
Journal of Statistical Theory and Practice (2024) 18:3
https://doi.org/10.1007/s42519-023-00355-2

ORIG INAL ART ICLE

Simultaneous Tests for Mean Vectors and Covariance
Matrices with Three-Step Monotone Missing Data

Remi Sakai1 · Ayaka Yagi1 · Takashi Seo1

Accepted: 15 November 2023 / Published online: 14 December 2023
© Grace Scientific Publishing 2023

Abstract
In this paper, we consider simultaneous tests of the mean vectors and the covariance
matrices under three-step monotone missing data for a one-sample and a multi-sample
problem. We provide the likelihood ratio test (LRT) statistic and propose statistics for
improving the accuracy of the χ2 approximation. These test statistics are derived by
decomposing the likelihood ratio (LR) using the coefficients of the modified LRT
statistics with complete data. As an alternative approach, we derive an approximate
upper percentile of theLRTstatisticwith three-stepmonotonemissing data using linear
interpolation based on an asymptotic expansion of the LRT statistic with complete
data. Finally, we investigate the asymptotic behavior of the upper percentiles of these
test statistics and the accuracy of approximate upper percentiles via Monte Carlo
simulation. In addition, we give an example of test statistics and approximate upper
percentiles proposed in this paper.

Keywords Asymptotic expansion · Likelihood ratio test · Linear interpolation ·
Maximum likelihood estimator · Modified likelihood ratio test statistic

Mathematics Subject Classification 62E20 · 62H10

1 Introduction

In this paper, we consider simultaneous tests of the mean vectors and the covariance
matrices under three-step monotone missing data for a one-sample and a multi-sample
problem. Jinadasa and Tracy [4] and Kanda and Fujikoshi [5] discussed MLEs for
general k-step monotone missing data. For simultaneous tests, the LRT statistic and
the modified LRT statistic with Bartlett correction for the case of complete data were
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discussed by Muirhead [6] and Srivastava [7]. Furthermore, the LRT statistic and
the test statistics for improving the accuracy of the χ2 approximation for three-step
monotonemissingdatawere proposedbyHaoandKrishnamoorthy [1] andHosoya and
Seo [2, 3]. In particular, Hosoya and Seo [2, 3] presented test statistics by decomposing
the LR; this paper is an extension of the work presented by Hosoya and Seo [2, 3]. An
LRT statistic and test statistics for general k-step monotone missing data, which are
obtained by correcting only a part of the missing data, were given by Yagi et al. [9].

The remainder of this paper is organized as follows. Sect. 2 describes the MLEs of
the mean vector and covariance matrix and its LRT statistic in the case of three-step
monotone missing data for a one-sample problem. Furthermore, we propose three test
statistics for improving the accuracy of the χ2 approximation using the coefficients of
the modified LRT statistics with complete data. In addition, we derive an approximate
upper percentile of the LRT statistic. UsingMonte Carlo simulation, we investigate the
χ2 approximation accuracy of the test statistics and the accuracy of approximate upper
percentiles of the LRT statistic. Numerical power comparison of the test statistics for
some selected parameters is also presented. Sect. 3 describes the test statistics and
approximate upper percentile for a multi-sample problem. Furthermore, via Monte
Carlo simulation, we investigate the asymptotic behavior of the upper percentiles of
these test statistics and approximate upper percentiles of the LRT statistic. The results
are illustrated using an example. Finally, Sect. 4 states our conclusions.

2 One-Sample Problem

In this section, we consider the problem of simultaneous test of themean vector and the
covariance matrix under three-step monotone missing data for a one-sample problem.

2.1 LR with Three-StepMonotoneMissing Data

We suppose that the data is normally distributed as follows:

x1, x2, . . . , xN1

i .i .d.∼ Np(μ,Σ),

x(12),N1+1, x(12),N1+2, . . . , x(12),N1+N2

i .i .d.∼ Np1+p2(μ(12),Σ (12)(12)),

x1,N1+N2+1, x1,N1+N2+2, . . . , x1N
i .i .d.∼ Np1(μ1,Σ11), (1)

where

μ =
⎛
⎝

μ1
μ2
μ3

⎞
⎠ =

(
μ(12)
μ3

)
,

Σ =
⎛
⎝

Σ11 Σ12 Σ13
Σ21 Σ22 Σ23

Σ31 Σ32 Σ33

⎞
⎠ =

(
Σ (12)(12) Σ (12)3

Σ3(12) Σ33

)
.
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We partition x j into a p1 × 1 random vector, a p2 × 1 random vector, and a
p3 × 1 random vector as x j = (x′

1 j , x
′
2 j , x

′
3 j )

′( j = 1, . . . , N1). In addition, let
x(12), j = (x′

1 j , x
′
2 j )

′( j = N1 + 1, . . . , N1 + N2).
Such a dataset has three-step monotone missing data for a one-sample problem:

p1︷ ︸︸ ︷
p2︷ ︸︸ ︷

p3︷ ︸︸ ︷⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x′
11 x′

21 x′
31

...
...

...

x′
1N1

x′
2N1

x′
3N1

x′
1,N1+1 x′

2,N1+1 ∗ · · · ∗
...

...
...

...

x′
1,N1+N2

x′
2,N1+N2

∗ · · · ∗
x′
1,N1+N2+1 ∗ · · · ∗ ∗ · · · ∗

...
...

...
...

...

x′
1N ∗ · · · ∗ ∗ · · · ∗

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where N = N1+N2+N3, p = p1+ p2+ p3 and “∗” indicates a missing observation.
Now, we consider the following hypothesis test when the dataset has a three-step

monotone pattern.

H0 : μ = μ0,Σ = Σ0 vs. H1 : not H0, (2)

where μ0 is a known vector, and Σ0 is a known matrix. Without loss of generality, we
can assume that μ = 0 and Σ = I p. Then, we have the following theorem.

Theorem 1 Suppose the data have a three-step monotone pattern of missing observa-
tions and are normally distributed as (1). Then, the LR of the hypothesis test (2) can
be given by

λ1 = |Δ̂11| N2 |Δ̂22|
N1+N2

2 |Δ̂33|
N1
2

×
etr
(
− 1

2

∑N
j=1x j x′

j

)
etr
(
− 1

2

∑N1+N2
j=1 x2 j x′

2 j

)
etr
(
− 1

2

∑N1
j=1x3 j x

′
3 j

)

exp
(− 1

2Np1
)
exp

(− 1
2 (N1 + N2)p2

)
exp

(− 1
2N1 p3

) ,

(3)

where

Δ̂11 = 1

N
B, Δ̂22 = 1

N1 + N2
A22·1, Δ̂33 = 1

N1
W (1)33·12,

and

W (1) =
N1∑
j=1

(x j − x(1))(x j − x(1))
′
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=
⎛
⎝
W (1)11 W (1)12 W (1)13
W (1)21 W (1)22 W (1)23

W (1)31 W (1)32 W (1)33

⎞
⎠ =

(
W (1),(12)(12) W (1),(12)3

W (1),3(12) W (1)33

)
,

W (2) =
N1+N2∑
j=N1+1

(
x1 j − x(2)1
x2 j − x(2)2

)(
x1 j − x(2)1
x2 j − x(2)2

)′

+ N1N2

N1 + N2

(
x(1)1 − x(2)1
x(1)2 − x(2)2

)(
x(1)1 − x(2)1
x(1)2 − x(2)2

)′

=
(
W (2)11 W (2)12
W (2)21 W (2)22

)
,

W (3) =
N∑

j=N1+N2+1

(x1 j − x(3))(x1 j − x(3))
′

+ (N1 + N2)N3

N

(
x(3) − 1

N1 + N2
(N1x(1)1 + N2x(2)1)

