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Abstract

Many multiscale physical scenarios have a spatial domain which is large in some dimensions but relatively thin in other
dimensions. These scenarios includes homogenization problems where microscale heterogeneity is effectively a ‘thin
dimension’ In such scenarios, slowly varying, pattern forming, emergent structures typically dominate the large dimen-
sions. Common modelling approximations of the emergent dynamics usually rely on self-consistency arguments or on
a nonphysical mathematical limit of an infinite aspect ratio of the large and thin dimensions. Instead, here we extend to
nonlinear dynamics a new modelling approach which analyses the dynamics at each cross-section of the domain via a
multivariate Taylor series (Roberts and Bunder in IMA J Appl Math 82(5):971-1012, 2017. https://doi.org/10.1093/ima-
mat/hxx021). Centre manifold theory extends the analysis at individual cross-sections to a rigorous global model of the
system’s emergent dynamics in the large but finite domain. A new remainder term quantifies the error of the nonlinear
modelling and is expressed in terms of the interaction between cross-sections and the fast and slow dynamics. We illus-
trate the rigorous approach by deriving the large-scale nonlinear dynamics of a thin liquid film on a rotating substrate.
The approach developed here empowers new mathematical and physical insight and new computational simulations
of previously intractable nonlinear multiscale problems.

Keywords Nonlinear dynamics - Emergent dynamics - Centre manifold theory - Multiscale modelling - Computational
fluid dynamics

Mathematics Subject Classification 70Kxx - 37Exx - 37Mxx

1 Introduction multiple length scales a simulation resolving the physical

fine scale is not only prohibitively inefficient and severely

Many systems of interest in science and engineering occur
in a domain with disparate length scales [10, e.g.]: often
a fine structure is modulated on a much larger scale [22,
e.g.]. Such disparate scales usually are a major challenge
in computational simulations [32, p.14, e.g.]. Two classic
examples are Taylor-Couette flow [16, e.g.] and Benard
convection [33, e.g.]. Often the fine-scale detail is crucial
to the accurate modelling of a multiscale system, but with

constrained by memory limitations, it is also an ardu-
ous task to analyse simulation data generated at a scale
much smaller than the scale of interest. This article further
develops a unified mathematical approach and theory to
reduce the full set of nonlinear governing equations to a
simplified evolution equation, with quantified error, ena-
bling more efficient simulations and analysis. This theo-
retical methodology should be able to better justify and
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illuminate many extant long-wave and homogenisation
theories [9, 25, e.g.].

We focus on multiscale systems whose physical domain
is‘large’in multiple dimensions, but have a relatively ‘thin’
cross-section in the other dimensions. As a specific exam-
ple, Sect. 1.1 takes as prescribed a variant of the integrated
boundary layer poes for a thin liquid film of Newtonian fluid
spreading over a planar rotating surface [7], and rigorously
derives a simpler lubrication model of the nonlinear flow
of the film [25, 36, §l1.K, e.g.]. Appendix A lists computer
algebra code for deriving this lubrication model, with the
code written to be readily adaptable to a wide range of
systems. Thin liquid flows are important in biology, phys-
ics, and engineering, as well as in the environment. They
may be of common liquids such as water or oil, or of
more rheologically complex fluids, and display interest-
ing nonlinear wave patterns [19, 25, 36]. Other examples
of systems amenable to our methodology include flood
and tsunami modelling [20, 24], pattern formation [9, 35],
wave interactions [13], elastic shells [18, 21], and micro-
structured materials [31].

Section 2 defines the generic nonlinear poe system to
which the methodology applies, and defines the‘large’ but
‘thin’ multiscale domain on which the system evolves. In
pattern evolution problems, and in homogenization prob-
lems, a‘thin’ domain variable is the phase of the underly-
ing small scale pattern [28, §3.3, e.g.]. A first step in the
reduction of such ppes was taken by Mielke [22], but the
analysis required solutions to exist for all R-time and for
allR™-space which excludes initial/boundary value prob-
lems on finite domains. Here we analyse the dynamics of
a general poE in a thin cross-section of the large, but finite,
domain by constructing a multivariate Taylor expansion
for the local spatial structures and analysing the evolu-
tion of the coefficients. Being the union of local-space-
time modelling means the approach is valid everywhere
outside of boundary layers [27, e.g.] and initial transients
[26, e.g.]. Section 3 details how to capture the emergent
behaviour of the system at every chosen cross-section
via constructing a set of generalised eigenvectors which
span the centre subspace. Based upon these eigenvectors,
the system’s centre manifold, on which the slow system
evolves, is parametrised and a nonlinear roe derived for
the emergent slow evolution. The order of the multivariate
Taylor expansion determines the order of accuracy of the
derived slow evolution, and Lagrange’s Remainder Theo-
rem provides a novel exact expression for the error of this
poE for the emergent slow evolution.

This article significantly extends the approach pre-
viously developed to derive the emergent evolution
of nonlinear roE systems on a large one-dimensional
physical domain [28] to domains with multiple large
dimensions. Based upon the methodology established
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for linear systems [30], here we extend the approach
to nonlinear roes with multiple large dimensions. Our
approach is distinctly different to many other methods
which derive large-scale models in that here no asymp-
totic limit is required for the scale separation between the
large domain and the thin cross-section [17, 23, e.g.]. Spe-
cifically, we have no requirement that a scale separation
parameter (often named ¢) must be asymptotically small;
we only require that such a small-large scale separation
exists so that we can establish centre and stable subspaces
(Assumption 3), and then our approach is valid at finite
scale separation.

1.1 Example of a rotating shallow fluid flow

As an example application of some of the results, con-
sider the flow of a shallow layer of fluid on a solid flat
rotating substrate, such as in spin coating [25, 36, §lI.K,
e.g.] or large-scale shallow water waves [11, 15, e.g.]. Let
X = (x;, X,) parametrise location on the rotating substrate,
and let the fluid layer have thickness h(x, t) and move with
depth-averaged horizontal velocity V(X, t) = (v;,v,). We
take as given (with its simplified physics) that the (non-
dimensional) governing set of poes is the nonlinear system

oh .

== -V - (hv), (1a)
o _[-b f 5

ot |-f -b (1b)

—(V-V)V—gVh+ vV,

where b represents viscous bed drag, fis the Coriolis coeffi-
cient, g is the acceleration due to gravity, v is the kinematic
viscosity, and we neglect surface tension. The poes (1) are
similar to those used by Dellar and Salmon [11, Eq. (79)],
but with only one component of the Coriolis force, and the
addition of viscous drag and viscosity, and also similar to
that used by Hereman [15, Egs. (22)-(24)], but here with a
flat substrate.

For such a shallow fluid flow, the horizontal gradient V
of quantities are relatively small [10, e.g.]. Then the flow
driven by variations of film thickness, Vh, is approximately
balanced in (1b) by the rotation and the substrate drag,
leading to the leading approximate velocity field

. g [bf

Substituting this balance in the conservation of mass
equation (1a) derives the single component, ‘lubrication,
model
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oh gb approximation of (3), but the analysis and results of that
— ~ V - (hVh). (2) : .

ot b2 +f2 article do not account for nonlinear effects, such as (3c).

Having just one component, we can use the pbe model (2)
as a simpler description of the shallow fluid dynamics. But
PDE (2) is an approximation to the ‘original’ poE (1), and so
three outstanding questions are: can we find a rigorous
error? can the analysis be extended to higher order? and
can such an approach apply generally? Our answer to all
three questions is yes.

Returning to the original system of roes (1) and defining
the system field u(x, t) = (h, v,,v,), we rewrite system (1)
as one nonlinear equation, while also grouping terms of
like order:

9 0 0 0 0 00
a—“= 0-b f |u+|[-goo0|o,u
Eolo —f —b 000
_ (3a)
000
+{ 0 009 u
-9 00
[000
[0 vol[e2u+alul (3b)
_O Ov
—(ax1 U)Timm,ou (axzu)Timm,o“
+1 (0, )My u |+ O, W) M, 1u |, (3c)
[ (0, )M ,u (0, 1) Mgy U
where matrices
0 —-10 0 0 O
Mo=[-1 0 0|, My, =[0 10|,
0O 0O 0 0 O
0 00
My, =0 0 of,
0-10
(3d)
00 -1 00 O
Myo=|00 0 [ My,=|00 1],
-10 O 00 O
00 O
My, =00 0
00 —1

The system’s first two lines (3a) and (3b) are the linear part,
whereas the third line (3¢) contains the nonlinear quad-
ratic terms which encode inertial acceleration. When the
nonlinear terms (3c) are negligible, such as for very viscous
fluids with low Reynolds numbers, the method described
by Roberts and Bunder [30] derives a slow linear ppe

Herein we further develop the methodology and theory
to account for nonlinear effects.

For the example shallow fluid flow described by (3), the
‘large’ domain is some ‘physical’ subset of the x,x,-plane,
and the ‘thin’ cross-section is the three-components of
u = (h,v,,v,).The aim is to capture the long, slow behav-
iour of the original u(x, t) field in a one-component slow
field U(x,t) (instead of the three components which
describe the thin cross-section), and to construct a poe
for U(X, t) which is correct to some order N in spatial deriv-
atives, with known error. In general, higher orders N are
potentially able to capture more extreme spatial fluctua-
tions but may not be structurally stable, and so we address
up to some low-moderate order N.This restricts U(X, t) to
describing long, relatively gradual, spatial variations of the
original field u(x, t). Section 3.2 defines the slow field U(X, t)
in the general case and proves that it describes the behav-
iour of the original microscale field on the slowly evolving
centre manifold (or slow manifold, as is the case in this
shallow fluid example).

To determine the nature of the slow field U we first seek
to understand the ‘slow’and ‘fast’ evolution of the lowest-
order linearisation of the system field u (Assumption 3
elaborates the general case). The linear dynamics of u are
dominantly characterised by the lowest order linear term
in (3), the term Lsu where here

00 0
g =0 -b f
0 —f —b

The eigenvalues of £; indicate that u evolves on a one-
dimensional slow subspace (one zero eigenvalue) and
a two-dimensional stable subspace (two eigenvalues,
—b +if, with negative real part). The stable part of u
decays relatively quickly, roughly like e~*, whereas the
slow component of u, namely h, evolves on the one-
dimensional slow subspace. In the notation introduced
by Assumption 3 and Sect. 3, there exists a slow sub-
space of dimension m = 1with right and left eigenvectors
V0 =Z7°=(1,0,0), and eigenvalue A; = 0.

Once the lowest-order linear dynamics of the system
field u are known from matrix 25, we construct gener-
alised eigenvectors V', for [ii] < N, which span the spa-
tially-local slow subspace of the linear system (3a) and
(3b) to the specified order of accuracy N. This order of
accuracy N is that of a local multivariate Taylor expan-
sion of the field u(X, t). The advantages of such a Taylor
expansion are that not only does it provide a straightfor-
ward way to increase the order of accuracy N, but also
Lagrange’s Remainder Theorem provides a rigorous error

SN Applied Sciences

A SPRINGER NATURE journal



Research Article SN Applied Sciences

(2021) 3:703

| https://doi.org/10.1007/s42452-021-04229-9

term. Section 3.1 discusses the general construction of the
eigenvectors V', which in essence detail spatially-local out-
of-equilibrium structures, and then Sect. 3.2 models the
full nonlinear system to derive the slow manifold rok.

