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Abstract

A version of the singular Yamabe problem in bounded domains yields complete
conformal metrics with negative constant scalar curvatures. In this paper, we study
whether these metrics have negative Ricci curvatures. Affirmatively, we prove that
these metrics indeed have negative Ricci curvatures in bounded convex domains
in the Euclidean space. On the other hand, we provide a general construction of
domains in compact manifolds and demonstrate that the negativity of Ricci curva-
tures does not hold if the boundary is close to certain sets of low dimension. The
expansion of the Green’s function and the positive mass theorem play essential roles
in certain cases.

Keywords Negativity of Ricci curvatures - The singular Yamabe problem - Negative
sectional curvatures
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n without boundary,
for n >3, and I be a smooth submanifold in M. For (M, g) = (8", g5), Loewner
and Nirenberg [15] proved that there exists a complete conformal metric on §” \ I'
with a negative constant scalar curvature if and only if dim([") > (n — 2)/2. Aviles
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and McOwen [4] proved a similar result for the general manifold (M, g). As a
consequence, we can take the dimension of the submanifold to be n — 1 and con-
clude the following result: In any compact Riemannian manifold with boundary,
there exists a complete conformal metric with a negative constant scalar curva-
ture. See [4]. For convenience, we always take the constant scalar curvature to be
—n(n — 1). In this paper, we will study whether Ricci curvatures of such a metric
remain negative.

For the case of positive scalar curvatures, the existence and asymptotic behav-
iors of solutions have been extensively studied over the years. We shall not dis-
cuss this case here, but refer to [5, 12, 19-21, 23].

There are several classical results for metrics with negative Ricci curvatures.
Gao and Yau [7] proved that there exists a metric of negative Ricci curvature on
every compact 3-dimensional manifold without boundary. Lohkamp [16] general-
ized this to arbitrary dimensions and proved that any manifold of dimension n > 3
(compact or not) admits a complete metric of negative Ricci curvature. Restricted
to conformal metrics, by solving det(Ric) = constant with a precise boundary
asymptotics, Guan [8] and Gursky, Streets and Warren [9] proved that there exists
a complete conformal metric with negative Ricci curvature on a compact Rie-
mannian manifold with boundary.

In the unit ball in the Euclidean space, the complete conformal metric with
scalar curvature —n(n — 1) is exactly the Poincaré metric of the unit ball model
of the hyperbolic space and has sectional curvatures —1 and Ricci curvatures
—(n —1). In particular, it has negative sectional curvatures and Ricci curvatures.
A natural question is whether this remains true for the more general case; namely,
whether the complete conformal metric with a negative constant scalar curvature
in a compact Riemannian manifold with boundary has negative sectional curva-
tures or negative Ricci curvatures. We point out that a straightforward calculation
based on the polyhomogeneous expansion established in [1] and [18] yields that
such a metric has sectional curvatures asymptotically equal to —1 near boundary.
Our main concern is whether the negativity of the sectional curvatures or Ricci
curvatures near boundary can be carried over to the entire domain.

In view of the Poincaré metric in the unit ball model of the hyperbolic space,
it is reasonable to expect that the complete conformal metric with a negative con-
stant scalar curvature should have negative sectional curvatures in a domain close
to the unit ball in the Euclidean space. We will confirm this in this paper. In fact,
we will prove an affirmative result for convex domains in the Euclidean space.

Theorem 1.1 Let Q C R" be a bounded convex domain, for n > 3, and g be the
complete conformal metric in Q with the constant scalar curvature —n(n — 1). Then,

8o has negative sectional curvatures in Q. Moreover, g has Ricci curvatures strictly
less than —n /2 in Q.

The convexity assumption of the domain Q is crucial. It allows us to apply
a convexity theorem by Kennington [10] directly to conformal factors. The-
orem 1.1 does not hold for general bounded domains in R”. In fact, in certain
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bounded star-shaped domains, the conformal metrics may have arbitrarily large
positive Ricci curvature components. See Example 5.6. Note that bounded convex
domains and bounded star-shaped domains have the same topology.

Closely related to the negativity of the Ricci curvatures is whether there is
a constant rank theorem for metrics with negative Ricci curvatures, since it is
already known that the Ricci curvatures are negative near boundary. Caffarelli,
Guan, and Ma [6] proved a constant rank theorem for the o,-curvature equations
under certain positivity conditions on curvatures. However, their result is not
applicable in our case. Our strategy is to connect directly boundary curvatures of
domains with the interior curvature tensors of the complete conformal metrics.

We now turn our attention to bounded smooth domains which are sufficiently
“far” from the unit ball. According to Aviles and McOwen [4], to have a complete
conformal metric with constant negative scalar curvature in M \ I, it is required
that dim(I") > (n — 2)/2. Closely related is a result proved by Mazzeo and Pacard
[19] that there exist complete conformal metrics in $” \ I" with constant positive
scalar curvatures if dim(I") < (n — 2)/2. In view of these results, we can ask what
happens to Ricci curvatures of the complete conformal metrics with scalar curva-
tures fixed at —n(n — 1) in domains  C M whose (n — 1)-dimensional boundary is
close to a smooth submanifold I" of dimension < (n — 2)/2. Do Ricci curvatures
have mixed signs as dQ2 becomes close to a low dimensional set, say a single
point?

In this paper, we will construct domains where complete conformal metrics have
large positive Ricci curvatures in domains in compact Riemannian manifolds.

Theorem 1.2 Let (M, g) be a compact Riemannian manifold of dimension n >3
without boundary and T be a disjoint union of finitely many closed smooth embed-
ded submanifolds in M of varying dimensions, between 0 and (n — 2)/2. Consider
the following cases:

Case 1. T contains a submanifold of dimension j, with1 <j < (n—2)/2.

Case 2. If (M, g) is not conformally equivalent to the standard sphere S", T" con-
sists of finitely many points.

Case 3. If (M, g) is conformally equivalent to S", T" consists of at least two but only
finitely many points.

Suppose that Q; is a sequence of increasing domains with smooth boundary in M
which converges to M \ I and that g; is the complete conformal metric in Q, with the
constant scalar curvature —n(n — 1). Then, for sufficiently large i, g; has a positive
Ricci curvature component somewhere in Q;. Moreover, the maximal Ricci curva-
ture in Q, diverges to oo as i — oo.

By the convergence of Q; to M\ I', we mean UZI Q, =M\T and, for any

€ >0, 0Q; is in the e-neighborhood of I" for all large i. By convention, a zero
dimensional submanifold is simply a point.
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The difference between Case 2 and Case 3 in Theorem 1.2 lies on the num-
ber of isolated points when closed smooth embedded submanifolds of positive
dimension are absent from I'. On manifolds conformally equivalent to the stand-
ard sphere, the number of the isolated points has to be at least two; while on man-
ifolds not conformally equivalent to the standard sphere, we can allow one point.
Theorem 1.2 does not necessarily hold if I'" consists of one point on manifolds
conformally equivalent to the standard sphere. See Remark 4.5. Such a difference
demonstrates that the background manifolds also play a decisive role in the issue
studied in this paper.

As a consequence of Case 2, with I" consisting of just one point, we have the
following rigidity result.

Theorem 1.3 Let (M, g) be a compact Riemannian manifold of dimension n >3
without boundary and x, be a point in M. Suppose that there exists a sequence ;
of increasing domains with smooth boundary in M which converges to M\{x,},
such that the complete conformal metric in Q; with the constant scalar curvature
—n(n — 1) has uniformly bounded Ricci curvatures in Q. Then, M is conformally
equivalent to the standard sphere S".

The set I' in Theorem 1.2 resembles that in [19]. The metric g; in Q; as in
Theorem 1.2 is assumed to have a negative constant scalar curvature, —n(n — 1).
As Q; becomes close to M \ I', Ricci curvatures split in sign. Some components
become negatively large, while some others positively large.

