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Abstract

In this paper, we consider simultaneous tests of the mean vectors and the covariance
matrices under three-step monotone missing data for a one-sample and a multi-sample
problem. We provide the likelihood ratio test (LRT) statistic and propose statistics for
improving the accuracy of the x 2 approximation. These test statistics are derived by
decomposing the likelihood ratio (LR) using the coefficients of the modified LRT
statistics with complete data. As an alternative approach, we derive an approximate
upper percentile of the LRT statistic with three-step monotone missing data using linear
interpolation based on an asymptotic expansion of the LRT statistic with complete
data. Finally, we investigate the asymptotic behavior of the upper percentiles of these
test statistics and the accuracy of approximate upper percentiles via Monte Carlo
simulation. In addition, we give an example of test statistics and approximate upper
percentiles proposed in this paper.

Keywords Asymptotic expansion - Likelihood ratio test - Linear interpolation -
Maximum likelihood estimator - Modified likelihood ratio test statistic

Mathematics Subject Classification 62E20 - 62H10

1 Introduction

In this paper, we consider simultaneous tests of the mean vectors and the covariance
matrices under three-step monotone missing data for a one-sample and a multi-sample
problem. Jinadasa and Tracy [4] and Kanda and Fujikoshi [5] discussed MLEs for
general k-step monotone missing data. For simultaneous tests, the LRT statistic and
the modified LRT statistic with Bartlett correction for the case of complete data were
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discussed by Muirhead [6] and Srivastava [7]. Furthermore, the LRT statistic and
the test statistics for improving the accuracy of the x> approximation for three-step
monotone missing data were proposed by Hao and Krishnamoorthy [1] and Hosoya and
Seo [2, 3]. In particular, Hosoya and Seo [2, 3] presented test statistics by decomposing
the LR; this paper is an extension of the work presented by Hosoya and Seo [2, 3]. An
LRT statistic and test statistics for general k-step monotone missing data, which are
obtained by correcting only a part of the missing data, were given by Yagi et al. [9].

The remainder of this paper is organized as follows. Sect. 2 describes the MLEs of
the mean vector and covariance matrix and its LRT statistic in the case of three-step
monotone missing data for a one-sample problem. Furthermore, we propose three test
statistics for improving the accuracy of the x> approximation using the coefficients of
the modified LRT statistics with complete data. In addition, we derive an approximate
upper percentile of the LRT statistic. Using Monte Carlo simulation, we investigate the
x 2 approximation accuracy of the test statistics and the accuracy of approximate upper
percentiles of the LRT statistic. Numerical power comparison of the test statistics for
some selected parameters is also presented. Sect.3 describes the test statistics and
approximate upper percentile for a multi-sample problem. Furthermore, via Monte
Carlo simulation, we investigate the asymptotic behavior of the upper percentiles of
these test statistics and approximate upper percentiles of the LRT statistic. The results
are illustrated using an example. Finally, Sect. 4 states our conclusions.

2 One-Sample Problem

In this section, we consider the problem of simultaneous test of the mean vector and the
covariance matrix under three-step monotone missing data for a one-sample problem.

2.1 LR with Three-Step Monotone Missing Data

We suppose that the data is normally distributed as follows:

iid.
X1,X2,....,xN, ~ Np(u, X),
iid.
X(12),N1+1: X(12),N 1425 - X AN +N2 ~ Npipy (R(12), Z(12)(12)),
iid.
X1 N +No+1> X 1N +N2425 - - XIN ~ Np (g, X11), (1)

where

3]
o= (] = (Hom).
"3

Zu X2 Yy |Xa23
Y=\ 2oy Xn|Xxyx|= < 2(3)1(2 ) Z(,B) )
X3 X3 X33 (2 ;
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We partition x; into a p; x 1 random vector, a pp x 1 random vector, and a
p3 x 1 random vector as x; = (x’lj,x’zj,xgj)’(j = 1,..., N;). In addition, let
X(12),j = (x’lj, x/zj)’(j =N+ 1,..., N1+ Ny).

Such a dataset has three-step monotone missing data for a one-sample problem:

P1 P2 P3
P S
/ / 7
X1 X1 X31
! / /
XN ony X3wy
/

/
XN+l Xo N1 B *

li /
XUN+N2 XN 4N ¥ ¥
/
xl,N1+N2+1 Sk oo sk oskeook
/
xlN *...* *...*

where N = N1+ N>+ N3, p = p1+ p2+ p3 and “x” indicates a missing observation.
Now, we consider the following hypothesis test when the dataset has a three-step
monotone pattern.

Hy:p=py, ¥ =Xy vs. Hy :not Hy, 2)
where i is a known vector, and X is a known matrix. Without loss of generality, we

can assume that g = 0 and ¥ = I ,,. Then, we have the following theorem.