)

×
(
x(3) − 1

N1 + N2
(N1x(1)1 + N2x(2)1)

)′
,

W (1)33·12 = W (1)33 − W (1),3(12)W
−1
(1),(12)(12)W (1),(12)3,

A = W (1),(12)(12) + W (2), A22·1 = A22 − A21A
−1
11 A12,

B = W (1)11 + W (2)11 + W (3),

x(1) =
⎛
⎝
x(1)1
x(1)2
x(1)3

⎞
⎠ , x(1)1 = 1

N1

N1∑
j=1

x1 j , x(1)2 = 1

N1

N1∑
j=1

x2 j ,

x(1)3 = 1

N1

N1∑
j=1

x3 j , x(2) =
(
x(2)1
x(2)2

)
, x(2)1 = 1

N2

N1+N2∑
j=N1+1

x1 j ,

x(2)2 = 1

N2

N1+N2∑
j=N1+1

x2 j , x(3) = 1

N3

N∑
j=N1+N2+1

x1 j .

For the derivation of Theorem 1, see the Appendix. After calculations, we get

λ1 =
( e

N

) Np1
2 |B| N2

(
e

N1 + N2

) (N1+N2)p2
2 |A22·1|

N1+N2
2

(
e

N1

) N1 p3
2 ∣∣W (1)33·12

∣∣ N12

× etr

{
−1

2

(
B + 1

N
(N1x(1)1 + N2x(2)1 + N3x(3))(N1x(1)1 + N2x(2)1 + N3x(3))

′
)}

× etr

{
−1

2

(
A22 + 1

N1 + N2
(N1x(1)2 + N2x(2)2)(N1x(1)2 + N2x(2)2)

′)
}

× etr

{
−1

2
(W (1)33 + N1x(1)3x′

(1)3)

}
.
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Table 1 The upper percentile of
−2 log λ1 and type I error rates
when (p1, p2, p3) = (3, 3, 3)

Sample size Upper percentile Type I error rate
N1 N2 N3 −2 log λ1 α1

α = 0.05

10 10 10 155.129 0.907

20 10 10 87.775 0.282

40 10 10 78.955 0.127

80 10 10 75.419 0.082

200 10 10 73.431 0.061

α = 0.01

10 10 10 187.825 0.804

20 10 10 99.009 0.115

40 10 10 88.653 0.036

80 10 10 84.693 0.019

200 10 10 82.514 0.013

χ2
f1;0.95 = 72.15, χ2

f1;0.99 = 81.07, f1 = 54

This LR λ1 is essentially the same as that obtained by Yagi, Yamaguchi, and Seo [9].
Thus, we obtain the LRT statistic −2 log λ1. In the complete data case (Sect. 2.2), the
LRT statistic for (2) is asymptotically distributed as χ2 distribution with f1 degrees
of freedom where f1 = p(p + 3)/2 (see Muirhead [6, p. 370]). For example, Table 1
presents the simulated values of the upper 100α percentiles of −2 log λ1 and Type I
error rate, α1 = Pr{−2 log λ1 > χ2

f1;1−α
} for the three-step monotone missing data

case, where χ2
f1;1−α

is the upper 100α percentile of the χ2 distribution with f1 degrees
of freedom.

As demonstrated in Table 1, the accuracy of the χ2 approximation in this case is
not desirable when the sample size is not large; therefore, a test statistic is needed to
improve the accuracy of the χ2 approximation. We propose test statistics that improve
the χ2 approximation using the modified likelihood ratio test statistic of simultaneous
test and test of variance for the complete data case described in Sect. 2.2.

2.2 Complete Data

We consider the LRT statistic and modified LRT statistics with Bartlett correction in
the case of complete data for a one-sample problem. These results are used in the next
subsection. We first consider a simultaneous test for complete data as follows:

H01 : μ = 0,Σ = I vs. H11 : not H01

In this case, the LR can be expressed as follows. Let x1, x2, . . . , xN be independently
distributed as Np(μ,Σ), and let λS1 be the LR for the complete data. Then, the LR is
given by
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λS1 = e
Np
2

∣∣∣∣
1

N
W

∣∣∣∣
N
2

etr

(
−1

2
W
)
exp

(
−1

2
N x′x

)
,

where

W =
N∑
j=1

(x j − x)(x j − x)′, x = 1

N

N∑
j=1

x j .

It is known that −2 log λS1 is asymptotically distributed as χ2 distribution with f1(=
p(p+3)/2) degrees of freedom. Furthermore, themodified LRT statistic with Bartlett
correction can be given by −2ρ1 log λS1 (Muirhead [6, p. 370]), where

ρ1 = 1 − 2p2 + 9p + 11

6N (p + 3)
.

Next, we consider a covariance test for complete data as follows:

H02 : Σ = I vs. H12 : not H02

In this case, the LR, which is an unbiased test, can be expressed as follows:

λV1 = e
(N−1)p

2

∣∣∣∣
1

N − 1
W

∣∣∣∣
N−1
2

etr

(
−1

2
W
)

.

The modified LRT statistic with Bartlett correction −2ρ2 log λV1 was provided by
Muirhead [6, p. 359], where

ρ2 = 1 − 2p2 + 3p − 1

6(N − 1)(p + 1)
.

2.3 Test Statistics

We now decompose the LR to derive the test statistic for improving the accuracy of
the χ2 approximation. Let

ω1 = exp

(
− 1

2N
(N1x(1)1 + N2x(2)1 + N3x(3))

′(N1x(1)1 + N2x(2)1 + N3x(3))

)
,

ω2 = exp

(
− 1

2(N1 + N2)
(N1x(1)2 + N2x(2)2)

′(N1x(1)2 + N2x(2)2)

)
,

ω3 = exp

(
−N1

2
x′

(1)3x(1)3

)
,

ω4 =
( e

N

) 1
2 Np1 |B| N2 etr

(
−1

2
B
)

,
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ω5 =
(

e

N1 + N2

) 1
2 (N1+N2)p2

|A22·1|
N1+N2

2 etr

(
−1

2
A22·1

)
,

ω6 =
(

e

N1

) 1
2 N1 p3 ∣∣W (1)33·12

∣∣ N12 etr

(
−1

2
W (1)33·12

)
,

ω7 = etr

(
−1

2
A21A

−1
11 A12

)
etr

(
−1

2
W (1),3(12)W

−1
(1),(12)(12)W (1),(12)3

)
.

Therefore,

λ1 =
7∏

i=1

ωi .

Then, ω1ω4, ω2ω5, ω3ω6 are of the form of LR for H01 under non-missing
normality. Hence, we can obtain the modified LRT statistics, −2ρ14 logω1ω4,

−2ρ25 logω2ω5,−2ρ36 logω3ω6, where

ρ14 = 1 − 2p21 + 9p1 + 11

6N (p1 + 3)
,

ρ25 = 1 − 2p22 + 9p2 + 11

6(N1 + N2)(p2 + 3)
,

ρ36 = 1 − 2p23 + 9p3 + 11

6N1(p3 + 3)
.

Thus, we propose a new test statistic given by −2 log τ1, where

τ1 = (ω1ω4)
ρ14(ω2ω5)

ρ25(ω3ω6)
ρ36ω7.