The proof of Theorem 1.2 relies on a careful analysis of the Ricci curvatures of
the complete conformal metrics near boundary. The polyhomogeneous expansion
provides correct values near boundary for applications of the maximum principle.
The Yamabe invariant of (M, g) plays a crucial role and determines behaviors of
the convergence of the conformal factors. Among the three cases listed in Theo-
rem 1.2, Case 2 is the most difficult to prove, especially when the Yamabe invariant
is between zero and that of the standard sphere. When I" consists of one point x,
we need expansions of Green’s functions. If n = 3,4, 5, or M is conformally flat in a
neighborhood of x,;, we need to employ the positive mass theorem. If n > 6 and M
is not conformally flat in a neighborhood of x;, we need to distinguish the two cases
W(xy) # 0 and W(x,) = 0. Discussions for the latter case is much more complicated
than the former case. The proof here seems to resemble the solution of the Yamabe
problem, but with one twist. In solving the Yamabe problem, we can choose a point
where the Weyl tensor is not zero in the case that M is not conformally flat. In our
case, X is a given point and the Weyl tensor can be zero even if M is not conformally
flat in a neighborhood of x,,. Different vanishing orders of W at x, requires different
methods. In fact, we also need to employ the positive mass theorem if the Weyl ten-
sor vanishes at x;, up to a sufficiently high order. The positive mass theorem has been
known to be true if 3 < n < 7, or M is locally conformally flat, or M is spin. See [13,
22, 24] and [26]. These conditions might be technical and could be removed accord-
ing to the recent papers [17] and [25]. Refer to Remark 4.4 on how the positive mass
theorem is used in the proof of Theorem 1.2.
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The paper is organized as follows. In Sect. 2, we discuss some preliminary iden-
tities. In Sect. 3, we study the Ricci curvatures of complete conformal metrics in
bounded convex domains in the Euclidean space and prove Theorem 1.1. In Sect. 4,
we study the Ricci curvatures of complete conformal metrics in domains in compact
manifolds and prove Theorem 1.2. In Sect. 5, we present several examples in the
Euclidean space.

We would like to thank Matthew Gursky for suggesting the problem studied in
this paper and many helpful discussions. Gursky graciously shared many of his
stimulating computations with us. We would also like to thank Yuguang Shi for
helpful discussions.

2 Preliminaries

Let (M, g) be a smooth Riemannian manifold of dimension n, for some n > 3,
either compact without boundary or noncompact and complete. Assume Q C M is a
smooth domain, with an (n — 1)-dimensional boundary. If (M, g) is noncompact, we
assume, in addition, that Q is bounded. We consider the following problem:

n— 2 1 n+2

ol — 2n = 1)Sgu = Zn(n —2ur2  in Q, 2.1

u=o00 onodL, 2.2)

where S, is the scalar curvature of M. According to Loewner and Nirenberg [15] for
M, g) = (5", ge) and Aviles and McOwen [4] for4the general case, (2.1) and (2.2)
admits a unique positive solution. We note that u=—2 g is the complete metric with a
constant scalar curvature —n(n — 1) on Q. Andersson, Chrusciel and Friedrich [1]
and Mazzeo [18] established the polyhomogeneous expansions for the solutions. For
the first several terms, we have

n—2

=d T |1+ L2 Hyod + 02|,
u=d | g tled ¥ 0D

where d is the distance to dQ2 and H,, is the mean curvature of d€2 with respect to
the interior unit normal vector of dQ2. Set

V= u_ﬁ. 2.3)
Then,
VAt L g2 =20vpaP-1) inQ Q.4)
(n-1) 2
v=0 onoQ. 2.5)
Moreover,

@ Springer



88 Q. Han, W. Shen

1
v=d- =D l)Hanz +0(d). (2.6)

This implies
[Vovl =1 onoQ. 2.7)

We will use this repeatedly later on.
Consider the conformal metric

= )
gQ = unfzg =y g (28)

For a unit vector X of g, vX is a unit vector of gq. Let R;; be the Ricci components of

g in a local frame for the metric g and Rfj? be the Ricci components of g in the cor-
responding frame for the metric gq,. Then,

1
R} =VRy+(n—-2) [VV,Id - 58k1|VgV|2 + 8u

n
VA,V — §|ng|2]-

By (2.4), we have

1 1 n
R} =VRy+(n—-2) [W,kl - §8k1|VgV|2] — 8u [mvzsg +t35 @9
or
1 n—2 n
R?z = Vszz - —2(n — 1)V2gk1Sg + =2y - Tgkz|VgV|2 - Egkl' (2.10)

We emphasize that (2.9) and (2.10) play important roles in the rest of the paper. By
(2.5) and (2.7), we obtain

RS = —(n— gy + 0d).

In other words, the Ricci curvatures of conformal metrics g, are asymptoti-
cally equal to —(n — 1) near boundary. We note that this holds in arbitrary smooth
domains.

If (M, g) = (R", gg), then (2.1) and (2.2) reduce to

n+2

Au = él—tn(n —2u=— in Q, (2.11)

u=o0 onoQ. (2.12)

In this case, the function v given by (2.3) satisfies

n
vAv = Z(IVvf* = 1. (2.13)
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Negativity of Ricci Curvatures of Complete Conformal Metrics 89

Let gq be the metric given by (2.8) with g = g, i.e., g = v2gg. Denote by Rf;.j and
R? the sectional curvatures and Ricci curvatures of g, in the orthonormal coordi-

nates of g, respectively. Then, fori # j,
R = vy + v = [V, (2.14)

and, for any i, j,

R = (n—2)vv; — [%wvﬁ + g 8- (2.15)
Hence, for any i # j,
Rf;.]. =-14+0(d),
and, for any i, j,
Rfll =—(n-13; + 0d).
Note
= - 2 u_niz_]u
! n-2 r
and
v,.j:—nizu—f—z<%_nf2%>. (2.16)

We can also express Rfj?l.j and Rfj2 in terms of u.

3 Convex Domains in Euclidean Spaces

In this section, we study Ricci curvatures and sectional curvatures of the complete
conformal metrics associated with the Loewner—Nirenberg problem in bounded
domains in the Euclidean space. We will prove that the complete conformal met-
rics in bounded convex domains have negative sectional curvatures. The convexity
assumption allows us to apply a convexity theorem by Kennington [10] directly to
conformal factors.

Proof of Theorem 1.1 Let u be the solution of (2.11) and (2.12) in Q and v be given

by (2.3). Then, g = v2g; is the complete conformal metric in & with a constant

scalar curvature —n(n — 1). Denote by R;; and R;; the sectional curvatures and Ricci

curvatures of g in the orthonormal coordinates of g, given by (2.14) and (2.15),

respectively. Here, we suppress €2 from the notations g, R; and R
By applying the Laplacian operator to (2.13), we get
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VA(AV) + (2 — n)VvV(Av) = n|V3|? = (Av)* > 0.
First, we assume that the boundary of Q is smooth. By (2.6), we have

n

Av = —H,q - ! lHaQ+0(d)= -

n— n—

~Ho + 0(d).

Since Q is convex, we have Av < 0 on dQ. By the strong maximum principle, we
obtain Av < 0 in Q. Therefore, |Vv| < 1 in Q by (2.13). Next, we apply [10, Theo-
rems 3.1 and 3.2] in Q and conclude that v is concave. In fact, we write (2.13) as

n(|Vv|2 = 1)
2v '

Av =

Then, we can verify directly the hypothesis (i) of [10, Theorem 3.1] by |Vv| < 1 and
the hypothesis (ii) of [10, Theorem 3.2], since |[Vv| < 1, v =0 on 0, and Vv is the
inner unit normal vector on 0Q.

For general bounded convex domains, we can obtain the concavity of v by
approximations.

Since v; < 0, by (2.14) and (2.15), we get, for any i # j,

R <0,
and, for any i,
R. < -1
)
By (2.16), we also have, for any i,
i _n Y > 0. (3.1)

u n—2u?> "

Next, we prove that R;;;
Xy € Q for some i # j, then

2
U;; n Y
(- 255 Je =0

Vu(x,) = 0.

does not vanish in Q for any i # j. If R;;; = 0 at some point

and

In fact, by (2.14) and vv;; <0, if R";’;(xo) = 0, then Vv(x;) = 0 and thus Vu(x,) = 0.

U
Hence, u;;(x;) = 0. Applying 9; twice to the equation (2.11), we get

2
1 n+2 Uy nn+2) =2l
Au;, = —-nn+2umz — + ————yun2 —.