Appendix A lists computer algebra Reduce' code which
applies the general theory of Sects. 2 and 3 to determine
the slow poe for any order N of the Taylor expansion, thus
constructing poes which describe the slow U = hfield evo-
lution of the shallow fluid dynamics to various orders of
accuracy. See Sects. 2 and 3 for details that justify (2) for
order N = 2, and that for order N = 3 justify that the slow
pDE is the 2D advection-diffusion ppe

314 _
¢
> Z az ; (@ h)h), (4a)
1£11=0 17,
. i . = 2 L — o
W_!th multl indices?, , € No,symmetryaf]f2 = afszwhen
|Z,] = |#,], and nonzero constant coefficients 2
_ _ _ bg
donon = daoao) = d02)00) = d20)00) = if
_ N _ _vg(b? —f?)
do3)01) = d@Eo)ao) = dazao) = drion = —(b2 e
A3)10) = n0) = ~9@Eoy 01 = ~d2)01)
b
—af—29 __
(b2 +f2)2
(4b)
The four a; ; coefficients equal to bg/ (b + f?) corre-

spond to the N = 2 approximation (2), but the rigorous
derivation from Appendix A on the slow subspace empow-
ers a far richer description of the slow dynamics in the x; x,
-plane. Further, Sect. 3.2 provides an exact expression (44)
for the error of slow poes such as (4a); Appendix A.3 details
how components of this error are constructed for this shal-
low fluid flow.

Executing the computer algebra code in Appendix A
to obtain slow poes of higher orders is straightforward.
Although the computational time increases rapidly with N,
in principle the code is applicable to any order N. For
example, the slow poe for order N = 4 is

! Reduce (http://reduce-algebra.com/) is a free, fast, general pur-
pose, computer algebra system.

2 Equation (3¢) describes two nonlinear terms which, following the
derivation in Sect. 3, result in nonlinear terms with constant coeffi-
cients a’,; for j =1,2 . But in this example, since the nonlinear

terms are both second order (P, = 2for j=1,2), to obtain (4a) we

setal _ +ad%_ =a; ;>
07, 47, 212
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CADICEDY (52)

4 14
2 2 9
1£,1=0 |7,|=0

with the same nonzero constant coefficients az ; glven
in (4b), as well as

vg(b? — f?)

R (5b)

A 40y00) = 9(04)00) = 15‘7(22)(00) =
For small enough damping, b < f, the fourth order hyper-
diffusion in (5a) makes the model structurally unstable. As
is often necessary, for b < f one would then regularise the
model as in the Benjamin, Bona, and Mahony [4] regular-
ised long wave equation. Notwithstanding such practical
regularisation, our derived error expression (44) applies
and is useful for as long as the spatial gradients in the solu-
tions to (5a) remain small enough.

Figure 1 plots finite difference simulations of the
height h for: the original model (1) on a 75 x 75 grid; the
order two slow ppe (2) (lubrication model) on a15x 15
grid; and the order four slow poe (5) on a 15 x 15 grid.
This coarser resolution of the slow models is appropri-
ate as these PoEs are only accurate for slower variations in
space. The example square spatial domain is of width 2z
with periodic boundary conditions, and the dimension-
less parameters are drag b = 1, Coriolis coefficientf =5,
gravity g = 1and viscosity v = 0.5 (all parameters are non-
dimensional). We choose a large Coriolis coefficient f as
this produces relatively large fourth order coefficients (5b)
[although smaller than the second order coefficients
shown in the first line of (4b)] and enhances the differ-
ences between the order two and order four simulations.
For the original model simulation, the initial condition of
the height h is a Gaussian peak, wider in the x; direction
than the x, direction, plus a uniformly distributed ran-
dom component chosen from the interval [0, 0.5] (Fig. 1,
top left). The mean of this initial condition in 5 x 5 blocks
provides the initial conditions for both the order two and
order four simulations (Fig. 1, top middle and top right).
Figure 1 shows that the fluid gradually diffuses across the
domain and the two coarse simulations provide reason-
able approximations of full model diffusion, although the
diffusion of the second order simulation is less accurate.

Figure 2 plots the velocity components of the origi-
nal model (1) simulation at different times and reveals
the dynamics of the flow. All initial velocity components
v, and v, are normally distributed random numbers with
mean zero and standard deviation 0.001 (Fig. 2, first row).
The system quickly evolves into the expected rotational
motion induced by the Coriolis force, with v, dominat-
ing v, due to the asymmetry in the initial fluid height.
Although Fig. 2 shows that the velocity plays an important
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Fig. 1 Simulations of the fluid
height h over a square domain
of width 2z with periodic
boundary conditions for:

(left column) original poE (1)
ona75x 75grid; (middle
column) order two slow ppE (2)
onal5x 15grid; and (right
column) order four slow poE (5)
onal5x 15grid. Plots in the
same row are simulated at

the same time, and all plots
are coloured according to the
same colour bar (shown below
the row of plots). At any one
time, all three plots have the
same contour levels, but plots
at different times have differ-
ent contour levels

=0.00

time = 1.00 time

=6.00

time

role in explaining the dynamics of this fluid flow model (1),
Fig. 1 shows that approximation models such as the fourth
order slow ppE (5) accurately predict the slow behaviour
of the height h without requiring any simulation of the
velocity.

To further explore the accuracy and efficiency of the
diffusion in the two coarse approximation simulations
of Fig. 1, Fig. 3 plots the fluid height h of the original
model (1) averaged over the 5 x 5 grid in the centre of the
domain, and the fluid heights of both the order two slow
pDE (2) and the order four slow ppe (5) in the centre of the
domain. In general, the fourth order simulation provides a
good approximation for the mean height of the full simu-
lation, particularly for timest > 1,and att = 6 the absolute
error of the order four simulation is 3 x 1073, In contrast,
the second order simulation decays too slowly and pro-
duces a mean peak height which is generally larger than
the mean peak height of the original roE, with an abso-
lute error of 5 x 1072 att = 6. Figure 3 was created using
Matlab'’s ook solver ode 45, and for t € [0, 6] the original
model simulation required 4217 time steps, whereas the
order two simulation only required 121 and the fourth
order required 405, demonstrating that our approximate

pDES provide a significant improvement in efficiency when
restricted to using explicit methods.

The following sections develop theoretical support for
the derivation of nonlinear slow poEs such as (2), (4) and (5),
and also derive the novel general exact algebraic expres-
sion (44) for the error in such approximate poEs.

2 Local expansion of general nonlinear
dynamics

The local expansion developed here builds on that of
Roberts and Bunder [30, §3] by extending it to nonlinear
systems. Similarly, Roberts and Bunder [30, §3] general-
ised the procedure of Roberts [28, §2] from a system with
one large dimension and any number of significantly thin
dimensions, to a system with some finite number of large
dimensions and any number of thin dimensions. For com-
pleteness, we here present a full and detailed derivation
which simplifies to the derivations of Roberts and Bunder
[30, 83] for linear systems and of Roberts [28, §2] for linear
systems with a one-dimensional ‘large’ domain. Thus, nec-
essarily, some of the detailed expressions here reproduce
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time =1.00 time

=6.00

time

-0.05 0

0.05

Fig.2 Simulations of the fluid velocity components (left) v, and
(right) v, over a square domain of width 2z on a 75 x 75 grid and
with periodic boundary conditions. These velocity simulations cor-
respond to the h simulation in the left column of Fig. 1. Plots in the
same row are simulated at the same time, and all plots are coloured
according to the same colour bar (shown below the row of plots)

1.25 T T T T T
—full
5 l2f ——order 2 |
.%0 order 4
= 115 -
o
<
2
- 1.1+ -
a
Q
E 1.05f |
1 1 1 1 1 1

0 1 2 3 4 5 6
time

Fig.3 Mean peak heights of Fig. 1 simulations. For times t > 1the
order four simulation (Fig. 1, right) provides a good estimation of
the expected mean peak height (Fig. 1, left), but the order two sim-
ulation (Fig. 1, middle) decays too slowly
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that of earlier work as the basis for the new nonlinear
theory herein is the previously established linear theory.

Consider some multiscale spatial domain X X Y where
X is some open domain of large macroscale extent in
space, and Y is a ‘relatively small’ microscale domain (in
some Hilbert space). We analyse the dynamics of some
field u within the multiscale spatial domain X x Y and
determine the emergent behaviour of this field on the
macroscale; that is, we aim to derive a description, over
some time interval T, of the long, slow u field dynamics
on the macroscale domain X while accounting for the
fine details in the microscale domain Y in an ‘averaged,
‘homogenised’ or ‘slaved’ sense [28, 30]. As the domain Y
is a small cross-section of the full domain of the system,
a description of the large-scale behaviour should not
involve fluctuations across Y as dynamic variables.

We consider the field u(X, y, t) in a given Hilbert space U
(finite or infinite dimensional), whereu : X XY X T — Uis
a function of M-dimensional position X € X C R, cross-
sectional pointy € Y,and timet € T C R.The derivatives
in the large space dimensions X are crucial to organising
the analysis so we introduce the multivariate (mixed)
derivative

ok ——

X axf' ax;(2 ax,'\;’”
for multi-indices k = Ky, .. ky) € Ng” (as usual, the set
of natural numbers Ny := {0, 1,2,...}). This multivariate
derivative is of order |k| = k; + k, + --- + ky,. We consider
the class of problems where the field u(X, y, t) satisfies
some specified nonlinear roE in the form

au S k
&= Q[u] + f[u] = IE; L0ku +flul, (6)
=0

where f[u] : U — U is a ‘strictly’ nonlinear function of
field u and its derivatives, the £; are linear operators
(in y), and where the apparently infinite sum over all pos-
sible multi-indices k in the poe (6) is finite in applications
because we assume that only a finite number of opera-
tors &, are non-zero.

In application to fluid or heat convection the nonlinear
term is the quadratic f[u] = U - VU, whereas for the Ginz-
burg-Landau equation f[u] = u3. Consequently we con-
sider nonlinearities that are sums of products of cognate
factors.

Assumption 1 The nonlinear function f[u] may be written
as, or usefully approximated as, a sum of products of uand
its derivatives:
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P
flul = Z filul, where fi[u]= cj(y)Hdgu()?,y, t),
J i=1
(7)
for P; the order of each nonlinear term, and for some
M- dlmen5|onal index p’ (Sometimes we detail the case

when f[u] has only one term in its sum.)

Roberts [28] considered systems such as poE (6) on the
multiscale domain X x Y for one dimensional X ¢ R, and
by analysing the dynamics of the system at each cross-
sectional station X € X, constructed a reduced ppe for
the slowly varying dynamics. The construction relied on a
Taylor expansion of the field u to order N, with the expan-
sion made exact by including the Lagrange’s Remainder
term in the derivation. Analysis of the Taylor coefficients
then reveals the slow behaviour of the system near
X € X within a centre manifold. Then a projection of the
u field ppe onto this centre manifold, generalised to the
union over all stations X € X, defines the slow ppe within
domain X, and a projection of Lagrange’s Remainder
determines the error of the ppe. Roberts and Bunder [30]
analogously considered linear systems on the multiscale
domain X x Y, but generalised to M-dimensional X ¢ RM.
Here we further generalise these earlier developments to
the class of nonlinear roes (6) that have multiple macro-
scale dimensions.

2.1 Large-scales modulates local Taylor coefficients

This section adapts the approach of Roberts and Bun-
der [30] to the additional complication of nonlinear
effects f[u]. Both the field u and the nonlinearity f[u] are
written as Taylor expansions with Lagrange Remainder
terms [34, (1.27), e.g.]. These remainder terms ensure the
analysis of the dynamics of the system is exact.