In addition, we denote

ω∗
4 =

( e
n

) 1
2 np1 |B| n2 etr

(
−1

2
B
)

,

ω∗
5 =

(
e

n1 + n2

) 1
2 (n1+n2)p2

|A22·1|
n1+n2

2 etr

(
−1

2
A22·1

)
,

ω∗
6 =

(
e

n1

) 1
2 n1 p3 ∣∣W (1)33·12

∣∣ n12 etr

(
−1

2
W (1)33·12

)
,

where

n = N − 1, n1 = N1 − (p1 + p2) − 1, n1 + n2 = N1 + N2 − p1 − 1.
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Subsequently, since ω∗
4, ω

∗
5, ω

∗
6 are of the form of LR for H02 under non-missing

normality, we can propose the test statistic as −2 logφ1, where

φ1 = ω1ω2ω3(ω
∗
4)

ρ∗
4 (ω∗

5)
ρ∗
5 (ω∗

6)
ρ∗
6ω7

and

ρ∗
4 = 1 − 2p21 + 3p1 − 1

6n(p1 + 1)
, ρ∗

5 = 1 − 2p22 + 3p2 − 1

6(n1 + n2)(p2 + 1)
,

ρ∗
6 = 1 − 2p23 + 3p3 − 1

6n1(p3 + 1)
.

Now, we propose the modified LRT statistic −2ρL1 log λ1 via linear interpolation,
where

ρL1 =
{
1 − (p1 + p2)N2 + p1N3

p(N2 + N3)

}
ρN1,1 + (p1 + p2)N2 + p1N3

p(N2 + N3)
ρN ,1,

and

ρN1,1 = 1 − 2p2 + 9p + 11

6N1(p + 3)
, ρN ,1 = 1 − 2p2 + 9p + 11

6N (p + 3)
.

2.4 Asymptotic Expansion Approximation

In this subsection, we give an approximate upper percentile of −2 log λ1 when the
data have a three-step monotone pattern for a one-sample problem. The upper 100α
percentile of −2 log λS1 can be expanded as

q∗
c1(α) = χ2

f1;1−α + ν

N
χ2
f1;1−α + 1

N 2χ2
f1;1−α

{
ν2 + 2ν

f1
+ 2ν

f1( f1 + 2)
χ2
f1;1−α

}

+ O(N−2),

where ν = (2p2 + 9p + 11)/{6(p + 3)} (Hosoya and Seo [2]) Based on linear
interpolation and lettingq∗

1 (α) be the upper 100α percentile of−2 log λ1, the following
can be obtained:

q∗
1 (α) =

{
1 − (p1 + p2)N2 + p1N3

p(N2 + N3)

}
q∗
N1,1(α) + (p1 + p2)N2 + p1N3

p(N2 + N3)
q∗
N ,1(α),

where

q∗
N1,1(α) = χ2

f1;1−α + ν

N1
χ2
f1;1−α + 1

N 2
1

χ2
f1;1−α

{
ν2 + 2ν

f1
+ 2ν

f1( f1 + 2)
χ2
f1;1−α

}
,

q∗
N ,1(α) = χ2

f1;1−α + ν

N
χ2
f1;1−α + 1

N 2χ2
f1;1−α

{
ν2 + 2ν

f1
+ 2ν

f1( f1 + 2)
χ2
f1;1−α

}
.
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2.5 Simulation Studies

We evaluate the accuracy and the asymptotic behaviors of the χ2 approximations via
Monte Carlo simulation (106 runs). Let

α1 = Pr{−2 log λ1 > χ2
f1;1−α},

αρL1
= Pr{−2ρL1 log λ1 > χ2

f1;1−α},
ατ1 = Pr{−2 log τ1 > χ2

f1;1−α},
αφ1 = Pr{−2 logφ1 > χ2

f1;1−α},
αq∗

1
= Pr{−2 log λ1 > q∗

1 (α)}.

In Tables 2 and 3, we provide the simulated upper 100α percentiles of −2 log λ1,

−2ρL1 log λ1, −2 log τ1, and −2 logφ1 and the approximate upper percentiles of
−2 log λ1 (q∗

1 (α)) and the actual type I error rates α1, αρL1
, ατ1, αφ1, andαq∗

1
;α = 0.05;

and for the following cases (Case I),

(N1, N2, N3) =
⎧⎨
⎩

(t, 10, 10),
(t, 20, 20), t = 10, 20, 30, 40, 80, 200, 400,
(t, 50, 50),

where (p1, p2, p3) in Tables 2 and 3 are (3, 3, 3), (6, 6, 6), respectively.
Similarly, Tables 4 and 5 exhibit the results for the following cases (Case II),

(N1, N2, N3) =
⎧⎨
⎩

(t, t/2, t/2),
(t, t, t), t = 10, 20, 30, 40, 80, 200, 400,
(t, 2t, 2t),

where (p1, p2, p3) in Tables 4 and 5 are (3, 3, 3), (6, 6, 6) respectively.
It may be noted from the above-mentioned Tables that the simulated values are

closer to the upper percentile of the χ2 distribution when the sample size increases.
In addition, it can be seen that the upper percentile of −2 logφ1 is considerably better
than that of −2 log λ1 even for small sample sizes, while the upper percentile of
−2ρL1 log λ1 or q∗

1 (α) is not as good as −2 logφ1.

2.6 Numerical Power

We conduct the power comparison of (I) the LR test using−2 log λ1 given in Sect. 2.1,
(II) the test using statistic −2 log τ1 given in Sect. 2.3, and (III) the test using statistic
−2 logφ1 given in Sect. 2.3. Under some parameter settings, the powers of (I), (II),
and (III) are compared using corresponding simulated upper 100α percentiles under
the null distribution, where α = 0.05. The simulation was executed 106 times using
normal random vectors. When Σ = I p, the powers are computed with various values
of δi = μ′

iμi , i = 1, 2, 3. This follows the power computation for the test of a
mean vector in Krishnamoorthy and Pannala [10]. On the other hand, when μ = 0,
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Fig. 1 The power plots of the
test using statistic −2 logφ1: (a)
(N1, N2, N3) = (10, 10, 10),
(b)
(N1, N2, N3) = (20, 10, 10), (c)
(N1, N2, N3) = (40, 10, 10)

we put Σ = I p + (1/
√
N1)Ω, where Ω = diag(ω1, ω2, . . . , ωp), the powers are

computed with various values ofω j = ω, j = 1, 2, . . . , p. Table 6 shows the power of
three tests where (p1, p2, p3) = (3, 3, 3) and (N1, N2, N3) = (20, 10, 10). We note
from Table 6 that the power of three tests have natural power properties. In addition,
comparing the power of tests (I), (II), and (III), it can be seen that test (III) has the
highest power, while tests (I) and (II) have almost the same power.

Further, Fig. 1 shows the power plots of (III) the test using statistic −2 logφ1
when (a) (N1, N2, N3) = (10, 10, 10), (b) (N1, N2, N3) = (20, 10, 10) and (c)
(N1, N2, N3) = (40, 10, 10) with (p1, p2, p3) = (3, 3, 3) and δ2 = δ3 = ω = 0.
Fig. 1 illustrates that the power is an increasing function of the sample size. The power
studies are performed for other sample sizes and dimensions, and similar trends are
observed. Therefore, the results are not listed here.