Combining with (3.1), we have
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1 A nt2 n u,2 U
Au; — =(n+2)(n+ Hu2u; = (n+ 2)un— ——-—)<0.
4 n—2u®> u
By the strong maximum principle, we have u; =0 in Q. On the other hand, by
u;(xy) =0, we get u; =0 on Qn {x,+te;|t € R}. Therefore, u is constant on
QN {xy+te;|t € R}. This leads to a contradiction. Therefore, we have, for any

i #],

R,-j,-j < 0.
Similarly, we have, for any i,
n
R, < —=.
17 2
This completes the proof. O

We point out that the upper bounds of sectional curvatures and Ricci curvatures in
Theorem 1.1 are given by strict inequalities and, in fact, are optimal. To see this, set

D={(x,....x,)| - 1<x,<1} CR"

Let g, be the complete conformal metric with the constant scalar curvature
—n(n — 1) in D, and Rf]?lj and Rfl.’ be the sectional curvatures and Ricci curvatures of

gp, respectively. Then, Rfj?lj(O) =0, fori#j,i,j#n, and Rg(O) = —n/2, fori# n.

Set Q, = D N By, Then, Rfj’ijk.(O) — 0, fori #j,i,j # n, and R.*(0) — —n/2 fori # n,
as R — oo.

4 Domains in Compact Manifolds

In this section, we discuss domains in compact Riemannian manifolds without bound-
ary. We construct domains with boundary close to certain sets of low dimension such
that the complete conformal metrics with a negative constant scalar curvature have
positive Ricci components somewhere. Throughout this section, the Yamabe invariant
plays a crucial role. It determines convergence behaviors of conformal factors and, as a
consequence, the methods to be employed. In certain cases, we need to employ expan-
sions of the Green’s function, and also the positive mass theorem.

Suppose (M, g) is a compact Riemannian manifold of dimension n > 3 without
boundary. The Yamabe invariant of M is given by

2 n—=2 9
A(M, [g]) = inf Ju (IVedF + aonos? )av,

peC®M),¢d>0;.

n=2

(fyydisav,)”

The conformal Laplacian of (M, g) is given by
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n—2
L,=-A+—85,.
8 g+4(n—1)g

For any function y in M, we have
L,(uy) = e 2L 4 (l//)

We first prove a convergence result which plays an important role in this sec-
tion. According to signs of Yamabe invariants, conformal factors exhibit different
convergence behaviors. We note that the maximum principle is applicable to the
operator L, if S, > 0.

Lemma 4.1 Suppose (M, g) is a compact Riemannian manifold of dimension n > 3
without boundary, with a constant scalar curvature S, and ' is a closed smooth
submanifold of dimension d in M,0 < d < T Suppose Q, is a sequence of increas-
ing domains with smooth boundary in M which converges to M\ T'. Let u; be the
solution of (2.1) and (2.2) in Q;. Then, for any positive integer m, if S, > 0,

m
u; =0 in Cloc

(M\T)asi > o, 4.1

and, ing <0,

-5, \'%
u; - £ inCp (M\T) asi— co. 4.2)
nn—1) o¢

Proof We first consider the case S, > 0. By the maximum principle, we have
u; > u;,; in ;. It is straightforward to verify, for any m,

w,»u inCl' M\T)asi— o,

loc

where u is a nonnegative solution of (2.1) in M \ T'. By the second part of [4,
p- 398], u is bounded. Let p(x) be a positive smooth function in M \ I which equals
to dist(x, I') in a neighborhood of I" in M. Then,

p(x)Agp(x) ->n—d-1 asx—-T.

Take €, > 0 sufficiently small. Then,

24 n—2 u2
Agp z+0=<— 5 +€0>p Y <pAgp (2 €0>|Vgp|2>

n=2
Since d < ";—2, we have Ap~ 2 7 < 0 near I'. For any € > 0, we can find 6 < € suf-
ficiently small such that

A BpTH0 +6) = Sy(6p7 T T +€) < ”%2(5,)‘%2“0 +e)rs inM\T.

By the maximum principle, we have
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n=2

u<sdp 2" +e inM\T.

This implies # = 0. In conclusion, we obtain (4.1).

We now consider the case S, < 0. We first prove A,u; > 0 in €, or equivalently

n=2

—Sg 3
mz( > inQ. @3)
nn—1)

If (4.3) is violated somewhere, then x; must assume its minimum at some point x; in
the set

L1 wl n—2
{eri : Zn(n—Z)ui 2+ 20— I)Sgui <O}.

On the other hand, we have Agui(xo) > 0, which leads to a contradiction. By taking
a difference, we have

Ay —u) = (U —u;) L,

where c; is a nonnegative function in €; by (4.3). The maximum principle implies
u;.; < u;in Q,. Then, for any m,

u;—>u inCp (M\T)asi— oo,

where u is a solution of (2.1) in M \ T'. By (4.3), we have

-S, \'T
> inM\T. “4.4)
nn—1)
For € > 0 sufficiently small, let uf be the solution of
nn-12) 2
Aguf =€ 7 (uf)n—z in Q;, 4.5)
u; = oo onoL,. (4.6)

The existence of u{ can be obtained by the standard method. More specifically, for
each integer j, we solve

Ayl = =2

ey 2 .
ol 2 )= inQ, (4.7)

L

u/ =j onoQ,. 4.8)

By the maximum principle, we have uf‘j < ufk if j < k. For any x, € Q;, choose nor-
mal coordinates near x,. Then, it is easy to check that
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n=2

2r B
)= (22 |x|2>

is a supersolution of (4.5) when r is sufficiently small, depending on x,. Hence, by
the maximum principle, we have for each point x, uf” (x) £ C(x), independent of j.
Therefore, by standard estimates, uf’ converges to some u; in C} (;) as j — oo for
any m, and uf € C*(L,) is a solution of (4.5)—(4.6).

By the same method as in the proof of the case S, > 0, we obtain, for any m,

€ m
u; - 0 in Cloc

(M\T)asi— co.
Next, we can verify

€ _Sls' n%z n—2 € Tz
Ag[ui+<(1—€)n(n—l)> ]54(n—1)Sg[""+<(1—e)n(n—1)> ]

n— n+2

nn=2)| . _Sg n-
R [”i+<(1—e)n(n—1)> ] '

To prove this, we simply split the last term according to 1 = ¢ + (1 — €). Then,

w )

n=2

n—2 . =S, =
=D [”f + ((1 —onn— 1)) ]

L =2 =S, 1S -2 2
4 ["+<(1—e)n(n—1)> ] meT g W)

(==
> U+ | ————
4 (I—-enn-1)

n=2

Ja-e ue+<_—Sg>T S g
i (1-enmn-1) nn—-1 %[’

which is nonnegative. By the maximum principle, we have

n-2

. =S, .
w U + | ———— in €,
! (I—-enn-1)

where we can verify the boundary condition by the polyhomogeneous expansions of
u; and ul.e. Therefore, we have

-S, T

This holds for any € € (0, 1). Combining (4.4) and (4.9), we obtain
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-S, \'7
u=|—— .
nn—1)
In conclusion, we obtain (4.2). O

A similar result holds if the scalar curvature has a fixed sign, not necessarily
constant.

Now, we study the case that the boundary is close to a closed smooth submani-
fold of low dimension. The result below holds for all compact manifolds without
boundary, but different signs of the Yamabe invariants require different methods,
mostly due to the different convergence behaviors as in Lemma 4.1.

Theorem 4.2 Suppose (M, g) is a compact Riemannian manifold of dimension
n > 3 without boundary and ' is a closed smooth submanifold of dimension d in M,
1<d< ™2 Suppose Q,; is a sequence of increasing domains with smooth boundary
in M which converges to M\ T and g, is the complete conformal metric in Q, with
the scalar curvature —n(n — 1). Then, for sufficiently large i, g; has a positive Ricci
curvature component somewhere in Q;. Moreover, the maximal Ricci curvature of g;
in Q; diverges to co asi — 0.

_Z
Proof Let u; be the solution of (2.1) and (2.2) in €; and set v; = u, "*. Then,

4

g =u"g=v"s

By the solution of the Yamabe problem, we can assume the scalar curvature S, of M
is the constant A(M, [g]). Since M is compact, we can take A > 0 such that

IRl < Agy-

We now discuss two cases according to the sign of S,.
Case 1. We first consider the case Sg > 0. By Lemma 4.1, for any m,

3 m
u; >0 inC,

(M\T)asi— oo,
and hence
v; diverges to oo locally uniformly in M \ I" as i — oo.

We now consider two subcases.