Theorem 1 Suppose the data have a three-step monotone pattern of missing observa-
tions and are normally distributed as (1). Then, the LR of the hypothesis test (2) can
be given by

o~ N ~ Ni+Ny ~ Ny
A =1A1]7|Axn| "7 |A33]2

1 N - 1 Ni+N> - 1 Ny -
etr <—§ ijlx.,xj) etr (—7 D is xzszj) etr ( 5 Zj:1x3/x3j)

X 5
exp (—%Nm) exp (—%(Nl + N2)p2) exp (—%Nlpa)
(3)
where
A= B Ap= A Ap=w
11 = N 5 22 = Nl +N2 221, 33 = Nl (1)33-125
and

Ny

Way =Y (xj — %) x; — X))
j=1
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W Wiz
= Wao1 Wa

w
ol N (W<1),<12><12> [Wa.a2)3 )

W23
w w
Wzt Wayaz|Was w3 [ W

M X X X X '
P — 1j —X2)1
o= 5 () (R
X2;i — X X2;i — X
A \¥2 — X2 ) \¥2j — Fap
— — — — /
L NN (Xan=Fer) (For - Tl
Ni+No \ X2 —X2)2 ) \ X2 —X2)2
Wyt Wiz
W1t W )’

N
Way= Y (xj—%a);—%a)
J=N1+N2+1
(N1 + N2)N3 (_ _ _
T (R - ———(V N
+ N *o N +N2( 1Xy1 + NoX o)1)

_ 1 _ _ !
X (x<3> - m(le(m + Nzx<z)1)> ,

—1

Wwzsiz =Wz = Wasan Wy aoany Wo.aos.
A=W anaz + W), Ani=Axn-— A21A1_11A12,
B=Wuynu+Wou+Wea,

X1 | M | M
xp=Xa2 |, X1 = — lej, X(1)2 = — szj,
— Ny 4 Ny 4
X(1)3 j=1 j=1
N _ Ni1+N
- 1 - x(2)1> - 1
X3 =—) X35, xo)=| = LX) = — Xy,
on =gy L 7o = (300 Fen =5 3
1 Ni+N; 1 N
Xop = I Y x2j. X = A DRI
Jj=Ni+1 “ j=Ni+No+1

For the derivation of Theorem 1, see the Appendix. After calculations, we get

Np (N +N2)pp Nip3
m=(y) B (5 DA™ () wamnl?
1=y N TN, 221 N (1)33-12

1 1 _ _ _ _ _ —_
X etr ) (B + N(le(m + Nax2)1 + N3x3)) (N1X(1)1 + NoX(2)1 + Nzx(s))>}

1 1
trq——(A —— (N1x, NoXx, Nix Nox, !
X etr 2( 2+ N +N2( 1X(1)2 + NoX2)2) (N1X(1)2 + 2x(2)2))}

1 _
X etr —E(W(1)33 + le(1)3x/(l)3)} :
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Table 1 The upper percentile of

—2log A1 and type I error rates ]S\;ilmple size v v Ijg}izfg };e]rcentile z}]/pe I error rate
when (p1, p2, p3) = (3,3,3) .
a=0.05
10 10 10 155.129 0.907
20 10 10 87.7175 0.282
40 10 10 78.955 0.127
80 10 10 75.419 0.082
200 10 10 73.431 0.061
o =0.01
10 10 10 187.825 0.804
20 10 10 99.009 0.115
40 10 10 88.653 0.036
80 10 10 84.693 0.019
200 10 10 82.514 0.013

2 _ 2 _ _
13 005 = 7215, 13 .90 = 81.07, fi = 54

This LR 1 is essentially the same as that obtained by Yagi, Yamaguchi, and Seo [9].
Thus, we obtain the LRT statistic —2 log A;. In the complete data case (Sect.2.2), the
LRT statistic for (2) is asymptotically distributed as x? distribution with f; degrees
of freedom where f1 = p(p + 3)/2 (see Muirhead [6, p. 370]). For example, Table 1
presents the simulated values of the upper 100« percentiles of —21log x| and Type |
error rate, «; = Pr{—2logA; > XJ2‘| - a} for the three-step monotone missing data
case, where X]%l .1_q 18 the upper 100« percentile of the x? distribution with f; degrees
of freedom.

As demonstrated in Table 1, the accuracy of the x> approximation in this case is
not desirable when the sample size is not large; therefore, a test statistic is needed to
improve the accuracy of the x 2 approximation. We propose test statistics that improve
the 2 approximation using the modified likelihood ratio test statistic of simultaneous
test and test of variance for the complete data case described in Sect.2.2.

2.2 Complete Data
We consider the LRT statistic and modified LRT statistics with Bartlett correction in

the case of complete data for a one-sample problem. These results are used in the next
subsection. We first consider a simultaneous test for complete data as follows:

Hy :p=0,X =1 vs. Hyj : not Hy

In this case, the LR can be expressed as follows. Let x, x3, . .., x 5y be independently
distributed as N (u, X), and let A5, be the LR for the complete data. Then, the LR is
given by
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N
z 1 1
etr [ —=W )exp( —=NX'x ),
2 2

where
N N
W=) (x;-®x;-%), ¥= Z
Jj=1 j=1
It is known that —2log A, is asymptotically distributed as x? distribution with fi (=
p(p+3)/2) degrees of freedom. Furthermore, the modified LRT statistic with Bartlett
correction can be given by —2p1 log A5, (Muirhead [6, p. 370]), where

2p> +9p +11

pr= 6N(p +3)

Next, we consider a covariance test for complete data as follows:
Hy : ¥ =1 vs. Hip :not Hyp

In this case, the LR, which is an unbiased test, can be expressed as follows:

The modified LRT statistic with Bartlett correction —2p, log Ay, was provided by
Muirhead [6, p. 359], where

2p> +3p—1

p2 6(N — D(p+1)

2.3 Test Statistics

We now decompose the LR to derive the test statistic for improving the accuracy of
the x 2 approximation. Let

1 _ _ _ _ _ _
] = exp (——(le(l)l + NaX o)1 + N3X3) (N1X(1y1 + Na¥ o)1 + N3x(3))> s

W) = exp 2(N1 N )(le(l)z + NoX(22) (N1 X (1y2 + sz(2)2)> ,

N
w3 = exp 2 x(1)3x(1)3
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e L(N1+N2) p2 A |N1+N2 1A
ws = —— : 7 etr| —=A2». ),
5 Ni + N, 22-1 ) 22-1

e \ 7P L7l 1
wg = | — w 1l 2etr| —=W . ,
6 (N1 ) \ (133 12| < 5 W33 12)

l —1 1 —1
w7 = etr (—§A21A“ A12> etr <—§W(]),3(12)W(1)’(12)(12)W(]),(12)3> .