3 Multi-Sample Problem

In this section, we will consider simultaneous tests of the mean vector and the covari-
ance matrix under three-step monotone missing data for a multi-sample problem.

3.1 LR with Three-StepMonotoneMissing Data

Let x(�)
1 , x(�)

2 , . . . , x(�)

N (�)
1

be independent p-dimensional sample vectors, x(�)

(12),N (�)
1 +1

,

x(�)

(12),N (�)
1 +2

, . . . , x(�)

(12),N (�)
1 +N (�)

2

be independent (p1+p2)-dimensional sample vectors

and x(�)

1,N (�)
1 +N (�)

2 +1
, x(�)

1,N (�)
1 +N (�)

2 +2
, . . . , x(�)

1N (�) be independent p1-dimensional sample

vectors from the �th population (� = 1, . . . ,m). We suppose that the data is normally
distributed as follows:

x(�)
1 , x(�)

2 , . . . , x(�)

N (�)
1

i .i .d.∼ Np(μ
(�),Σ (�)),

x(�)

(12),N (�)
1 +1

, x(�)

(12),N (�)
1 +2

, . . . , x(�)

(12),N (�)
1 +N (�)

2

i .i .d.∼ Np1+p2(μ
(�)
(12),Σ

(�)
(12)(12)),
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Table 6 The power comparison
of (I), (II), and (III)

δ1 δ2 δ3 ω (I) (II) (III)

0 0 0 0 0.050 0.050 0.050

0.0100 0 0 0 0.053 0.053 0.054

0.0625 0 0 0 0.074 0.074 0.082

0.2500 0 0 0 0.187 0.188 0.240

0.5625 0 0 0 0.480 0.484 0.600

1.0000 0 0 0 0.837 0.839 0.918

1.5625 0 0 0 0.984 0.984 0.996

2.2500 0 0 0 1.000 1.000 1.000

0 0.0100 0 0 0.053 0.053 0.053

0 0.0625 0 0 0.068 0.068 0.074

0 0.2500 0 0 0.145 0.144 0.180

0 0.5625 0 0 0.342 0.338 0.439

0 1.0000 0 0 0.662 0.656 0.779

0 1.5625 0 0 0.913 0.909 0.963

0 2.2500 0 0 0.992 0.991 0.998

0 3.0625 0 0 1.000 1.000 1.000

0 0 0.0100 0 0.052 0.052 0.052

0 0 0.0625 0 0.061 0.060 0.064

0 0 0.2500 0 0.105 0.102 0.125

0 0 0.5625 0 0.212 0.203 0.273

0 0 1.0000 0 0.416 0.398 0.528

0 0 1.5625 0 0.685 0.662 0.800

0 0 2.2500 0 0.894 0.879 0.953

0 0 3.0625 0 0.981 0.977 0.995

0 0 4.0000 0 0.998 0.998 1.000

0 0 5.0625 0 1.000 1.000 1.000

0 0 0 0.10 0.051 0.051 0.060

0 0 0 0.25 0.053 0.054 0.081

0 0 0 0.50 0.065 0.067 0.133

0 0 0 0.75 0.086 0.090 0.214

0 0 0 1.00 0.119 0.125 0.323

0 0 0 1.25 0.170 0.180 0.455

0 0 0 1.50 0.242 0.255 0.593

0 0 0 1.75 0.333 0.348 0.720

0 0 0 2.00 0.440 0.457 0.823

0 0 0 2.25 0.554 0.570 0.896

0 0 0 2.50 0.666 0.680 0.945

0 0 0 3.00 0.843 0.852 0.987

0 0 0 4.00 0.982 0.984 1.000

0 0 0 5.00 0.999 0.999 1.000

0 0 0 6.00 1.000 1.000 1.000
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x(�)

1,N (�)
1 +N (�)

2 +1
, x(�)

1,N (�)
1 +N (�)

2 +2
, . . . , x(�)

1N (�)

i .i .d.∼ Np1(μ
(�)
1 ,Σ

(�)
11 ), (4)

where

μ(�) =
⎛
⎜⎝

μ
(�)
1

μ
(�)
2

μ
(�)
3

⎞
⎟⎠ =

(
μ

(�)
(12)

μ
(�)
3

)
,

Σ (�) =
⎛
⎜⎝

Σ
(�)
11 Σ

(�)
12 Σ

(�)
13

Σ
(�)
21 Σ

(�)
22 Σ

(�)
23

Σ
(�)
31 Σ

(�)
32 Σ

(�)
33

⎞
⎟⎠ =

(
Σ

(�)
(12)(12) Σ

(�)
(12)3

Σ
(�)
3(12) Σ

(�)
33

)
,

and

x(�)
j = (x(�)′

1 j , x(�)′
2 j , x(�)′

3 j )′, j = 1, . . . , N (�)
1 ,

x(�)
(12), j = (x(�)′

1 j , x(�)′
2 j )′, j = N (�)

1 + 1, . . . , N (�)
1 + N (�)

2 ,

N (�) = N (�)
1 + N (�)

2 + N (�)
3 , p = p1 + p2 + p3.

Such a dataset has three-step monotone missing data for a multi-sample problem for
the �th population:

p1︷ ︸︸ ︷
p2︷ ︸︸ ︷

p3︷ ︸︸ ︷⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x(�)′
11 x(�)′

21 x(�)′
31

...
...

...

x(�)′
1N (�)

1

x(�)′
2N (�)

1

x(�)′
3N (�)

1

x(�)′
1,N (�)

1 +1
x(�)′
2,N (�)

1 +1
∗ · · · ∗

...
...

...
...

x(�)′
1,N (�)

1 +N (�)
2

x(�)′
2,N (�)

1 +N (�)
2

∗ · · · ∗
x(�)′
1,N (�)

1 +N (�)
2 +1

∗ · · · ∗ ∗ · · · ∗
...

...
...

...
...

x(�)′
1N (�) ∗ · · · ∗ ∗ · · · ∗

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where “∗” indicates a missing observation.
We consider the following hypothesis:

Hm0 : μ(1) = μ(2) = · · · = μ(m), Σ (1) = Σ (2) = · · · = Σ (m) vs. Hm1 : not Hm0
(5)
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To derive the MLEs of the mean vectors and the covariance matrices, we consider the
following transformation matrix Z(�):

Z(�) =
⎛
⎜⎝

I p1 O
−Σ

(�)
21 Σ

(�)−1
11 I p2

O

−Σ
(�)
3(12)Σ

(�)−1
(12)(12) I p3

⎞
⎟⎠ .

The transformed vector y(�)
j = ( y(�)′

1 j , y(�)′
2 j , y(�)′

3 j )′ is

y(�)
j = Z(�)x(�)

j

=

⎛
⎜⎜⎜⎜⎝

x(�)
1 j

−Σ
(�)
21 Σ

(�)−1
11 x(�)

1 j + x(�)
2 j

−Σ
(�)
3(12)Σ

(�)−1
(12)(12)

(
x(�)
1 j

x(�)
2 j

)
+ x(�)

3 j

⎞
⎟⎟⎟⎟⎠

.

