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Abstract
Parametric oscillators and parametric amplifiers are known for their ‘quiet’ operation and find new applications in quan-
tum circuitry. A Capacitor-within-Capacitor (CWC) is a nested electronic element that has two components: the cell 
(e.g., the outer capacitor) and the gate (e.g., the inner capacitor). Here we provide analysis and experiments on diode-
interfaced, CWC that exhibit parametric oscillations and parametric amplifications. By replacing the diode with a doped 
nano-graphene junction, we demonstrated a new structure whose doping may be electronically and chemically con-
trolled. Advantages of these elements are in their simplicity, large relative capacitance change (of the order of 50%), 
separation of pump and signal channels and possibility for large integration.
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1  Introduction

In equivalent circuit terms, capacitors may be connected 
in series (the overall capacitance becomes smaller than 
that of either capacitor), or in parallel (the overall capaci-
tance is the sum of individual capacitances) [1]. Capacitors 
may take a simple form, such as two parallel plates, or a 
more complex structure of interdigitated electrodes [2]. 
Recently, a third possibility, a capacitor-within-capacitor 
(CWC), was considered [3]. Specifically, one capacitor, the 
gate capacitor, electronically controls the capacitance of a 
cell capacitor. The gate may be nested inside the cell (inner 
gate structure) or outside it (outer gate structure). Such a 
concept is general and may be applied to dielectric and 
super-capacitors alike. If the electrodes are made of 2-D 
films, such as graphene; voltage controlled charge dop-
ing of either electrode may be achieved in a rather simple 
manner [4].

Electrical parametric oscillators have been known for 
a long time [5]. In an electrical parametric oscillator, a 

resonating circuit is interfaced with a nonlinear capacitor, 
or nonlinear inductor [6]. Modulation of the nonlinear ele-
ment by a pump source at frequency ωp and above some 
intensity threshold results in the generation of two fre-
quency components: the signal at ωs and an idler at ωi. 
Conservation of energy dictates that, ωp = ωs + ωi. When 
the signal and the pump are in phase (or, shifted by π radi-
ans), then ωs = ωi and the signal oscillates at half-frequency 
of the pump. Typically, a varactor, or a similar nonlinear 
capacitive element is used to realize the electrical circuit. 
Here, we take a somewhat different approach to realize a 
nonlinear capacitor (Fig. 1). One key advantage of para-
metric oscillators and amplifiers is their large signal-to-
noise ratio without compromising low noise levels. This 
makes them very attractive to modern quantum circuits 
[6]. The relative large capacitance change and structural 
simplicity lends itself to a relatively easy fabrication of 
integrated circuits.

The paper is organized as follows: the General Concept 
and Design Considerations are first described. Theoretical 
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Considerations and a model are provided in section II. 
Methods and Experiments are provided in section III. 
Experimental Results and Discussions for the oscillator 
and amplifier are provided in section IV followed by the 
Conclusion section.

1.1 � The general concept and design considerations

 Consider an inner CWC structure and its equivalent cir-
cuit (Fig. 1a–c). A diode, placed across the gate capacitor 
[Ref. 3 and its SI section] provides for a voltage controlled 
element. Using Fig. 1b one may focus on the inner RLC 
circuit of the gate. We note that the pump source, Vp, has 
an output resistance; typically, Rs = 50 Ohms (Fig. 1c). The 
AC Thevenin equivalent impedance seen from the output 
when Vp = 0, with Rs + ωpL >  > 1, and ωpC <  < 1 may be 
approximated as ZTH ~ (ZC1 + ZC3) + ZC2, where ZC1 is the 
impedance for the C1 capacitor and so on. In the ideal case, 
if the diode is forward biased, then its resistance is small, 
thus bypassing C2. As a result, and if the capacitors are all 
the same, ZF

TH ~ j/(ωpC/2). If the diode is reversed biased, 
then, ZR

TH ~ j/(ωpC/3). The large capacitance change occurs 
when the AC pump signal oscillates near the diode break-
in voltage (0.7 V for Si diode), or at the diode saturation 
voltage. Selection of the basic resonance pump frequency 
(in Hertz) is made through, (fp)2 = (ωp/2π)2 = (1/LC)/4π2. 
The amplification, and eventual oscillations will occur at 
fs ~ fp/2.

