>0.
[ 16w Jx

This gives a nonnegative quantity 91(g) on asymptotically flat 3-manifolds (M, g)
with boundary (under the curvature and topological assumptions). M (g) vanishes
precisely if (M, g) is rotationally symmetric with mean-convex boundary.

8 Manifolds with the Mass-to-Capacity Ratio < 1

In this section, prompted by Theorem 7.4, we consider a class of manifolds satisfying
a mass-capacity relation

melt < 1. 8.1

As we will see later in Proposition 8.1, such a class of manifolds includes static metric
extensions in the context of the Bartnik quasi-local mass [5].
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Theorem 8.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold with
boundary %, satisfying a mass-capacity relation

Let u be the harmonic function withu = 0 at ¥ andu — 1 near oco. If X is connected,
Hy(M, X) =0, and g has nonnegative scalar curvature, then

L [ N
4NLH|Vu|z(2 me2 ) (1 —me2!). (82)

Moreover, equality holds if and only if (M, g) is isometric to a spatial Schwarzschild
manifold outside a rotationally symmetric sphere with nonnegative constant mean
curvature.

Proof For a regular value ¢ € [0, 1), if u) denotes the harmonic function outside >
with u® = 0at X, and u” — 1 at oo, then

u-—t
u® = T (8.3)

As aresult, the capacity ¢y of X is related to that of X by

o
€y, = ——. (8.4)

Therefore, by Theorem 7.4,

|
1 2
(E ./2 Hz) 2 1o me] (8.5)
= 1-mc '(1-0).
Under the assumption mc;l < 1, we have
1—mc'(1—1)>0.

Hence, (8.5) is equivalent to

L im0 - (8.6)

167 Js, >

To proceed, we return to the basic identity (3.7) in Sect. 3. Given any regular values
t <t <1,by(3.7),

At —t)+ | H|\Vul— | H|Vul
z, =,
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noro ) 3 1
> — [0 + |Vu|7?|V,. |V “H?>+ =R
‘/f./>:,2|'+'”' [V IVall® + 352 +
123
z/ - | H% (8.7)
151 4 P

Thus, it follows from (8.6) and (8.7) that

47T(t2—t1)+/ H|Vu| — H|Vu|
Zy P

n
> 12;1/ [1-—me'a-n].
1

Letting t, — 1, by Lemma 2.2, we obtain

ar(1—t)+ | H|Vul
E,l

1
127'rf [1-—me'a-n]
1

= 127(1 — 1) — 127me ' (1 — 11)* + 4w (me H2(1 — 1),

IV

or, equivalently

127me (1 — 1) — 4w (me )2 (1 — 11)?

> 8r - (8.8)

H|Vu].
1—1 =

In particular, at #; = 0, we have
127me, ! — 4w (me1)? > 87 —/ H|Vul,
b

which proves (8.2).
If equality in (8.2) holds, then equality in (8.8) holds with #; = 0. This necessarily
implies equality in (8.6) holds for a.e. t € [0, 1]. As aresult, att = 0,

e 2 172
= 2H =[1-me ']

Since 1 — mcgl > 0, we conclude by Theorem 7.4 that (M, g) is isometric to a spatial
Schwarzschild manifold outside a rotationally symmetric sphere with nonnegative
mean curvature.

Suppose (M, g) = (R3\{|x| <rh {4+ ﬁ)“g,i) with mean-convex boundary
{|x| = r}, then (8.5)—(8.8) all become equality. Hence, equality in (8.2) holds. This
completes the proof. O
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Remark 8.1 We compare (8.2) and (3.15). If (M, g) has m = 0, (8.2) is as the same

as (3.15), both of which reduce to fz H|Vu| > 8m. For (M, g) withm # 0, (8.2)
improves (3.15) by unveiling the quadratic term 45 (mc;l)z.

Remark 8.2 Condition (8.1) is a global condition on the triple (M, g, ¥). It has a
feature of being inheritable to other surfaces enclosing X. More precisely,

1<1

mc;1 <] = mcs_

for any other surfaces S in M enclosing X. This follows from the fact ¢, < ¢, which
is a consequence of the variational characterization of the surface capacity.

Remark 8.3 Theorem 8.1 shows a necessary condition ofmc;1 <l1is fz H|Vu| > 0.
Therefore, by Remark 8.2,

me ' <1 = /H|ws| >0,
S

for any surfaces S enclosing X. Here u denotes the harmonic function in the exterior
of S, withu, =0at Sand ug — 1 at co.