The transformed parameters (η(�),Δ(�)) are defined as

η(�) =
⎛
⎜⎝

η
(�)
1

η
(�)
2

η
(�)
3

⎞
⎟⎠ =

⎛
⎜⎜⎜⎝

μ
(�)
1

−Σ
(�)
21 Σ

(�)−1
11 μ

(�)
1 + μ

(�)
2

−Σ
(�)
3(12)Σ

(�)−1
(12)(12)

(
μ

(�)
1

μ
(�)
2

)
+ μ

(�)
3

⎞
⎟⎟⎟⎠ ,

Δ(�) =
⎛
⎜⎝

Δ
(�)
11 Δ

(�)
12 Δ

(�)
13

Δ
(�)
21 Δ

(�)
22 Δ

(�)
23

Δ
(�)
31 Δ

(�)
32 Δ

(�)
33

⎞
⎟⎠ =

(
Δ

(�)
(12)(12) Δ

(�)
(12)3

Δ
(�)
3(12) Δ

(�)
33

)
,

where

Δ
(�)
11 = Σ

(�)
11 ,

Δ
(�)
12 = Δ

(�)′
21 = Σ

(�)−1
11 Σ

(�)
12 ,

Δ
(�)
22 = Σ

(�)
22·1 = Σ

(�)
22 − Σ

(�)
21 Σ

(�)−1
11 Σ

(�)
12 ,

Δ
(�)
(12)3 = Δ

(�)′
3(12) = Σ

(�)−1
(12)(12)Σ

(�)
(12)3,

Δ
(�)
33 = Σ

(�)
33·12 = Σ

(�)
33 − Σ

(�)
3(12)Σ

(�)−1
(12)(12)Σ

(�)
(12)3.

We note that the pair (μ(�),Σ (�)) is in one-to-one correspondence with (η(�),Δ(�)).

Under H1, we define the MLEs of (η(�),Δ(�)) as (̂η(�), Δ̂
(�)

),

η̂
(�)
1 = 1

N (�)
(N (�)

1 x(�)
(1)1 + N (�)

2 x(�)
(2)1 + N (�)

3 x(�)
(3)),
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η̂
(�)
2 = 1

N (�)
1 + N (�)

2

{N (�)
1 x(�)

(1)2 + N (�)
2 x(�)

(2)2 − Δ̂
(�)

21 (N (�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1)},

η̂
(�)
3 = x(�)

(1)3 − Δ̂
(�)

3(12)x
(�)
(1)(12),

Δ̂
(�)

11 = 1

N (�)
(W (�)

(1)11 + W (�)
(2)11 + W (�)

(3)), (6)

Δ̂
(�)

22 = 1

N (�)
1 + N (�)

2

(W (�)
(1),(12)(12) + W (�)

(2))22·1, Δ̂
(�)

33 = 1

N (�)
1

(W (�)
(1)33·12),

Δ̂
(�)

12 = Δ̂
(�)′
21 = (W (�)

(1)11 + W (�)
(2)11)

−1(W (�)
(1)12 + W (�)

(2)12),

Δ̂
(�)

(12)3 = Δ̂
(�)′
3(12) = (W (�)

(1),(12)(12))
−1W (�)

(1),(12)3, (7)

where

x(�)
(1) =

⎛
⎜⎝
x(�)

(1)1

x(�)
(1)2

x(�)
(1)3

⎞
⎟⎠ =

(
x(�)

(1)(12)

x(�)
(1)3

)
,

x(�)
(1)1 = 1

N (�)
1

N (�)
1∑

j=1

x(�)
1 j , x(�)

(1)2 = 1

N (�)
1

N (�)
1∑

j=1

x(�)
2 j , x(�)

(1)3 = 1

N (�)
1

N (�)
1∑

j=1

x(�)
3 j ,

x(�)
(2) =

(
x(�)

(2)1

x(�)
(2)2

)
, x(�)

(2)1 = 1

N (�)
2

N (�)
1 +N (�)

2∑

j=N (�)
1 +1

x(�)
1 j , x(�)

(2)2 = 1

N (�)
2

N (�)
1 +N (�)

2∑

j=N (�)
1 +1

x(�)
2 j ,

x(�)
(3) = 1

N (�)
3

N (�)∑

j=N (�)
1 +N (�)

2 +1

x(�)
1 j ,

W (�)
(1) =

N1∑
j=1

(x(�)
j − x(�)

(1))(x
(�)
j − x(�)

(1))
′

=
⎛
⎜⎝
W (�)

(1)11 W (�)
(1)12 W (�)

(1)13

W (�)
(1)21 W (�)

(1)22 W (�)
(1)23

W (�)
(1)31 W (�)

(1)32 W (�)
(1)33

⎞
⎟⎠ =

(
W (�)

(1),(12)(12) W (�)
(1),(12)3

W (�)
(1),3(12) W (�)

(1)33

)
,

W (�)
(2) =

N (�)
1 +N (�)

2∑

j=N (�)
1 +1

(
x(�)
1 j − x(�)

(2)1

x(�)
2 j − x(�)

(2)2

)(
x(�)
1 j − x(�)

(2)1

x(�)
2 j − x(�)

(2)2

)′

+ N (�)
1 N (�)

2

N (�)
1 + N (�)

2

(
x(�)

(1)1 − x(�)
(2)1

x(�)
(1)2 − x(�)

(2)2

)(
x(�)

(1)1 − x(�)
(2)1

x(�)
(1)2 − x(�)

(2)2

)′

=
(
W (�)

(2)11 W (�)
(2)12

W (�)
(2)21 W (�)

(2)22

)
,
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W (�)
(3) =

N (�)∑

j=N (�)
1 +N (�)

2 +1

(x(�)
1 j − x(�)

(3))(x
(�)
1 j − x(�)

(3))
′

+ (N (�)
1 + N (�)

2 )N (�)
3

N (�)

(
x(�)

(3) − 1

N (�)
1 + N (�)

2

(N (�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1)

)

×
(
x(�)

(3) − 1

N (�)
1 + N (�)

2

(N (�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1)

)′
.

Conversely, under Hm0, we define MLEs of η(= η(1) = · · · = η(m)),Δ(= Δ(1) =
· · · = Δ(m)) as (̃η, Δ̃). Subsequently, we obtain

η̃1 = 1

N

m∑
�=1

(N (�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1 + N (�)
3 x(�)

(3)),

η̃2 = 1

N1 + N2

m∑
�=1

{N (�)
1 x(�)

(1)2 + N (�)
2 x(�)

(2)2 − Δ̃21(N
(�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1)},

η̃3 = 1

N1

m∑
�=1

N (�)
1 {x(�)

(1)3 − Δ̃3(12)x
(�)
(1)(12)},

Δ̃11 = 1

N

m∑
�=1

N (�)∑
j=1

(x(�)
1 j − η̃1)(x

(�)
1 j − η̃1)

′, (8)

Δ̃22 = 1

N1 + N2

m∑
�=1

N (�)
1 +N (�)

2∑
j=1

(−Δ̃21x
(�)
1 j + x(�)

2 j − η̃2)(−Δ̃21x
(�)
1 j + x(�)

2 j − η̃2)
′,

(9)

Δ̃33 = 1

N1

m∑
�=1

N (�)
1∑

j=1

(−Δ̃3(12)x
(�)
(12) j + x(�)

3 j − η̃3)(−Δ̃3(12)x
(�)
(12) j + x(�)

3 j − η̃3)
′,

Δ̃21 = Δ̃
′
12

=
m∑

�=1

⎡
⎢⎣

N (�)
1 +N (�)

2∑
j=1

x(�)
2 j x

(�)′
1 j − 1

N1 + N2

{
m∑

k=1

(N (k)
1 x(k)

(1)2 + N (k)
2 x(k)

(2)2)