Case 1.1.T is not totally geodesic. For any € > 0, there exist two points p,q € ',
such that the length of the shortest geodesic o,,, connecting p and g is less than e and
o,, NI'={p,q}. When ¢ is sufficiently small, we can assume g is located in a small
neighborhood of p covered by normal coordinates. Without loss of generality, we
assume p = 0and g = Le,,.

For i large, set p; = T.e, and q; = T.e,, where

1 n’
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7, =min{/ €[0,L/2]|te, € Q,, foranyt e (¢,L/2]},

7. =max{t €[L/2,L]|te, € Q,, forany t € [L/2,1)}.

Then, p;, q; € 0Q,. By the convergence of ©; to M \ I, we have
pi—=>pD 4;—4.

By the polyhomogeneous expansions of v;, we have

[0,vi(p)| < C; and |0,v,(g)| < C;,

where C, is some positive constant which converges to 1 asi — coand e — 0.
Since viLLen/Z) — o0 as i — oo, for i large, we can take t, € (7;,7;) such that, for
anyt € (t\l 1),

d,v,(te,) < 0,v;(te,).

Then,
L
v-(—e ) -0 2 L
1 2 n
0nv,-(tien) > T > Zvi(zen)’
2
and
0,,vi(tie,) = 0.
We also have
L
Iviltie,)] < 50,vi(tie,). (4.10)

Denote by Rfm the Ricci curvature of g; acting on the unit vector viﬁ with respect to
the metric g;. By (2.10), we have, at t;e,,

n—2

i n—2 12
R;n < V1'2|Rnn| - T(anvi)z < [Zlle — 2

](anv,.)2 - —c0,
if L is sufficiently small. Hence, some component of the Ricci curvature of g; at the
point e, diverges to oo as i — oo.

Case 1.2.T is totally geodesic. Fix a point x, € I' and choose normal coordinates
near x; such that x, = 0 and I" near x is given by x; =0,i =1, ...,n — d. Consider
the curve o given by

o(t)= (VR =2 = VR = €2,0,...,0,1) fort € [=¢,el,

where R is some sufficiently large constant and e is some sufficiently small constant
such thato NT" = {o(—€),0(¢)}.
For i large, set p; = ¢(#;) and g, = o(%;), where

@ Springer



Negativity of Ricci Curvatures of Complete Conformal Metrics 97

7, = min{/ € [~¢,0]|o(t) € Q,, forany ¢ € (¢, 0]},
T =max{¢ €[0,€]|o(t) € Q,, foranyt € [0,7)}.

Then, p;,g; € 0Q; and
pi = o(=e), ¢q; = o(e).
By the polyhomogeneous expansion of v;, we have
10,vi(e@)] < C; and  [9,v,(s(?)] < C,

where C is some positive bounded constant independent of i.
Consider the single variable function (v;o0)(f). Since (v;06)(0) = oo as i = oo,
for i large, we can take ¢, € (#;,7,) such that, for any ¢ € (7., 7)),

0,(v;o0)(t) < 9,(v;00)(t,).

Then,
0,(v90)(1) > ~(3,00)(0),
and
9, (v;o0)(t;) = 0. 4.11)
We also have
[(v;o0)(#)] < €0,(v;00)(1;). (4.12)
Note that
at(vioU)(ti) = (anvi)(a(ti)) - 4(01\}1)(0(1‘1))
VR -1
Set

d L 0

Vi= — — -—.
ox,, /Rz _p 0x,;
By (4.11), we have
1 7
(aviviv,.)(a(z,.)) =| - + = )o,vi(a(®)).
R_f (R-D):

Hence, (0vivivi)(0'(ti)) is sufficiently small compared with (|Vv;|)(c(z;)), for R suffi-
ciently large and e sufficiently small. Write g, , = g(v;,v;) and denote by Ri ,. the

iVi
Vivi

with respect to the metric g;.

Ricci curvature of g; acting on the unit vector

B
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98 Q. Han, W. Shen

Similarly as in Case 1.1, we can verify at the point o(z,), Rf/ " diverges to —oo as
i = oo. Hence, some component of the Ricci curvature of g; at the point o(t;)
diverges to oo asi — oo.

Case 2. We now consider the case S, < 0. By Lemma 4.1, for any m,

n=2

-S, 2
uiq(”("—l)) inClrgc(M\F)aSi—)oo’

and hence

—S, \":
v; > £ inCp (M\T)asi— oo. (4.13)
nn—1) o¢

Fix a point x, € I' and choose normal coordinates in a small neighborhood of x,
such that x, = 0 and x,-axis is a normal geodesic of I" near x,,. Take € > O suffi-
ciently small. For i large, set p; = t;e,,, where

i€n>
t; =min{t €[0,¢€]|te, € Q;, forany € (¢, €]}.
Then, p; € 0Q; and
pi = 0.
By the polyhomogeneous expansion of v;, we have

[9,vi(p)| < C,,

where C; is some positive constant which converges to 1 as i — co. By (4.13),

VA
a—'(een) -0 asi— oo.

n
For i large, we take 7, € (t;, €) such that, for any ¢ € (¢;, €),
d,v(te,) < 9,v,(te,).

Then,

~ v.(ee,) — 0 =S T2
o,vi(te,) > viee,) =0 > le‘1< £ > ,
€

and

Denote by Rﬁm the Ricci curvature of g; acting on the unit vector vi% with respect to
the metric g;. Similarly, by (2.10) at the point Ze,, R\ < —Ce™?, for all large i, for

some positive constant C independent of i and e. By choosing appropriate €, we have
the desired result. O
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Next, we discuss the case that the boundary is close to a point x;,. The proof
of the next result is rather delicate if the Yamabe invariant is positive, in which
case expansions of the Green’s function play an essential role. We need to
employ the positive mass theorem if the manifold has a dimension 3, 4, or 5, or
is locally conformally flat. In the case that n > 6 and M is not conformally flat in
a neighborhood of x;,, we need to analyze Weyl tensors and distinguish two cases
W(xy) # 0 and W(x,) = 0. The proof for the case W(x,) = 0 is quite delicate. It is
worth emphasizing that the Weyl tensor can be zero at x;, even if M is not confor-
mally flat in a neighborhood of x,. Different vanishing orders of W at x, requires
different methods. In fact, we also need to employ the positive mass theorem if
the Weyl tensor vanishes at x, up to a sufficiently high order.

Theorem 4.3 Let (M, g) be a compact Riemannian manifold of dimension n > 3
without boundary, with AMM,[g]) < A(S",[gs 1), where S" is the sphere with its
standard metric gg., and let xy be a point in M. Suppose that Q; is a sequence of
increasing domains with smooth boundary in M which converges to M \ {x,} and
g; is the complete conformal metric in Q; with the scalar curvature —n(n — 1). Then,
Jor i sufficiently large, g; has a positive Ricci curvature component somewhere in ;.
Moreover, the maximal Ricci curvature of g; in Q, diverges to oo asi — oo.

Proof Let u, be the solution of (2.1) and (2.2) in Q, and set v; = ul_z Then,

4
— 2 — 2
gi_ui g—Vi 8-

We consider several cases according to the sign of the Yamabe invariant A(M, [g]).
Case 1. We first consider A(M, [g]) < 0. We point out that the proof of Case 2 of
Theorem 4.2 can be adapted to yield the conclusion.
Case 2. Next, we consider A(M, [g]) = 0. As in the proof of Theorem 4.2, we
assume the scalar curvature of M is 0 and

IR;| < Agj.

Let 6 be some small positive constant such that A6 < 1/10 and there exist normal
coordinates in Bj(x).

Take a sufficiently small » >0 with » < 6. Since Q; - M\ {x,}, we have
M\ B,(x,) CcC Q, for i large. For such i, by the Harnack inequality, we have

maxuy; < Cminy; in M \ B,(xy),

where C is some positive constant depending only on n, M and r. Then for i suffi-
ciently large, by (4.1), we have
n+2

IVl < C<u,. + u_> < Cu;, inM\B,(x). @.14)

We denote by m; the minimum of u; in Q,. With the definition of v;, we have, for i
sufficiently large,
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_2
Vvl < Cv; <Cm, "2 in M\ B,(x), (4.15)
where C is some positive constant depending only on n, M and 6. Set

A ={xeQ;|ux) <2m}.

