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Abstract
A recurrence formula for absolute central moments of Poisson distribution is
suggested.
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Let X be a Poisson random variable with mean m. In this paper, we study absolute
central moments E|X — a|” about a for naturals r. Explicit representations for such
moments may be useful in situations where we want to test whether observations
in a large sample are independent Poisson with given means, which is the case, for
instance, for some image reconstruction techniques in emission tomography (e.g.,
see [1, 4]).

An explicit representation for the mean deviation was obtained independently in
[3,7]:
o m[mJ +1

E|X—m| = 2e W,

where | - | denotes the floor function.
Kendall ([6], relations (5.21) and (5.22) on p. 121) has showed that for all inte-
gersr > 2,

r—2
’ r—1
EX — m) =m1;)< B )E(X—m)k, (1)

EX —m)* = rmEX —m) ™! + mdiE(X -m)". ©)
m
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Denote by ,F, the confluent hypergeometric function of the first kind

oo n—1

lFl(a’ﬂ’Z) = 2 I’l_ |

where H,_:lo = L.Katti [5] has derived the following representation for absolute cen-
tral moments of X about a for all odd r > 1:

—m , la]+1
¢ 1G7(0,0). 3)

E|X— a|r = —E(X—Cl)r + M—+D

where

G(p,1) = exp{t(la] —a+f+ D} F1(f+ 1,5+ |a] +2,me),
G"(B, 1) is its r-th partial derivative with respect to ¢, which, for r = 0, can be com-
puted by the recurrence formula
m(f+1)

s)
B+ la] +2G @#+1.0

GD(B,0) = (la] —a+ p+ 1DG(B,0) +

fors =1,2,..., where

GO(B,0) :=G(B,0) = F,(B+ 1,0+ |a] +2,m).

The main goal of this paper is to suggest a simpler recurrence formula for absolute
central moments of X about a.
Define the sign function

, -1 ify<o,
sign(y) = { 1 if§> 0

and put
Fb) : =PX <),
C(r,a) : =EX —a),
D(r,a,b) : = E(X — a)'sign(X — b),
B(r,a.f) : = E(X — a)f(X),

where 0° = 1 by definition, fis a real-valued function. Here, F(b) is the cumulative
distribution function of X, and C(r, a) is the r-th central moment about a. The above
definition of the sign function is not common for y = 0, but is chosen here for the
sake of convenience, to provide the equality

DO,a,b) =1-2F(). 4)
We have

- J C(r,a) if ris even,
E[X —al” = { D(r.a.a) ifris odd.
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Theorem 1 For all integers r > 1, reals b > 0 and a, and functions f such that
EX"|f(X)| < o0, the following recurrence relations are valid:

r=2
r—1
C(r,a)—(m—a)C(r—l,a)+m]§< X >C(k,a) 5)
=mC(r—1,a—1)—aC(r-1,a), 6)

r=2
D(r,a,b) = (m — a)D(r — 1,a, b) +m1§ <r; 1>D(k, a,b)

1 _mm[bJ+1 (7)
+2(b|+1-a) e BE
=mD(r—1,a—1,b—1)—aD(r —1,a,b), (8)
< r—1
B(r,a,f) = (m — a)B(r — 1,a,f)+m; < B >B(k,a,f)
©)]

r—1
r—1
+ mIE)( B )B(k,a,Af),

where 0° = 1 by definition,
Af(G) =G+ 1D —f()s
and all the expectations B are finite.

Remark 1 The same approach can be used to obtain similar relations for binomial
and hypergeometric distributions.

The following statement is a direct consequence of relations (7) and (4).