}

× (N (�)
1 x(�)

(1)1 + N (�)
2 x(�)

(2)1)
′] m∑

�=1

⎡
⎢⎣

N (�)
1 +N (�)

2∑
j=1

x(�)
1 j x

(�)′
1 j

− 1

N1 + N2

{
m∑

k=1

(N (k)
1 x(k)

(1)1 + N (k)
2 x(k)

(2)1)

}
(N (�)

1 x(�)
(1)1 + N (�)

2 x(�)
(2)1)

′
]−1

,
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Δ̃3(12) = Δ̃
′
(12)3

=
m∑

�=1

⎧⎪⎨
⎪⎩

N (�)
1∑

j=1

x(�)
3 j x

(�)′
(12), j − N (�)

1

(
1

N1

m∑
k=1

N (k)
1 x(�)

(1)3

)
x(�)

(1),(12)

⎫⎪⎬
⎪⎭

×
m∑

�=1

⎧⎪⎨
⎪⎩

N (�)
1∑

j=1

x(�)
(12), j x

(�)′
(12), j − N (�)

1

(
1

N1

m∑
k=1

N (k)
1 x(�)

(1),(12)

)
x(�)

(1),(12)

⎫⎪⎬
⎪⎭

−1

,

(10)

where N = ∑m
�=1 N

(�), N1 = ∑m
�=1 N

(�)
1 , N2 = ∑m

�=1 N
(�)
2 . From the preceding

MLEs, we get the following theorem.

Theorem 2 Suppose that the datasets have a three-step monotone pattern of missing
observations and are normally distributed as (4). Then, the LR for (5) can be given by

λm =
∏m

�=1 |Δ̂(�)

11 | N (�)

2 |Δ̂(�)

22 | N
(�)
1 +N (�)

2
2 |Δ̂(�)

33 | N
(�)
1
2

|Δ̃11| N2 |Δ̃22|
N1+N2

2 |Δ̃33|
N1
2

,

where Δ̂i i and Δ̃i i (i = 1, 2, 3) are given in (6)–(10).

Thus, we obtain LRT statistic −2 log λm . −2 log λm is asymptotically distributed
as a χ2 distribution with fm = p(p+ 3)(m − 1)/2 degrees of freedom. However, it is
known that the accuracyof this approximation is not good for small samples. Therefore,
we propose the test statistics that are a good approximation to χ2 distribution using
several methods based on the complete data case in Sect. 3.2.

3.2 Complete Data

In this subsection, we discuss the LRT statistic in the case of complete data and the
modified LRT statistics with Bartlett correction. The results will be used to propose
the test statistics in the next subsection. First, we consider a simultaneous test with
complete data as follows:

H03 : μ(1) = μ(2) = · · · = μ(m), Σ (1) = Σ (2) = · · · = Σ (m) vs. H13 : not H03

x(�)
1 , x(�)

2 , . . . , x(�)

N (�) be independently distributed as Np(μ
(�),Σ (�)), and let λSm be

the LR for the complete data. Then, the LR is given by

λSm =
∏m

�=1

∣∣∣ 1
N (�) V

(�)
∣∣∣
1
2 N

(�)

∣∣ 1
N (V + B)

∣∣ 12 N
,
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where

V (�) =
N (�)∑
j=1

(x(�)
j − x(�))(x(�)

j − x(�))′, V =
m∑

�=1

V (�),

B =
m∑

�=1

N (�)(x(�) − x)(x(�) − x)′,

x(�) = 1

N (�)

N (�)∑
j=1

x(�)
j , x = 1

N

m∑
�=1

N (�)x(�), N =
m∑

�=1

N (�).

Furthermore, the modified LRT statistic with Bartlett correction can be given by
−2ρ3 log λSm (Muirhead [6, p. 513]), where

ρ3 = 1 − 2p2 + 9p + 11

6N (p + 3)(m − 1)

(
m∑

�=1

N

N (�)
− 1

)
.

Next, we consider the covariance test in the case of complete data as follows:

H04 : Σ (1) = Σ (2) = · · · = Σ (m) vs. H14 : not H04

Themodified LRT statistic−2ρ4 log λVm was provided byMuirhead [6, p. 308], where

ρ4 = 1 − 2p2 + 3p − 1

6(p + 1)(m − 1)

(
m∑

�=1

1

n(�)
− 1

n

)
, λVm =

∏m
�=1

∣∣∣ 1
n(�) V

(�)
∣∣∣
n(�)

2

∣∣ 1
nV
∣∣ n2 ,

and

n(�) = N (�) − 1, n =
m∑

�−1

n(�).

3.3 Test Statistics

Using LR of simultaneous test with complete data from the previous subsection, we
propose test statistics by decomposing the LR λm with three-step monotone missing
data. First, the LR can be decomposed as λm = ξ1ξ2ξ3, where

ξ1 =
∏m

�=1

∣∣∣Δ̂(�)

11

∣∣∣
N (�)

2

∣∣Δ̃11
∣∣ N2

, ξ2 =
∏m

�=1

∣∣∣Δ̂(�)

22

∣∣∣
N (�)
1 +N (�)

2
2

∣∣Δ̃22
∣∣ N1+N2

2

, ξ3 =
∏m

�=1

∣∣∣Δ̂(�)

33

∣∣∣
N (�)
1
2

∣∣Δ̃33
∣∣ N12

.
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Because ξ1 is of the form of LR for H03 in the case of without missing data, the
modified LRT statistic −2ρξ1 log ξ1 is given, where

ρξ1 = 1 − 2p21 + 9p1 + 11

6N (p1 + 3)(m − 1)

(
m∑

�=1

N

N (�)
− 1

)
.

Next, ξ2 can be decomposed as ξ2 = ξ
†
2 ξ

‡
2 , where

ξ
†
2 =

∏m
�=1

∣∣∣Δ̂(�)

22

∣∣∣
N (�)
1 +N (�)

2
2

∣∣∣ 1
N1+N2

(V p2 + B p2)

∣∣∣
N1+N2

2

, ξ
‡
2 =

∣∣∣ 1
N1+N2

(V p2 + B p2)

∣∣∣
N1+N2

2

∣∣Δ̃22
∣∣ N1+N2

2

,

and

V (�)
p2 =

N (�)
1 +N (�)

2∑
j=1

(x(�)
2 j − Δ̂

(�)

21 x
(�)
1 j − η̂

(�)
2 )(x(�)

2 j − Δ̂
(�)

21 x
(�)
1 j − η̂

(�)
2 )′,

V p2 =
m∑

�=1

V (�)
p2 , B p2 =

m∑
�=1

(N (�)
1 + N (�)

2 )(̂η
(�)
2 − η̃2)(̂η

(�)
2 − η̃2)

′.

Since ξ
†
2 is of the form of LR for H03 in the case of complete data, the modified LRT

statistic −2ρξ2 log ξ
†
2 is given, where

ρξ2 = 1 − 2p22 + 9p2 + 11

6(N1 + N2)(p2 + 3)(m − 1)

(
m∑

�=1

N1 + N2

N (�)
1 + N (�)

2

− 1

)
.