1

Then, for any fixed »r >0 with » <6 and any i sufficiently large, we have
A; N B,(xy) # @. Otherwise, by the maximum principle, we have

n+2

u;(x) > 2m; — leT inA,,

where C is some constant depending only on n, M and r. Hence,

n+2

m; > 2m; — leT2

Note that m; — 0 as i = oo, which leads to a contradiction.
By v; = 0 on 0Q;, we have, for any fixed r > 0 with r < 6 and for any i sufficiently
large,

[Vovi| > %(Zmi)_ﬁ somewhere in ; N B,.(x,).

Therefore, for i sufficiently large, |[V,v;/ must assume its maximum at

p; € Q; N By(xy). Write v; = IVZ:fI and denote by R"v -, the Ricci curvature of g; acting

on the unit vector v;v; with respect to the metric g;. Then, we can proceed as in the
proof of Theorem 4.2 to verify at the point p;, Rf/ , diverges to —oco as i — oo. Hence,

some component of the Ricci curvature of g; at the point p; diverges to oo as i — oo.
Case 3. We now consider the case A(M,[g]) > 0. In this case, there exists
GX(J € C®(M \ {x,}), the Green’s function for the conformal Laplacian L,, such that

LG, =0n-2w,6,, G, >0,

where w,,_, is the volume of $"~!. Up to a conformal factor, we can assume (M, g)
has conformal normal coordinates near x,. See [13, p. 69] or [24, Chapter 5]. We can
perform a conformal blow up at x; to obtain an asymptotic ﬂilt and scalar flat man-

ifold using G, . Specifically, if we define the metric g = G;;oTz gon M=M \ {xo}
then, (M,¢) is an asymptotically flat and scalar flat manifold, and ‘¢ has an asymp-
totic expansion near infinity. See [13, pp. 64—65] or [24, Chapter 5].

Setu; = u;/G, . Then, u; satisfies

n+2

Ail; = in(n ~2u” in Q, (4.16)

L

U, =oc0 onadQ, (4.17)

and for any m,
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=0 inCp (M\ {xy})asi— co. (4.18)

Fix a point p, € M \ {x,}. Then, p, € Q,, for i sufficiently large. Set w; =, /u,(p).
Then, w;(p,) = 1, and W, satisfies

l n+2

Agh; = gn(n - Duy(py) =W~ in Q, (4.19)

Ww; = o0 onodQ,. (4.20)
By interior estimates, there exists a positive function w € M such that, for any m,

W, = w inCp (M)asi— oo,

and
Aw=0 inM. 4.21)
Hence,
L(G,w)=0 inM\ {x}. (4.22)

By the expansion of GxO near x; and [14, Proposition 9.~1], we conclude that w con-
verges to some constant as x = x;,. Therefore, w = 1in M. Hence, for any m,

u

— 1 51 inC™
Mi(pO)GxU

locM \ {x0}) as i — co. (4.23)

In the following, we always discuss in the conformal normal coordinates near x;. Set

2

= (N(p))‘i< t ) G
v.=u."" =(u. 0 n-2 | ——
1 1 1 ul(po)Gxo XO
We will fix a direction appropriately, which we call x;. Denote by Rin the Ricci cur-
. . 9 . . i
vature of g; acting on the unit vector Vi with respect to thezt metric g;. To study R|,

given by (2.9), we need to analyze the expansion of G;OE. See [13] or [24] for
details.

Now we discuss several cases.

Case 3.1. n=3,4,5, or M is conformally flat in a neighborhood of x,. In this
case, we have

G,=r"+A+0(),

where A is a constant. Since A(M, [g]) < A(S",[gs.]), we have A > Owhen3 <n <7,
or M is locally conformally flat, or M is spin. We also have A > 0 when M is just
conformally flat in a neighborhood of x; under the assumption that the positive mass
theorem holds. Then,
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2

-2 2
G,/ " =r -

2P+ 0,

_2
3,6 = 2r - 2L A 4 0(™,
0 n—2

2n(n

— Ar” + 0™,

2
n=-2 __
arr Gxo -

and hence

2 . _2\2
Gy70,G,7 = 20,67 ) = =201— DA + 0G™),

Forn =3,4,5,by [13, p. 61], R;;(xy) = 0, Ry ;(xg) = O and R,y ;,(xy) < 0, we have
R, < Clx;|® on the x,-axis near x, = 0.
We also have Sg(xo) =(0and Sg’] (x9) = 0, and hence
S| < fo on the x,-axis near x, = 0.

Take any x; > 0 small. Then, at the point x,e,

4
ViR, < C((py)) =], 4.24)

and
_ 4
VIS, < Clit(py)) w20 (4.25)
For i large, by (2.9), we have, at the point x,e,,
Ry, < (@ (po))_u 2 [— 2(n = 1)(n - 2)Ax] + Cxl + 0(1)] (4.26)

where o(1) denotes terms converging to zero as i — oo, uniformly for small x, away
from 0. The dominant term in (4.26) is the x'll—term, with a negative coefficient.
Hence, the expression inside the bracket in (4.26) is strictly less than O, for a fixed
small x; # 0 and i large. Therefore, at the point x,¢e,, Ri11 diverges to —oo as i = oo.
Hence, some component of the Ricci curvature of g; at the point x,e; diverges to co
asi — oo.

If M is conformally flat in a nelghborhood of xy, then Rj; =0 and S, = 0 on the
x,-axis and near x;, = 0. The x -term in (4.26) is absent. Similarly, at the point x,e;
for x; > 0 sufficiently small, R , diverges to —oo as i — co.

If we denote by R’ the RlCCl curvature of g; acting on the unit vector v; ai with
respect to the metric gl, then we conclude similarly that R’ at x diverges to —oco as
i = oo, for some x sufficiently close to x,.

Case 3.2. n=6 and M is not conformally flat in a neighborhood of x,. In this
case,
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G, (x)=r*" W)l Ls ™ 4 Pl
B =T W| (xp)|" logr — % g,,-j(xo)r—2 + P(x)logr + a(x),
where W is the Weyl tensor, P(x) is a polynomial with P(0) = 0, and a is a C>*-func-
tion. We note that Wy, is given by

1
Wi = Ry — — 5 (Rikgjl —Rygj + Ry&ix — Rjkgil)
S, (4.27)
+ — (9.0, —9.,0.).
n—Dn-2) (&kgﬂ gllgjk)

Case 3.2.1. If W(x,) # 0, then,

.
G, = o+ 2880|W(xo)|2r6 log 7+ O(r" log r),

=2r+ —|W(x0)|2r5 logr+ o),

-z
2

3,G, "

0

_2
2

0,G,"7 =2 + 5% | W(xg)|*r* log r + O(r"),

and hence

=P ar=a =N 2.6 6
G 0,Gy — z(aerU 2) = 7 IWa)Pr* log r + 0G°)

Take any x; > 0 small. Then, at the point x,e;, (4.24) and (4.25) still hold. For i
large, instead of (4.26), we have, at the point x, e,

1
R < (@ (py)” [ 6|W(x0)|2x$ logx; + Cx§ + o(1)].
Similarly as in Case 3.1, at the point x,e, for x; > 0 sufficiently small, Rgl diverges
to—coasi — oo.
Similarly, Ri at x diverges to —oo as i — oo, for some x sufficiently close to x,.
Case 3 2.2. We now consider the case W(x,) = 0. By (4.27), we have ngl(xo)

Hence, (M ¢) is asymptotically flat of order 3. Using the spherical coordinates, we
set

B4(0) = 52 S,40) 2’,

and denote by rg,(0) the degree two part of the Taylor expansion of § ¢ at Xo. Since
n B 1 5 B
2 Seil) = = W) =
i=1

then,

@ Springer



104 Q. Han, W. Shen

/ 2,(0)d6 = 0.
gn—1

By the positive mass theorem, see [13, pp. 79-80], we have
/ (¢4(6) + a(0))do > 0.
!

Along a radial geodesic {(r,8) : 0 < r < 6}, for a small constant §, we have

2
T2 _ 2
G,/ =r -

($4(0) + 2(0))7° + o(r°),

N =

-2
0,G,) 2 =2r —3(¢4(0) + a(0))r” + o(r),
_2
0,G,"* =2—15(¢,(0) + a(0))r* + o(r"),
and hence

1

_2 _2 _2\2
G70,G,7 - 3 <6,GXO"‘2) = —10(h4(8) + 2(0)) " + 0(r").

