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Abstract

Type-2 fuzzy sets (T2FSs) exhibit evident merits when it comes to representing the complex and high uncertainty, which has been
encountered in fuzzy optimization and multiple criteria decision making (MCDM) problems. Since T2FSs theory was proposed
by Zadeh in 1975, then a series of theories and methods were investigated by more scholars. Type-2 fuzzy aggregation operators,
contributing to the fundamental information fusion theory, have been paid more attention and applied to different areas during the
last two decades. In this paper, a survey of type-2 fuzzy aggregation and application for MCDM is carried out. We first review
some basic knowledge including definitions, operations, type reduction and ranking methods of T2FSs. Then the definitions and
properties of some main aggregation operators are introduced. Furthermore, some application categories under type-2 fuzzy
environment are given. Finally, we identify some existing shortcomings and point at future research directions on this topic.

Keywords Aggregation operator - Type-2 fuzzy sets - Multiple criteria decision making

1 Introduction

Decision making is a significant branch of management sci-
ence, which includes the selection problem, outranking prob-
lem and sorting problem. Information fusion plays a vitally
important role in the process of decision making, among
which information aggregation operators are an effective and
widely concerned research direction (Beliakov 2003; Eriz
2007; Calvo and Beliakov 2010; Mardani et al. 2018). It in-
volves the fields including recommender system (Qin 2017),
investment management (Ma et al. 2016) and supplier selec-
tion (Zhang 2018; Qin and Liu 2014). In order to handle the
high complex uncertain problem, the type-2 fuzzy sets
(T2FSs) was developed as an extension of type-1 fuzzy sets
(T1FSs) (Zadeh 1975a; Zadeh 1975b; Zadeh 1975c). The no-
table difference between T2FSs and T1FSs lies in the two
membership functions in T2FSs, i.e. the primary membership
function (PMF) and the secondary membership function
(SMF). In addition, since an interval type-2 fuzzy sets
(IT2FSs) have the apparent merit in information
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representation and comprehensibility, many scholars paid
more attention to the theory and application of IT2FSs. The
former mainly includes the type reduction method (Karnik
and Mendel 2001; Liu and Mendel 2011), ranking method
(Wu and Mendel 2007a; Chen 2012; Sang and Liu 2016),
aggregation operators and other knowledge (Mendel and
John 2002; Mendel et al. 2006; Wu and Mendel 2007b), and
the later mainly involves the multiple criteria decision making
(MCDM) problems (Wu and Liu 2016; Kundu et al. 2017,
Qin et al. 2017). Type-2 fuzzy aggregation operators, as a key
technique, have been investigated by many scholars.

In the literature, we collect 61 references about this topic,
the relationship between numbers of papers and year can be
shown in Fig. 1. Several different families of type-2 fuzzy
aggregation operators have been presented in Table 1 and
the distribution of papers is displayed in Fig. 2. However,
there is a lack in the previous studies concerning the system-
atic review of type-2 fuzzy aggregation operators. In this pa-
per, we will handle this problem and further present the future
research directions. Considering the situation, the weights and
attributes represented by IT2FSs, the linguistic weighted av-
erage (LWA) operator was developed and have better applica-
tion in hierarchical decision making (Wu and Mendel 2007b;
John et al. 2018). Zhou et al. (Zhou et al. 2008; Zhou et al.
2010) proposed the T2FS ordered weighted averaging (OWA)
operator, which can aggregate directly the linguistic
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preferences provided by decision makers (DMs). Based on
triangle norm operations, triangle interval type-2 fuzzy
Frank weighted averaging (TIT2FFWA) operator and triangle
interval type-2 fuzzy Frank geometric average (TIT2FFWG)
operator were developed (Qin and Liu 2014). Based on the
non-negative trapezoidal IT2FNs, Wang et al. (Wang et al.
2015) put forward a family of information aggregation oper-
ators, i.e. trapezoidal interval type-2 fuzzy arithmetic averag-
ing aggregation operator (TIT2AA), trapezoidal interval type-
2 fuzzy ordered weighted averaging aggregation operator
(TIT20WA) and trapezoidal interval type-2 fuzzy hybrid
weighted averaging aggregation operator (TIT2ZHWA). In or-
der to describe the interaction between any two aggregated
information, the Bonferroni mean was extended into different
environments as a result of the characteristic of combining
averaging and “anding” operator (Liu et al. 2017; Gou et al.
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2017). Gong et al. (Gong et al. 2015) extended Bonferroni
mean operator into the interval type-2 fuzzy environment
and named them as trapezoidal interval type-2 fuzzy geomet-
ric Bonferroni mean (TIT2FGBM) operator and trapezoidal
interval type-2 fuzzy weighted geometric Bonferroni mean
(TIT2FWGBM) operator. Other type-2 fuzzy aggregation op-
erators were presented such as interval type-2-dependent or-
dered weighted averaging (IT2DOWA) operator and interval
type-2 power averaging (IT2PA) operator (Ma et al. 2016).
Wu and Liu proposed interval type-2 fuzzy weighted geomet-
ric averaging (WGA) operator and interval type-2 fuzzy com-
bined weighted geometric averaging (CWGA) operator (Wu
and Liu 2016). Based on multi-granular linguistic environ-
ment, 2-dimension interval type-2 trapezoidal fuzzy ordered
weighted average (2DIT2TFOWA) operator and quasi-2-
dimension interval type-2 trapezoidal fuzzy ordered weighted

Table 1 Type-2 fuzzy
aggregation operators and

Type-2 fuzzy aggregation operators

References

corresponding references
Type-2 fuzzy LWA

Type-2 fuzzy OWA

Interval type-2 fuzzy arithmetic average
Trapezoidal interval type-2 fuzzy generalizing weighted average
IT2F weighted averaging (IT2FWA) operator