Manifolds (M, g) satisfying mc;] < 1 include regions, in a spatial Schwarzschild
manifold with positive mass, which are the exterior to a surface enclosing the horizon.

That is, if
ms &m ) s + 2| | 8k

withm > 0 and if ¥ C My, is a closed surface bounding some region D with the
horizon X; = {|x| = Jm}, then (Mn\D, gm) satisfies

mc;1 <1.
This is because of €y, =mon (M, gm) and g, = Cs5-
To put the next corollary of Theorem 8.1 in context, we mention a few additional
facts on (M, gm). Let £, = {|x| = r} C My,. The mean curvature H, of X, equals
H, =k 2@k~ — D2r7 1,

where k € (1, 2] is the constant determined by m = 2r(k — 1). The product mH,
satisfies

mH, =2k~'2k" — D21 — k7).
The capacity ¢, of X, is given by

¢ =r+ ;, and hence mc;l =2(1 - k*]).
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As aresult, mH, and mc;1 are related by
mH, = 2 —mc (1 —me Hme L (8.9)

As a function of r, calculation shows

2
max mH, = ——, (8.10)
%m§r<oo " 3«/§
where this maximum is achieved uniquely at
V3 o m \?
rp=|1+—)m, satisfying (1+-—) rp, =3m. 8.11)
2 2rp

The sphere {|x| = r,} is often known as the photon sphere in (M, gm). The mass-
to-capacity ratio at X, is given by

1
-1
mcr1 =1- 7 (812)
’ 3

The following corollary gives a partial classification or comparison result for
manifolds with mey, < 1, depending on the maximum of mH at the boundary.

Corollary 8.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X, with the mass-to-capacity ratio satisfying

O<mc;] < 1.

Suppose X is connected, Hy(M, X) = 0, and g has nonnegative scalar curvature.
Then

(i) either ¥ has vanishing mean curvature, in which case (M, g) must be isometric
to a spatial Schwarzschild manifold outside the horizon;
(i) or Hmax = maxy H > 0 and one of the following holds:

2
a) mH, < —*= and
(@) mHpax < 325
¢z < ¢y OF g > Cpy.

Here ¢, is the capacity of the sphere ¥, = {|x| = r;}, i =1, 2, in the spatial
Schwarzschild manifold

(s 1 LAY
(M, gm) = (R \{IXI < 2““} , <1 + 2|x|> gg)
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which has the same mass as (M, g), and the constants ry, ro are chosen so
that

1 1
H, = H;, = Hnax and 5m<r1 < 1+§\/§ m<ry, (8.13)

where H,, is the mean curvature of X, in (M, gm). Moreover, ¢y, = ¢, for
anr; if and only if (M, g) is isometric to (My,, gm) outside Z,,;

(b) mHpax > % and equality holds if and only if (M, g) is isometric to the

spatial Schwarzschild manifold (My,, gm) outside the photon sphere {|x| =
(1+ $/3)m}.

Proof Let g = mc;1 € (0, 1]. By Theorem 8.1,

1
4—/ HVul =z 2-¢)(1—q). (8.14)
T Jx

In particular, f): H|Vu| > 0.As |Vu| > Oalong ¥, we have Hpax > 0,and Hyax = 0
if and only if H = 0.
If H = 0, Theorem 7.4 shows g > 1. Hence, ¢ = 1, and therefore ¢ = 1 —
1
(16%1 fz H2) 2. By the equality case of Theorem 7.4, (M, g) is isometric to a spatial

Schwarzschild manifold outside the horizon.
In what follows, we suppose Hpyax > 0. Since fz |Vu| = 4mcy, (8.14) implies

Hnax ¢z 2 2—q)(1 —¢q). (8.15)
As m > 0, this gives

mHypax > 2—=q) (1 =¢q)q. (8.16)
As a result, either

m Hpax > i = max 2 —x)(1 —x)x, (8.17)
33 x€l01]
or
2

0 < m Hpax < (8.18)

33
If (8.17) holds with equality, then

1
Hipaxcs, = E/ HIVul= 2 —q)(1—q).
M)

withg =1 — % By Theorem 8.1 and the fact (8.10)—(8.12), (M, g) is isometric to
a spatial Schwarzschild manifold with the photon sphere boundary.
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Next, we suppose (8.18) holds. Let r;, i = 1, 2, be the constants given in (8.13). It
follows from (8.9) and (8.16) that

@ —me;H(1 - me; me;!