First, one chooses a fixed order, denoted by N, for the
Taylor series. The analysis begins as in earlier work [30,
§3.1], but with subtle differences due to restrictions caused
by the nonlinearity that require careful restatement here.
For example, the analysis requires some assumptions
about the smoothness of u. For k,, denoting the largest
magnitude derivative in the linear term of proe (6), for pf
representing all magnitude derivatives in the nonlinear
term (7), and for Taylor expansion to order N, the field u
must be in differentiability class CN+Max®Knax),

At every cross-section station XeXCRM, every
point in the cross-section y € Y, and every timet € T,
we expand the field u as an Nth order Taylor multinomial
aboutx = X :

N-1 v

iyt = 3, a0
|7i|=0 - (8a)
+ ), uPXX, y,t)( X) :

Al=N

where we define the multi-index factorial

n! :=n;!ny!--n,! , the multi-index magnitude
Al :==ny +ny+--+ny , the multi-index power
X1 1= x"xJ? -+ x;", and where

in the first sum, for|7i| < N, we define the coefficients
u® : XxYxT - Utobe

u®X,y,t) 1= d)f(’ukzy(; (8b)

e and in the second sum, for |n| = N, by Lagrange's
Remainder Theorem for multivariate Taylor series, we
define the coefficientsu™ : X x X XY x T — Uto be

1
uMX, X,y t) i=N /O (1 —s)N‘1d)i(’u|)—(+s(;_;0 ds. (8¢

The Taylor expansion of the nonlinear term f[u] in pDE (6)
is expressed in the same way as for the field u; that
is, we do not expand f[u] in a series in u, but instead
expand f[u(X,y,t)] in a series in (X —X) to order N.
As Assumption 1 specifies that f[u] is a sum of a product
of linear functions, (7), the smoothness requirements for
constructing the Taylor expansion of f[u] are satisfied by u
being of class CNMaX®kna) The Nth order Taylor multino-
mial of f[u] in X about X = X is

X
Gy o1 = 3 FOF 0 = X
|7i|=0
(9a)
+ Y O, ,y,t)(x X) ,
|A|=N
where we define the coefficients
e for|d| <N,
@ (% I P )
O y,0) 1= EfluEy, 01| ; (9b)
e and, for|i| =
1
My ¥ . _ \N=1z 5n =
FOX,X,y,t) =N /O D) a}f[u(x,y,t)](hs(m)ds (9¢)

The Taylor coefficients f™ : U — Uof the nonlinearity are,
in principle, functions of the u field Taylor coefficients u®
with |k| < N . They may be obtained by substituting the
Taylor expansion (8a) of the field u into equations (9b) and
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(9¢). For example, in the case of nonlinearity f[u] being
only one term, a direct substitution of (8a) into the non-
linear form (7) gives

A * — )?)ﬁ
flul = con [T o7 l 2 uP XKy =
i=1 *

A|=0

+ Z U(n)(X, ,y,t)( X)n]

|A|=N
P | N=1-|5;] _
i (X X)(" By
=cn[]| 2 v“"PXy.0="=— (0
i=1 |73]=0 (n - pl)
B;
D)
|7i|=N~1B;| =0
(@ >a§vu(ﬁ+ﬁ,>(f(' 2., t)m ,
mj x @+ m)!

where, for sums over multi-indices such as Z
require that k;<m;<?¢;, for each component
i=12,...,M.

As in the linear case [30, Eq. (19)], the multivariate Taylor
multinomial (8a) of a field u gives, after some rearrange-
ment, that the #th spatial derivative

4we

N—=|#]-1

a§u= Z

|7i|=0
n g R
+ i ai?:+f—h’ an
Z Z_) < n—m ) X
1n|=N m=(A-£)®

o &7
m!

u(ﬁ+E) x=X)"

’

where, appearing here and elsewhere in the limits of some
sums, (I?)GB denotes the multi-index vector with ith compo-
nentmax(k;, 0), thus ensuring all multi-index components
are non-negative in the sums. Using some details given
for the linear case [30], substitute (11) into the nonlinear
PDE (6), and after rearrangement we derive that this non-
linear poe becomes

SN Applied Sciences

A SPRINGERNATURE journal

T g G - Ry

ot n!

A|=0

D>

1fil=N f=(F-7)®

< ) g 0u® & = X)"

X ot m!

As the multivariate Taylor multinomial (8a) is exact, for
all stations X € X and X € X, equation (12) is exact for
every X € )(()?), where ;(()?) is an open subset of X such
that for aII pomts X € ;((X) the convex combination
X +s(X — X) (S ;((X) for every 0 < ; this condition
ensures that when we take the I|m|t X — )? , X will always
remain inside y(X) C Xand (X —X) — 0.

Now take the limit ¥ — X in equation (12) so that
all terms with factors of (x —)?) vanish. For simplicity,
and unless otherwise specified, hereafter u™® denotes
u®(X,y,t) when |A| <N and denotes u®(X,X,y,t)
when [A| = N . Similarly for the nonlinearity: f® denotes
f®(X,y, t) when [fi] < N and denotes f@(X, X, y, t) when
|A| = N . Further, interchange the 7 and # multi-indices
n (12). Then the nonlinear roE (6) implies that for every
station X € X, every point in the cross-section y € Y, and
every timet € T,

au® &
Z LU0 4 (O 4
ot kl=0 (13a)

forevery || < N

where the remainder
K+5 \[ 5usr 7o -
S () ST

(13b)

where in comparing indices we define that £ means < for
each component, but excluding exact equality of the two
multi-indices. The second term on the right-hand side
of (12) (when |k| ) determines the remainder (13b).
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Since multi-index i € N’V’ and |n| < N, there are thus

N = < N ;C,M > coupled opes (13a).

For every multi-index A, |73| < N, the u® terms in equa-
tion (13a) are evaluated at station X, but the spatial
derivatives of u™(X, X, y, t) with |Fi| = N that appear in the
remainder term r; (13b) couple the dynamics at station X
to dynamics of the system along the line joining fixed
station X to variable position X, that is, the dynamics at X
are coupled to the dynamics at points in the neighbour-
hood y(X). This dependence of derivatives of u™(X, %, y, t)
on the dynamics at points in )(()?) is directly seen from an
application of the integral mean value theorem on equa-
tion (8c). By this theorem, there exists some s € (0, 1) such
that

1
uPX X,y t) = NoQulg, .5, / (1-9)""ds
0

= ag”l)hs()?—)?) '

and X + 3(X — X) € y(X). Spatial derivatives of u™(X, %, y, t)
retain dependence on §, and thus on the dynamics
about )? even when evaluated at x = X. In contrast,
udX, X, y,t) = d”u|)~( is independent of 3. Whereas an
5 € (0, 1) must exist for each u(”>(X X,y,t), these S are gen-
erally not determined by users, and so we view gradients
of u(ﬁ)()?,)?,y, t) as ‘uncertain’ We therefore classify the
remainders r; as uncertain forcing which couple the local
dynamics at X to the dynamics in its neighbourhood, and
thereby to the global dynamics over X.

The nonlinear f™ may also contain ‘uncertain’ gradients
ofu<ﬁ>()?,)?,y, t), depending on the particular nonlinearity.
For example, for the case of a single-term nonlinearity
we obtain the last line of equation (10) which contains
spatial derivatives up to order p P of u(”ﬂ")(X X,y,t) where
| +p;| = N.So, if at least one p; > 0, the nonlinear term
contains uncertain gradients which couple the dynamics
at X to the dynamics in ;(()?). Section 2.2 explicitly identi-
fies these uncertain gradients in the nonlinearity f®.

2.2 Generating multinomial and PDE

We now pack all the multivariate Taylor coefficients u®
together into a generating function (multinomial) in
order to handle all the rpes together, and also connect
with established heuristic methodologies. The details here
extend those for linear systems [30, §3.2]. For every station
X € Xandtimet € T consider the field v in terms of a local
Taylor multinomial (8a) about the cross-section x = X.In
terms of the indeterminate E € RM, define the generating
multinomial

N-1 ==
2= E U,y t)+ >

|n|=0 n |7i|=N

- _ﬁ S - -
ux, t) := i' uX, Xy, 0, (14)

where this generating multinomial &, through its range
denoted by U,, is implicitly a function of the indetermi-
nate a_f and the cross-sectional variable y. This generat-
ing multinomial & : XX T — U, for the vector space
Uy := U ®, Gy where G, denotes the space of multinomi-
alsin E of degree< N, and where ®, represents the vector
space tensor product. The generating operator

N —a
lZé f] / (15)

acts to convert the original field u(X, y, t) into the generat-
ing multinomial Cl()?, t) = Gu(X, y, t).The generating opera-
tor (15) similarly converts the nonlinear term of poe (6) into
a multinomial in E

y N
fla] := Gflu(X,y, )] =

1
f(”)()?, ¥, t)

Eil‘“éf

=0

s

= (16)
+ Z ¢ f(”)(XXy,t)
YRt

with f[&] : Uy — Uy appearing as the nonlinear term
in (17) of the next Proposition 2.

We introduce the generating multinomial & because it
is more convenient to deal with one multinomial and one
pDE than the A\ Taylor coefficients u™ and the \ differen-
tial equations (13) derived in the previous section. Roberts
and Bunder [30, §3.2] constructed a similar multinomial &
and poE via the generating operator G; however, here we
make new special provisions for the nonlinear term f[u].
Although the compact form of multinomial & is useful, a
more important property is that the dynamics of 1 and the
original field u(xX, y, t) are equivalent up to a known differ-
ence, as described by Proposition 2.

Proposition 2 (cf. Roberts and Bunder [30, Prop. 2]) Let
u(X,y, t) be governed by the specified nonlinear roe (6). Then
the dynamics at every locale X € X C RM, everyy € Y,and
everyt € T, is equivalently governed by the nonlinear ppe

— = L+ Fla] +Flu], (17)
for the generating function multinomial @(X,y, t) defined

in (14), the ‘uncertain’ forcing F[u] given by (21), the nonlin-
earf[i]defined by (16), and the operator
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Zﬂa". (18)

Ik|=0

To establish Proposition 2, we first show that the mul-
tinomial 0()? y, t) (14) satisfies roE (17). To construct a Pbe
for &, take the time derivative of (14) and replace =— "”()
using (13a):

2|&
Il
iM-=

Bll‘n\‘ll

+ §—f<ﬁ> LY (19)

where in the first term the /i and k sums are exchanged,
and we then simplify this term using the useful identity

N
oku = 2 y+h, (20)
Yo

obtained from derivatives of the generating multino-
mial (14) with respect to £. The above poe (19) is precisely
pDE (17) of Proposition 2 with forcing ‘remainder’

N n
Flul= ) i

[A|=0

[a@” UOX, Ry, t)] .,
X X=X

upon using expression (13b) for r;.

The second task for establishing Proposition 2 is to
show that the generating roE (17) and the orlgmal PDE (6)
describe the same dynamics at every locale X eXcRM
We do this by providing a more physical interpretation
of the generating operator G and the generating multi-
nomial a(X, t), beyond just a convenient way to pack the
Taylor coefficients of u(x, y, t).

Consider the Taylor expan5|on of some general function
gX) € CN*latx = X + & about X = X :
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gX +&) = Z —a" g(X) + Ry(9)

(900 _x,z = Al %9 (22)
n|=0

= Gg(X) + O(|EI"*),

where RN(g) is the order N Lagrange remalnder term
of g(X + 5) . So, Gg(x) evaluates g(X + é) cor-
rect to O(ﬁl”“ Similarly, u(X t) = Gu(X,y,t) evalu-
ates u(X + &y, t) correct to o( |EN+T ) We interpret aX, 1)
as the projection of u(X,y,t) at X _X+§ onto the
space Uy = U ®, Gy, with O(|E|+) interpreted not as
an error but as the difference between u(X + ¢,y,t) and
its projection onto Uy, [30]. As G commutes with the tem-

poral derivative g"”(”” = aa((;r(,r) and "“(X Dj

au(z,y 0 4t

is equivalent

to the Taylor expansion of X =X + & correct to

(|§|N+1) Therefore the generatlng pDE (17) for multino-
mial u(X t)is equivalent to the poe (6) for u(X, y, t) evaluated
at X = X + & correct to O(I€|N*1). Thus the dynamics of
PDE (17) are identical to the dynamics of poe (6) at every
X =X € X.This completes the proof of Proposition 2.