TIT2FFWA and TIT2FFWG
TIT2AA, TIT20WA, TIT2ZHWA
TIT2FGBM and IT2FWGBM

Interval type-2 fuzzy WGA, Interval type-2 fuzzy CWGA,

STIT2FHM and WSTIT2FHM
IT2DOWA and IT2PA

2DIT2TFOWA, quasi-2DIT2TFOWA
TIT2FWA, GTIT2FWA, TIT2FOWA, GTIT2FOWA,

TIT2FHA, GTIT2FHA
type-2 fuzzy Choquet integral

type-2 fuzzy Sugeno integral

(Wu and Mendel 2007b; John et al. 2018)
(Zhou et al. 2008; Zhou et al. 2010)

(Lee and Chen 2008; Chen and Lee 2010)
(Bustince et al. 2013)

(Andelkovic and Saletic 2012)

(Qin and Liu 2014)

(Wang et al. 2015)

(Gong et al. 2015)

(Wu and Liu 2016)

(Qin 2017)

(Ma et al. 2016)

(Wu et al. 2017)

(Zhang 2018)

(Havens et al. 2010)
(Bustince et al. 2013)
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Fig. 2 The distribution of papers of type-2 fuzzy aggregation operators across journals

average (quasi-2DIT2TFOWA) operator were developed (Wu
et al. 2017). To consider the interaction among all the aggre-
gated information, Qin presented the interval type-2 fuzzy
Hamy mean (HM) operators, i.e. symmetric triangular interval
type-2 fuzzy Hamy mean (STIT2FHM) operator and weight-
ed symmetric triangular interval type-2 fuzzy Hamy mean
(WSTIT2FHM) operator, which was applied to the tourism
recommender system (Qin 2017). Zhang presented some trap-
ezoidal interval type-2 fuzzy aggregation operators, such as
trapezoidal interval type-2 fuzzy weighted averaging
(TIT2FWA) operator, generalized trapezoidal interval type-2
fuzzy weighted averaging (GTIT2FWA) operator, trapezoidal
interval type-2 fuzzy ordered weighted averaging
(TIT2FOWA) operator, generalized trapezoidal interval type-
2 fuzzy ordered weighted averaging (GTIT2FOWA) operator,
trapezoidal interval type-2 fuzzy hybrid averaging
(TIT2FHA) operator, and generalized trapezoidal interval
type-2 fuzzy hybrid averaging (GTIT2FHA) operator
(Zhang 2018). Except from these type-2 fuzzy operators,
some operators were developed based on the fuzzy measures
and fuzzy integrals, such as type-2 fuzzy Choquet integral and
Sugeno integral (Havens et al. 2010; Bustince et al. 2013).
More relevant type-2 fuzzy operators can refer to other litera-
tures (Lee and Chen 2008; Andelkovic and Saletic 2012;
Chen and Lee 2010; Wang et al. 2012; Li et al. 2018).

This paper is organized as follows: in Section 2, we intro-
duce some basic knowledge on I2FSs, which are comprised of
the definitions, operations, type reduction method and ranking
method. Section 3 summarizes type-2 fuzzy aggregation op-
erators and their advantages and disadvantages. Furthermore,
some application fields with regard to type-2 fuzzy aggrega-
tion operations are reviewed in Section 4. Finally, Section 5
discusses the current challenges and outlines future research
directions on type-2 fuzzy aggregation operations.

2 Type-2 fuzzy sets and basic knowledge

In this section, we first introduce some basic knowledge about
information aggregation function. Then type-2 fuzzy sets, op-
erations, type reduction approaches and ranking methods are
reviewed. The basic theories are shown in Fig. 3.

2.1 Information aggregation function

Definition 1 (Eriz 2007) The information aggregation function
£:10,1]" — [0, 1] (n>1) should satisfy the following

properties:

(1) £0,0,-,0)=0and 1, 1,, 1)=1;
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Fig. 3 The graphical
representation of type-2 fuzzy
basic theories

(2) Ifx<y, then fix) <Aly) for Vx, y € [0, 1]"

wherex, yare two inputs vectors. The above aggregation func-
tion can deal with the problem of the same input components.
In order to handle any number of arguments, the extended
aggregation function is defined as follows:

Definition 2 (Eriz 2007) The extended aggregation function,
as a mapping, is defined as follows:

F: U

0,1]"
ne{1,2,-~-}[ A=

[0,1]

The aggregation functions are divided into four categories:
averaging, conjunctive, disjunctive, and mixed ones. Let us
introduce the corresponding definitions.

Definition 3 (Eriz 2007) An averaging aggregation function f°
should satisfy the following relationship for any x:

min(x)<f(x) <max(x)

Definition 4 (Eriz 2007) A conjunctive aggregation function f
should satisfy the following relationship for any x:

f(x)<min(x) = min(xy,x2, "+, %)

Definition 5 (Eriz 2007) A disjunctive aggregation function f’
should satisfy the following relationship for any x:

f(x)>max(x) = max(xy,x2, """, X,)

The mixed aggregation function is not the above any one,
which includes the different behavior types for different parts
of the domain.

In general, some aggregation operators could satisfy the
following properties (Eriz 2007):

@ Springer
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Property 1 (Idempotency) If the input information is the same,
viz. x=(t,t, ", 1), t€[0, 1], then the aggregated result is the
same as the input information f¢, ¢, ---, f) =¢. We call this ag-
gregation function f'idempotent.