Therefore,

7
A= Ha)i.
i=1

Then, wjw4, wyws, wzwe are of the form of LR for Hp; under non-missing
normality. Hence, we can obtain the modified LRT statistics, —2p14 log wjwa,
—2p25log wrws, —2 036 log w3we, where

2p%+9p1 + 11

= TN +3)

prs =1 — 2p§+9p2+11
6(N1 + N2)(p2+3)°
2p§+9p3 + 11

pe=1—-—

6N1(p3 +3)

Thus, we propose a new test statistic given by —2 log 71, where
71 = (0104)* (0205)" (w306) S 7.

In addition, we denote
1

anp n 1
oi = (£)" 1B e (~5B).
n

1

5 (ni+n2)p2

* e 2 nptny 1

w5 = Ap| 7 etr| —=Axn1 ),
> <n1 + nz) | | 2

e %"1173 ny 1
wg = <—> |W1)33.12| 7 etr <—§W(1)33-12) ,

where
n=N-1,n=N—-((p1+p)—1, ni+n=N+N—p — 1L
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Subsequently, since w}, a)§, wg are of the form of LR for Hy, under non-missing
normality, we can propose the test statistic as —2 log ¢1, where

* * *
1 = w13 (w})P* (w5)"5 (wg) o wy

and
oF = _2p%—|—3p1—1 b1 2p%+3p2—1
4 6n(pr+1) 73 6(n1 +n2)(pa+ 1)’
2p2 +3p; — 1

6ni(ps+1)

Now, we propose the modified LRT statistic —27, log A via linear interpolation,
where

{ (P +P2)N2+P1N3} (p1+ p2)N2 + piN3
pL, =11— 11 PN, 1
p(N2 + N3) p(N2 + N3)
and
_ 2p* +9p + 11 _ 2p2 +9p + 11
P11 = 6Ni(p+3) PN 6N(p+3)

2.4 Asymptotic Expansion Approximation

In this subsection, we give an approximate upper percentile of —2logA; when the
data have a three-step monotone pattern for a one-sample problem. The upper 100«
percentile of —2log Ag, can be expanded as

* (@) = 2 +v 2 +1 2 v2+2v+ 2v 2
e, = Xfi;1—a NXfl;l—a N2Xf1;1—a £ fi(fi +2) Xfil—«a

+OWN),
where v = (2p2 +9p + 11)/{6(p + 3)} (Hosoya and Seo [2]) Based on linear

interpolation and letting ¢ (o) be the upper 100c percentile of —2log A1, the following
can be obtained:

(p1 + p2)N2 + p1N3 (p1+ p2)N2 + p1N3
qi (@) = {1 - qn,.1(@) + gy (@),
p(Na2 + N3) p(N2 + N3)
where
v 1 2v 2v
(o) = x> + —x2. + —x2. {v2+—+— 2 },
qu,l( ) Xfiil—a N Xfiil—a N12Xf1,1—01 fi fi(fi _’_2)Xf1»1—01
* 2 L) 1 > 2, 2v 2
= X7. + —x5. + —x7. + — 4+ — x5
qN’](a) Xfiil—a NXfl,l—Ol NZXfl,l—C\l{v fi f](f1+2)X/l’l_a
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2.5 Simulation Studies

We evaluate the accuracy and the asymptotic behaviors of the x> approximations via
Monte Carlo simulation (10° runs). Let

ar =Pr{-2loga1 > x3.1_4}.
Upp, = Pr{—2p, logh; > ijq;l—a}’
o7 = Pr{—2logt > x}l;l_a},

ag, = Pr{—2log¢; > Xj%];]fa},
agr = Pr{—2logii > g{(a)}.

In Tables 2 and 3, we provide the simulated upper 100« percentiles of —21log A1,
—2pp, logiy, —2log 7|, and —2log ¢ and the approximate upper percentiles of
—2log A (qf(a)) and the actual type I error rates o1, Upy s Oy, Ay andquT ;a = 0.05;
and for the following cases (Case 1),

(t, 10, 10),
(N1, N2, N3) = { (z,20,20), t = 10, 20, 30, 40, 80, 200, 400,
(t, 50, 50),

where (p1, p2, p3) in Tables 2 and 3 are (3, 3, 3), (6, 6, 6), respectively.
Similarly, Tables 4 and 5 exhibit the results for the following cases (Case II),

(t,t/2,t/2),
(N1, N2, N3) =4 (1,1, 1), t = 10, 20, 30, 40, 80, 200, 400,
(t,2t,21),

where (p1, p2, p3) in Tables 4 and 5 are (3, 3, 3), (6, 6, 6) respectively.