The dynamics of the original nonlinear poE (6) for field u
are equivalent to the dynamics of the nonlinear poe (17)
for the N dimensional multinomial & (14); furthermore, the
two poEs are symbolically the same withu < Tand X < g,
except for a forcing term. But the advantage of the multi-
nomial form is that the derivatives a~ operate only on Gy,
that is, multinomials of at most degree Nin .f €RM, and
are thus bounded in G,. In contrast, the derivatives o;
in the original roe are potentially unbounded (e.g., for u
rapidly oscillating or containing irrational functions). The
slowly varying modelling of Sect. 3.2 takes advantage of
the near symbolic equwalence between poe (6) and poE (17)
withu & Gand X <—>§

We now expand the nonlinear term (16) of poe (17)
explicitly in terms of generating multinomial & and non-
linear ‘uncertain’ terms involving gradients of u®™ with
|n| > N . Section 3.2 makes use of this expansion to sim-
plify the remainder term p of the slow ppg, and Appendix A
applies the expansion in the construction of the slow ppe
for the fluid flow example discussed in Sect. 1.1.

The nonlinear term (16) in the generating ppe (17),
expanded according to (7) in Assumption 1 is
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N Eﬁ
flal=2 % =

X=X

PJ =
I [[ & uG.y. r)}
i=1

N J "" W o
=22 2 wll 5—,[0;" 'O, y, t)] i
j ) = B =K

IA=0 "1 7 7 = My
N P/ .
M B
D | e
J 1Al=0 Z:P, S o = M %=X
= Mi=n
R AR

N BT s
fIX % ol % [0; u,y, r)]
J i=

=0 <P =~ _ = = M %=X

(23)

The components with|m; + 5f| > Ninthe last term on the
right hand side are ‘uncertain; similar to the uncertain forc-
ing F[u](21), although in the special case where all ﬁf = 6,
no such uncertain nonlinear terms exist. For the uncertain
gradierlts, consider expansion (11) with |LZ| > N evaluated
atx =X,

a” [u(X,y, Ol 5 = 2

[Al=N,Ais¢

2 [E—ﬁ ey ]
2 )19% X, x,y, t .
(n> i ur XXy D)

Using this expansion for the uncertain terms, as well as
(8b) and (20) and Assumption 1, we rewrite the nonlinear
term (23) as

N [ m
=Yy Y cj(y)H%[ag*”fuL a
J : =

(24)

where in the second term f;[u, Gi]is either a function of the
generating multinomial & or of the uncertain gradients of
original field u,

9
¢ =0

f,.j[u,U] =4

M
/~
3
= 4+
0

Thus in the Taylor expansion (16),

P, '
S 1 | B
) — L iTFi
f _n!Z z Cj(Y)Hﬁy.l[aE u]g_ﬂ
j P > i=1 it =0
2121 mi =n
Im; + P, <N
, (25)
J
N 1
+ n! Z Z Cj(Y)HT'ﬁ/[U, al,
j P]- = > i=1 i
=M =n
3m, +p| >N

where the second term contains all uncertain gradients.

3 Aslow nonlinear model emerges

Section 3.1 constructs the eigenspace which describes
the emergent slow dynamics of the generating roe (17) by
analysing a linearisation of the poe (17). We then show how
this eigenspace and associated eigenvalues capture the
slow dynamics of original nonlinear roE (6). It is possible to
determine the slow dynamics of poe (6) from the eigens-
pace of the linearised Taylor coefficient poes (13a), without
introducing the generating multinomial and generating
function, but then one must explicitly deal with N Taylor
coefficients and their coupled A poEs, as seen in the linear
example of Roberts and Bunder [30, §2.2]. Employing the
linear eigenspace as a foundation to describe the dynam-
ics of a nonlinear system is justified by centre manifold
theory [3, 6, 14, e.g.] which assures us that generically the
stability properties of a linear system with centre-stable
dynamics persist under nonlinear perturbations and time-
dependent forcing. Section 3.2 extends the analysis to the
nonlinear poe (17) to describe the slow dynamics of the
nonlinear system, including coupling between the centre
and stable subspaces via uncertain terms in both the forc-
ing and the nonlinear term.

The slow dynamics are characterised by a set of gener-
alised eigenvectors V" which span the centre subspace on
which the slow dynamics of il evolve. As these generalised
eigenvectors are determined from the linearised rog, they

for |ﬁ'ﬁ,»+ﬁf:| <N,

i>[6§'+p£_ku(i)()?,)?,y, t)|  for|m; +ﬁ¢| >N.

x=X
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are the same as those we determined [30, §3.3] for lin-
ear ppes. However, there we constructed the generalised
eigenvectors V'viaa two-step process, firstly constructing
generalised eigenvectors for the linearised version of the
original roE (6) (i.e., for f[u]) = 0), and then mapping these
eigenvectors into Uy, [30, Eqg. (37) and Lemma 6]. Here we
show how to construct the generalised eigenvectors inU),
directly from the generating roe (17).

To analyse the eigenspace and determine the slow
dynamics of the linearised generating roe (17), we apply
Assumption 3 which describes the eigenspace of £;, the
lowest order operator in L (as was also assumed in the
linear case by Roberts and Bunder [30], and are needed
here to clearly define quantities). However, Assumption 3
does not provide necessary assumptions for the extrac-
tion of a slow model; for example, here we derive the slow
model after assuming the Hilbert space Uis a centre-stable
subspace, but an analogous derivation is possible when
U is a slow-stable subspace (the shallow fluid example
of Sect. 1.1 is on a slow-stable subspace and the code in
Appendices A.2 and A.3 permit either slow-stable or cen-
tre-stable dynamics).

Assumption 3 We assume the following for the primary
case of purely centre-stable dynamics.

(1) The Hilbert space Uis the direct sum of two closed 25
-invariant subspaces, E‘C’ and [E‘j, and the correspond-
ing restrictions of £; generate strongly continuous
semigroups [2, 12].

(2) The operator £; has a discrete spectrum of eigen-
values 4,, 4,, ... (repeated according to multiplicity)
with corresponding Iinearly independent (possibly
generalised) elgenvectorsv ..that are complete
(0] _span{v ...}).

(3) The firstm eigenvalues Ay eers Ay Of 25 all have real
part satisfying |R4;| < « and hence the m-dimen-
sional centre subspace [E? = span{v?,...,vﬁq} (8,
Chap. 4, e.g.].

(4) Allothereigenvalues 4,,, 4, 4,,,,, ... have real part neg-
ative and well separated from the centre eigenvalues,
namelyR4; < —f < —Naforj=m+1,m+2,...,and
so the stable subspace E? = span{v°+1, 0 } For
clarity, say the number of stable eigenvalues is m’,
so that the stable subspace [E§J is m’-dimensional,
although the number of stable eigenvalues may be
infinite, M’ - .

For convenience, Definition 4 packs the m eigenvec-
tors which span the centre subspace [E° of £ into one
matrix V9, and similarly packs the elgenvalues into the
matrix A (being linear concepts, these are the same as for
the linear case).
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Definition 4 Assumption 3 identifies a subset of m eigen-
vectors of &5 which span the centre subspace [Eg cU.

With these eigenvectors define

ViV,

ng] c [U1><m'

¢ Since the centre subspace is an invariant space of £;,
define complex matrix Ay € C™™ to be such that
L Vo = V°A (often Az will be in Jordan form, but it is
not necessanly s0).

e Use(-,-)to also denote the inner product on the Hilbert
spacel,(:,-) : Ux U — C,thefield of complex numbers.

Interpret this inner product when acting on two
matrices/vectors with elements in U as the matrix/vec-
tor of the corresponding elementwise inner products.
For example, for 70,v0 e Uxm (70 0y e cmxm,

e Define Z% € U™ to have m linearly independent col-
umns which are the m left eigenvectors of £, ordered
such that the jth columns of v9and 20 have the same
eigenvalue and normalised such that (Z°, V%) =1 .
Section 3.1 uses the centre subspace eigenvectors Vo

of &; to generate a set of generalised eigenvectors of L

which describe the slow dynamics of linear poE 0,0 = Lii

confined to the centre subspace.

3.1 Generalised eigenvectors span the centre
subspace

We invoke Assumption 3 to construct a set of eigenvec-
tors (possibly generalised) which span the centre sub-
space [E’c" C Uy, of the linear operator Z (18). These eigen-
vectors capture the slow behaviour of the linear poe

ol .
E - Eul (26)

which is the linearisation of the generating poE (17), with
neglected forcing.

For0 < |A] < N, we construct the generalised eigenvec-
tori € U™ ®; Gy = [U‘merom the following recurrence
relations, beginning with V = V0

. Ry
Aﬁ = Z <Z ,2;]/,7 >E=6 (273)
o<|klk<q
G o - ik
&GV -Viag=- 3 gV Y V7L o
0<|k| k<A 0<|k| k<A
(2,7 = i - (270)
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The m rows of all 7' with |7i| < N form a subset of Uy, with
mN elements. Here we show that these mA elements are
generalised eigenvectors of £ which span the centre sub-
space [E’C". To do this we show that the mN elements are
linearly independent and that the generalised eigenvector
equation 2V — VnA only produces linear combinations
of V¥ with 0 < 0<k<n.

The recurrence relations (27) appear at first sight to
be those presented by Roberts and Bunder [30, Eq. (37)],
but there is an important difference. The recurrence
relations (27) are expressed in terms of the generalised
eigenvectors V'e ELI}VX’”, whereas the recurrence relations
of Roberts and Bunder [30] are in terms of distinctly differ-
ent generalised eigenvectors V" € U™, which are later
converted into generalised eigenvectors V'[30, Lemma 6].
Here, by working only with the generalised eigenvec-
tors V', our notation, and hence our derivation, is signifi-
cantly simpler than that of Roberts and Bunder [30].

The inner product (27¢) ensures that V" 5 V0 + v
for some V" e [U‘Xmsuch that(ZO Viy =0 foraII|n| >0.
Further, since the > "0 part of V' gives zero in the left hand
side of (27b), the objective of (27b) is to determine the &
partof]/' As the rlght hand side of (27b) is a function
of]/k with 0 < <k< i1, we conclude that V7 has order off
no larger than the order of these ¥ Since we know that /0
is independent of 5 for |ii| = 1equation (27b) ensures
that /7 is independent « of € and the highest order of V'
when |n| = Tmust be §" By |nduct|on we conclude that
for any 1, Vi is of order kin 5, where 0 k < n,and 1/” is
of orderriin 5 Thus 1/’ is an rith order multinomial in [U”m
and for all || < N we have N linearly independent V"

Now consider the rows of each V. Since

Vi=2v +V”=—[v0 vo . v°]+V",
n! ALt o2 m
with linearly mdependent eigenvectors v0 forj=1,...,m,

and since (Z° Viy = 0,,, each of the m elements of]/' are
linearly independent. Therefore, the m elements of all V’
with [A] < N, form a set of mA/ linearly independent ele-
ments of Uy

To show that the rows ofl/’1 are generalised eigenvec-
tors of £ in the centre subspace [Ef, consider

N
~~n ] E.,‘” ~7
LV -V'ag = Y, oV - V'A;
k=0
= Z zﬁag”* - ~aAa since V' is order 7i in &
o<k<h
= Z 2 ik ]77’A5 from Lemma 5
o<k<h
= Z V_kAﬁ from rearranging (27b).