By [13, p. 61], along the radial geodesic (-,6), 0’R,,.(x,) = 0 and 9'R,,(xy) < 0.
Therefore, for i large, by (2.9), we have, along the radial geodesic (-, 8),

)

R |0y < Gi(po)™ [ - %82(9)76 — 40(p4(0) + a(0))r° + o(r®) + o(1)

where o(1) denotes terms converging to zero as i — oo, uniformly for small x away
from 0. Hence,

/ R d6 < (i(py))~" [ — 4075 / (¢4(0) + 2(0))dO + o(+°) + 0(1)].
Ssn—1 sn—1

Therefore, we can find 6, € S"~Lthat Ri Lat(r, 6y) diverges to —oco as i — oo, for some
r sufficiently small.

Case 3.3. n > 7 and M is not conformally flat in a neighborhood of x,. In this
case,

n

G, () =r*" [1 + )W,

i=4

+ clogr + P(x)logr + a(x),

where y; is a homogeneous polynomial of degree i, ¢ is a constant, P(x) is a poly-
nomial with P(0) = 0, and « is a C>*-function. We note that c =0 and P = 0 if n is
odd. Moreover,

Vi) = et W)l — S,y
! Br-Dn-H\12(1—-6)' " ° 2.1 (%0 :

where W is the Weyl tensor.
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Case 3.3.1. First, we consider the case |W(xy)| # 0. Note that S,(x,) =0,
V,S,(x) =0, and

1
A,S,(x)) = —6|W(x0)|2.

Without loss of generality, we assume S, ;;(x,) < 0. Take any x; > 0 small. Then, at
the point x, e, (4.24) still holds. Set

A= n—2 1
T 48n—-1Dn—-4)|12(n—6

) |W()Co)|2 - Sg,ll(xo) .

Then, on the positive x-axis near x, = 0, we have

2
-= 2
Gy, =¥ = ——Ax] + O(x]),
2 12 5 6
n-2
0, Gy, =2x; — — 2Axl + O(x)),
= 60 , 4 5
axlxl Gxo =2 mAxl + O(XI)’
and
_2 2 _2\2 1 _4
n=2 n=2 n=2 n=2
(n-2) [Gxo axlxl GXU - E(axl Gxo ) ] - mSngo
_ 6 1 6
= —40AxS — msgyn(xo)xl +0(x)).
By the definition of A, we obtain
L, om L B V]l L s
(n—-2) [Gxo 9, G — E(alexo ) ] = 5= 135G
1 5(n—2) ) 6 7
= - w —(Tn=38)S O(x;).
21— )(n—4) [6(11 — 6)' (o)l (Tn ) g,11(xo) X, + (xl)

For i large, instead of (4.26), we have, at the point x, e,
i ~ -4 6 7
R}, < (i(py)) == [ = Bx + Cx] + o(1)],

for some positive constant B. Then, we conclude R’;l at the point x, e, diverges to —oco
asi — oo, for x; > O sufficiently small.

Case 3.3.2. We now consider the case W(x,) = 0. By (4.27), we have R;;,(x,) = 0.
Using the spherical coordinates, we set

V= rid),‘(e),

and denote by rg,(6) the i-th Taylor expansion of S, at x,. Let r'g,(0) be the first
nonzero term in the Taylor expansion of S, at x;.
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Subcase 3.3.2(a). 2 <1 <n—5.By[13] or [24], we have y; =0,i=4,...,[ -1,
and
n—2
4n-1)

Ly, =— r*2g,(0),

where
L=—r*A+2n-2)rd,.

Here, A is the standard Laplacian on the Euclidean space, i.e.,

2 —
AP =10 1

= —Ag.
or? roor 205
Then, we have
. +2 i 1+2 =1 Jou 1(0).
Hence,
n—2
== 0).
o P2 = T T == Jou 5 (4.28)
We also have
r2—n—l r ; i
8(0) = — A(s'g(0))s" 'drdo
Sn=1 0 Sn=1
. r2—n—l
=lim— /B o A%V 4.29)
%o

2—n—I
= lim

;
|[W|%dV, < 0.
r—0 6l ‘/B‘r(x()) 8

Note that the sign of lim,_, >~ [, - |[W|?dV, is independent of g € [g]. Hence,

if for some i with2 <i<n -5,
0 < lim r2_"_i/ [W|*dV, < o,
r—0 B,(xy)

then the i-th Taylor expansion of S, at x, must not be identical to zero.
Note
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2
- 2
Gxonfz - r2 _ —

i
0,G,) =2r- 2 S+ D¢, + o),
n—

1+4 I+4
r ¢z+2+0(”+ ),

-z
arerU'H2 =2- ﬁ(l + 4)(l + 3)FZ+2¢I+2 =+ O(rl+2)’

and hence,

2
n-2

_ 2 22 1 e
n-2 n-2 n-2
(n—2) [Gxo 0y, Gy — 5(% G,, ) ] = 5=

= [ =201+ 2)(I + 3)¢,0(0) — 5 g,(e)] 4 o(F.

1
(n—1)

By [13, p. 61], along a radial geodesic (:,6), 0£R,r(x0) =0,i=1,...,]—-1, and
0£R,,(x0) < 0. Therefore, for i large, by (2.9), we have, along a radial geodesic (-, 8),

R 1oy < @i(pg) 772 { [ — 21+ 2)(1 +3)y42(0) - ﬁg,«»] i+

+ o(r*h) +0(1)},

(4.30)

where o(1) denotes terms converging to zero as i — oo, uniformly for small x away
from 0. By (4.28) and (4.29), we have

1
TR [ PO =560 fo

(= +3)—(n—4-1)
T 2mn-Dm-4-1) gt

8/(0)do

/(0)do < 0.

By [13, Lemma 5.3] or [24, Chapter 5],

1

2420+ Dua # 50—

8-
Hence, we can find 6, € "' such that

20420+ 31,2000 - 58100 < 6o

for some positive constant €,. Therefore, along the radial geodesic (r, ),
i . 2
R |0 < Qpp)) 72 | — eor™* + 0(™**) + o(1)].

Then, we conclude Ri . at the point (r, 8,,) diverges to —oo as i — oo, for r > 0 suf-
ficiently small.
Subcase 3.3.2(b). ] > n — 4. When n is even, we have
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_ _ -2
LGy, o+ cr2logr) = Ly, , — (n=2)cr 2 = ———2 20 (0).
-1
Then,
(n—2)cw,_; = —r’™" / Ly, » +cr"2logr)
sn-1
_ 6—2n
_ (n 2)7’ / / 7 -4 (9) n— ldrdé)
Tdn-D0-8 J, Jeu
g 431)
. (n—2)02 (
=lim ——F— A,S,dV
04— D=8 Jy ) S
. —=(n=2yo 2 )
=lim———-—— wi|“dv, <O0.
0 24(n = D(n—4) J5 0 IWFdv, <
We note

lim o2 / |W[*aV, =0,
(xo)

r—0

when 7 is odd, since /SH 8,-2(6)d6 = 0 when n is odd.

If ¢ > 0, we can proceed as in the proof of Case 3.2.1, n = 6 and | W(x,)| # 0, and
conclude that Rir at x diverges to —oo as i — oo, for some x sufficiently close to x;,.

In general, we first consider the case that there exist a pair
(i,j) e {1,...,n} x{1,...,n} and a constant k < [”2;4] such that R; # 0 and k is the
order of the first nonzero term in the Taylor expansion of R;; at x,.