It may be noted from the above-mentioned Tables that the simulated values are
closer to the upper percentile of the x? distribution when the sample size increases.
In addition, it can be seen that the upper percentile of —2 log ¢ is considerably better
than that of —2logX; even for small sample sizes, while the upper percentile of
—2pr, logA; or qi"(a) is not as good as —2log ¢.

2.6 Numerical Power

We conduct the power comparison of (I) the LR test using —2 log A1 given in Sect. 2.1,
(I1) the test using statistic —2 log 71 given in Sect. 2.3, and (III) the test using statistic
—2log ¢ given in Sect.2.3. Under some parameter settings, the powers of (I), (II),
and (III) are compared using corresponding simulated upper 100« percentiles under
the null distribution, where o = 0.05. The simulation was executed 10° times using
normal random vectors. When X' = I, the powers are computed with various values
of 8 = mim;, i = 1,2,3. This follows the power computation for the test of a
mean vector in Krishnamoorthy and Pannala [10]. On the other hand, when u = 0,
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Fig. 1 The power plots of the 1.00 U
test using statistic —2log ¢1: (a) /,"
(N1, N2, N3) = (10, 10, 10), 0.80 I,’
(b) .
(N1, N2, N3) = (20, 10, 10), (¢) g 060 /
(N1, N2, N3) = (40, 10, 10) g /
B 040 / ()
; (b)
0.20 ,’I ---()
0.05 /
0.00
0.00 1.00 2.00 3.00

we put £ = I, + (1/4/N1)£2, where £ = diag(wi, w2, ..., »p), the powers are
computed with various valuesof w; = w, j = 1,2, ..., p. Table 6 shows the power of
three tests where (p1, p2, p3) = (3, 3, 3) and (N7, N2, N3) = (20, 10, 10). We note
from Table 6 that the power of three tests have natural power properties. In addition,
comparing the power of tests (I), (I), and (II), it can be seen that test (IIT) has the
highest power, while tests (I) and (IT) have almost the same power.

Further, Fig. 1 shows the power plots of (III) the test using statistic —2log ¢
when (a) (N1, N2, N3) = (10, 10, 10), (b) (N1, N2, N3) = (20, 10, 10) and (c)
(N1, N2, N3) = (40, 10, 10) with (p1, p2, p3) = (3,3,3)and 6, = §3 = w = 0.
Fig. 1 illustrates that the power is an increasing function of the sample size. The power
studies are performed for other sample sizes and dimensions, and similar trends are
observed. Therefore, the results are not listed here.

3 Multi-Sample Problem

In this section, we will consider simultaneous tests of the mean vector and the covari-
ance matrix under three-step monotone missing data for a multi-sample problem.

3.1 LR with Three-Step Monotone Missing Data

0 @) (©)
Letx( , X5 .. x be independent p-dimensional sample vectors, x s
2 N<Z> p p- P Y a2.NO11
xi?z) N(“+2’ e, E?Z) N“)+N(“ be independent (p1 + p2)-dimensional sample vectors
(13) (0)
and x' N“’+N“>+1 x NOLND 2 ' XN be independent p1-dimensional sample

vectors from the £th population (¢ = 1, ..., m). We suppose that the data is normally
distributed as follows:

i.i.d.
xi’”,xé”,...,x%?l) N, 20,
1
(0) 0) (Z) iid. 0 0
x(lZ),Nl(k)-ﬁ-l’ x(12),N1(£)+2’ Y (12) N(()-i-N(() N[’H‘[’z(ﬂ(u)’ > 12)(12))
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Table 6 The power comparison
of (I, (I), and (III)

8 8 83 w O (I (11
0 0 0 0 0.050  0.050  0.050
0.0100 0 0 0 0053  0.053  0.054
0.0625 0 0 0 0074 0074  0.082
0.2500 0 0 0 0.187  0.188  0.240
0.5625 0 0 0 0480 0484  0.600
1.0000 0 0 0 0.837  0.839 0918
15625 0 0 0 0984 0984  0.99
22500 0 0 0 1000 1.000  1.000
0 0.0100 0 0 0053 0053  0.053
0 00625 0 0 0.068  0.068  0.074
0 02500 0 0 0.145  0.144  0.180
0 0.5625 0 0 0342 0338 0439
0 1.0000 0 0 0662  0.656  0.779
0 15625 0 0 0913 0909  0.963
0 22500 0 0 0992 0991  0.998
0 3.0625 0 0 1000 1.000  1.000
0 0 0.0100 0 0052 0052  0.052
0 0 0.0625 0 0061  0.060  0.064
0 0 02500 0 0.105  0.102  0.125
0 0 0.5625 0 0212 0203 0273
0 0 1.0000 0 0416 0398  0.528
0 0 15625 0 0685  0.662  0.800
0 0 22500 0 0.894  0.879  0.953
0 0 3.0625 0 0981 0977  0.995
0 0 4.0000 0 0998  0.998  1.000
0 0 50625 0 1000 1.000  1.000
0 0 0 010 0051 0051  0.060
0 0 0 025 0053 0054  0.081
0 0 0 050  0.065 0067  0.133
0 0 0 075 0.086 0090 0214
0 0 0 100 0119 0125 0323
0 0 0 125 0170  0.180  0.455
0 0 0 150 0242 0255  0.593
0 0 0 175 0333 0348  0.720
0 0 0 200 0440 0457  0.823
0 0 0 225 0554 0570  0.896
0 0 0 250  0.666 0.680 0945
0 0 0 300  0.843 0852  0.987
0 0 0 400 0982 098  1.000
0 0 0 500 0999 0999  1.000
0 0 0 600 1000  1.000  1.000
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© © x© iid. (f) (13)
N0 TN v Five Y N 1) S
where
n® =
>0 )
and
¢ O @ @ ¢
x (xﬁj),xgj),xg,)) j=1.. N
¢ 0% ¢ ¢ ¢
El)z)j @ xSy =N N N

NO =N+ N + N3“), p=p1+p2+ps.