Similarly, ξ3 can be decomposed as ξ3 = ξ
†
3 ξ

‡
3 , where

ξ
†
3 =

∏m
�=1

∣∣∣Δ̂(�)

33

∣∣∣
N (�)
1
2

∣∣∣ 1
N1

(V p3 + B p3)

∣∣∣
N1
2

, ξ
‡
3 =

∣∣∣ 1
N1

(V p3 + B p3)

∣∣∣
N1
2

∣∣Δ̃33
∣∣ N12

,

and

V (�)
p3 =

N (�)
1∑

j=1

(x(�)
3 j − Δ̂

(�)

3(12)x
(�)
(12) j − η̂

(�)
3 )(x(�)

3 j − Δ̂
(�)

3(12)x
(�)
(12) j − η̂

(�)
3 )′,

V p3 =
m∑

�=1

V (�)
p3 , B p3 =

m∑
�=1

N (�)
1 (̂η

(�)
3 − η̃3)(̂η

(�)
3 − η̃3)

′.
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Since ξ
†
3 is of the form of LR for H03 in the case of complete data, the modified LRT

statistic −2ρξ3 log ξ
†
3 is given, where

ρξ3 = 1 − 2p23 + 9p3 + 11

6N1(p3 + 3)(m − 1)

(
m∑

�=1

N1

N (�)
1

− 1

)
.

Therefore, the decomposed form of λm = ξ1ξ2ξ3 is λm = ξ1ξ
†
2 ξ

‡
2 ξ

†
3 ξ

‡
3 . We give

a correction only for ξ1, ξ
†
2 , and ξ

†
3 . Thus, we give the test statistic −2 log τm for

improving the accuracy of the χ2 approximation, where

τm = (ξ1)
ρξ1 (ξ

†
2 )ρξ2 ξ

‡
2 (ξ

†
3 )ρξ3 ξ

‡
3 .

Next, using the LR of the covariance test with complete data from the previous
subsection, we propose test statistics by decomposing the LR λm with three-step
monotone missing data. Let

ξ∗
11 =

∏m
�=1

∣∣∣∣
V (�)

p1
n(�)

∣∣∣∣
n(�)

2

∣∣∣V p1
n

∣∣∣
n
2

, ξ∗
21 =

∏m
�=1

∣∣∣∣
V (�)

p2

n(�)
1 +n(�)

2

∣∣∣∣
n(�)
1 +n(�)

2
2

∣∣∣ V p2
n1+n2

∣∣∣
n1+n2

2

, ξ∗
31 =

∏m
�=1

∣∣∣∣
V (�)

p3

n(�)
1

∣∣∣∣
n(�)
1
2

∣∣∣V p3
n1

∣∣∣
n1
2

,

where

V (�)
p1 =

N (�)∑
j=1

(x(�)
1 j − η̂

(�)
1 )(x(�)

1 j − η̂
(�)
1 )′, V p1 =

m∑
�=1

V (�)
p1 ,

n(�)
1 = N (�)

1 − (p1 + p2) − 1, n1 =
m∑

�=1

n(�)
1 ,

n(�)
1 + n(�)

2 = N (�)
1 + N (�)

2 − p1 − 1, n1 + n2 =
m∑

�=1

(n(�)
1 + n(�)

2 ).

Because ξ∗
11, ξ

∗
21, and ξ∗

31 are of the form of LR for H04 in the case of complete data, the
modified LRT statistics −2ρξ∗

11
log ξ∗

11,−2ρξ∗
21
log ξ∗

21, and −2ρξ∗
31
log ξ∗

31 are given,
where

ρξ∗
11

= 1 − 2p21 + 3p1 − 1

6(p1 + 1)(m − 1)

(
m∑

�=1

1

n(�)
− 1

n

)
,

ρξ∗
21

= 1 − 2p22 + 3p2 − 1

6(p2 + 1)(m − 1)

(
m∑

�=1

1

n(�)
1 + n(�)

2

− 1

n1 + n2

)
,
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ρξ∗
31

= 1 − 2p23 + 3p3 − 1

6(p3 + 1)(m − 1)

(
m∑

�=1

1

n(�)
1

− 1

n1

)
.

Therefore, we propose the test statistic −2 logφm to improve the accuracy of the χ2

approximation, where

φm = (ξ∗
11)

ρξ∗
11 (ξ∗

21)
ρξ∗

21 (ξ∗
31)

ρξ∗
31

λ

ξ11ξ21ξ31
,

and

ξ11 =
∏m

�=1

∣∣∣∣
V (�)

p1
N (�)

∣∣∣∣
N (�)

2

∣∣∣V p1
N

∣∣∣
N
2

, ξ21 =
∏m

�=1

∣∣∣∣
V (�)

p2

N (�)
1 +N (�)

2

∣∣∣∣
N (�)
1 +N (�)

2
2

∣∣∣ V p2
N1+N2

∣∣∣
N1+N2

2

, ξ31 =
∏m

�=1

∣∣∣∣
V (�)

p3

N (�)
1

∣∣∣∣
N (�)
1
2

∣∣∣V p3
N1

∣∣∣
N1
2

.

Next, we propose the test statistic −2ρLm log λm via linear interpolation, where

ρLm =
{
1 − (p1 + p2)N2 + p1N3

p(N2 + N3)

}
ρN1,m + (p1 + p2)N2 + p1N3

p(N2 + N3)
ρN ,m

and

ρN ,m = 1 − 2p2 + 9p + 11

6N (p + 3)(m − 1)

(
m∑

�=1

N

N (�)
− 1

)
,

ρN1,m = 1 − 2p2 + 9p + 11

6N1(p + 3)(m − 1)

(
m∑

�=1

N1

N (�)
1

− 1

)
.

3.4 Asymptotic Expansion Approximation

In this subsection, we give an approximate upper 100α percentile of −2 log λm with
three-step monotone missing data for a multi-sample problem. The upper 100α per-
centile of −2 log λSm can be expanded as

q∗
cm (α) = χ2

fm ;1−α + ν

N

(
m∑

�=1

1

k(�)
1

− 1

)
χ2
fm ;1−α

+ χ2
fm ;1−α

N 2

⎧⎨
⎩ν2

(
m∑

�=1

1

k(�)
1

− 1

)2

+ 2γ1
fm

+ 2γ1χ2
fm ;1−α

fm( fm + 2)

⎫⎬
⎭+ O(N−3),
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where

ν = 2p2 + 9p + 11

6(p + 3)(m − 1)
, k(�)

1 = N (�)

N
,

γ1 = 1

288

[
6p(p + 1)(p + 2)(p + 3)

(
m∑

�=1

1

{k(�)
1 }2

− 1

)

− (2p2 + 9p + 11)2(2p − 1)

p(p + 3)(m − 1)

(
m∑

�=1

1

k(�)
1

− 1

)2
⎤
⎦ ,

where χ2
fm ;1−α

is the upper 100α percentile of the χ2 distribution with fm degrees of
freedom (Hosoya and Seo [3]). Based on linear interpolation and letting q∗

m(α) be the
upper 100α percentile of −2 log λm , the following can be obtained:

q∗
m(α) =

{
1 − (p1 + p2)N2 + p1N3

p(N2 + N3)

}
qN1,m(α) + (p1 + p2)N2 + p1N3

p(N2 + N3)
qN ,m(α)

where

qN ,m(α) = χ2
fm ;1−α + ν

N

(
m∑

�=1

1

k(�)
1

− 1

)
χ2
fm ;1−α

+ 1

N 2χ2
fm ;1−α

⎧⎨
⎩ν2

(
m∑

�=1

1

k(�)
1

− 1

)2

+ 2γ1
fm

+ 2γ1
fm( fm + 2)