2 � Theoretical considerations and modeling

Besides nonlinearities near the break-in region, a typical 
diode circuit exhibits nonlinearity when biased with either 
large negative amplitudes (the Zener effect), or large posi-
tive amplitudes (saturation effect). The effect at large posi-
tive biases happens when a small effective resistor, R, is 

connected in series with a diode. This resistor could be 
the result of contacts or wires. The current–voltage equa-
tion for the circuit current becomes, Id = I = I0{exp[(V−I∙R)/
Vq)−1}, where I0 is the dark current, V is the input voltage 
and Vq = 26 mV at room temperature. For a large input 
voltage and small resistances, the term I∙R competes with 
the input V and the current becomes saturated. Thus, the 
transition from a quasi linear I–V curve to saturated curve 
is also a useful parametric oscillation region.

Let us look closely at the nonlinear capacitive response. 
An equivalent circuit model is shown in Fig. 1b. One may 
assume that the capacitance, C, between nearest pairs of 
plates is the same because the spacing and the dielectric 
materials are similar. As described before, the maximum 
nonlinear capacitance swing may reach 50%, between cell 
capacitance values of C/3–C/2 when the gate capacitor is 
either open or short.

We start with the nonlinear equation for a pumped 
capacitor [7]. We assume that the capacitance of the cell 
(namely, the outer set of electrodes) depends linearly on 
the shunt resistance across the gate within some resist-
ance region [3] : C(Rshunt) ~ C0(1−Rshunt/R0). Here C0 is the 
cell capacitance without the shunt gate resistance and R0 
is a constant. From the diode equation for small currents 
(namely, ignoring the saturation region of the circuit), we 
can write for the effective diode resistance as a function 
of Vp≡Vpump,

Combining, C(Vp) ~ C0(1−(Vq/R0I0)exp(−Vp/Vq). Finally, 
ΔC/C0 ~ (Vq/R0I0)exp[−(Vp0/Vq) sin(ωpt)]. As the voltage 
increases, the diode resistance decreases and the cell’s 
capacitance increases.

The signal is set to the resonant frequency of this cir-
cuit, ωs

2 = (1/LC). We write, C = C0 + ΔC = C0(1 + ΔC/C0) and 
L = L0−ΔL = L0(1−Δ L/L0) with ΔC/C0 <  < 1 and ΔL/L0 <  < 1. 

(1)Reff =
(

dI∕dVp
)−1

=
(

Vq∕I0
){

exp
(

−Vp∕Vq
)}

Fig. 1   a Schematics of the CWC. Four stripes of copper are 
placed one on top of each other and are separated by dielectric 
films. b The equivalent circuit. C–capacitor(s); D–diode; L–inductor. 

c Thevenin equivalent: Z2 is the capacitor impedance in paral-
lel with the varying diode resistance, and Zs is the sum of the  
source and inductor impedances
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Here L0 and C0 are associated with the non-modulated res-
onance frequency of the circuit. The nonlinear modulation 
of the gate between low and high shunt diode resistance 
affects the overall cell’s capacitance and leads to, first, 
amplification which is followed by oscillations. Note the 
choice of a plus sign to the capacitance change; the capac-
itance increases upon a positive pump swing.

The effect of L on the effective permittivity of the cell 
is expected to be smaller than the capacitive effect since 
magnetic dipoles are smaller than electric ones. In addi-
tion, the outer electrodes are well separated and form only 
a partial current loop. We will ignore it for the sake of sim-
plicity and write for the parametrization of the frequency 
through first order expansion,

This is to be compared to a more traditional parametric 
oscillator,

where b <  < 1 is a constant. Equation (2) collapses to Eq. (3) 
for small signals. Pumping at twice the signal frequency, 
ωp ~ 2ωs0 = 2√(1/L0C0) ~ 2ωs leads to a substantial signal 
gain and eventually to oscillations at the signal frequency.