Such a dataset has three-step monotone missing data for a multi-sample problem for
the ¢th population:

P1 p2 P3
———
0y @y 0
X X7 X3
x(f)’ (3% 0y
IN® an® 3aN©®
L o i
. N1 . N1
E b
y 0y
x -k
LNO+NLY T2 NO+NO
(5)'
D) ) * - %k * k
. NO4NP 41
(f)
IN(O k ... 3k Sk o.ek

“ 2

where indicates a missing observation.

We consider the following hypothesis:

Hpo: pV =p® =...=pm 0= 50 = =X ys. Hy,y :not Hpyo

)
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To derive the MLEs of the mean vectors and the covariance matrices, we consider the
following transformation matrix Z):

1, 0
0) (0)—1
zZ0 = _251)251) I,

(0) -1
=232 2 (12312 'Ips

o

© _ 0 @ (Z)’)/ is

The transformed vector Yy, = (ylj YRR LY

) _ 70,0
yj =27%;
o
&) y(O)—1_(0) )
=2 X Xy +xy;

= ©
() ©—1 X1/ ()
—2300Z(ay | L | T35
X5

The transformed parameters (©, A®)) are defined as

(£)
77(@) (£) (Z)Iill t) (£)
n© = n&) _ 2RI (2)‘ 2
=" | = i
(£) ) -1 My (£)
M3 =230 2 (12)312) (E)) + 13
15
0 (O] A€
A A7 A% AQ A0
AO = | 4D 4D 4D | = (Aanan|Aa2s
229123 A A )
Aél) Agz) A() 3(12) 33

where
© _ v
Ay =2,
O _ AW _ (=1 (0
A, =4y =2 Xy,
O _ v _ yO (£) (=1 5 (0)
Ay =2y, =2y -2y 2 X,
O  _ A0 _ -1 )
A(12)3 = A3(12) = 2(12)(12)2(12)3’

0 _ y) _ (@ (] -1 (9]
A 20 =235 — 23002 (10022 (123

We note that the pair (19, ¥ ©) is in one-to-one correspondence with (3, AD).
Under H, we define the MLEs of (©, A®) as G©, ),

1
(0)=(6) (O)=(0) (0)=(0)
"1 = (Nl x(l)l +N2 x(2)] +N3 X(S))v
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~(£) 1 (=) (2) (£) A(f) (/3) (£) (0)—=(©)

Ny, =—7—71N'X + N, 1 (Vy + N, X5 1)},
Nl(l)—l—N(e) (12 Y2p ~ X 2 )1

=) _ =) 2O —(©

N = x(l)% A3(12)% (1) (12

10 © ) w©

A= N<ff> Win +Wou +Wea), (©)

1 ¢

© <O _ ()
w + W, Ay = —5 (W, ),
N(E) + NZ(Z) (1),(12)(12) 2 N(z) (1)33-12

<O (5) ) ) -1 ) &)
Ay = =Wy +Waon) (W(1)12 + W)

=) NS _
A3 = A310) = (W(l) (12)(12)) (1) (12)3 )
where

—(0)
Tt O

O _ [ 20 | = [*maz

n — nm2 | — —(0) ’
—(0) X1)3
13
N® N® N©

0 (/3) 0 O FO _ (l)
Yan = N(Z) Z Yar = N(Z) Z Yo X3 = N(E) Z

—(Z) . N(5)+N(l’) : N(f)+N(l)
O _ [Fen ) 50 o = _ (©
Yo = (—(& ) Yo = N(z) Z Y10 *@2 = NO Z X5
For j=N{"+1 2 j=N"41

1 N©

—(@) (£)

X3 = NGO Z Xy
3 j=NONO 41

© O 20y 0 =0
W —Z(x )& =X

(£) (]
Wain W

Wi

Wia Wi

Wi ©
© | _ <W D122 | Wug §12>3>

0
w |44
(1),3(12 )33
W 1)a1 (1)32‘ W33 ) M

NN o 2o MONETCRY
Wy = 2 <<}> ;%1>( ) ;%1)
jonoyr VF27 T X @R/ \F2) T ¥
+—N(€)N(Z) (fifil fg)n)(_g;l ’781)/
e R L
_<W8nW8n)
A\ WG Wi )
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NO

o _ O =0\, O =)y

Wo = D ) —Fae] —E)
J=NO+NSO+1

© | O ©
(Ny” + N, )N, O _ NOFO 4 NOED
N© ® " NOLND ) Y@
!
—® 1 (O5(0) D5
x (Y — ———— (N + N} )] -
( @7 NO L NO X1 * o)1 )

Conversely, under Hy0, we define MLEs of 5(= = =), A(= AD =
= AM) as (7, A) Subsequently, we obtain