= mH;, = MHmnax
2= —q)q.

v

Analyzing the function f(x) = (2 —x)(1 — x)x and using the assumption0 < g < 1,
we conclude

-1 1

g <mc, or g>me,

or equivalently
€y <€ OF ¢ > Cy. (8.19)

If ¢, = c;; for an r;, then
1
Hmaxey = 7— | HIVul=Q2-¢)(1—q).
T Jx

with g = mcr’il. By Theorem 8.1, (M, g) is isometric to a spatial Schwarzschild
manifold with boundary {|x| = r;}. This completes the proof. O

Remark 8.4 Corollary 8.1 can be applied to manifolds (M, g) with CMC boundary,
i.e., ¥ has constant mean curvature. In this case, it might be interesting to understand
the supremum of mH over such manifolds.

Remark 8.5 Corollary 8.1 (i) shows (My,, gm), Schwarzschild manifolds outside
the horizon, are the unique manifolds with the given topological and curvature
assumptions, satisfying mc;1 < 1 and the boundary being minimal.

On the other hand, we note (M,, gm) is not characterized by the condition mcg1 =

1. To get other examples with mc;1 = 1, we can first return to the proof of Theorem 8.1.
Suppose we start with an arbitrary (M, g) with boundary X satisfying ¢, < m. Then,
by (8.4), we may consider the value 79 determined by

CZ
= . 8.20
1 (8.20)

If 1y is aregular value of u, then the exterior region of X, in (M, g) satisfies mc; =1.

(Otherwise, one can still consider regular Values t greater than and close to ?() For
these 7, the exterior region of ¥; satisfies me_" < 1 and mc ! can be made arbitrarily
close to 1.) To get a precise example, we may consider a rotationally symmetric,
asymptotically flat metric g on R? so that g has nonnegative scalar curvature, positive
mass, and (R3, g) has no closed minimal surfaces; see [20, Section 2.4] for this class
of metrics. By (4.7), there is a small, rotationally symmetric sphere X, in (R, g) with
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¢, < m. Let u be the capacitary function on the exterior of 3, then u is rotationally

symmetric, and the level set {u = t} is a rotationally symmetric sphere for each

t € (0, 1). The region exterior to {u = ty} then satisfies mc;r1 = 1; moreover, it is not
0

(M, gm) as {u = o} is not minimal.

Next, we mention some other implications of (8.1) which are corollaries of
Theorems 7.2 and 7.3.

Corollary 8.2 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary Z, satisfying

Suppose X is connected, Hy(M, ¥) = 0, and g has nonnegative scalar curvature.
Then

i) m< %[1 + (% Is HZ)%], where r is the area—radius of ; and
(i) %fz |Vu|? > 1, where u is the harmonic function on (M, g) withu = 0 at ©
and u — 1 near oo.

Moreover, equality holds in either inequality if and only if (M, g) is isometric to a
spatial Schwarzschild manifold outside the horizon.

Proof Inequalities in (i), (ii) follow from (7.25) in Theorem 7.2, (7.26) in Theorem 7.3,
respectively. The rigidity part follows from the rigidity conclusion in Theorem 7.2 or
Theorem 7.3, together with the extra information m = cy. O

Remark 8.6 Heuristically, (ii) of Corollary 8.2 suggests the condition

mc;l <1
may rule out manifolds having long cylindrical neighborhoods shielding the boundary.
The following is a simple example. Suppose X is a sphere or a torus and y is a metric

of nonnegative Gauss curvature on . Given a constant L > 0, consider the product
manifold

(P, gp) = (T x[0, L],y +di?).
If (M, g) contains a neighborhood U of dM so that (U, g) is isometric to (P, g,)
with dM = X x {0}, then one can consider the harmonic function v on (P, g, ) with

v=0onX x {0}and v = 1 on ¥ x {L}. By the maximum principle, |Vu| < |Vv]|.
Hence

1 1
4r2L 7% = —/ [Vv|? > —/ |Vul?, (8.21)
T Js T Jx

where 4nr§ is the area of (X, y). Therefore, if (M, g) satisfies condition (8.1), then
(ii) of Corollary 8.2 shows L < 2r.
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One can always construct manifolds satisfying (8.1) by cutting off a compact set in
a given asymptotically flat (M, g). For instance, if a triple (M, g, ) hasm > ¢, then,
by (8.4), the exterior of X; in (M, g) satisfiesm < Cx, for any regular ¢ > 1 — ¢ m~L.