(28)
The left-hand side only produces 7 with 0 < k < 7, and
thus the rows of /' are generalised eigenvectors of rank i
with eigenvalues in matrix Ag. Since the rows of all V' with
|A| < N provide mN Ilnearly independent generalised
eigenvectors of £ with eigenvalues contained in Ag these
mN eigenvectors must span the centre subspace [Ef

Lemma 5 For generalised eigenvector ]7" constructed from
recurrence relatlons (27), derlvatlves of 1/” with respect to .f
sat/sfya’"Vn V" ford < m <

Since T/" 5 V0 + V7 with V7 of order less than i in e;‘,
then 0”1/" Vv, i agreement with Lemma 5 whenm = i.
However to prove Lemma 5 we need only prove the
|m| = 1case for general i, as the additive property of deriv-
atlve powers then ensure the lemma is true for every
0 < m<n.

We prove Lemma 5 by induction. For |ii| = 1, since

i = 'E:—nVa + 7 with V7 independent of &, we know that
a“v" Vo =
Now assume that amvk l/k m with |m| = 1is true for all

0< k n.Then, for|m| = 1, replace iwith i + Min (27b)
and take the mth derivative with respect to &,

V and thus Lemma 5 is true for every || = 1.

3 That is, a§+ﬁ”ff = aga:jff for 1 a multinomial in Z.
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sa(ag@”*ﬁq) - (a?v”*ﬁ’)Aa

>

o<|k| k<hi+m

>

0<|k| k<i+m

i+ m—k
g0V

(a?f+m_E)AE

o<|k|.k<h
= Sal/n - ]/ﬂAa ,

where in the fourth and fifth lines we recall that the high-
est & order of]/’ |s 7i + M — k, so to take the ith deriv-
ative we must have k 1 ; in the sixth line we apply the

assumption that ag’vk = 1/( for all 0 < k

seventh line comes from equation (27b) . On comparing
the first and last lines we see that a?fz“*’" 7V« V9, but

< n; and the

since

it o = E@“ﬁ) 2o Eﬁ .
ag’v” V=97 G #)'v°+v"+'" - VO_pn
n+ m)!

Vn m Vn’

u’m EN

and we know (ZO V”) =0 for every || >0 , then

0'”V"+m 1/' So, if amvk l/ with [m| = 1is true for
everyO < k |A| < N, then amv”+ l/ﬁis also
true. Since a”l/" % is true when Al =1, d’"l/'7+m = f/ﬁ

must be true for every |ii| > 0 when |m| = 1 Finally,
because derivative orders are additive, Lemma 5 must be
true forevery0 < m <.

nand1

3.2 Slow field and PDE

In this section we complete our primary aim, which is to
model the slow dynamics of the original field u(x, y, t).
To do this, we project u(X,y,t) onto the centre sub-
space [E0 and define this projection as the slow field
UX,t) = (ZO uX,y,t)) € C™. The aim of this section is to
construct a poe for U(X, t) with an exact error term. For the
shallow fluid flow example of Sect. 1.1, roes of different
order are (4a) and (5a), but the error term is new.

The slow ﬁeld U(x t) evaluated at statlon X =Xis equiv-
alent to <Z° u(X + cf y,t)) evaluated at § 0, and since
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aX,t) = uX + &y, t) + O(lElN“) Sect. 2.2 and equa-
tion (22)) the slow field is also equlvalent to (ZO u(X t))
evaluated at f =0.We expand u(X, t)in terms of the centre
modes V" and the analogous stable modes, and then pro-
ject this parameterisation onto the the centre subspace [E°
to obtain the slow ﬁeld U(X t).

Since we project (X, t) onto E?, the stable modes may
at first seem superfluous in the expansion of u(X t). How-
ever, while the stable modes decay exponentially rapidly,
resulting in the emergence of the evolution of u(X, y, t) on
the centre subspace, through the nonlinearity these sta-
ble modes are not generally negligible and their influence
must be accounted for in U()?, t).

We define W' e U™ ®, Gy, = [Um"/ as the general-
ised eigenvectors which span the stable subspace [EN C Uy
of L. The full set of generalised eigenvectors, V' and W,
span Uy, of Z, fully parameterising the field &i. Many of the
properties of the W' are analogous to those of the V'and
can be established by proofs similar to those presented
in Sect. 3.1. Therefore, here we only briefly comment on
those properties of W' which are required for the analy-
sis of generating multinomial &, and ultimately the slow
field U(X, t).

For the lowest order casen = (1, the_centre subspace
eigenvector V° = V9 satisfies 25]70 = f)oAa (Definition 4)
where matrix As € C™Mhas centre eigenvalues 4,, ..., 4,
(Assumption 3) and similarly there is a stable subspace

elgenvectorW [Vo VO ] € U™ which satisfies

m+1 "m+2

5 WP = WP B for some matrix B; € C™*™ with stable
elgenvalues )’m+1' Amazr o1 Am (Recall from Assumption 3
that m’ may be infinite). Together 7’ and W span the Hil-
bert space U of £;. -

For convenience, define matrix ¥ = [V']where the col-
umns of V are the centre subspace eigenvectors V'.The
ordering of the V" inVis accordmg to the magnitude |n|,,so
that the first column is 7°. From (28), 21" = Lici<i Vv A
and so we define block upper triangular matrix A such
that LV = VA . The upper block triangular matrix A
consists of A'x A blocks with 0, below the diagonal,
Az € C™™ along the main dlagonal and the (k n) block
above the diagonal (that is, forii > k) is A, € C™M The
centre eigenvalues of £ are the elgenvalues of the blocks
along the diagonal of A, namely, the m eigenvalues of A;,
Aseeey Ay repeated NV times.

Similarly to matrix .4 which satisfies LYV = VA, we define
matrix B such that £)V = WW3. Analogous to A, B is upper
block triangular with A"x A blocks of size C™*™, with
block B; along the main diagonal, and Bﬁ_} the (E, n) bIocIN(
above the diagonal. Thus the stable eigenvalues of L
are the eigenvalues of B which must be 4,,,1, Apni0i -
repeated N times. Recall that these stable eigenvalues all
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have real part < —f < —Na, whereas the magnitude of the
real part of the centre eigenvalues are < « (Assumption 3).

We capture the full centre-stable dynamics of the linear
generating PoEe (26) on U, with

N
= ) VU; + W'sp) = WU+ WS, (29)

Ail=0

for parameters U = [U;] and S = [S;] with U; € C™ and
S; € C™ . AsFlu], f[ii] € Uy and the generalised eigenvec-
tors, V" and W, span Uy the forcing and nonlinear terms
are uniquely parameterised in terms of these generalised
eigenvectors,

Flul = Vr(t) + Wr,(t), L] = VE.(t) + WE(t), (30)

wherer, = [rf]arzdfs = [fcf'], and similarly for r,and f,, with
rf, fc” e C"and rf, fS” € C™ . We substitute the expansion
of &1 (29) into the nonlinear generating poe (17) and sepa-
rate the forcing and nonlinear terms into centre and slow
components (30). From Sect. 3.1 we know that the centre
subspace eigenvectors 1" are linearly independent, and
similarly the stable subspace eigenvectors Y\ are linearly
independent. Therefore, we separate the centre and stable
components of the poe to obtain

ou

= = AU+ F(t) + r (D), (31a)
?)—S—BS+f(t)+r(t) (31b)

A general solution of the ppe for the stable parame-
terS(31b)is

t
St=BfSO+/ BEf (7) + r,(2)]d
(t) = e S(0) 06’ [f () + ry(0))dz (32)

= ePLS(0) + €5t x [f.(t) + r,(1)],

with convolution h(t) x g(t) := [Ot h(t — t)g(r)dz . As all
eigenvalues of B have real part < —f < —Na, for some
decayratey € (a, ),

S(t) = e % [£,(t) + r()] + O(e™). (33)

This solution for S(t) shows that, after a sufficiently long
time, the forcing and nonlinear terms dominate S through
the convolution, thus showing how the forcing and nonlin-
ear terms couple the centre and stable solutions through
f,/candr,,. and why the influence of the stable modes are
not negligible.

We now construct a poe for the slow field U()?, t) by
considering both its the temporal and spatial deriva-
tive in terms of the centre-stable dynamlcs Since

UK, t) = (28, a(X, t))z_g at station X=X,

AUX, t)
at

_ <25, du(X, t)

o [
= (2. D%’) (2 Vva—5>
= (2%, VAU 5

+(Z0, WBS);_s
+(Z5, Wr,(1)) g
= (2, V)z g AU+ (20, V)_gf. (1)

+ (20 VE()2 + (2, Vr(0)zg
+(Z5, W) 2.5

from (31)

+ <Zal 9)5:6'}(1’)

+ (25, Wyz_sf () + (20, W)z _gr()
+ (25, W)z_s8e™ * [£,(t) + r,(t)] + O(e™"")  from (33).
(34)
From (27c), the inner product (Z9, Wi_o = llm Op =+ O]
Also, because of the upper block triangular structure of A,
the k element of AU is
N—|K|

2 A; kU = Z AU i

fizk,|RI<N |7i|=0

Therefore, in the first term on the right hand side of (34) we
only retainthek =0 elemen_t ofAI/_l, and in the second and
third terms we only retain f2 and r?, respectively. So now,

UK, t)

- Z AU + f°(t) + rO(t)

|A|=0

+ (25, Wy_gfi®) + (25 Wy_gr,(0)

+ (25, W)z_sBe™ * [£,(t) + r,(t)] + O(e7") .
(35)

Now consider the order 7 spatial derivative of the slow
field,

= (Zal U(;()f)/: t));=)“(
= (25, u™y
= (2%, 0%aX, 1) z5

[0UK, D],

from (20)

= (2%, a"v>§ U+ (20, a”W>E =S.

From Lemma 5, (Z°, a"v*> = (25, l/k_n)a = which,

from (27c¢), equals the |dent|tyl ifk = n, but zero other-
wise. Thus, in the first inner product of (36), only the U
element of U/ remains. Then, in the second inner product
of (36), substitute the solution of the stable parame-
ter S (33). The spatial derivative is now
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(07U, D)];_x = Uz +(Z°, a;i’mgzael“ * [£(0) +r,(D)]
(37)
+0(e™).
Combining (35) and (37),

oUX, t)
ot

Z A a"U(x t)

|A|=0

+ £3(8) + 13(0) + (Z°, W)y (1) + (25, W)z_gr ()

+ [ wB - Z A(Z0, a"W>

[7l=0 =5

Bt x [£.(t) + r,(D)]

+0(e™).

(38)
Whereas this equation symbolically resembles a rog, it is
strictly a differential-integral equation which couples the
dynamics at each station X via the ‘uncertain’ gradient
terms and the stable parameter S(t), which is depend-
ent on the history convolution integrals (32). To obtain a
slow ppE without this coupling to different stations, such as
PDE (4a) used in the shallow fluid flow example, we retain
all terms which do not couple to different stations (i.e.,
no dependence on derivatives a;u(ﬁ) with [A| = N and no
dependence on S(t)) and regulate all other terms to a
remainder.The second last line of (38) contains a convolu-
tion, so is part of the remainder, and the two forcing terms
r°(t)and <Z° W>E sr,(t) are dependent on uncertain gradi-
ents, so are alsoin the remainder. In contrast, the nonlinear
terms fco(t) andf(t) contain parts which we want to retain
in the slow poE, as well as terms which should be in the
remainder.