Without loss of generality, we assume the order of the first nonzero term in the
Taylor expansion of some qu at x; is k, k < [%], and all other R,_v,- vanish up to
order k at x;,. Then, by (4.27), all Rz_’ikl vanish up to order k, and hence, all 8 — o
vanish up to order k + 2. By a rotation, we can assume

i

ak

ﬁRﬂqle #0.
1

By [13, p. 61], (p,q) # (1,1). If p# 1 and g # 1, by a rotation, we can assume
p = g = 2. Otherwise, we can assume (p, g) = (1, 2).
We consider the case (p, g) = (2, 2). By the Gauss Lemma, we have

n
x; = Z 8jiX;-
i=1

Then, we have, on the x;-axis near x, = 0,

d
I =x a_nglz + 822» (4.32)
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0=x ign + 812 (4.33)
0x,
and
10x§ 2 ox, 12:
We also have, at x, = 0,
(k 2) k+2 ak+2 0
+ 81+ 8» =Y,
oxi+ ox, 2 oxi+? 2
and
ak+2 ak+2
k+1) +2 =0.
ok, o1 T ooy, o1
Hence, we have, at x,,
a_kR _ l<2 ak+2 g - ak+2 0 ak+2 ¢ )
0x’f 12127 5 0x’l‘+10x2 21 ax,l(ﬂ 2 dx’l‘()zxz 11
_ _k+3 ok+2

1 mgzz(xo)-
1

Therefore, by (4.27), we have
o ok k+3 ok+?
ﬁhoRzz =(n- 2)ﬁ|x0R12]2 =—(n— 2)m mgzz(xo) <0. (434
1 1 1

Then, for i large, by (2.9), we have, at the point x, e,

; _4+ 110
R22 = (ﬁi(po) -2 [—

k
03k | Rooxy ™+ (n = 2) (= 205,17 — 2(gyy — 1)x7)
' 1

1
+0(*5) + 0(1)] ,

where o(1) denotes terms converging to zero as i — oo, uniformly for small x, away
from 0. At the point x, e,

1 7] 0
rl =-(2—4g¢,- — .
22 2( anglz ax1g22>

Combining with (4.32), we get, at the point x; e,
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= (1 (po))_n = [ R22xk+4 +(n— 2) g22x1 + O(xk+5) + 0(1)]

! ok s
k+2 ok

= (U(po))” = [_( 2)(k+ ! xk+2822(x0)

X0 + 0(1)] .

Then, we conclude Réz at the point x,e; diverges to —oo as i = oo, for x; > 0 suf-
ficiently small.
If (p,q) = (1,2), we can argue similarly to conclude that |R§2| at the point x,e,
diverges to oo as i — oo, for x; > O sufficiently small.
We now consider the case that the order of the first nonzero term in the Taylor
expansion of all R, is greater or equal to [%] at x,, and
lim 752" / [W|?dV, = 0.
r—0 (0) 8
0
Then, by (4.27), the order of the first nonzero term in the Taylor expansion of R,
at x is greater or equal to [T] and hence, the order of the first nonzero term in the
Taylor expansion of g; —6; at x, is greater or equal to [== 24] + 2. Hence, (M 9) is

asymptotically flat of order[ ] + 2. Thus, the ADM-mass of (M 2)is well defined.
By the positive mass theorem we have

/ (¢,_2(6) + (0))d6 > 0.
Sn—l

Then, we can proceed as in the proof of Case 2.2, n = 6 and |W(x,)| = 0, and find
6, € $"~! such that R’ at (r,6,) diverges to —co as i — oo, for some r sufficiently
small. O

Remark 4.4 We point out that we used the positive mass theorem in the proof of
Theorem 4.3 if the Yamabe invariant of (M, [g]) is between zero and that of the
standard sphere and one of the following conditions holds: (1) M is locally confor-
mally flat, (2) 3 <n <5, or (3) for n > 6, the Weyl tensor W at x, satisfies

Vi|W|2(x0) =0 foranyi=0,...,n—6.

Remark 4.5 The blow-up phenomena in Theorem 4.3 are significantly differ-
ent from those for the case that the underlying manifold is S”. For example, take
Q = 8"\ B,(e,), where B,(e,) is a small ball on S" centered at the north pole. Then,
Q is close to "\ {e,} and the complete conformal metric g, in Q with the con-
stant scalar curvature —n(n — 1) has a constant sectional curvature —1! This can be
verified by the stereographic projection, as the image of S" \ B,(e,) under the stereo-
graphic projection from the north pole is a ball in R” centered at the origin.

We note that Theorem 1.3 follows easily from Theorem 4.3. Now we are ready
to prove Theorem 1.2.
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4
Proof of Theorem 1.2 Let u; be the solution of (2.1) and (2.2) in Q,. Then, g, = ulTZg

The proof of Theorem 4.2 can be adapted to prove Case 1, i.e., I" contains a sub-
manifold of dimension j, with1 <j < %

Next, we consider Case 2, i.e., (M, g) is not conformally equivalent to the stand-
ard sphere S" and I' consists of finitely many points. If A(M, [g]) <0, the proofs
of Theorem 4.2 and Theorem 4.3 can be adapted to yield the desired conclusion.
Hence, we only need to discuss the case A(M,[g]) > 0 and I" consists of finitely

many points {p;, ..., p;}.
Let Gpj € C®M\ {p;}) be the Green’s function for the conformal Laplacian L,

with the pole at D Jj=1,...,k, respectively; namely,
Lngj =n-2w,_ 6 0 Gpj >0,

where w,_; is the volume of §"~!. Up to conformal factors, we assume (M, g) has
conformal normal coordinates in small neighborhoods of p,. Consider the metric

4 ~
§=(Gpl+...+ka)”_2g OnM=M\{pl?'”9pk}‘

Then, (1\71 ,8) is an asymptotically flat and scalar flat manifold, and ‘g has an asymp-
totic expansion near infinity.
Setu; = (G, + -+ + G, ), Then, u; satisfies

nt2
Agu; = él—tn(n =2)u” in Q,
U; = o0 on oL,
and, for any m,
=0 inCh M\ {p,....p}) asi — oo.

Fix a point py € M\ {p;,...,p}. Then, for i sufficiently large, p, € Q,. Set
w; = U, /u,(py). Then, w,(p,) = 1 and W, satisfies

l n+2

AW, = Zn(n = u(py) =W in Q,
w; =00 onoQ,.
By interior estimates, there exists a positive function w € M such that, for any m,

W, = w inCp (M)asi— oo,

and

Hence,
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L((G, + -+ +G,)w) =0 inM\ {py,....p; }.

By the expansions of G near p;, j=1,...,k, respectively, and [14, Proposition

9.1], we conclude that w converges to some constant «; as x — p;. Without loss of
generality, we assume

alzaZZ“'ZO(kZO.

Then, a; > 1. By [14, Proposition 9.1] (G +-+G, )w can be extended to a
C2-function in a neighborhood of p; if a; = 0.

If some of «;, ---, & is zero, we denote by [ the first integer in {1, ..., k} such that
a; = 0. Otherwise, we set/ = k + 1. We always have [ > 2.

Consider the metric

2=(G, ++G, Yiig onM=M\{p,....p_,).
Set (G, + -+ ka)W = (G, ++ Gpl_l)v’f/. Then, W satisfies
L,((Gy, + -+ +G, )W) =0 inM\ {py,-.pi_y},
and
Ao =0 inM.

We also have that w converges to a;as x = p;, j=1,...,1— 1. By [14, Proposition
9.1] and the maximum principle, We have, near the p01nt Di_ts

W=a_,+C_ "2+ 00",

for some nonnegative constant C,_;. Then, the proof follows similarly as that of
Theorem 4.3.

Next, we consider Case 3, i.e., (M, g) is conformally equivalent to the standard
sphere S” and I consists of at least two but only finitely many points. We can assume
M,g) = (5", 8s). By Lemma 4.1, we have, for any m,

m
u;—~ 0 inC,

(S"\Dasi— oo.
2

Setvy; = ul_Tz Then,
v; diverges to oo locally uniformly in $" \ I" as i — oo.

Take two different points p,g € I' and let ¢, be the shorter geodesic connecting p
and g. Up to a conformal transform if necessary, we assume [o,,,| = 2e¢, which is less
than ; 010”, and o,, NI" = {p, q}. We parametrize c,,, by its arc length t € [0, 2¢], with
p corresponding to# = 0 and g to t = 2e.

For i large, let p, and g; be the points parametrized by 7, and 7, respectively, where
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>

o~

. =min{7 € [0,¢]|te, € Q,, foranyt € (¢, €]},
. =max{t € [e,2¢] | € Q,, forany t € [¢,1)}.

1

l

~

Then, p;,g; € 0Q; and
pi—=p 4—4q.

For convenience, we denote by v;(7) the function v; restricted to the geodesic 6,,,. By
the polyhomogenous expansion of v;, we have |0,v,(p;)| < 1and|0d,v,(g;)| < 1.
Since v,(€) — oo, for i large, we take ¢, € (#;,7,) such that, for any ¢ € (7., 7)),

0,v;(t) < 9v,(t)).