Numerical results are shown in Fig. 2 for harmonic oscil-
lator type differential equation. The parametrized radial 
frequency of either Eq. (2) or Eq. (3) was found by using a 
Mathcad tool. Specifically,

Here, the radial frequency is related to the frequency 
as, ωs = 2πfs and κ is the loss coefficient. In this semi ideal 
case, the loss coefficient in the simulations was small but 
not zero. Larger loss coefficients decrease the intensity 
of the frequency component. The various coefficients for 

(2)ω2
s
≈
(

1∕L0C0

)(

1 − ΔC∕C0

)(

1 + ΔL∕L0
)

→

(

1∕L0C0

)

(1 −
(

Vq∕R0I0
)

exp
[

−
(

Vp0∕Vq
)

sin
(

ωpt
)]

)

(3)ω2
s
∼
(

1∕L0C0

)(

1 − bVp0 sin
(

ωpt
))

(4)d2y(t)∕dt2 = −�2
s
y(t) − �dy∕dt

the simulations were chosen such that Eq. (2) yields the 
same coefficients as Eq. (3) when expanding the exponent 
to first order of approximation. Specifically, when using 
Eq. 2: (Vq/R0I0) = 0.01, (Vp0/Vq) = 2, and when using Eq. 3: 
bVp0 = 0.02. In the case of diode interfaced circuit, higher-
order contributions give rise to a large gain in the signal. A 
fast Fourier transform (fft) module was used to assess the 
absolute value of the frequency components.

Boundary conditions for the simulations were: y(0) = 0 
and (dy(t)/dt)t=0 = 2πf0 = 2π0.55. The normalized pump 
frequency varies, but it is approximately twice f0, namely, 
fp ~ 1.1. With Eq. 2, the maximum gain is obtained with a 
somewhat lower or higher pump frequency than when 
using the pump frequency of Eq. 3. Specifically, in the 

case of a parametric oscillator that is driven according 
to Eq. 3, the maximum gain to the Fourier component is 
found with fp = 1.1, for which fs = 0.55. In the case of a diode 
interfaced circuit, the maximum gain to the Fourier com-
ponent is found with fp = 1.085 for which fs = 0.542 (Fig. 2). 
The experimental peak frequency also shifts as shown in 
Fig. 9 below.

In the simulations, a bandwidth of 0.4% of the central 
pump frequency, or Q ~ 250 is noted. The effective parame-
ters, chosen for the comparison between Eqs. 2 and 3 favor 
a relatively narrow band; these parameters are translated 
to a large effective circuit resistance, R0.

Instead of looking at the leading Fourier component 
it might be instructive to watch the time evolution of the 
signal. A typical parametric oscillation, which is driven 
along with Eq. 3 would exhibit a monotonous, exponen-
tially growing amplitude (Fig. 3b). In the case of a diode 
interfaced circuit, higher order nonlinearities affect the 
kinetics of the amplitude. The amplitude of the signal first 
decreases and then increases (Fig. 3a). Eventually, and as 
observed in the experiments, its signal grows much faster 

Fig. 2   Models: the absolute 
value of the Fourier compo-
nent vs the normalized fre-
quency, f. a When using Eq. 2: 
(Vq/R0I0) = 0.01 and (Vp0/Vq) = 2. 
b When using Eq. 3: bVp0 = 0.02. 
The larger effect is observed 
for the highly nonlinear ele-
ment–the diode case (a)
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to provide a larger gain. Simulations also indicate that the 
amplitude minimum is shifting towards earlier times as the 
parameter Vq/R0I0 increases while keeping Vp0/Vq constant. 
Similar trend is exhibited if we keep Vq/R0I0 constant while 
increasing Vp0/Vq; for example by increasing the pump 
amplitude, or by decreasing the temperature (and, thus 
decreasing Vq = kBT/q, with kBT—the thermal energy and 
q—the electron charge).