χ2
fm ;1−α

⎫⎬
⎭ ,

qN1,m(α) = χ2
fm ;1−α + ν

N1

(
m∑

�=1

1

k(�)
2

− 1

)
χ2
fm ;1−α

+ 1

N 2
1

χ2
fm ;1−α

⎧⎨
⎩ν2

(
m∑

�=1

1

k(�)
2

− 1

)2

+ 2γ2
fm

+ 2γ2
fm( fm + 2)

χ2
fm ;1−α

⎫⎬
⎭ ,

k(�)
2 = N (�)

1

N1
,

γ2 = 1

288

[
6p(p + 1)(p + 2)(p + 3)

(
m∑

�=1

1

{k(�)
2 }2

− 1

)

− (2p2 + 9p + 11)2(2p − 1)

p(p + 3)(m − 1)

(
m∑

�=1

1

k(�)
2

− 1

)2
⎤
⎦ .
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3.5 Simulation Studies

We evaluate the accuracy and the asymptotic behaviors of the χ2 approximations via
Monte Carlo simulation (106 runs). Now let

αm = Pr{−2 log λm > χ2
fm ;1−α},

αρLm
= Pr{−2ρLm log λm > χ2

fm ;1−α},
ατm = Pr{−2 log τm > χ2

fm ;1−α},
αφm = Pr{−2 logφm > χ2

fm ;1−α},
αq∗

m
= Pr{−2 log λm > q∗

m(α)}.

In Tables 7, 8, and 9, we provide the simulated upper 100α percentiles of−2 log λm,

−2ρLm log λm,−2 log τm , and −2 logφm and the approximate upper percentiles of
−2 log λm (q∗

m(α)) and the actual type I error rates αm, αρLm
, ατm , αφm , and αq∗

m
;

α = 0.05;

(N (�)
1 , N (�)

2 , N (�)
3 ) =

⎧⎨
⎩

(t, t, t),
(t, t/2, t/2), t = 20, 40, 80, 160, 320,
(t, 2t, 2t),

where (p1, p2, p3) is (4, 4, 4).
The simulated values are closer to the upper percentile of the χ2 distribution when

the sample size increases. However, the accuracy of the simulated values is not very
good compared with one-sample case, even if the sample size is quite large. In addi-
tion, by comparing the Type I error rates αm, αρLm

, ατm , αφm , the accuracy of the
approximate percentile (q∗

m(α)) is the best.

3.6 Numerical Example

In this section, we give an example of test statistics and approximate upper percentiles
proposed in this paper. The data consisted of cholesterol values measured during
treatment at five time points (baseline, 6 months, 12 months, 20 months, and 24
months) of a placebo group and a high dose group (Wei and Lachin [8]). We used
data with values available for up to 24 months, data with values available for up to 20
months, and data with values available for up to 12 months to construct the three-step
monotone missing data. That is m = 2, p1 = 3, p2 = 1, p3 = 1. For the placebo
group (� = 1), N (1)

1 = 31, N (1)
2 = 4, N (1)

3 = 3, and for the high dose group (� = 2),

N (2)
1 = 36, N (2)

2 = 7, N (2)
3 = 12. Then, LRT statistic and test statistics are

−2 log λm = 82.201, −2ρLm log λm = 75.425,

−2 log τm = 66.542, −2 logφm = 80.527.
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And, approximate upper percentile is

q∗
m(0.05) = 34.422, q∗

m(0.01) = 41.196,

and χ2
20;0.95 = 31.410, χ2

20;0.99 = 37.566. Thus, the null hypothesis is rejected for all
test statistics and approximate upper percentile.

4 Conclusions

We discussed simultaneous tests for mean vectors and covariance matrices with three-
step monotone missing data for a one-sample and a multi-sample problem. For a
one-sample problem, we proposed two test statistics (−2 log τ1, −2 logφ1) by decom-
posing the LR and correcting it by extracting the LR of the simultaneous test and
the test of the variance in the case of complete data. We also proposed a test statistic
(−2ρL1 log λ1) via linear interpolation. In addition, we provided an approximate upper
100α percentile (q∗

1 (α)). Based on the simulation results, the test statistic −2 logφ1,
which was modified only for the LR part of the test of the variance for the complete
data, gave the most accurate results. Similarly, for a multi-sample problem, we pro-
posed three test statistics (−2ρLm log λm,−2 log τm,−2 logφm) and an approximate
upper percentile (q∗

m(α)). Furthermore, based on the simulation results, the approxi-
mate upper 100α percentile q∗

m(α) is the most accurate. Finally, we gave an example
of the proposed test statistics. The results of this paper can be extended to the k-step
monotone missing data. We are currently investigating this problem.
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Appendix

Derivation of Theorem 1

Following the derivation of MLEs of the mean vector and the covariance matrix with
two-step monotone missing data in Kanda and Fujikoshi [5], we consider the trans-
formation matrix

Z =
⎛
⎜⎝

I p1 O
−Σ21Σ

−1
11 I p2

O

−Σ3(12)Σ
−1
(12)(12) I p3

⎞
⎟⎠
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for the three-step monotone missing data case. In this case, the transformed vector y j
is

y j = Zx j =

⎛
⎜⎜⎝

x1 j
−Σ21Σ

−1
11 x1 j + x2 j

−Σ3(12)Σ
−1
(12)(12)

(
x1 j
x2 j

)
+ x3 j

⎞
⎟⎟⎠ .

The transformed parameters are defined as

η =
⎛
⎝

η1
η2
η3

⎞
⎠ =

⎛
⎜⎜⎝

μ1

−Σ21Σ
−1
11 μ1 + μ2

−Σ3(12)Σ
−1
(12)(12)

(
μ1
μ2

)
+ μ3

⎞
⎟⎟⎠ ,

Δ =
⎛
⎝

Δ11 Δ12 Δ13
Δ21 Δ22 Δ23

Δ31 Δ32 Δ33

⎞
⎠ =

(
Δ(12)(12) Δ(12)3

Δ3(12) Δ33

)
,

where

Δ11 = Σ11,

Δ12 = Δ′
21 = Σ−1

11 Σ12,

Δ22 = Σ22·1 = Σ22 − Σ21Σ
−1
11 Σ12,

Δ(12)3 = Δ′
3(12) = Σ−1

(12)(12)Σ (12)3,

Δ33 = Σ33·12 = Σ33 − Σ3(12)Σ
−1
(12)(12)Σ (12)3.

Then, the likelihood function after the transformation can be written as

L(η,Δ) = Const.|Δ11|− 1
2 N |Δ22|− 1

2 (N1+N2)|Δ33|− 1
2 N1

× exp

⎧⎨
⎩−1

2

N∑
j=1

( y1 j − η1)
′Δ−1

11 ( y1 j − η1)

⎫⎬
⎭

× exp

⎧⎨
⎩−1

2

N1+N2∑
j=1

( y2 j − η2)
′Δ−1

22 ( y2 j − η2)

⎫⎬
⎭

× exp

⎧⎨
⎩−1

2

N1∑
j=1

( y3 j − η3)
′Δ−1

33 ( y3 j − η3)

⎫⎬
⎭ .

We note that the pair (η,Δ) is in one-to-one correspondence with (μ,Σ). The MLEs
of η and Δ (̂η and Δ̂) can be obtained by differentiating the log likelihood function
log L(η,Δ) with respect to η and Δ, respectively. Calculating
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λ1 = L(0, I p)

L (̂η, Δ̂)

yields (3).
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