Property 2 (Symmetry) There is a collection of input informa-
tion. If we exchange the position of input information in a
permutation, then the aggregated result is left unchanged.
The aggregation function f'is symmetric if it satisfies the fol-
lowing relationship:

S (x5, 00, %) :f(xP(l)axP(2)7 '“axP(n))

Where the P(1), P(2), -+, P(n) is some other permutation of
1,2, -, n

Property 3 (Monotonicity) If the input information is mono-
tonically increasing (decreasing), then the aggregated result is
also monotonically increasing (decreasing).. The aggregation
function fis monotonicity if it satisfies the following relation-
ship:

x<y—f(x)<f(y).forvx,yel0, 1]

Property 4 (Boundness) The aggregated result is bigger than
the minimum of all the input information and smaller than the
maximum all the input information. The aggregation function
fis bounded if it satisfies the following relationship:

Jf (min(x)) <f(x) </ (max (x))
2.2 Definitions of Type-2 fuzzy sets
For the definitions of type-2 fuzzy sets, some scholars present-

ed their individual opinions, see Table 2. Next, we introduce a
representative one.
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Table 2  The definitions of type-2 fuzzy sets available in research studies
Authors Definitions of type-2 fuzzy sets
Mendel and John (Mendel and For given a type-2 fuzzy sets A associated with universe of discourse X and J, € [0, 1], then

John 2002) A={(x,u), patx, )| VxeX,ueJ, 0< ualx, u) < 1}
Mo et al. (Mo et al. 2014) Let X be a universe of discourse, and C(/) be the set of all non-empty subsets defined on unit

interval /, then A = {(x, u,z)|VxeX, YueLeC(2'),z = /L% (=, u)e[}
Mendel et al. (Mendel et al. 2016) Let X be a universe of discourse. A type-2 fuzzy set A = {(x, u), pus(x, u)| Vxe X,u [0, 1]}
can be represented by type-2 membership function gu4(x, u)
Definition 6 (Mendel and John 2002) For a given type-2 fuzzy Kk Mooy o
set A associated with universe of discourse Xand J,[0,1],A %= kzl Zl (Xt i)
. =1n= s Ukn
is defined as follows:
and

A= {(x,u), py(x,u)|VxeX, ued,, 0< u, (x,u) <1} (1)

The other representation is shown as follows: {u, o, v} lf T

1 . {uzl,uzzy"',uzm}’lfx:xz
My, (x) - Lx - .
A = xeXJueJXNA(xa u)/(xa u) 3
{ukr,uga, = ugn, },if x = xx
- xeX(.[ueJx:U’A(xv u)/(x, u))/x <2)
. . . and

where J, is denoted as the primary membership at x, and [, I,
fea (x, 1)/ (x, u) means the secondary membership at x. || rep-
resents the union over all admissible xand . Jcan be replaced an,ifx =xi,u = up
by > when dealing with discrete spaces. The graphical repre-
sentation is shown in Fig. 4. ar,,if x = x1,u = uy,

Based on the idea of set theory, Mo and Wang proposed ar, if X = Xp,u = Uy
discrete T2FS, as a special representation (Mo and Wang 2y ) = e
2017). The definition on discrete T2FS is given as follows: H WX H) = AN, If X = X2, u = Uy,
Definition 7 (Mo and Wang 2017) Assuming w is a discrete ag, if x = xg,u = ug
T2FS, for X= {x1,x,, -**, xk}, then w and associated with its
primary membership function L, and secondary membership AKN > I X = XK, U = Ugng
function are represented by
Fig.4 A general type-2 fuzzy sets Z A

1
u,(x,u)
X X

@ Springer



22

J. of Data, Inf. and Manag. (2019) 1:17-32

Fig. 5 The discrete T2FS 1

The graphical representation is shown in Fig. 5.

Definition 8 (Mendel and John 2002) Let A be a type-2 fuzzy
set in the universe of discourse X represented by a type-2
membership function ps(x, u). If all p(x, u) =1 holds, then
itis denoted as an interval type-2 fuzzy set (IT2FS) in Fig. 6. It
is a special case of type-2 fuzzy set, which can be described as
follows:

A = xeXJueJxl/(L u) = lxex (.[llEJxl/(-xv u))/x (3)

where J, is denoted as the primary membership at x, and ) uel,
1/(x,u) means the secondary membership at x.

Fig. 6 The FOU of an IT2FS A

IL[A

uf) (x,u)

Definition 8 (Mendel and John 2002) For given an IT2FS A
with a universe of discourse X shown in Fig. 5, the footprint of
uncertainty (FOU) is defined as follows:

FOU (A) — U Jy 4)
xeX

where J, is denoted as the primary membership at x.

2.3 Operations of type-2 fuzzy sets

In this section, we introduce some operations of T2FSs.

Definition 9 (Karnik and Mendel 2001) Let A and B be two

T2FSs defined on the universe of discourse X, their primary
membership functions are defined as:

UMF(A)

FOU(A)

LMF(4)  ——p\.

@ Springer
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Sx(u)/u

<(w)/w

po(x)=If
(5)
e

0 =l

where u, w € J,, then the union and intersection operations are
defined as:

Union g (x) = ey ulf o (u)Ag (w)]/ (uvw) (6)

= lues Julf () ng (W) / (urw) -~ (7)

Intersection 1. _(x
" B( )

when A and B are two IT2FSs, the above two operations can
be simplified as follows:

It is noted that the operations of T2FSs do not satisfy ab-
sorption, distribution and identity.