[FOX, t) + £, (X, 0],

2

] - o
123l 1€p 1 =0

J

12312 1451 > - > 16, |

N
Z a
k.7,

12fP

where fca()?, t) e C"and fsa()?, t) € C™contain no uncertain
terms and no dependence on S (so are retained in the slow
pDE), and where f° (t)and £, (t) contain all uncertain terms
and S dependent terms. The f° (t)andf, (t), as well as the
convolutions and forcing terms in (38), are not retained in
the slow poE. As the nonlinear function f[u] in the original
PDE (6) is a sum of nonlinear terms f/[u] (Assumption 1), the
nonlinear fO(X t)and f(X t) are also a sum of nonlinear
terms indexed by integer j,

RXn=Y 0K, P&o=Y X0, 4
J J

where f°(X,t) e C™ , and f°(X,t) € C™ . As fi[u] is of
order Piinu and its derivatives (Assumption 1) fj0 and f"O
must be of order P;in U; € C™ for all|i| < N*. So, in gen-
eral, each k = 1,...,m element of f° + f/ must have the

form
N .
) @ 2 Uz
. . kE\Eylp O
Cileei)|bp] =
ikl =0 )
121 > |le> Ifl
®Ug2®'"®U,/;PI_,

> Pi
for some constant vector @ _ . . € C™’ and where

Orlyty
® represents the usual Kronecker product, for which
U ® Uz €C™ and U; QU ®®U; ecm. % 0on

replacmg allU; with spatlal derlvatlves of ()fU as shown
in (37), the kth coordlnate of the m-dimensional nonlinear
term retained in the slow poE must have the form

ve@ne 8@ (42)

For specific cases, removing the remainder components
from the nonlinear terms in (38) is achieved using (25), as
shown in Appendix A.2. Here, for the general case, we
show that the nonlinear terms which are retained in the
slow ppE must take a particular form. First, separate the
nonlinear terms in the second line of (38) into two parts,

O = FOX, 0+ (1), (2, W)ghi(® = £X, ) +£,(0), (39)
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Now, on replacing arbitrary station XwithX € X , the slow
poe determined from the differential-integral equation (38) is

4 The nonlinear f°(t) and (Z5, W)a §fs(t) are sums of nonlin-
ear terms of order P in both U; and S— for all|n] < N, but as all S
dependence is contalned in f° (t) and £, (t) there is only U; depend-
encein f°(X t)andf(X o).

> For m = 1, as in the fluid flow example of Sect. 1.1, the constant

vector in (41) reduces to a scalar and the Kronecker products

reduce to a multiplication of scalars. For P, = 2 and any value of m,

each term in (41) is equivalent to U Clif U/ for some constant
1 172

matrix ¢ _ _ € C™m,

ke 6,
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. N
UG, t) P
—= Z Az00UG, 1)
|Ai|=0
< (43)
->iT zf’z P
+; X A q<a V) ® 0 U)® - ®(a U)+p,
|f1|r ll P]lzo
12 185 > - > 15
P
Wltha’fd

; (0 O - ®(0 ’U)them -dimensional vec-

‘\ 2
tor with elements k=1,2,...,
remainder

mdefined by (42), and with

p =f2(0 +19) + £, (0) + (Z°, W)z_gr, (D)

+ |25 WyB - Z A(Z0, a”w>

Iil=0 5

e % [£,(1) + ()]

+0(e™).
(44)
Analogous slow ppes were derived by Robert [28] (equa-
tion (22)) and Roberts and Bunder [30] (equation (51)), but
without the nonlinear terms.

Simplifications of the remainder p (44) are possible
when the order N is chosen to be higher than the order of
the spatial derivatives in the orlglnal pDE (6). The orlglnal PDE
contains linear operators - af for k satisfying 0 < |k| < o0,

but in practice there will be an upper limit on |k| say Kpax

(often k.x = 1, 2—the example of Sect. 1.1 has k,,, = 1).
Assume that N > k.., and consider the uncertain linear
termsin p:

13(8) + (20, Wyz_gr,(t) = (25, Vro(t) + W ()5

= (2’ flulz_s

Since Z0is |ndependent off we need only con5|der5 0
inFlu] (21) When .f Othe r|ght hand side of (21) requwes
Al =0, |f| N and 2 s k, but since N > k., > |k| we
can neversatlsfy|z,”| Nandf s k.So, when N > Knax WeE
have Flulz_, = Oand r?(t) + (ZO W>§:()rs(t) = 0. Similarly,
consider the projection of the nonlinear term

FOt) + (20, W)z_sf,(6) = (Z°, VE.(6) + WE(D) 25

= (Z° fla)z_;,
and then expand f[@i]using (24). If N is chosen to be larger
than any spatial derivative in the nonlinear term, that is
N> p’ifor everyi=1,2,...,P;and for every j the number
of nonlinear terms, then

flulz5= ), cj(y)]_l [a?u]q )
j i =0

contains no uncertain terms. So, when separating the
nonlinear terms according to (30) and (39) fgr(t) andf; (t)
contain all S dependence and any convolution terms, but
no uncertain terms. ‘
We have shown that N > max(p’ Kmax) removes
the uncertain terms from f° (t) and f,,(t) and sets
0(t) + (ZO W) (=0, but th|s does not remove all
uncertain terms from the remainder p (44). Uncertain terms
are still present in the remainder because of f,(t) and r,(t)
which appear in the convolution in the second line of (44).
Section 1.1 presents the example of a shallow fluid flow on
a rotating substrate and, with computer algebra code pro-
vided in Appendix A, constructs slow poE of the form given
in (43), as shown in equations (4a) and (5a), for N = 3 and
N = 4, respectively. Appendix A.3 calculates parts of the
remainder p, such as (Z°, ) B and A- (Z0 d”W) and shows

that, since the order s sufficiently large (N > max(p’ Kna) =1
we have r°(t) + (Z° W)E §s(t) = 0.Whereas the Appendix
is written to support the example presented in Sect. 1.1, only
Appendix A.1 is specific to this example, with the code in
Appendices A.2 and A.3 written in a general format so as to be
readily adaptable to a large number of systems.

4 Conclusion

This article further develops a general theory to support prac-
tical approximations of slow variations in space. This method-
ology was initially developed by Roberts [28] for linear systems
in one dimensional space, and then extended by Roberts and
Bunder [30] to linear systems in multi-dimensional space. We
here extend theoretical support to nonlinear systems of ppes
in spatial domains that are large in multiple dimensions. In
addition, we substantially simplify the derivations of Roberts
[28] and Roberts and Bunder [30] by directly constructing the
generating poE (Sect. 3.1), rather than applying an intermedi-
ary step which later requires conversion to the generating pok.
As is illustrated by our realistic example concerning the flow
of a layer of fluid on rotating substrate, the significant advan-
tages of the theoretical methodology are:
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e the approach is readily applicable to a wide range of
systems, as illustrated by the general theory provided
in Sects. 2 and 3;

o higher order poEs are obtained in a straightforward man-
ner by increasing the order N of the Taylor expansion; and

e every resulting slow roe has a well-defined error, with a
derived algebraic form which can be bounded in appli-
cations.

In the general theory, we make some assumptions about the
structure of the nonlinear microscale system and its dynam-
ics. Assumption 1 requires that the nonlinearity in the original
microscale poe should be a sum of products of the unknown
field and its derivatives, and Assumption 3 requires centre-
stable dynamics. The key requirement for the presented
methodology is the persistence of the centre manifold of the
linear system (described in Sect. 3.1) when perturbed by non-
linearities and time-dependent forcing, thus justifying the
importance of the eigenspace of the linearised system to the
full nonlinear microscale system (Sect. 3.2). As other invariant
manifolds are often similarly persistent, we expect that the
methodology is not restricted to the centre-stable dynam-
ics required by Assumption 3. Indeed, we show that other
invariant manifolds are possible with the fluid flow example
in Sect. 1.1, which has slow-stable dynamics. Furthermore,
this fluid flow example has a more complex nonlinear struc-
ture than that required by Assumption 1. The Reduce Alge-
bra code presented in Appendix A is designed for this fluid
flow example, but is written so as to be adaptable to other
systems, including those with different nonlinear structures.

Future research will aim to further generalise the meth-
odology. Of particular interest is stochastic dynamics [1,
29], deriving boundary conditions for the slowly varying
model from microscale boundary conditions [22, 27, 33],
and non-local operators [i.e., beyond the local opera-
tors 8;0)’_: in (6)] [5].
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Appendix

A: Computer algebra determines the emergent
macroscale model

The Reduce Algebra code presented here takes the micro-
scale fluid flow equations (1) for field u(¥, y, t) and derives
the emergent slow macroscale dynamics (4a) or (5a) for
the slow field U(X, t) on X € X, where domain X c R
with M = 2is specified as‘large’. The microscale system (1)
decomposes into a stable subspace and an m = 1dimen-
sional slow subspace, with the slow field evolving on this
slow subspaceU € R™.

The Reduce code is applicable to other systems with
original microscale field u € U ¢ R? on an M = 2 dimen-
sional large domain, and described by ppes with an order
P = 2 nonlinear term, provided the dynamics of these sys-
tems decompose into ad — Tdimensional stable subspace
and an m = 1dimensional centre or slow subspace, thus
producing a slow field U(X, t) € R . But this code is readily
adaptable to systems with different specifications. Other
parameters in the code are easily changed; for example,
the dimension d of the field u and the order of the Taylor
expansion N are variables in the computer algebra.

We firstly set some printing options and ensure that
Reduce will provide us with complex number solutions. We
then specify the dimensions of the u field and the desired
order of the Taylor expansion N.

1 on div; off allfac; on revpri; on complex;

2 d:=3;

% dimension of u field

3 nn:=3; % order of Taylor expansion
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Appendix A.1 defines the microscale poe of field u(X, y, t),
introduced in Sect. 1.1, which describe fluid flow on a rotating
substrate. Appendix A.2 is generic code for any system with an
m = 1dimensional slow subspace, a‘large’domain of dimen-
sion M = 2, and nonlinearity of order P = 2.This generic code
constructs both slow eigenvectors and eigenvalues, V'and A,
and stable eigenvectors and eigenvalues, W' and B;, of the
matrix operator £ (18) for |ii| < N.Then the code produces
the slow macroscale poe for the slow field U(X, t) € R™with X
defined on the large domain X c R™,

A.1:Thin film flow

The provided code allows for a more general poe than
that given in (1), by including the Weber number We to
describe surface tension,

oh -

L~ v.hy),

o (hv) (45a)
o _|[-b f |- - 2= 3=
E_[—f _b]v—(v-V)v—th+vV v+WeVy,

(45b)

although here, for simplicity, we set We = 0.
The code below defines matrices &;and 9t for || < N
for poes (1) and (45).

% linear L matrices
1100:=mat ((0, O,
1110:=mat ((0, O,
1101:=mat ((0, O,
10 1120:=nux*mat ((0,

© 00 N O U

0),(0, -b, £), (0,
0),(-g, 0, 0), (0, 0, 0));
0),(0, 0, 0), (-g, 0, 0));
0, 0),(0, 1, 0),

Now specify the eigenvalues of £;, thus defining A;
(Definition 4), the single eigenvalue (since m = 1) of the
slow subspace, and B, the (d — 1) X (d — 1) matrix of
eigenvalues of the stable subspace (from Definition 4),
m =d-1).