If the capacitance decreases upon a positive pump 
swing, we may choose a negative sign for the capaci-
tance change. This is the case near the saturation 

region or when the diode direction is reversed. Hence, 
C = C0−ΔC = C0(1−ΔC/C0) and we get Eq. 5 below, 

For the simulations, parameters were selected as 
before: (Vq/R0I0) = 0.01 and (Vp0/Vq) = 2. Maximum gain 
is achieved with a slightly larger frequency than reso-
nance, fp = 1.115, and the signal is exhibited at fs = 0.558. 
The Fourier component is now 5 time larger than the one 
depicted in Fig. 2a and the minimum in the temporal 
growth has shifted to t = 0 (Fig. 4a).

(5)
ω2
s
≈
(

1∕L0C0

)

(1 +
(

Vq∕R0I0
)

exp
[

−
(

Vp0∕Vq
)

sin
(

ωpt
)]

)

Fig. 3   Normalized amplitudes 
of the signal as a function of 
normalized time for: a para-
metric frequency of Eq. 2 and 
b with parametric frequency of 
Eq. 3. In the harmonic oscillator 
equation (Eq. 4), the Normal-
ized Amplitude, y multiplies 
the square of normalized radial 
frequency of either Eq. 2, or 
Eq. 3. The normalized time is in 
units of 1/2πfp

Fig. 4   Models: a Time evolu-
tion and b absolute value of 
the Fourier component vs the 
normalized frequency, f when 
using Eq. 5: (Vq/R0I0) = 0.01 and 
(Vp0/Vq) = 2

Fig. 5   a A picture of the circuit. 
Four stripes of copper are 
placed one on top of each 
other and are separated by 
dielectric films. The circuit 
equivalent are provided in 
Fig. 1b, c. b I–V curve of Ge 
and Si diodes used in the 
experiments. A third Ge diode, 
whose I–V is similar to the Si 
diode, also enabled parametric 
oscillations. The output voltage 
Vout (Fig. 1b), is assessed with a 
spectrum analyzer (SA)
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3 � Methods and experiments

The CWC is made of 4 copper strips (plates), making an 
area of 12 mm × 12 mm when put across one another 
(Fig. 5a). They are separated by dielectric films (pieces 
of cut paper with slightly larger dimensions. The struc-
ture is held between two glass slides 25 mm × 25 mm 
by two clips. The inner gate, which controls the outer 
cell is operating at resonance with a quality factor of 
near unity. The capacitance is ca 0.014 nF and ca 0.04 nF 
between the outer plates and between the inner plates, 
respectively. The sinusoidal pump frequency is aimed at 
ca 1.06 MHz; the signal of this degenerate configuration 
is observed at ca 0.53 MHz (Fig. 6b). The 1N91 1DC723 
Ge power diode that connects the gate electrodes has 
a large reverse breaking voltage rating (VR > 75 V) and 
a negative break-in voltage (Fig. 6b). Parametric oscil-
lations can be observed with other Ge diodes, as well 
as with Si diodes (Fig. 5b), though at different DC bias; 
which is applied to gate electrodes. The entire circuit and 
layout are shown in Fig. 1c–d. A WaveTek frequency gen-
erator, an HP spectrum analyzer (SA) and HP oscilloscope 
are used to assess the input amplitude, the DC offset 
and the output spectrum. While the area of the capaci-
tor seems large one should note that the capacitance is 
quite small due to the distance between the plates. In 
addition, fringe effect are usually minimized when the 
capacitor’s area is relatively large. Finally, the concept 

is general and one may consider other structures, e.g., 
interdigitated capacitors. 