The complement of a finite domain enclosing the Schwarzschild horizon in
(M, gm) is an example of a static extension in the context of Bartnik’s quasi-local
mass [5]. Here an asymptotically flat (M, g) is called static (see [12] for instance) if
there is a nontrivial function N on (M, g), referred as a static potential, such that

{ N Ric = V2N,

AN = 0. (8.22)

where Ric denotes the Ricci curvature of g. These spaces necessarily have zero scalar
curvature.

The next proposition, among other things, shows an asymptotically flat manifold
with boundary, admitting a positive static potential, satisfies (8.1).

Proposition 8.1 Let (M, g) be a complete, orientable, asymptotically flat 3-manifold
with boundary X. Suppose there is a static potential N that is positive in the interior
of (M, g). Then

me_ " < 1.

If ¥ is connected and Hy(M, X) = 0, then

i m< %2[1 + (ﬁ f): HZ)%], where r, is the area-radius of X; and
(ii) any closed, regular level set Sy = N ~L(t) is connected and enclosing X; if N is
normalized so that N — 1 at oo, then, along S;,

— l6mw S

1-N?< (l/ |VN|2>é <(1—N) [1+ <L/ H2>£:|
T\ S, - 167 S; ’

’

and

1
NI —-N)1+N)=<-— [ HIVN|
4 S,

Moreover, equality holds in any of these inequalities if and only if the exte-
rior of Sy in (M, g) is isometric to a spatial Schwarzschild manifold outside a
rotationally symmetric sphere with nonnegative constant mean curvature.

Proof The static system (8.22) and the assumption N > 0 near co imply that, upon
multiplying N by a constant,

m —1
N=1-—+o(x|"),
|x|
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where m is the mass of (M, g) (see [9, 24] for instance). If in addition N > 0 at X,
then m < ¢, by the maximum principle.

The mass estimate in (i) follows from (i) of Corollary 8.2.

Suppose S; is a closed, regular level set of N. By the topological assumption on
M and the fact N is harmonic, S; only has one connected component and it encloses
3. Let E; denote the exterior of S; in M. The inequalities in (ii), with the rigidity
conclusions, follow from applying Theorem 7.4, Corollary 7.1, Theorem 7.3, and
Theorem 8.1, respectively, to

N —t
1—1¢

w0 —

on (E;, g) and using the fact ¢, = % O

In the context of the Bartnik mass [5], asymptotically flat extensions are often
assumed to have no closed minimal surface enclosing the boundary to prevent the
infimum of the mass over all extensions from being trivially zero. We note here, if an
asymptotically flat 3-manifold (M, g) with boundary ¥ satisfies the mass-to-capacity
relation mc;l < 1, then necessarily there are no closed minimal surfaces enclosing
Y. This is because, if such a minimal surface § exists, then m > ¢, by the result of
Bray [6]. On the other hand, ¢; > ¢,. Hence, m > ¢y, violating (8.1).

Considering this and Proposition 8.1, we think manifolds satisfying condition (8.1)
are worthy of further study. The mass-to-capacity ratio condition mc;1 < 1 may
serve as an alternative to the no-minimal-surface or outer-minimizing conditions in
the formulation of the Bartnik mass.
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Appendix A: Regularization and Integration

In this appendix, we give the regularization arguments that can be used to verify the
monotonicity of W(¢), A(¢) and 5(¢) in Sect. 3.

Lemma A.1 Let u be a harmonic function on a compact Riemannian manifold (<2, g)
with boundary 02. Suppose maxq u < 1. Then

/ |Vu| du _/ |Vul3 +/ VZu(Vu, Vu) AD
a | —udg o —w)?  Jivuzoce (1 —u)|Vul '
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and

f [Vu| du _/ 3|Vul? +/ VZu(Vu, Vu) A2)
se (1 —u)3 d¢ o U—w?* " Jivuzoyce (1 —u)3|Vul’ '

Here ¢ denotes the unit normal to 02 pointing out of 2.
Proof Given any constant € > 0, one has

(VIVul2+€ VIVul2+e _ 5 1 V?u(Vu, Vu)
div | ~————Vu | = ———|Vu|* + .
1—u (1 —u) L—u /IVu2 +¢

Therefore,

(A3)

/ |Vu|2+e Bu /\/|Vu| +€|V | +f 1 VZu(Vu, Vu)
w0 l—u al—u /[VuZ+e

For the third term in (A.3), one notes

1 V2u(Vu,Vu) 1 VZu(Vu, Vu)
fﬂl—“ VIVulP +e /{waemcﬂl—“ VIVul2 + €
2/ Lv%(w w) |Vu|? _
(Vutojc 1 —u IVul™ [Vul ) /IVu]? + e