27 array aa(unn,nn);

28 aa(0,0) :=0$

29 dr:=d-1%$

30 array bb(dr-1,dr-1,nn,nn);
31 bb(0,0,0,0) :=-b+ixf$

32 bb(1,1,0,0) :=—b-i*f$

For coding purposes, it is more convenient to define the
matrices £; and M;;; as arrays.

we:=0$ % simple example

-f, -b));

(0, 0, 1));

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

1102:=nu*mat((0, 0, 0),(0, 1, 0),
1130:=we*mat ((0,0,0),(1,0,0),(0,0,0));
1103:=we*mat ((0,0,0),(0,0,0),(1,0,0));
1112:=we*mat ((0,0,0),(1,0,0),(0,0,0));
1121 :=we*mat ((0,0,0),(0,0,0),(1,0,0));

% nonlinear M matrices

mm000 :=mat ((0,0,0),(0,0,0),(0,0,0));
mmOO01 :=mm000;

mmO02 :=mm000;

mm100:=mat ((0,-1,0),(-1,0,0),(0,0,0));
mm101:=mat ((0,0,0),(0,-1,0),(0,0,0));
mm102:=mat ((0,0,0),(0,0,0),(0,-1,0));
mm010:=mat ((0,0,-1),(0,0,0),(-1,0,0));
mmO11:=mat ((0,0,0),(0,0,-1),(0,0,0));
mm012:=mat ((0,0,0),(0,0,0),(0,0,-1));

(0, 0, 1));
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33 kmax:=3$ % highest order spatial derivative

34 array 1lls(dr,dr,kmax,kmax);

35 for ki1:=0:dr do for k2:=0:dr do 11ls(k1,k2,0,0):=1100(k1+1,k2+1);
36 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,1,0):=1110(k1+1,k2+1);
37 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,0,1):=1101(k1+1,k2+1);
38 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,2,0):=1120(k1+1,k2+1);
39 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,0,2):=1102(k1+1,k2+1);
40 for ki1:=0:dr do for k2:=0:dr do 11s(k1,k2,3,0):=1130(k1+1,k2+1);
41 for k1:=0:dr do for k2:=0:dr do 11ls(k1,k2,0,3):=1103(k1+1,k2+1);
42 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,1,2):=1112(k1+1,k2+1);
43 for k1:=0:dr do for k2:=0:dr do 11s(k1,k2,2,1):=1121(k1+1,k2+1);

44 array mms(dr,dr,dr,kmax,kmax) ;

45 for k1:=0:dr do for k2:=0:dr do mms(0,k1,k2,0,0) :=mm000 (k1+1,k2+1);
46 for k1:=0:dr do for k2:=0:dr do mms(0,k1,k2,1,0) :=mm100(k1+1,k2+1);
47 for k1:=0:dr do for k2:=0:dr do mms(0,k1,k2,0,1) :=mm010(k1+1,k2+1);
48 for k1:=0:dr do for k2:=0:dr do mms(1,k1,k2,0,0) :=mm001 (k1+1,k2+1);
49 for k1:=0:dr do for k2:=0:dr do mms(1,k1,k2,1,0):=mm101(k1+1,k2+1);
50 for k1:=0:dr do for k2:=0:dr do mms(1,k1,k2,0,1) :=mm011(k1+1,k2+1);
51 for k1:=0:dr do for k2:=0:dr do mms(2,k1,k2,0,0) :=mm002(k1+1,k2+1);
52 for k1:=0:dr do for k2:=0:dr do mms(2,k1,k2,1,0) :=mm102(k1+1,k2+1);
53 for k1:=0:dr do for k2:=0:dr do mms(2,k1,k2,0,1) :=mm012(k1+1,k2+1);

A.2: Generalised eigenvectors and slow PDE

The code below derives the centre (or slow) and stable
modes for some poe of the form (6), and constructs the
slow ppE projected onto the centre (or slow) subspace
(as describe in Sect. 3.2). The code is applicable to any
d dimensional microscale field on an M = 2 dimensional
‘large’ domain with a poe of nonlinear order P = 2, where
the d dimensional field separates into a m’ = d — 1sta-
ble subspace and a m = 1 dimensional slow or centre

subspace (although v, defined in line 63, is list of at least
d dummy variables, so the number of dummy variables
in this list should be increased if field u has dimension
d > 7, and similarly for w defined in line 96, is list of at
least d(d — 1) dummy variables).

This code is used to derive the slow ok of the fluid flow
problem described in Sect 3.2, with parameters defined
in Appendix A.1

Calculate the centre (or slow) left and right eigenvec-
tors, Z0and V5, of &5 from the nullspaces of [£; — Aa]T and
[L5 — A;, respectively (Definition 4).

54 matrix ii(d,d)$ % identity matrix

55 for j:=1:d do ii(j,j):=1;

56 vvec:=first(nullspace (1100-ii*aa(0,0)))$ % right eigenvec
57 zvec:=first(nullspace tp(1100-ii*aa(0,0)))$ % left eigenvec
58 zvec:=zvec/det (tp(zvec)*vvec)$ 7, rescale

59 array vvt(dr,nn,nn);

60 for j:=0:dr do vvt(j,0,0):=vvec(j+1,1);

61 array zz0(dr);

62 for j:=0:dr do zz0(j):=zvec(j+1,1);
63 v:={v0, v1, v2, v3, v4, vb, v6, v7}$ % dummy variables
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The recurrence relation (27) is applied to construct Now consider the stable subspace. As was done above
the slow eigenvectors ' and eigenvalues A; of Z for all  for slow subspace, first calculate the left and right eigen-
0 < |7l < N . Once we know all A;, we know the linear  vectors associated with the eigenvalues in B; of matrix £;,
part of the slow poE (43) (or linear parts of the slow ppes  and then apply a recurrence relation analogous to (27)
(4a) and (5a) for the thin film flow example). to construct the stable eigenvectors W' and associated

matrices of eigenvalues B; of Z forall 0 < |A| < N.

64 for pl:=0:nn do for p2:=0:(nn-pl) do if (p1l+p2)>0 then <<

65 aa(pl,p2) :=(for k1:=0:min(kmax,pl) sum for k2:=0:min(kmax,p2) sum
66 for j1:=0:dr sum for j2:=0:dr sum
67 zz0(j1)*11s(j1,j2,k1,k2)*vvt (j2,pl-k1,p2-k2));
68 aa(pl,p2):=(aa(pl,p2) where {xi1l=>0, xi2=>0});
69 eqn:={(for j1:=0:dr sum
70 zz0(j1)*part (v, j1+1))-xil " pl*xi2~p2
71 /factorial(pl)/factorial(p2)};
72 for jl1:=0:dr do <<
73 co:=(for j2:=0:dr sum 11s(j1,j2,0,0)*part(v,j2+1) )
74 -part (v, ji+1)*aa(0,0)
75 +(for k1:=0:min(kmax,pl) sum
76 for k2:=0:min(kmax,p2) sum for j2:=0:dr sum
7 11s(j1,3j2,k1,k2) *vvt (j2,pl-k1,p2-k2))
78 —-(for k1:=0:pl sum for k2:=0:p2 sum
79 vvt(j1,pl-kl,p2-k2)*aa(kl,k2));
80 egn:=co.eqn,
81 >>;
82 solv:=solve(eqn,v);
83 for j1:=0:dr do vvt(jl,pl,p2):=sub(solv,part(v,ji+l));
84 >>;
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85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129

array wwt(dr,dr-1,nn,nn);
for j1:=0:(dr-1) do <<
wvec:=first(nullspace (1100-ii*bb(j1,j1,0,0))); % right eigenvec
for j2:=0:dr do wwt(j2,j1,0,0) :=wvec(j2+1,1);
>>
array wwOt(dr-1,dr);
for j1:=0:(dr-1) do <<
wvec:=first(nullspace tp(1100-ii*bb(j1,j1,0,0))); % left eigenvec
scl:=(for j2:=0:dr sum wvec(j2+1,1)*wwt(j2,j1,0,0));
for j2:=0:dr do wwOt(j1,j2):=wvec(j2+1,1)/scl;
>>;
w:={w0, wl, w2, w3, w4, wh, w6, w7, w8, w9, wiO, will, wi2, wi3, wi4l}$
array wtmp(dr,dr-1);
for j1:=0:dr do for j2:=0:(dr-1) do wtmp(jl,j2):=part(w,jl*dr+j2+1);

operator dirac;
let {dirac(”j1,7j2)=>0 when jl1 neq j2, dirac(™j1,7j2)=>1 when jl1=j2};
for p1:=0:nn do for p2:=0:(nn-pl) do if (pl+p2)>0 then <<
for m1:=0:(dr-1) do for m2:=0:(dr-1) do bb(ml,m2,pl,p2):=
(for k1:=0:min(kmax,pl) sum for k2:=0:min(kmax,p2) sum
for j1:=0:dr sum for j2:=0:dr sum
wwOt (m1,j1)*11s(j1,j2,k1,k2)*wwt (j2,m2,pl-k1,p2-k2));
for m1:=0:(dr-1) do for m2:=0:(dr-1) do
bb(ml,m2,pl,p2) :=(bb(ml,m2,pl,p2) where {xil=>0, xi2=>01});
eqn:={};
for m1:=0:(dr-1) do for m2:=0:(dr-1) do <<
co:=(for j1:=0:dr sum
wwOt (m1, j1)*wtmp(j1,m2))-
dirac(ml,m2)*xil"pl*xi2°p2/factorial(pl)/factorial(p2);
eqn:=co.eqn;
>>;
for j1:=0:dr do for j3:=0:(dr-1) do <<
co:=(for j2:=0:dr sum 11s(j1,j2,0,0)*wtmp(j2,3j3))
-(for j2:=0:(dr-1) sum wtmp(jl,j2)*bb(j2,j3,0,0))
+(for k1:=0:min(kmax,pl) sum
for k2:=0:min(kmax,p2) sum for j2:=0:dr sum
11s(j1,j2,k1,k2) *wwt (j2,j3,p1-k1,p2-k2))
-(for k1:=0:pl sum for k2:=0:p2 sum for j2:=0:(dr-1) sum
wwt (j1,j2,pl-k1,p2-k2)*bb(j2,33,k1,k2));
eqn:=co.eqn;
>>;
solw:=solve(eqn,w) ;
for j1:=0:dr do for j2:=0:(dr-1) do wwt(jl1,j2,pl,p2)
:=sub(solw,part(w,jl*dr+j2+1));
>>;
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Construct the nonlinear term f[&] (24) with  we have chosen N large enough so that these uncertain
O=WVU+WS asin (29), where V=[V'], W=[W"], termsonly appear in the remainder’s convolution term.
U = [Ux],and S = [S 1. Here we ignore the uncertain gradi- ~ Then, compare coefficients of multinomial variable £ to
ent terms (second line of (24)) because such terms arereg- ~ determine the slow and stable parts of the nonlinear term,
ulated to the remainder p (44) of the slow poe and because  fcand £, asin (30).