Definition 11 Letj = (AJr,A_) and E = (FL,[{) be two

TralT2FSs, the graphic representation of a TraIT2FS A is
contained in Fig. 7. The arithmetic operations are defined as
follows:

1. Addition operation (Chen 2012)

Ao (A* A’)e;(é*.é’)

n ~(x) _ ﬁ~ (X)Vﬁh (x)’ﬁ~ (X)Vﬁh (X) (8) <a11+b“ a12+b12 a13 +b13 alMerﬁ,mm(hJr h+>)
AuB A B B A B
<“11 b1y, dy + by agy + by, dyy + by min (h s~
X) = X)A (x), 1 AL 9 A B
)= | () 0.1 ()] )
(11)
Obviously, the results shown above can be easy extended 5 Subtracti o0 (L d Chen 2008
to the case of multiple T2FSs. - Subtraction operation (Lee an en )
Regarding to complementary operation, it is defined as:
(1) -~
ue 10 Tz + -
pel) = JJ‘l 10 Zop - (A A>@<B B> (12)
+ +
Definition 10 (Karnik and Mendel 2001) The operations of (an 14, a0y, a3 =biy, afy=bi; min (h =, h :)>
T2FSs satisfy the following properties: A_ li
ANB = BNA,AUB = BUA (all 140 A1~ byg, a3 hyy, 4y blhmln(h;vh;))
(ANB)NC = AN(BNC), (AuB)uC = Au(BuUC)
AVA=AANA=A
(AU B)C — ASNBC, (AN B)C — ACUEC 3. Multiplication operation (Lee and Chen 2008)
Fia. . .
ig.7 The gra]ihlc representation 7 ( x) N
of a TralT2FS A
m(A")
m(A")
n(A")
n(A)
0 > X

a Gy

a4y iy 4y a,
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T 7 R ot -
ARB = (A JA )®(B ,B )

(afr1 X bﬁ,afrz X bfrz,afg X b,g,am X b]ﬁ;min (h%,h%>>A
= A B
(al’1 X biy,a, X by,a;3 X by ay, X byy;min| h~, h~
A B

(13)

4. Multiplication by real number operation (Chen 2012)

e

T
(kan, kal,, kaly, kay; hf) ,

kA = A (14)
(ka11 Jkay,, kay, kay; h~>
A
5. Power operation (Chen 2012)
A A A A
- ((“Tl) (al3)" (al3)" () ’hj>’
A = A (15)
_ SNA A A
<(“11) (@) ()" (ary) ’hf>
A
6. Radical operation (Kahraman et al. 2014)
+
— \n/ ap \n/ a1 \"/ safi/algh= |,
A= 4 (16)
VAN @i/ as/ g h=
A
Table 3 KM algorithm for IT2FSs

2.4 Type reduction of type-2 fuzzy sets

Calculating the centroid of a type-2 fuzzy sets and reducing a
type-2 fuzzy sets to a type-1 fuzzy sets are operations that
must be taken into consideration. From the representation the-
orem for IT2FSs, we introduce the Karnik—Mendel (KM) al-
gorithms for type reduction of type-2 fuzzy sets.

Definition 12 (Karnik and Mendel 2001) The centroid of

IT2FSs A is the union of the centroids of all its embedded
T1FSs ¢(A,), which is defined as:

cW=gem-fo@e®) 0

where

c (A) =minc (A,) = min ] (W) (18)

VAe A ,-:19,‘
Voie [ (i), (i)

A A

cr (A) =maxc (A,) = max } <M) (19)

VA, A iZIOi
Ve | i (i) (xi)

A A

c (A) and c, (A) can be computed by the iterative KM
algorithm presented in Table 3.

Liu and Mendel (Liu and Mendel 2011) proposed a con-
tinuous KM for the direct centroid computation of IT2FSs,
which can transform the centroid computation into the Root-
Finding problems shown in Fig. 8.

Assume that all the x; are different, and they are bounded in

[a, b], wherea = min {x;},b = max {x;}, which denote
1<i<N I<isN

the smallest and the largest sampled values of x, respectively.

Step KM Algorithm for ¢,
_ - v X0
= min ==
Vo [/l,ﬁ (x,),/A,/li" ().‘,)} Zi:l 01’

KM Algorithm for ¢,

Cp = max N o
vore 1 o) )] Zim1 0

Initialize 6, by setting §; = {ug () + ul ()] /2i= 1,2, N
Compute ¢ = c(61,60,, ", 0y) = Zl’.\;lxlﬂ,-/ZLH[
2 Find ksuch that x; <¢ <xp.;
3 Wheni<k 6; = pf (x)
i>k+ 18, 0, = u/% (x;), then compute
- Zfi, xipf (xi HZL/H xipdh ()

C[(k) - T

Sl G+ ik ()

4 Check if ck)=c. If yes, stop and set L = kand ¢,(k) = ¢;.1f no, go to Step

5.
5 Set ¢ = ¢/(k) and go to Step 2.

When i <k, 0; = i (x;)
izk+1,6; = uf (x;), then compute
Xk ()X, ()
er(k) = S (o) + 2, 1Y ()
Check ifc(k)=c.If yes, stop and set R = k and ¢,(k) = ¢,.If no, go to Step
5.

Set ¢ = ¢,(k) and go to Step 2.
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vy A y=¢; ()
KM algorithm
o >
1P O PO ¢ i
(@
y A
N-R method

g

ik L i

(b)

y=c (1D
- >
LR SO !
(©)
y A R
y== (D
- —— >
L 1E i

(C)

Fig. 8 KM algorithm and Newton—Raphson method. (a) and (b) Computation of ¢;=&,. (c) and (d) Computation of ¢, =&,

Then, the continuous versions of (20) and (21) are:

Iixﬁ/i (x)dx + IZXMA (x)dx

e ger[l“ig] 7= fg[l‘%] 7 (x)dx+ Igﬂ,(x)dx 20)
A A
@mmw+@@mﬁ
¢, = max Cr(g) A A (21)

= max
¢ela,

¢elad) I\ L ()dx + IEE (x)dx
A A

Theorem 1 (Liu and Mendel 2011) (a) Let ¢;=c/(£") be the
unique minimum value of (22), and £* is the unique simple
root of the monotonic increasing convex function:
3 _ b
(&) =L (e (x)dx+ (6= (x)dx (22)
Furthermore, £ is the fixed point of c(£) with £ = ¢,(£), so
that

* *

C[ZCZ({):S (23)

(b) Let ¢, = (£") be the unique maximum value of (23),
and £ is the unique simple root of the monotonic decreasing
convex function:

0(E) = (e (o6 (x)ax (24)

A

Furthermore, £ is the fixed point of ¢(€) with £ = c (&),
so that

(25)

2.5 Ranking methods for type-2 fuzzy sets

The ranking of type-2 fuzzy sets is another basic topic on the
agenda of computing with type-2 fuzzy sets. Not surprising,
there have been a number of different ranking methods. Wu
and Mendel proposed the KM centroid ranking method,
which is the common ranking method associated with low
computation complexity (Wu and Mendel 2007a). Chen pre-
sented the signed-based distance ranking method in virtue of
directed distance, i.e. signed distance (Chen 2012). Sang and
Liu developed a new ranking method based on the
possibilistic mean and variation coefficient, which is more
effective in terms of comparing symmetric IT2FSs (Sang
and Liu 2016). In what follows, we present the KM centroid
ranking method and signed-based distance ranking method.

Definition 13 (Wu and Mendel 2007a) For given an IT2FS A,
we obtain the ranking value C (A) using the following expres-
sion:

(26)
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For any two IT2FSs A and B, we can employ the ranking
value to compare them:

1) Ifc( )> (B) thenA>B;
2) Ifc(A) = (E) thenA~B;
3) Ifc(~) < C(E’) thenA<B.

Definition 14 (Chen 2012) Let A be a non-negative IT2FS
defined on the universe of discourseXand A = [A%,AV] =
[( f,az,a3,a4,hL) (a%’,aé’,aé’,ai’;hg)] (hixjio ), the
signed distance from A to 0™ is expressed as follows:

d(A,())

where 07 is a reference point map onto the y-axis at x =0.

20y + 304 oy, ARY -3,

T ) + M )| (27)

1
:§[a§+ag+a§+a§+

For any two IT2FSs A and B, we have the following order
relationship:

1) Ifd (A, 6) >d (B, 6) , then A is better than or preferred to
B, denoted byA>B;

2) Ifd (A7 6) =d (B, 6) , then the preference relation be-
tween A and B is indifferent, denoted byA~1~5’;

3) d(A,0) < d(B,0), then A is worse than or less preferred
to B, denoted byA<B.

Furthermore, the concept of ranking values of trapezoidal
interval type-2 fuzzy sets is proposed by Lee and Chen as
follows (Lee and Chen 2008):

Definition 15 (Lee and Chen 2008) Let A; be an IT2FS, where
A= (A0 A = [(af,ada e i (4]), 12(2]))
(alLl,alL2 ,ak,a 14,H1(A ) HZ(A ))] The ranking value

Rank( A

Rank <A i)

;) of the TrIT2FS ;\,» is defined as follows:

) i) ) )

+M3<A,.U) +M3<~I-L> (S1< >+Sl( L) ’

i) (1) o @) 5 (1) 5(3)

+s4<~f> o <f/> +H, (A‘.> +H, (A > +H, <AL>)
(23)

where Mp<A{> B (a +a,(p+1 >/2’ l=p=3; 8 (AO

= \/ (a1t a{k) JH, (Af) denotes the member-
ship value of a{(p ey in the trapezoidal membership function

Al 1<p<2,je{U,L}, and 1<i<n.
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In Eq. (28), the sum ofMl( ) Ml( )Mz( )

Mo (A1) s (A7), s (21) 11 (A7) 11 (21) 12 ()
,Hz(Ai) represent the basic ranking score, where we deduct
the average of S (;\U) 81 (A ) S> (Al ) SZ(A ) S3

( ) S3( ) S4( ) S4( ) from the basic ranking
score to give the dispersive IT2FS a penalty, where 1 <i<n.

3 Type-2 fuzzy information aggregation

In this section, we review some basic type-2 fuzzy information
aggregation operators, such as interval type-2 FWA, interval
type-2 fuzzy OWA, interval type-2 fuzzy BM, interval type-2
fuzzy MSM and interval type-2 fuzzy HM, respectively.

3.1 Interval type-2 fuzzy FWA

The fuzzy weighted average (FWA) has great influence on the
type-2 fuzzy logic theory and multi-criteria decision making
(Wu and Mendel 2007a; Liu et al. 2012; Liu and Wang 2013).
Therefore, it is significant to have a grasp of the FWA.

Definition 16 (Dong and Wong 1987) For given fuzzy num-
bers X; and W,, the FWA is expressed as follows:

Y XiWi
Yiwa =55 —— (29)
Y Wi

The computation methods for obtaining FWA were inves-
tigated by many scholars, which mainly include Dong and
Wong’s algorithm based on «a-cuts and an a-cut decomposi-
tion theorem (Dong and Wong 1987). In order to reduce the
computational complexity, Liou and Wang proposed the im-
proved FWA (IFWA) algorithm (Liou and Wang 1992). Lee
and Park presented the efficient FWA (EFWA) algorithm to
decrease the numbers of iterations (Lee and Park 1997). In
addition, some literature focuses on Karnik Mendel (KM)
algorithm and its extension, such as (Liu and Mendel 2008;
Wu and Mendel 2009). In terms of analytical solution for the
FWA, Kao and Liu (Kao and Liu 2001), Liu et al. (Liu et al.
2012) and Liu and Wang (Liu and Wang 2013) express their
individual opinions, which have good structure and simple
computation. In order to exploit the advantages of computing
with words, Wu and Mendel proposed the LWA based on
IT2FSs, which is an extension of the FWA (Wu and Mendel
2007b).

Definition 17 (Wu and Mendel 2007b) For given two IT2FSs
X, and W;, the LWA is defined as follows:
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YLWA = 7 (30)

It is noteworthy that the aggregation result ¥y, is an
IT2FS, which can be computed using the LMF Y,y and
UMF Y .