Corollary 1

E|X —m|’ = m(1 — 2F(m)) + 2((m — |m])* +2|m] + 1)5’“%,
E|X - m|® = (10m* + m)(1 —2F(m))+2<([m] +1-m)?
) _mm[mJ+]
+ 2m(20m — m]) +7LmJ+7—3m))e T

Notice that the cumulative distribution function F can be calculated, e.g., by the
built-in function ppois() in R or by the function scipy.stats.poisson.cdf() in Python.
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In order to validate the formulas of the corollary, we ran the following simple simu-
lation. For each considered value of m, we computed E|X — m|” for r = 3 or 5: by the
formulas of Corollary 1; by direct computation

1,000,000
E|IX—m|" ~ Z |j — m|" exp (—m + jlog m — lfactorial(y)), (10)
J=0

where the Ifactorial function is the natural logarithm of factorial; and by the law of
large numbers (l.1.n.). In the last case, we calculated, for each value of r and m,

10,000 independent draws of m 1.12’1000 |Xj — m|", where X, X,, ... are independ-

ent Poisson random variables with mean m; and reported the empirical mean and
standard error among the draws. The computations were done in R v. 3.6.3. Thus,
64-bit reals were used, which corresponds to the precision of 15-17 decimal digits.
The results are shown in the following table, where the results of exact computations
are presented by 16 decimal digits, while the results for the 1.L.n. are presented as
empirical mean (7 decimal digits) + standard error (4 decimal digits):

m=0.1 m=12 m=123 m=123.4

r = 3, Corollary 1 0.1018096748360720 2.246710125237284 69.30382763917270 2188.950302642536

r =3, (10) 0.1018096748360720 2.246710125237284 69.30382763917289  2188.950302642802
r=731ln 0.1017273 + 0.00005931  2.245930 + 0.0007664 69.29764 + 0.01628 2189.144 + 0.4905
r =5, Corollary 1 0.2000180967483608 17.09916647992549 3616.415042490471 1087028.898973938
r=75,(10) 0.2000180967483608 17.09916647992548 3616.415042490486 1087028.898974066
r=>5,1Ln. 0.1996778 + 0.0003536  17.07592 + 0.01850 3614.712 + 2.189 1,087,175 + 531.8

The results of the computations justify the correctness of the formulas of Corollary 1.

Proof of Theorem 1 First, let us prove (7). By Proposition 1 in Borisov and
Ruzankin[2, p. 1660], we have the equivalences
E/X—-a)fX)] < 0o © EX'[f(X)] < 0 & E|Af(X)| <
& EX'Af(X)| < 0 & E|(X —a) ' Af(X)] < oo,

where the < sign means “if and only if”, A" means applying the A operator r times.
Hence, all the expectations B in (7) are finite. For r > 1, we have
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ik r—k
B af) = Z(] a)f(/)m’ ZZ() Ao n

i 4 <r_1> = a)f "f(/)m’ iz‘ <r—1>j"(—a)"‘"f(/')m"

= j=0 k=0 J!
_ i JG - a)’ FGm Z a(j —a)~ ' f(H)m
J= Jj=0 g
_ -1 1
= Z +1-a) 'f(] + Dm* —ae"B(r—1,a,f)
= J! (11

oo . _ r—1 . - i+1
I S R ) R

J=0 J!
_ 5 (r - 1> 5 G= GO+ _ iy 1 a0
k=0 J:
=m :; <r ; 1>e’"(B(k, a,f) + B(k,a, Af)) —ae"B(r — 1,a,f),
which proves (7). O

Relation (5) follows immediately from (9) with f(j) = 1. Analogously, (11)
implies (6).

Let us now prove (7). By (11), for r > 1, we have
O . 1-— r—1g; i+1—b },nj+l
"D(r.a.b) = Z G+ a)~'sign(j + )

1
j=0 /!

—ae"D(r—1,a,b) (12)
which proves (8). Notice that sign(j + 1 — b) # sign(j — b) for j = |b| only. Hence,
(12) equals

_ i (G + 1 —a)y'sign(j — byny*! N 2(|b] + 1 — a)~'mlbl+!
=0 J 1]

r—1 0 . X
_ r—1 G — a)sign —bm  2(|b] + 1 — ay~Im!bI+!
" ( ) 2 i ’ b

—ae"D(r—1,a,b)

—ae"D(r—1,a,b)
k=0

r—1
_ 21 b 1— r—1,.1b]+1
=mz<’ 1)@’”D(k,a,b)+ (Lb] + “,) N 4"D(r—1,a,b),
&\ K [b]!

which proves (7).
The theorem is proved.
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