~ 1 ¢ ¢
ot ﬁ § :(N( )= (1)1 + N( )~ (2)1 +N( )~ (3))
1 ~
~ (0)=(t) (0)=(O) (0)—(&) (ﬁ) ()
N = Nl T N2 Z{N (1)2 + N2 x(z)z - A2] (Nl x(l)l + N (2)])}5

1 ~
~ () —(£) —(0)
3 = Vl ZNI X(1)3 — A3012)X (1)(12) )

m N(/)

Ay = —ZZ(x“) =G =W, ®)

(=1 j=1
m NOLND
— (&) 0 ~
A22_N1+NQZ Z (—Anxy’ j Xy )= A21x1]+x — M),

j=1
©)
m N
~ ¢ 0~
Az = ZZ( A3(12)x(12)] +x§,) 73)(— A3(12)x(]2)] +x§,) -3,
V=1 j=1
~ ~7
42 = Ay
m | NO+NO
— (OO 1 (k)3 ®)+ (k)
3| T -y { s st
=1 =1
m [NOLN©
OF O (O=( (OO}
x (N77x gy + Ny X 2)1)]2 > X
=1 j=1

-1
(k) (k) (k) —(k) (@) (0 (5) 0)
N1 TN :Z(N X+ N, (2)1)} (Ny7X (1 + Ny 7% (g)0) } :
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~ ~7
A3(12) = A(1p)3
m ((/) m
_ (0 o _yofl ©=0) | =0
=21 2%, M <N1 2 M <1)3) *(1),02)
e=1 | j=1 k=1

NO -1
m
o N® (k)=(6) —(0)
XZ quznx(lzn ( ZN (1)<12>)x<1>(12) )
=1
(10)

where N = ) NO Ny =YL, N(E), Ny =Y, NZ(K). From the preceding
MLEs, we get the following theorem.

Theorem 2 Suppose that the datasets have a three-step monotone pattern of missing
observations and are normally distributed as (4). Then, the LR for (5) can be given by

©, o (® ©
~ ) 8O~y M +1v2 ~) M
N Hz LI | |A22| |Az3|

m k)

IAnI2 |A22| |A33|

where ZH and ZH (i =1,2,3) are given in (6)—(10).

Thus, we obtain LRT statistic —21log A,,. —21log A,, is asymptotically distributed
as a x 2 distribution with f,, = p(p + 3)(m — 1)/2 degrees of freedom. However, it is
known that the accuracy of this approximation is not good for small samples. Therefore,
we propose the test statistics that are a good approximation to x 2 distribution using
several methods based on the complete data case in Sect.3.2.

3.2 Complete Data
In this subsection, we discuss the LRT statistic in the case of complete data and the
modified LRT statistics with Bartlett correction. The results will be used to propose

the test statistics in the next subsection. First, we consider a simultaneous test with
complete data as follows:

Hyz : [L(l) = [L(Z) = (m) > =3y@ = =30 s Hi3 :not Hys

x(le), x(ze), .. xg\%) be independently distributed as N p(u“), ) (E)), and let Ag, be
the LR for the complete data. Then, the LR is given by

N(f)

(0)
HZ 1 ’N(Z)V

v+ BN

)\'Sm -
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where
N® m
) _ o $© 0 =)y _ (o)
14 Z(x ) —xOy, v=3"vO,
=1
B= Z NOEO® —5)@® — %),
(=1
1 N©O 1 m m
=) _ o = _ > (O)=(6) _ )
x —N([)X;xj,x—NZZIN x ,N—;N .
j= = =

Furthermore, the modified LRT statistic with Bartlett correction can be given by
—2p3log As,, (Muirhead [6, p. 513]), where

2p24+9p + 11 "N
prm - Pt Y1),
ON(p +3)(m —1) \ ‘= N©®

Next, we consider the covariance test in the case of complete data as follows:

Hy : XV =3 = ... = ¥ yg. Hyu:not Hy

The modified LRT statistic —2 04 log Ay, was provided by Muirhead [6, p. 308], where

N0)
1Ly 2
202 +3p—1 (&1 1 [T 5w v ©®
pp=1-— ZW__ s AV, = [
6(p+1D(m—1) o n ’1‘/’2

n

and

n® =NO _1, = Zn(i)_

3.3 Test Statistics

Using LR of simultaneous test with complete data from the previous subsection, we
propose test statistics by decomposing the LR A, with three-step monotone missing
data. First, the LR can be decomposed as 1, = £1£,&3, where

N O N;w NG)
m | %O
[Te=i ‘A33

~
|A33] 7

0
Hz1’ Hz1‘A
1= , S = Gz , &=

A As| 2
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Because & is of the form of LR for Hp3 in the case of without missing data, the
modified LRT statistic —2p¢, log & is given, where

2p% +9p; + 11 N
pg =1-— ! Z 7 —-1].
6N(p1 +3)(m—1) P N©®

Next, & can be decomposed as & = S; $2i , where

N© : MO

© Ni+Ny
1
; [T~ 1‘4 ; ‘m(vmﬂLBm)
‘52 = Ni+N;y ° 2 = 1+ ) ’
1 2
‘m(vm + B),) |A22|
and
NO NP
{4 (f) (l) (@) ~(0) (@) (Z) (f) =~
Vii= ) (&3 x\] =25 i),
=1
m
¢ Oy ~(l) =)~
V=Y VY B, Z(N” NGy =)@y — ).
=1