"X W;
Yiwa=  min Zi:,,l—w (31)
YW,e [W,,W,] =14
_ " XW
Yiwa =  max Zlifiwl (32)
YW,e W,-,W,-] i=1 "1

In order to obtain the Y4 and Y w4, we can adopt the a-
cut based approach. The detail can refer to (Wu and Mendel
2007b; John et al. 2018).

3.2 Interval type-2 fuzzy OWA

Type-2 fuzzy sets provide an effective way to model uncertain
information and experts’ preferences in soft decision making.
And OWA operator is a kind of effective and applicable oper-
ator (Yager et al. 2011). The motivation for the type-2 OWA
operator is suggested to aggregate linguistic variables
modeled as type-2 fuzzy sets by the OWA mechanism.

Definition 18 (Zhou et al. 2008) Given IT2FSs {W,}’_, and
{)~( ,-}:;1, the membership function of an interval type-2 fuzzy
ordered weighted averaging IT2FOWA) is computed by:

Yimarowa

min (g 01, o (), s 91, gy ()

(33)

where W¢ and X7 are embedded T1FSs of VV,- and X i» Tespec-
tively, and o: {1,...,n} — {1,..., n} is a permutation function
such that {X,(1), X52), ***, X5(s)} are in descending order.

Observe that the bracketed term is a TIFOWA, and the
IT2FOWA is the union of all possible TIFOWAs calculated
from the embedded T1FSs of X; and W,. The Wavy Slice
Representation Theorem (Mendel 2008) for IT2FSs is implic-
itly used in this definition.

3.3 Interval type-2 fuzzy Bonferroni mean

When the decision information is relevant, the BM can deal
with this problem and has the good flexibility. Therefore,

Gong et al. (Gong et al. 2015). proposed the TIT2FGBM
operator and the TIT2ZFWGBM operator.

Definition 19 (Gong et al. 2015) For given a collection of
trapezoidal interval type-2 fuzzy numbers (IT2FNs) A; =
(47.47) = ((af,a%. a8, a4), (ah, ah, aly,a)) (i = 1,2,
-++, n) and the parameter p, ¢ > 0, the TIT2FGBM is defined as
follows:

TIT2FGBMPY (Al Ay, ,An)

1/n(n—1)

1 n
=——| ®
Ptalij=1

i#]

(pAiEBqA/) (34)

The TIT2FGBM can be employed to aggregate the IT2FNs
the result is also an IT2FN. This operator maintains the prop-
erties of idempotency, boundedness, monotonicity and com-
mutativity. When p and ¢ are equal to 1, the TIT2FGBM can
be reduced to trapezoidal interval type-2 fuzzy interrelated
square geometric mean operator. In consideration of different
weight of aggregated information, the TIT2ZFWGBM is
presented.

Based on the above definition, we have:

~ o~ ~ - U _L
TIT2FGBM1"”(A1,A2,”',An) — A= (A A )

where

U 1 n i i n i ;
A= M (paf+aa) | | 11 (pal+aa)

p+q Qj=1 Ptq ij=1
i#] 7]

1 ﬁ ( UL l’) 1 ﬁ ( Uy l/) in {n'}
—_— pag + qa;; ,— pay +qa; 3 min {A; )
Pl 3 73 P2 4 4 i=ln

i#] i#]
(35)
and
L 1 u 1 u
=g | L, Cohrad) | | L (o vod)
i#] i)
— ﬁ (pa"3+qa’.‘3) ; ﬁ (pa’;ﬁrqa';‘) ; min {h-L})
rpral;i=1 ! / Pl i=1 ' ! =Ly 2
i#] i#]
(36)
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Definition 20 (Gong et al. 2015) For given a collection of

IT2FNs A; = (A}, A7) = ((aY,dY,aY,dY), (a5, a5 ,dk,
ah))(i=1,2,--+,n) with corresponding weight vector
w=(wy, wa, -, w,)’, where w; €0, 1] and Yrowi=1
should be satisfied, andp, ¢ >0, the TIT2ZFWGBM can be

described as follows:

TIT2FWGBMP4 (Al Ay, -,An)
1/n(n-1)
1 n

Pty ij=
i#j

Similarly, we can obtain the same properties as
TIT2FGBM, for the detail referring to (Gong et al. 2015).

3.4 Interval type-2 fuzzy Maclaurin symmetric mean

The Maclaurin symmetric mean (MSM) is a classical gener-
alized symmetric mean that is an extended Bonferroni mean.
It can aggregate multiple related elements and overcome the
shortcomings of the relationship between each two elements
in Bonferroni mean (Xu and Yager 2011; Zhu and Xu 2013;
Zhu et al. 2012), which can solve the problem of related in-
formation aggregation to some extent.

The definition of the interval type-2 fuzzy Maclaurin sym-
metric mean (IT2FMSM) is as follows:

Definition 21

U TANYZ
((af{,ag,ag,a%,hi ), (afl,afz,aé,alﬁ,h[))(l =1,2,",n
be a collection of interval type-2 fuzzy set, and k=1,2, ***, n,
then the IT2FMSM can be defined as

Let A=(A/Af)=

IT2EMSM*) (A}, A3, -+, A,)

1
L s ga (38)
B Chicii<<ivsnj=1 ”

Based on the above definition, we have
IT2FMSM"Y (41,4, A,) = A = (AY,A") (39)

where

1 1

) 1 B ¥ 1 % ¥
U _ U U
A=l x na )\~ T Td),
C 1<ii<<iy<n j=1 C 1<ii<<iy<n j=1

1
* *
1 k 1 k
U v . o U
ey ma ) (e X Tl ) min {W0))
Cy1<ii< ~<iy<n j=1 G 1<ii<“<iy<n j=1 =12,
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1

1
i i
1 k 1 k
L L L
A" = ( 2 > I1 TN BN e ) ;| s
Ch1<i<~<iy<nj=1 Cy1<ij< ~<iy<n j=1

1 1

Loy ) (A s ) o)

- L) [— a | ;

ijlsi.<-~<ik§nj:1 B C§l§i|<'“<ik§nj:1 B ) iz U
(41)

In the process of information aggregation, we usually need
to consider the importance of every element, i.e. weight infor-
mation. Therefore, we give the definition of weighted interval
type-2 fuzzy Maclaurin symmetric mean (WIT2FMSM).