Then,
v(e)—0 wvi(e
atvl_(ti) > % > ﬁ,
€—1 €
and
0,v(t;) = 0.

Denote by th the Ricci curvature of g; acting on the unit vector Via% with respect to
the metric g;. Then, we can verify at the point te, R;'I diverges to—o0asi — c0. O

5 General Domains in Euclidean Spaces

In this section, we present several examples of smooth bounded domains € in the
Euclidean space and examine whether the complete conformal metrics g, associ-
ated with the Loewner—Nirenberg problem have negative Ricci curvatures. We
demonstrate by these examples the complexity of the issue studied in this paper.
Topological conditions are not sufficient to determine whether these complete
conformal metrics have negative Ricci curvatures.

There are two classes of examples. First, we construct nonconvex smooth
domains in which the complete conformal metrics with a constant scalar curva-
ture still have negative Ricci curvatures. Second, we construct bounded smooth
domains in which the complete conformal metrics have positive Ricci compo-
nents at some points.

By the Cartan—-Hadamard Theorem, we know that z,(€2) = 0 for i > 2 if g, has
negative sectional curvatures in Q, where 7;(Q) is the i-th homotopy group of Q.
The following example shows that z,(€2) = 0 is not necessary for g, to have nega-
tive sectional curvatures.

Example 5.1 Set
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+2x+

Q = {(xl,...,xn)

<XI_ﬁ> <x _ﬁ> <r2}clR",

where 0 < r < 1/100. Then, 7,(€,) = Z and z,(Q2) = 0 for i > 2. We claim that g¢
has negative sectional curvatures in Q,, if r is sufficiently small. By symmetry, it
suffices to show g, has negative sectional curvatures in

n—1
{(xl,... )|(x1—1)2+2x <rx, _o}cw.

Note that €, is transformed to

£~2r={yEIR"

ry, +1 2
<)’1 - - i )
r r\/(ryl + 12+ (ry,)?

n—1 2
Yn
+ yi2 + (y,, - ) < 1},
; \/(ryl +1)% + (ryn)z

under the transform

x =1 X, X

. ’y2=77""yn=7'

Y1 =
Then, {ﬁr} converges in C*, for any integer k > 1, to
QO = {(xh 7-xn) |X% + e +x}%—l < l} C Rn

in any compact sets in R". Let u° be the positive solution of (2.11)—(2.12) for
Q = Q. Then, u° has the form

uO(xl, LX) = uo(xl, e X1, 0).

4
By the same method as in the proof of Theorem 1.1, we can prove (1) |dx|? has
negative sectional curvatures in €. Then, the polyhomogeneous expansions for u,
imply that g5 has negative sectional curvatures in

{Gps X)) [ 16 <xf + +x§_1 < 1,x, =0},

for some small 6 > 0, independent of r. It is straightforward to prove that g5 has
negative sectional curvatures in

(@, o x) [+ + 22 < 1=8,x, =0},

since {S~2,} converges to € in any compact sets in R”".

In the next example, we construct a bounded smooth domain Q C R" which
is diffeomorphic to the unit ball and cannot be conformally transformed to a
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bounded convex domain such that the complete conformal metric g, with a nega-
tive scalar curvature possesses negative sectional curvatures in Q.

Example 5.2 Let o be a U-shaped smooth curve in R"” with two endpoints p and q.
Let Q7,0 < r < 1/100, be a family of tubular domains with smooth boundaries sat-
isfying the following conditions:

(Al) Q2 CcQnifr, <ry;

(A2) NQ =o;

(A3) For a fixed point x, €0\ {p.q}, {(xeR"|rx+x, € Q"} converges
in Ck, for any integer k> 1, to a smooth domain which is equal to
{1, ....x,) [ %7+ - +x>_ <1} CR" up to a Euclidean transformation in
any compact set in R" as r — 0;

(A4) At the point p or g, {x € R" | rx + x, € Q"} converges in C¥, for any integer
k > 1, to a smooth domain which is equal to Q° up to a Euclidean transforma-
tion in any compact set in R" as r — 0, where Q° is a smooth convex domain
which coincides {(x}, ..., x,) | x] + -~ +x2_ < 1} when x, > 0, and coincides

(s | — \/x%+ +xr2l_1 <x,<0}when-1<ux, <1/3.

Then, Q" cannot be conformally transformed to bounded convex domains if r is suf-
ficiently small. Otherwise, there would exist an arc ¢, with endpoints p and g such
that o, C Q,. Let w be the positive solution of (2.11)—(2.12) for Q = Q°. Then by
approximation and using the same method as in the proof of Theorem 1.1, we can
prove w2 is concave in Q° and w2 |dx|? has negative sectional curvatures in Q.
Arguing as in Example 5.1, we can show that the sectional curvatures in Q' is close
to the sectional curvatures in Q, when x, is sufficiently large. Hence, the sectional
curvatures in Q° are bounded above by a negative constant. Then, arguing as in
Example 5.1 again, we obtain that g, has negative sectional curvatures in Q" when r
is sufficiently small.

Example 5.3 For R > r > 0, consider the annular region Q= By \ B, in R". Let
8q,, be the complete conformal metric with the constant scalar curvature —n(n — 1)
in Qg ,. Arguing as in Example 5.1, we can prove that the maximum Ricci curvature
component of 80y, is close to —n/2 as R and r tend to 1. Hence, 80y, has negative
Ricci curvatures in €2, as R is sufficiently close to r.

In the rest of this section, we construct bounded domains in which the complete
conformal metrics have positive Ricci components at some points. The most straight-
forward way to do this is to combine Theorem 1.2 for the case (M, g) = (5", gs) and
the stereographic projections.

We identify R” in R"*! as R" x {0} and write x = (x,, ..., x,) € R". Then,

ST ={(x,x,,) : |x|2+xi+l =1}.

Consider the transform 7' : R" — S" given by
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2x |x|2—1
Te = —=—, 2 — ).
) <1+|x|2 1+ |x|?

Then, T is the inverse transform of the stereographic projection which lifts R" x {0}
to S™.

Proposition 5.4 Let I" be a set in S" as in Theorem 1.2, containing the north pole.
Suppose Q; is a sequence of increasing smooth domains in S" which converges to
S"\T, wzth 0Q not containing the north pole, and set Q; = T~ l(Q) Assume g, is
the complete conformal metric in Q; with the constant scalar curvature —n(n — 1).
Then, for sufficiently large i, g; has a positive Ricci curvature component somewhere
in Q;. Moreover, the maximal Ricci curvature of g; in Q; diverges to co as i — oo.

Proposition 5.4 follows easily from Theorem 1.2 for the case (M, g) = (8", g¢.).

We point out that notations in Proposition 5.4 is slightly different from those
in Theorem 1.2. In Proposition 5.4, €, is a domain in S, and €, is a domain in R".
We also note that €; is a bounded domain in R" if the north pole is not in the clo-
sure of Q,.

Example 5.5 Let {p,,...,p;} be a collection of finitely many points in R”, with
k> 1, and set Qg = Bg(0)\ U , B,(p,). Then, for R sufficiently large and r suffi-
ciently small, the complete conformal metric in Q. with the constant scalar cur-
vature —n(n — 1) has a positive Ricci curvature component somewhere. Note that
the corresponding I' in §" is given by I' = {e,,.;, T(p,), ..., T(p;)}, which consists of
at least two points. If k = 1 and p, = 0, then €2, is the annular region as in Exam-
ple 5.3. Combining with Example 5.3 for a fixed constant r, we conclude that the
maximum Ricci curvature component of g, ~tends to —n /2 as R — r and tends to co
as R — oo.

Next, we construct bounded star-shaped domains in which the complete con-
formal metrics have positive Ricci components somewhere.

Example 5.6 Forn > 4, set
y ={@,...,0,x,) | Ix,] =1} c R".

Let ©; be a sequence of increasing bounded smooth domains in R”, star-shaped with
respect to the origin, which converges to R" \ y. Then, for i sufficiently large, the
complete conformal metric in €; with the constant scalar curvature —n(n — 1) has
a positive Ricci curvature component somewhere. Note that the corresponding I" in
S" is given by the equator in the x,-x,,; plane minus the image under T of the seg-
ment (—1, 1) on x,-axis. Hence, the dimension of I"is 1. This is the reason we require
n > 4. We point out that domains in this example are diffeomorphic to balls.
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