Since 5; is of the form of LR for Hy3 in the case of complete data, the modified LRT
statistic —2 g, log SZT is given, where

e = 1 — 2p3 +9p2 + 11 Zm: Ni+N
" 6(N1 + N2)(p2 +3)m — ) \ = O L §O )

Similarly, &3 can be decomposed as &3 = E; E3i , where

N(/) %
1
¥ 1_[12 1 ‘ % ‘E(Vps‘*‘Bm)
53 = ﬂ ’ 53 = - ﬂ )
VB A
and
N©
0 _ 0 _ 2O (O S0y (O 2O () OON
Vm Z(x A3(12) (12); — M3 )(x A3(12) (12); — M3 )
0 ~(0) o~ 0~
ZV%‘L ZN( '@ i@y -
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Since é; is of the form of LR for Hy3 in the case of complete data, the modified LRT
statistic —2pg; log S; is given, where

2p2 +9p3 + 11 Ny
Pg =1— : Z © —1].
6N1(p3 +3)(m — 1) \ 7= N|

Therefore, the decomposed form of A,, = £16&3 is A, = & 15; Eg E; 531 . We give
a correction only for &1, E;, and E; . Thus, we give the test statistic —2log t,, for
improving the accuracy of the x 2 approximation, where

= (E1)6 (£ 28 (E)PaE] .

Next, using the LR of the covariance test with complete data from the previous
subsection, we propose test statistics by decomposing the LR A,, with three-step
monotone missing data. Let

#® ) G
4 {4 0|3
" V;’l) VE’) 2 V() 2
[Te=i o) [T, e) o) [T (z)
* *
& = ™ 21 = nl+n2 &3 = [
Y |2 Vi V|2
n ni+ny ni
where

N® m
4 ~(t 4 (L
V;fl) _ Z(x( ) ))(x( ) ’7% ))/’ VPI — Z V;ng)’
j=1

O=N—(pr+p)—1. m= Zn(e)
(Z) +n N(Z) + N(Z) p1—1, ni+ny= Z(n(e) —l—ng)).

Because &}, &5, and &3 are of the form of LR for Hyq in the case of complete data, the
modified LRT statistics —2,05]*1 log &}, _2'055‘1 log &5, and —2,05;1 log &5 are given,
where .

pr =1 27 +3p1 -1 [~ 11
31 6(p1 4+ D(m —1) ZZ=1 n® anl’
23 +3p— 1 [& 1 1
10* :1— — s
o 6(p2 + D(m — 1) Zlngﬁwn;@ ni+n
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e 1 — 2p3 +3p3—1 il 1
g 6(ps+ Dm—D \ =, 0 i )

Therefore, we propose the test statistic —2log ¢, to improve the accuracy of the x>
approximation, where

o P ) A
O = (511) E“(‘521) gl (531) I
Enénés’
and
N©® VO NP N®
n VO™ v 7 n VOl
[Ti= NO [Tee N“)+N(Z> t=1|y®
fll= —— ., & = L &= .
Yo |? Vo 2 Vps | 2
N Ni+N; N

Next, we propose the test statistic —2p;,, log A,, via linear interpolation, where

{ (p1+ p2)N2 + p1N3 } (p1+ p2)N2 + p1N3
PL,, = I - 1,m PN.m

p(N2 + N3) p(N2 + N3)

and

2p2 +9p + 11 2N
PNm=1— -1],
’ ON(p +3)(m — 1) \’= N©

m

2p%+9p 411 Ny
=1- —-1].
P N1 (p +3)(m — 1) (Z NO )

1

3.4 Asymptotic Expansion Approximation
In this subsection, we give an approximate upper 100« percentile of —2log A, with

three-step monotone missing data for a multi-sample problem. The upper 100« per-
centile of —2log Ag, can be expanded as

m

m
Z l
1

=
2 m 2
Xfpil—at 2y 2Y1X fs1—at 3
4 i - 4 lmlze L 0N,
N? (L,Z ) S In(fn +2)
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where

2p2+9p+11 ) N([)
\):—, = —_—
6(p+3)m—1" " N
- ! 6p(p+ D(p+2)( +3)i ! 1

=1

_(2p2+9p+11)2(2p—1) ii—l ?
p(p+3)(m —1) el S ’

)

where X]%mA |_ 18 the upper 100« percentile of the x? distribution with f;, degrees of
freedom (Hosoya and Seo [3]). Based on linear interpolation and letting ¢, («) be the
upper 100« percentile of —2 log A,,, the following can be obtained:

(p1 + p2)N2 + p1 N3

(p1+ p2)N2 + p1N3
E3
gy () = {1 - qn,,m (o) + qN.,m(a)
" p(N2 + N3) o p(N2 + N3) "
where
m
2 v 1 2
qNm (@) = X5, 1-o T N <Z G 1) X fns1—a
=1 K

2
1, 2 1 2y 2y 2
¢ FTIR £ — 1)+ + "} .1
N2 Smil—a (Z k(@) fm fnl(fm+2) Smil—a

(
2
2
m
1 2 2
Z__1> +£+ < ]Zcm;lfa ’

X
i — ké‘) S fu(fm +2)

0]

O _ M

2 - E)
Ny

- 6p(p+ D(p+2)( +3),an ! 1
V2 - 288 p p p p ZZI {kég)}z

2 20m m 2
_2pP+9p+1122p—1) (Z 1 1)

p(p+3)(m—1) et o
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3.5 Simulation Studies

We evaluate the accuracy and the asymptotic behaviors of the x> approximations via
Monte Carlo simulation (10° runs). Now let

o = Pr(—210g Am > X3 1),
oy, =Pr{=2p1, logh, > ijfmzl—a}’
o, = Pr{—2log 1, > X_]%,,,;l—a}’
ag, = Pr(—=210g b > X7 .1_o}-
= Pr{—2log hn > ¢} (a)}.