4 � Results and discussions

4.1 � Experimental results

As with other parametric oscillators, self-oscillation 
occurs beyond some pump threshold. In Fig. 6a we show 
the output signals just below the pump threshold; the 
pump amplitude is 1.8 Vp−p. The transmitted output is 
composed of only the pump frequency at 1.06 MHz. By 
increasing the pump amplitude to Vp−p = 2 V and with a 
DC bias of ca 0.1 V (Fig. 6b), two additional peaks appear: 
at 0.53 MHz and at 1.59 MHz, respectively. The first peak 
is the parametric oscillation at half the pump frequency; 
the second peak is located at the pump frequency and 
the third one is the peak for the sum frequencies of pump 
and signal, ω3p/2=ωp+ωs. The input pump peak intensity 
was directly measured on the gate (including the inductor 
and the electrodes’ capacitance) as −8.8 dBm for a 2 Vp−p 
amplitude. At threshold, the transmitted signal intensity at 
either ωs or ω3p/2 was ca −40 dB of the direct input pump 
intensity, or −20 dB of the transmitted pump intensity. 
This is not an optimized configuration: one may achieve a 
transmitted signal which is only 3 dB below the transmit-
ted pump. An intensity signal-to-noise ratio (SNR) of 40 dB 
is observed when increasing the input pump power by ca 

Fig. 6   a Just below threshold. 
The marker is at 1.06 MHz. b 
Above threshold. Seen is the 
pump at 1.06 MHz, the signal 
at 0.53 MHz and the sum of the 
signal and the pump frequen-
cies at 1.59 MHz. c The diode 
connection is reversed while 
retaining the same conditions 
as in (b). The oscillation may 
be recovered by applying a 
proper DC bias
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1 dB from just below (Vpump = 1.8 Vp−p) to just above thresh-
old (Vpump = 2 Vp−p). Figure 6c shows that the oscillations 
may be suppressed when reversing the diode connection 
while retaining the same pump conditions. This means 
that the polarity of the gate capacitor with respect to the 
polarity of the cell’s capacitor, matters. The oscillations may 
be recovered with a proper negative or positive DC bias.

Parametric oscillations rely on the nonlinearity of the 
diode resistance. At large DC bias, the diode exhibits 
a quasi linear I-V curve and its resistance is almost con-
stant (Fig. 5b). Likewise, when reversed biased, the diode 
exhibits a constant (and a very large) resistance. These two 
regions are not appropriate for parametric oscillations. The 
diode’s largest nonlinearity are near the break-in (forward 
bias), break down (reverse bias) and before the saturation 
(large forward bias) regions. For a sinusoidal pump ampli-
tude of < 2 Vp−p, the DC bias range for the Ge diode shown 
in Fig. 5b is between ± 0.1 V and is optimal for ~ 0 V.

Parametric oscillations may be observed for the 
above conditions when the pump frequency is scanned 
between f = 0.45to f = 1.25 MHz. Within that frequency 
range one may observe a rich spectra of sub-harmonics, 
high pump-frequency’s harmonics, as well as combina-
tions between them all (Fig. 7c). Based on that opera-
tional frequency range (or, bandwidth), the quality factor 

from the pump point of view, Q = ωp/Δω=2πfp/2πΔf is 
of order 1 (with ωp chosen at the bandwidth center). The 
quality factor is also related to the resistance, capaci-
tance and inductance as, Q = R√(C/L). From the gate 
point of view, a gate capacitance of ~ 0.04 nF and induct-
ance of 0.22 mH has an effective resistance of, Reff ~ 2.3 
KOhms. The impedance of the Ge diode in reverse DC 
bias is Rr = 1.5 KOhms.

Fig. 7   a, b Positive or negative 
DC offset may suppress the 
oscillations. c Full spectra with 
harmonics, sub-harmonics 
and related combinations 
when the pump frequency is 
at 0.475 MHz. Note that the 
pump power is smaller at this 
lower end of the bandwidth. 
Here, the DC bias was ~ 0 V

Fig. 8   Higher pump frequencies and broader signals are associ-
ated with a larger pump intensities. The signal-to-noise ratio (SNR) 
is 60 dB
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What happens if we increase the pump amplitude 
by 10 times its previous value, say to 20 Vp−p or, 20 dB 
larger than the power threshold? Indeed, the transmit-
ted pump intensity increases by 20 dB (from −30 to −10 
dBm); yet, the transmitted signal increases by 30  dB 
(from −50 to −20 dBm (Fig. 8). The SNR of the signal is 
now 60 dB and its peak intensity is only 10 dB below the 
transmitted peak pump power. As mentioned before, the 
transmitted signal may reach −3 dB of the transmitted 
pump at optimized conditions.