Definition 22 Let A(i=1,2, -, n) be a collection of type-2
fuzzy number, w = (wy, wo, **-, w)! represents the weight vec-
tor, where w; is the importance of A; satisfying w; € [0, 1] and
Z?lei =1.1If

WIT2FMSMY) (A, A5, -+, A,)

k
_\k ) _
1Si1<$~<ik§n (1 Zj:lw’/) ® Alj

= Chi

k

QR AM! k=n
=1

WITZFMSM‘%‘) is an interval weighted type-2 fuzzy
Maclaurin symmetric mean. Obviously, when w = (1/n, 1/n,
“+, 1/n)", WIT2FMSM is reduced to the IT2FMSM.

It should be noted that the WIT2FMSM satisfies the
idempotency property when the function of WIT2FMSM is
represented by using piecewise function, which is remarkable
feature difference between WIT2FMSM and other operators.

3.5 Type-2 fuzzy fuzzy Hamy mean

In order to represent the interrelationship among integrated
information, Qin proposed the interval type-2 fuzzy HM,
which is comprised of STIT2FHM operator and
WSTIT2FHM operator (Qin 2017). Compared with interval
type-2 FWA and interval type-2 fuzzy BM, the computing
complexity of interval type-2 fuzzy HM is lower than the
complexity of these two operators.

Definition 23 (Qin 2017) For given a collection of symmetric
triangular interval type-2 fuzzy numbers (STIT2FNs) A; =
(cAi,JAi,hA’,ZAI_)(i =1,2,---,n) and parameter k=1, 2,
-+, n, the STIT2FHM can be represented as follows:
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STIT2HM®) (Al A, ~~,A,,)

1
Di<ij<<ip<n (®];Ai,)k
= — (43)

n
(+)

The aggregation result is still a STIT2FN by using
STIT2FHM, and the STIT2FHM satisfies the properties of
idempotency, commutativity and monotonicity. For the de-
tails, the reader can refer to (Qin 2017). With regard to differ-
ent values of the parameter &, the STIT2FHM is called as
different operators, such as k=1 named symmetric triangular
interval type-2 fuzzy averaging (STIT2FA) operator and k=n
named symmetric triangular interval type-2 fuzzy geometric
(STIT2FG) operator. Considering that the weight of informa-

tion has a significant influence for aggregation, Qin defined
the WSTIT2FHM operator (Qin 2017).

Definition 24 (Qin 2017) For given a collection of STIT2FNs
Ai(i =1,2,,n) associated with the corresponding weight
vector w= (wy, wa, **°, w,,)T, where the relationships w; € [0, 1]
and )} ;w; = 1 hold, the WSTIT2FHM is defined as follows:

WSTIT2FHM ®) (Al Ay, ~7An)

Similarly, the aggregation consequence is still a STIT2FN
by using WSTIT2FHM operator. The relationship between
STIT2FHM and WSTIT2FHM is that the WSTIT2FHM is a
special case of STIT2FHM.

It is noteworthy that the most significant difference be-
tween type-2 MSM operator and type-2 HM operator lies in
the emphasized element. The former stresses the importance
of the whole element, but the later pays attention to the im-
portance of each element.

3.6 Type-2 fuzzy Choquet integral and Sugeno
integral

As another research direction in aggregation operators, fuzzy
measures and fuzzy integrals have been extended into differ-
ent environments, which can capture the interaction among
provided information and uncertainty present in the informa-
tion sources. The fuzzy integrals of interest are Choquet inte-
gral and Sugeno integral. Next, we introduce type-2 fuzzy
Choquet integral and Sugeno integral aggregation operators.

Definition 25 (Havens et al. 2010). Based on the idea, i.e.
Choquet integral with an IT2FN-valued integrand A produc-
ing an IT2FN, the FOU of C (H ) as the union of all C, (/)
can be defined as follows:

1
Brci<civen (17T, ) (@14 )’ FOU (Cy(H1)) = vy (1)) (45)
(I<k < n) 7
- (k ) where H/eFOU (H (x;)), forVi, j is embedded T1FN-valued
kot functions. Then we obtain
,®1 A (k=n)
i N -
| Co(f1) = 1/Fou(c,(i)) 46
44) ¢ / g (46)
Table 4  Applications of type-2 fuzzy aggregation operations
Applications Operator Papers
Supplier selection GTIT2FHA, TIT2FHA (Zhang 2018)
TIT2FGBM, TIT2ZFWGBM (Gong et al. 2015)
TIT2FFWA, TIT2FFWG (Qin and Liu 2014)

IT2FWA

Investment management

Car selection
Employment and hiring management
Tourism recommender system STIT2FHM, WSTIT2FHM

The health management information
system (HMIS)
Site selection

Paper evaluation process LWA

IT2PA operator, IT2DOWA operator

TIT2AA, TIT20WA, TIT2ZHWA

Interval type-2 fuzzy arithmetic average

Interval type-2 fuzzy OWA operator

Interval type-2 fuzzy WGA, Interval type-2 fuzzy CWGA,

2DIT2TFOWA, quasi-2DIT2TFOWA

Prioritised interval type-2 fuzzy aggregation operator

(Wang et al. 2012)

(Ma et al. 2016)

(Wang et al. 2015)

(Lee and Chen 2008; Chen and Lee 2010)
(Chen and Kuo 2017)

(Wu and Liu 2016)

(Qin 2017)

(Wu et al. 2017)

(Chen 2017)
(Wu and Mendel 2007b)
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The type-2 fuzzy Choquet integral satisfies the proposition
that the UMF and LMF of FOU (C,(H)) can be derived by
the Choquet integral on the individual functions on UMFs and
LMFs of the set H. The other proposition is that level-cut *
(u;Cq (HY) consists of two closed intervals between theUMF
and LMF of FOU (C,(H)).