*

aqm

In Tables 7, 8, and 9, we provide the simulated upper 100« percentiles of —2 log A,
—2p1,, log Ay, —2log 7, and —21log ¢, and the approximate upper percentiles of
—2log Ay (g, () and the actual type I error rates oy, Cpp s Aty s Oy s and oy ;
a = 0.05;

(t, f, t),
(NSO NP NSy = (,1/2,172), 1 = 20,40, 80, 160, 320,
(t,2t,21),

where (p1, p2, p3) is (4, 4, 4).

The simulated values are closer to the upper percentile of the x 2 distribution when
the sample size increases. However, the accuracy of the simulated values is not very
good compared with one-sample case, even if the sample size is quite large. In addi-
tion, by comparing the Type I error rates oy, op;, , @1, , &g, the accuracy of the
approximate percentile (g, («r)) is the best.

3.6 Numerical Example

In this section, we give an example of test statistics and approximate upper percentiles
proposed in this paper. The data consisted of cholesterol values measured during
treatment at five time points (baseline, 6 months, 12 months, 20 months, and 24
months) of a placebo group and a high dose group (Wei and Lachin [8]). We used
data with values available for up to 24 months, data with values available for up to 20
months, and data with values available for up to 12 months to construct the three-step
monotone missing data. Thatis m = 2, p;y = 3, po = 1, p3 = 1. For the placebo
group (£ = 1), Nl(l) = 31, NZ(I) =4, N3(1) = 3, and for the high dose group (¢ = 2),
N 1(2) = 36, NZ(Z) =7, N3(2) = 12. Then, LRT statistic and test statistics are

—210g Am = 82.201, —2p1, logAm = 75.425,
—21log Ty = 66.542, —21log ¢y = 80.527.
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And, approximate upper percentile is
g, (0.05) = 34.422, ¢ (0.01) = 41.196,

and x3).0.9s = 31.410, x30.0.99 = 37.566. Thus, the null hypothesis is rejected for all
test statistics and approximate upper percentile.

4 Conclusions

We discussed simultaneous tests for mean vectors and covariance matrices with three-
step monotone missing data for a one-sample and a multi-sample problem. For a
one-sample problem, we proposed two test statistics (—2 log 71, —2 log ¢1) by decom-
posing the LR and correcting it by extracting the LR of the simultaneous test and
the test of the variance in the case of complete data. We also proposed a test statistic
(—2pr, log A1) vialinear interpolation. In addition, we provided an approximate upper
100« percentile (¢} («)). Based on the simulation results, the test statistic —2 log ¢y,
which was modified only for the LR part of the test of the variance for the complete
data, gave the most accurate results. Similarly, for a multi-sample problem, we pro-
posed three test statistics (—2py,, log A,,, —21og 7,,,, —210g ¢,,) and an approximate
upper percentile (g, («)). Furthermore, based on the simulation results, the approxi-
mate upper 100« percentile g, («) is the most accurate. Finally, we gave an example
of the proposed test statistics. The results of this paper can be extended to the k-step
monotone missing data. We are currently investigating this problem.
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Appendix
Derivation of Theorem 1

Following the derivation of MLEs of the mean vector and the covariance matrix with
two-step monotone missing data in Kanda and Fujikoshi [5], we consider the trans-
formation matrix

1, O
z=| —ZuZy I,

—1
—23(12)2(12)(12)'1173

0
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for the three-step monotone missing data case. In this case, the transformed vector y ;
is
X1j

B 00 it i+ X0
yj:ij: 21491 X1 2j

-1 X1j )
_23(12)2(12)(12) Py + x3;

The transformed parameters are defined as

U ,Lll
—Xn X7 +
n=|m|= 21111M1Mﬂ2 ’
n3 =230 2 1212 ﬂ; + 13

A Aiz\Ai3 A12)12)| A12)3
A=| Ay Ap|Axy | = <4‘7A(3)1(2 ) A(33) )
A3 A3p|Ass (12)

where

Ay =2y,
Ap = A, = 21*11212,
Ap=%p1=%n-E1%Zn,
A3 = 4/3(12) = 27(_112)(12)27(12)&
Ay =Ty = 23— 2300 % 1512 Z (123

Then, the likelihood function after the transformation can be written as

L(p, A) = Const.|Aq1|" 2V [Agy |2 VIHND| A3y =2V

N
1 _
X expy—3 Z()’]j — )/ AT (v — M)
i=1
Ni+N>
X expy—o Z (¥2; — Wz)/Agzl (Y2 —m2)
i=1
e ]
X expy—3 Z(ij —13) A3z (y3; — 13)
=1

We note that the pai,r\ (n, A) is in one-to-one correspondence with (u, X¥). The MLEs
of n and A (3 and A) can be obtained by differentiating the log likelihood function
log L(n, A) with respect to 5 and A, respectively. Calculating
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L(0,1,)
1= ———=—
Ly, A)

yields (3).
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