Figure 9 shows a pump peak-shift as the pump inten-
sity increases. Clearly, the pump frequency is up-shifting 
up to the point of oscillation. Similarly, upon changing the 
value of the inductor from L = 0.22 mH to L = 0.56 mH 
the pump frequency is down-shifted (not shown).

4.2 � Ground considerations

 If one connects the first and third (negative) electrodes 
together for a shared ground keeping all other condi-
tions the same, the resonance frequency shifts due to 
the 50 Ohms resistance of both the functional generator 
and the spectrum analyzer. A useful frequency range was 

experimentally found at lower frequencies (fp ~ 600 kHz 
and fs ~ 300 kHz).

Graphene may be doped both chemically and electro-
statically. The recipe is based on similar approach used 
for single wall carbon nanotubes [8, 9]. PVP-coated nano-
graphene flakes exhibit p-type film and PEI coated gra-
phene flakes exhibits n-type film. Each of the film type 
was deposited on a 0.5-nm hole, TS80 membrane and 
the layout was pressed together. The flakes were soaked 
in the membrane, let dry out and contact to the film was 
made through the membrane back. The thickness of the 
membrane reduced the capacitance of the gate, thus, 
the resonance of the CWC has increased to ca 3.1 MHz. In 
Fig. 10 we present the related I–V curve, which exhibits a 
leaky characteristics. Despite the small nonlinearity of the 
junction and without the Ge or Si diodes, oscillations were 
observed (Fig. 10b). They are attributed to the further elec-
trostatic doping of the graphene flakes. The oscillations 
curve is much narrower than the curve obtained with a 
standard diode of Fig. 5. The oscillations frequency may be 
better tuned and do not necessarily occur at fpump/2 but 
slightly above, or below it.

Fig. 9   (a–c) As the pump inten-
sity increases throughout the 
0–20 Vp−p, the pump frequency 
is up-shifted
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4.3 � Amplification

These elements are efficient oscillators and exhibit ampli-
fication, as well. The circuit layout is shown in Fig. 11a. We 
note that the pump and signal channels are separated, 
which might be attractive for some applications. The trans-
mitted pump intensity was −5 dBm and the intensity of 
the nonamplified signal was −50.44 dBm. The pump power 
was adjusted to 1 dB below the onset of oscillations. As 
observed from Fig. 11, the SNR of the signal was 30 dB 
and remained so upon amplification to −30.7 dBm (ampli-
fication of ca 20 dB). Amplification of 30 dB was achieved 
when the DC bias, as well as the pump power were 
adjusted. Finally, oscillations took place upon an increase 
of the pump power. The resistor R connected the grounds 

of the signal (Vs) and the pump (Vp) to the 50 Ohm ground 
of the spectrum analyzer (Vout).

5 � Conclusions

A simple and efficient parametric oscillator was built out 
of a nested structure, a capacitor-within-capacitor (CWC), 
a diode and an inductor. Higher orders and multiples of 
frequencies’ sum and difference were exhibited due to 
large diode’s nonlinearities [10]. A junction made of chemi-
cally doped graphene exhibited oscillations, as well, and 
may be useful for diode-like, or transistor-like structures, 
where a voltage bias shifts the Fermi level and hence the 
electrode’s doping. Applications are envisioned with VLSI 

Fig. 10   a Circuit configura-
tion with the nano-graphene 
(n-gr) gate. The outer cell 
electrodes are made of copper. 
b I–V curve of a junction made 
of chemically doped nano-
graphenen-gr flakes. c Related 
oscillations at f = 1.594 MHz 
when pumped at f = 3.1 MHz
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technology and other capacitor structures, such as trav-
elling waveguide amplifiers and interdigitated electrode 
capacitors.
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