Thus, taking € — 0 in (A.3) proves (A.1).
Similarly, to show (A.2), one has

1 VZu(Vu, Vu)

VIVul? 3/ |Vul?
div Ltew - #IWIM . .
(1 —u) (1 —u) (I =uw) \/IVul]?2 + €
Consequently,
Vul?+€ d 3| Vul? 1 Vu(Vu,V
/ [Vu| —3}—6 u_ | u|:—e|vu|2+/‘ ! u(Vu u). (A4)
A—w? a¢ Jo d-w o (1=u3 /[Vute
The third term above satisfies
/ 1 V?u(Vu, Vu)
o (1 —u’ VIVul?2 + €
/ 1 2 ( Vu Vu ) |Vul|?
= u , .
vuztoyce (1 —u) [Vul " |Vul ) /|Vul? + ¢
Thus, (A.2) follows by taking € — 0 in (A.4). m]

@ Springer



Mass, Capacitary Functions, and the Mass-to-Capacity Ratio

LemmaA.2 Let u be a harmonic function on a compact, orientable, Riemannian 3-
manifold (2, g) with boundary 92. Suppose maxq u < 1 and u equals a constant on
each connected component of 0S2. Then

/ H|Vu| </’2 1 {/ |:2H|Vu| <|V2u|2+R):|+2 (2)}
o -2~ Jy =02 s [ 1T=1 Vul? i

(A5)

Here the mean curvature H of 9S2 is taken with respect to the unit normal ¢ pointing
out of 2, the mean curvature H of a regular level set 3, is taken with respect to
|Vu|’1 Vu, x(X;) is the Euler characteristic of X;, t| = ming u, and t, = maxq u.

Proof For any constant € > 0, one has

i [v |Vu|2+e:| AVIVulZ + € 2V2u(Vu, Vu)
1V =

1= u)? A—w? " d_wi/ivaPic

Therefore,

(A.6)

/ 9/ IVul? + € _/ AVIVul? e [ 2V2u(Vu, Vu)
IQ Q Q

(1 —u)? (1 —u)? (1 —uw3/|Vu? +¢
As u is constant on each connected component of 92, direct calculations gives
5 |Vu|?
oV IVul* +e = ———=——=H
VIVul? + €

(See Lemma 2.1 in [16] for instance.) Thus,
3/ | Vul? H|V
limf dvIVul” e _ f [Vul (A7)
aQ )

€0 Ca-w? o (1—w?

As in the proof of the previous lemma, taking € — 0 in the third term in (A.6)
gives

i / 2V2u(Vu,Vu) 2V2u(Vu, Vu)
e=0Ja (1 —u)3/|Vu|? + ¢ vuzojce (1 —u)3|Vul (AS8)

%) 2
—/ 3/ H|Vu|,
131 (1 _t) pon

where the second equation follows from the coarea formula and (3.5).

To deal with the second term in (A.6), we follow an argument of Stern [30]. Let
C denote the set of critical values of u in [f1, £3]. Let W denote an open set of [¢1, 2]
such that W contains C. Let D be the complement of W in [¢1, £2].
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2
w1 (D) AN/ |Vul2+e

s v S integrable. By coarea formula,

Ca-w? (1 —w)?Vul

/ AV|Vu|? + € / / |Vul2 + ¢
-I(D) %

Along X; which a regular level set of u, by equation (14) in [30],

1
AVIVUP + € 2 ———=[IV2ul?® + (R — 2K, )|Vu|*], (A.9)

2/ |Vu? + ¢

where K 5 is the Gauss curvature of X;. Thus,

/ AVIVul? + € >// 1 [IVZul* + (R — 2Ky)|Vul?]
u=1(D) - z, (1= u)?|Vu| '

(1 —w? 2/|Vul? + e
(A.10)
With W fixed, letting ¢ — 0 in (A.10) gives
. / AV|Vul2 + € /[ [IV2ul? + (R — 2Ky,)|Vu|?]
lim inf
—0 Ji-ipy A—w? 5, 1—u)22|Vu|2
1 21922
=| —— ~(IVu| 2|V R
/D(l—t)z[/z,2(| ul~7|V-ul” + R)
2 x(Z)], (A.11)

where one also used the Gauss—Bonnet theorem.
To estimate the integral on u—1(W), one notes

1
A/ |VM|2 +e€= W [|V2M|2 + RIC(VM, Vu) —
u €

1
2 ——
VIVul? + €

—|V|Vu|2|2}
A(Vul? + ¢

Ric(Vu, Vu).