Definition 26 (Bustince et al. 2013). For given information
source set X associated with its fuzzy measure u,., a IT2FS
[z, pnr] defined on X, the interval type-2 Sugeno integral for
1t 1s defined as follows:

S

(017027 .”70—11)

A1, hg] (47)
= Vil (N(low(xi), or(xi)], (12 (A), 1 (AD)]))

where 0<o;(x;)<o;(x;4+1)< " <o0;(x,)<1 and
0<0or(x) <or(xis 1)< <orlx,) < 1.

4 Applications of type-2 fuzzy aggregation
operations

As a flexible tool in representing human qualitative and sub-
jective cognitive aspects, the aggregation operations have
gained success in practical applications. Table 4 lists the recent
applications of these operations.

From Table 4, we can see that many type-2 fuzzy aggrega-
tion operations have been implemented addressing various
aspects of management in our daily life. Especially, this con-
cerns supplier selection and investment management. For ex-
ample, the TIT2FHA, TIT2FGBM, TIT2FWGBM,
TIT2FFWA, TIT2FFWG and IT2FWA operators have been
applied to supplier selection problem. The IT2PA, IT2DOWA,
TIT20WA, TITHWA WIFMSM operators are widely used in
investment management. The OWA, CWGA, STIT2FHM,
2DIT2TFOWA, LWA operators were applied to employment
and hiring management, tourism recommender system and
others. It seems that numerous evaluation problems with qual-
itative assessment information can be solved by the fuzzy
decision-making approaches. With the promotion and devel-
opment of the research in type-2 fuzzy aggregation operations,
more and more practical problems could be solved by this
comprehensively qualitative tool.

Compared with application of type-2 fuzzy multiple criteria
decision making, the application range of type-2 fuzzy aggre-
gation operations is somewhat narrow. Considering the appli-
cation of type-2 fuzzy multiple criteria decision making, we
should extend type-2 fuzzy aggregation operations into these
MCDM fields, such as green supplier selection (Qin et al.
2015), human resource management (Abdullah and Zulkifli
2015), clustering (Yang and Lin 2009) and medical diagnosis
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(Own 2009). In general, these type-2 fuzzy aggregation oper-
ations are directly applied to group decision making, which do
not pay attention to combining with other multiple criteria
decision making methods or ranking methods. Therefore, we
can exploit the advantages of type-2 fuzzy aggregation oper-
ations and multiple criteria decision making methods or rank-
ing methods to make decision.

5 Summary and future research directions

Type-2 fuzzy sets exhibit merits in terms of describing higher
degree of ambiguity and uncertainty. In this paper, we review
type-2 fuzzy information aggregation operators and some ap-
plications to multiple criteria decision making. We have sum-
marized some essential fundamentals of type-2 fuzzy sets and
information aggregation function. The former is comprised of
the definitions, operations, type reduction and ranking
methods, and the later includes the characteristics, categories
and properties of information aggregation function. Next,
some representative type-2 fuzzy information aggregation op-
erators have been reviewed, such as interval type-2 fuzzy
FWA, interval type-2 fuzzy OWA, interval type-2 fuzzy BM,
interval type-2 fuzzy MSM, interval type-2 fuzzy HM along
with its extensions and properties.

The existing research have developed some different type-
2 fuzzy operators, which have been applied to many fields
such as supplier selection, investment management and rec-
ommender systems. The existing challenges and future re-
search directions are summarized as follows:

(1) The existing research focus on the aggregation opera-
tions of IT2FSs, but the general T2FSs has been paid
little attention. The zSlices method is adopted to deal
with the general T2FSs (Wagner and Hagras 2008;
Wagner and Hagras 2010; Bilgin et al. 2013; Kumbasar
and Hagras 2015). However, the research on information
aggregation operators of general T2FSs still constitutes a
big challenge. In addition, one can develop and propose
some interaction information aggregations which can in-
tegrate the Choquet integral into the process of informa-
tion aggregation. It will be a better information fusion in
multiple criteria decision making.

(2) Owing to the accuracy and lower computation complex-
ity, Liu et al. presented the analytical method to compute
the FWA (Liu et al. 2012). But there are no the analytical
solutions of IT2FSs aggregation. Therefore, this is a
noteworthy direction for the information aggregation in
the context of IT2FSs. If the interaction information were
proposed, we could present analytical solutions of these
operators.

(3) The existing aggregation operators on T2FSs do not con-
sider the problem of data driven. In order to aggregate
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objectively information, some IT2FSs aggregation oper-
ators based on data driven should be developed. For in-
stance, we should pay attention the integration the infor-
mation aggregation and granular computing (Pedrycz
and Song 2012; Yao et al. 2013; Cabrerizo et al. 2013).
We can establish the optimization model to maximize the
product of coverage and specificity to obtain the conse-
quence of information aggregation.

(4) Type-2 fuzzy information aggregation involves complex
uncertain information, as a powerful tool for dealing with
uncertain optimization, robust optimization should be
paid more attention (Ben 1998). In the future, the theory
about linear, non-linear, distributionally robust optimiza-
tion, and robust optimal regression should be applied to
type-2 fuzzy information aggregation to obtain the ana-
lytical solution associated with good analytical proper-
ties, which can further enrich and improve the type-2
fuzzy information aggregation theory. Other open ques-
tions and potential research directions in type-2 fuzzy
aggregation area are worthy to be discussed in future
research.
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