This implies

AV |Vul?2 + € Vu
/ Vul” + —max |RIC|/ [Vl
u=l(W)

(1 — Lt)2 *I(W) (1 — u)2 (A12)

1
=—max|Ric|// —.
Q wlts, (1 —u)
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It follows from (A.11) and (A.12) that

2
lim/ AV|Vul? + e Zf
Q D

! 1 292,12 _
(I —uy? (1—1)? [/2,2(%" VZul® + R) 27fx(2t)]

1
—max|Ric|/f —-
Q wls, (1 —u)

As fQ (IVulz < 00, by choosing the measure of W to be arbitrarily small, one has

) / AVIVul?2 +¢ n
lim _— >
e—0

a-w? ~Jy a-0?

e—0

[/ l(|W|—2|V2u|2 +R) - 2nx(2,)i| .
% 2

(A.13)
The lemma now follows from (A.6), (A.7), (A.8) and (A.13). O
Remark A.1 (A.5) may be viewed as a weighted version of the identity (3.4).

Proposition A.1 Ler (2, g) be a connected, compact, orientable, Riemannian 3-
manifold with boundary d<2. Suppose 32 is the disjoint union of two nonempty pieces
S1 and Sy. Let u be a harmonic function on (2, g) such thatu = c; on S;, i = 1, 2,
where c1, ¢y are constants with c1 < ¢y < 1. For regular values t, let

_ _A@)
A(r) = 87 — a5 ZtHqu|, A(t)_—l_t,
B 1 5 B(1)
B0 =4r— o [l B =0
Then, for any two regular values t| < 1,
B(tr) — B(n) = / (1 BB - AW, (A.14)
1
and
2]
A() — A(t) = 1= [3B(t) — A(1) + 27 (2 — x (=) + ¥ (D],
f -
(A.15)
where
B 3 2|Vul\? 5 o 1., 1
w(t)—[E[ [Z (H— 1_u) + | Vu| 2|V, [Vul| + 5] +§R:|.

As a result, if
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o (M, g) is a complete, orientable, asymptotically flat 3-manifold with connected
boundary ¥ and Hy(M, X) = 0;

e u is the harmonic function on (M, g) withu = 0 at ¥ and u — 1 at co; and

e g has nonnegative scalar curvature,

then X; is connected, 3B(t) — A(t) > 0 by (3.3), and consequently,
B(t;) — B(t1) =0 and A(t;) — A(t;) > 0.

Proof Applying (A.2) in Lemma A.1 to Q) = {x | f1 < u(x) < t»}, one has

/ |Vu|? / Vul> / 3|Vul? +/ V2u(Vu, Vu)
%, (= u)3 z, (1= u)3 Qi (= u)* Vuz0)cQp, .y (1= u)3|Vul
B ffZ/ [3|W|2 H|Vu|i|
n Je LA=0%  A-0)3]"

. . s 1 _ 1
This, combined with — — 1= = ffl T shows

[P 4m H|Vu| 3|Vul?
Blo) =B = / [(1 e +/2, (=07 _/2, a —r)J

%) 1
/t m [3B() — A(D],

1

(A.16)

which proves (A.14).
Similarly, applying Lemma A.2 to u on Q[ 1, and using (3.6), one has

1 1
— H|Vu|——2/ H|Vul
(-2 Js, (=2 Js,

- /” L [, (2)+/ 2H|Vul
= X
L =02 [ s, 1t
3 1., 1
- —H2—/ <|Vu|2|Vzt|Vu||2+—|HH|2+—R)}
5, 4 5 2 2
/tz : —2 () —¥(0) : /HIV |+ & /IV Iﬂ
= X - - — u ul”|.
n (1=02] ’ 1—1 s, (1-n?Js,

Therefore,

n
A(tr) — At) > /
t

1

1
= [3B(t) — A1) + 27 (2 — x () + ¥ (1)].
which proves (A.15). m]
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Remark A.2 As a corollary of (A.14) and (A.15),

[A(r2) — B(12)] — [A(t1) — B(t1)]

noo A17
z/ 22— % (=) + v ()], A7
w (I—1)

This corresponds to the monotonicity of F () = A(t) — B(¢) in [2].
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