130 operator uu,

131 operator ss,

132 operator nonl;
133 operator nonlvw;
134 operator tu,;

135 operator fc;

136 operator fs;

137

138 for j:=0:dr do tu(j):=(for k1:=0:nn sum for k2:=0:(nn-k1) sum
139 (vvt(j,k1,k2)*uu(kl,k2)+(for n1:=0:(dr-1) sum

140 wwt (j,nl,k1,k2)*ss(nl,k1,k2))) where {b"2=>bf-f"2});
141 for 1:=0:dr do nonl(l):=(for pl:=0:min(kmax,nn) sum

142 for p2:=0:min(kmax,nn) sum

143 for n1:=0:nn sum for n2:=0:(nn-nl) sum

144 for m1:=0:n1 sum for m2:=0:n2 sum

145 xi1”(n1)*xi2" (n2)/(factorial (m1)*factorial (m2)

146 xfactorial (n1-ml)*factorial (n2-m2))

147 *(for 1i:=0:dr sum for j:=0:dr sum

148 sub(xi1=0,xi2=0,df (df (tu(i) ,xil,mi+pl) ,xi2,m2+p2))

149 *mms (1,1, j,pl,p2)*sub(xil=0,%xi2=0,tu(j)) ) );

150 for 1:=0:dr do nonlvw(l):=(for k1:=0:nn sum for k2:=0:(nn-k1) sum
151 vvt(1,k1,k2)*xfc(kl,k2)+

152 (for j:=0:(dr-1) sum wwt(l,j,k1,k2)*fs(j,k1,k2) ));

153

154 for 1:=0:dr do nonlvw(l):=(for k1:=0:nn sum for k2:=0:(nn-k1) sum
155 vvt(1,k1,k2)*xfc(kl,k2)+

156 (for j:=0:(dr-1) sum wwt(l,j,k1,k2)*fs(j,k1,k2) ));

157 ffs:={}$

158 for k1:=0:nn do for k2:=0:(nn-k1) do ffs:=fc(kl,k2).ffs;
159 for k1:=0:nn do for k2:=0:(nn-kl1) do for j:=0:(dr-1) do

160 ffs:=fs(j,k1,k2).ffs;

161 eqn:={}$

162 for 1:=0:dr do for ki1:=0:nn do for k2:=0:(nn-k1) do

163 eqn:=coeffn(coeffn(nonl (1)-nonlvw(l),xil,k1),xi2,k2) .eqn;

164 egqn:=(eqn where b~2=>bf-f"2)$
165 solf:=solve(eqn,ffs)$
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For the general slow poE (43) of U(X, t) (or example pDEs
(4a) and (5a)) we require the projection onto the centre
(or slow) subspace [E‘C’. In addition, as discussed in Sect 3.2,
we regulate all dependence on the stable subspace to a
remainder p (44), which, for deriving the slow ppE effec-
tively requires us to set parameter S to zero. In the code
below we project nonlinear terms (X, t) and f,(X, t) onto E2
and set S to zero, as defined in equation (39). Then, using
Uy = dQU()'(', t), from (37) but neglecting the convolutions
[which are also placed in rema[nder p (44)], we rewrite the
remaining nonlinear terms fO(X,t) + f,(X, ) in the form
aﬁﬁ,a)i(’U()?, t)a)i(” Ux, t) (42).

A.3: Remainder of the slow PDE

In this section we calculate some terms which appear
in the remainder p (44) to illustrate how this remainder
is constructed for a specific model. We assume that the
remainder is evaluated after some relatively long time so
that terms O(e™"*) are negligible; asy € (a, p), this ensures
that the linear effects of the stable modes are negligible
(Assumption 3). o

We calculate all inner products (ZO,VV’)A = and

L ¢=0
(Z°, 0;_’)/\/'()5:6 and use these to calculate

166 fcOu:=(sub(solf,fc(0,0)) where {ss(7j1,7j2,7j3)=>0, bf=>b"2+f"2})$
167 fsOu:=(for k1:=0:nn sum for k2:=0:(nn-k1) sum

168 for j:=0:dr sum for 1:=0:(dr-1) sum zz0(j)

169 *xwwt (j,1,k1,k2)*sub(solf,fs(1,k1,k2))

170 where {xil1=>0, xi2=>0, ss(7j1,7j2,7j3)=>0, bf=>b"2+f"2})$
171

172 fctmp:=fcOu+fsOu$
173 array a(nn,nn,nn,nn);

174 for k1:=0:nn do for k2:=0:(an-k1) do

175 for j1:=0:(k1+k2) do for j2:=0:(k1+k2-j1) do <<

176 if (k1+k2=j1+j2 and a(j1,j2,k1,k2)=0) then

177 a(kl,k2,j1,j2) :=coeffn(coeffn(fctmp,uu(jl,j2),1)
178 ,uu(kl,k2),1)/2

179 else a(kl,k2,j1,j2) :=coeffn(coeffn(fctmp,uu(jil,j2),1)
180 ,uu(kl ,k2),1);

181 fctmp:=fctmp-a(kl,k2,j1,j2)*uu(jl, j2)*uu(kl,k2);
182 >>;

183 for k1:=0:nn do for k2:=0:(nn-k1) do <<

184 a(kl,k2,k1,k2) :=coeffn(fctmp,uu(kl,k2),2);

185 fctmp:=fctmp-a(kl,k2,k1,k2)*uu(kl, k2)"2;

186 >>;

We now write all A; and all elements of C to define the
slow poE (43) of U(X, t) (or example poEs (4a) and (5a)).

187 for k1:=0:nn do for k2:=0:(nn-k1) do

188 if aa(kl,k2) neq O then write aa(kl,k2):=aa(kl,k2);
189 for k1:=0:nn do for k2:=0:(nn-k1) do

190 for j1:=0:nn do for j2:=0:(nn-j1) do

191 if a(k1,k2,j1,j2) neq O then write a(ki,k2,j1,j2)
192 :=a(k1,k2,j1,32);
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N - _ N
Z Aﬁ(ZO, 62W>5=5 and [(ZO, W>E=6B]E = 2 <ZO’W>E=6BE—H .

|A|=0

193
194
195
196
197
198
199
200
201

202
203
204
205
206
207
208
209
210
211
212
213
214
215
216

Al=0

array ipzw(dr-1,nn,nn);
for ki1:=0:nn do for k2:=0:(nn-k1) do
for 1:=0:(dr-1) do ipzw(l,k1,k2):=(for j:=0:dr sum
zz0(j)*wwt (j,1,k1,k2) where {xil=>0, xi2=>0})$

array ipzdw(dr-1,nn,nn,nn,nn);
array asum(dr-1,nn,nn);
for k1:=0:nn do for k2:=0:(nn-k1) do for j1:=0:k1 do for j2:=0:k2 do
for 1:=0:(dr-1) do ipzdw(l,k1,k2,j1,j2):=
(for j:=0:dr sum zz0(j)*df(df (wwt(j,1,k1,k2),xil,j1),xi2,j2))$
for ki1:=0:nn do for k2:=0:(nn-k1) do
for 1:=0:(dr-1) do asum(1l,k1,k2):=(for j1:=0:nn sum
for j2:=0:(nn-j1) sum aa(ji1,j2)*ipzdw(l,k1,k2,j1,j2)
where {xi1=>0, xi2=>0})$

array ipzbb(dr-1,nn,nn);
for ki1:=0:nn do for k2:=0:(nn-k1) do
for 1:=0:(dr-1) do <<
ipzbb(1,k1,k2) :=(for j:=0:(dr-1) sum for j1:=0:k1 sum
for j2:=0:k2 sum
ipzw(j,j1,j2)*bb(j,1,k1-j1,k2-3j2)
where {xi1=>0, xi2=>0})$
if ipzbb(l,k1,k2) neq O then write {k1,k2};
>>;

For example, (Za, W1’2)>~25 is

219 mat ((ipzbb(0,1,0)), (ipzbb(1,1,0)));

217 mat ((ipzw(0,1,2)), (ipzw(1,1,2)))5 990 mat((ipzbb(0,0,1)), (ipzbb(1,0,1)));

N () N
2jsi=0A5(Z agw( Yegis The last line of (44), in terms of S [which contains the

convolution (33)] is

218 mat((asum(0,1,2)), (asum(1,1,2)));

and [(Z°, W)z_5Bl10)and [(Z°, W);_5Bl 1, are
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221
222
223
224
225

convterm:=for ki1:=0:nn sum for k2:=0:(nn-k1) sum
for 1:=0:(dr-1) sum
((for n1:=0:k1 sum for n2:=0:k2 sum for j:=0:(dr-1) sum
ipzw(j,n1,n2)*bb(j,1,kl1-n1,k2-n2) )
—asum(1l,k1,k2))*ss(1,k1,k2);

_Finally we calculate linear uncertain term  gradient terms, that is, spatial derivatives of u™ with
rd(t) +(Z° W)z_gr(t) and show that it is zero for our  |fi| = N, and compare this to Flu] = Vr.(t) + Wr,(t) (29) to
chosen order N > max(pﬁ,kmax) = 1. To do this we first determine all components ofrc(t) and rs(t)_
construct the forcing F[u] (21) in terms of the uncertain

226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255

operator ux;
depend ux, x1, x2;
array ru(dr);
for k1:=0:kmax do for k2:=0:(kmax-k1) do for jl1:=0:dr do
for j2:=0:dr do
for n1:=0:nn do for n2:=0:(nn-n1) do for 11:=0:nn do
if (11 leq nl+kl and nn-11 leq n2+k2 and
nl+n2+k1+k2 > nn and k1+k2 > 0) then
ru(jl) :=ru(j1)+11s(j1,j2,k1,k2)*xil " n1*xi2 "n2/
(factorial (nl)*factorial(n2))*factorial (ki+nl)*factorial (k2+n2)
/(factorial(l1l)*factorial (nn-11))
*df (df (ux(11,nn-11,32) ,x1,k1+n1-11) ,x2,k2+n2-nn+11) ;

operator rvw,
operator rc;
operator rs;
for 1:=0:dr do rvw(l):=(for k1:=0:nn sum
for k2:=0:(nn-k1) sum
vvt (1,k1,k2) *xrc(kl,k2)+
(for j:=0:(dr-1) sum wwt(l,j,k1,k2)*rs(j,k1,k2) ));
rrs:={}$
for ki1:=0:nn do for k2:=0:(nn-k1) do rrs:=rc(kl,k2).rrs;
for k1:=0:nn do for k2:=0:(nn-k1) do for j:=0:(dr-1) do
rrs:=rs(j,kl,k2).rrs;
eqn:={}$
for 1:=0:dr do for k1:=0:nn do for k2:=0:(nn-k1) do
eqn:=coeffn(coeffn(ru(l)-rvw(l),xil,k1),xi2,k2) .eqn;
eqn:=(eqn where b~2=>bf-£"2)$
solr:=solve(eqn,rrs)$
solr:=(solr where bf=>b"2+f"2)$
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In the remainder p we only retain the rc6 com-
ponent of the centre subspace forcing r.(t), and
for the stable subspace forcing we calculate

(29, W)gzafs(f) = Zf’mzo(za, W)rf(t). Then we show that
the sum r? +(Z° W)z_sr,(t) = 0.

256 rcO:=sub(solr,rc(0,0));

terms which are included in the slow poe (43) and those
which are in the remainder p (44). As the nonlinear calcula-
tions in Appendix A.2 are already fairly memory intensive,
we do not extend these calculations to deriving the non-
linear remainder terms in p.

257 rsall:=(for j:=0:(dr-1) sum for k1:=0:nn sum
258 for k2:=0:(nn-k1) sum
259 ipzw(j,k1,k2)*sub(solr,rs(j,k1,k2)));
260 zero:=rcO+rsall;
261
262 end;
For example problem (45), after linearisation the slow  References

height field h is not influenced by the fast velocity field v,
but the velocity field is influenced by the height via the
gravity term. The consequence of this is that while the slow
generalised eigenvectors V' may have a nonzero projec-
tion onto the stable subspace, the stable generalised
eigenvectors W' do not have a nonzero projection onto
the slow subspace,

0 0

=

éi | (46)
"

W =

2=

(I

I

Zh

13
Zn

¢

St
=13

=0 (lines

=0
216 to 219 in the above code all produce aéthree dimen-
sional zero vector) and the remainder p (44) is greatly sim-
plified. However, a small change in the example model,
such as changing line 8 of the codeto 1110 :=mat ( (0,
1, 0),(-g, 0, 0), (0, 0, 0)),wil produce
more complicated stable generalised eigenvectors W'
with nonzero projection onto the slow subspace, such as

and thus all inner products [(Za,agVV)]

o [ =0/ 407 (i~ b))+ 67)
W = & £ . 47)
i& —ié&

which will have a nonzero projection onto the slow sub-
space and produce a more complicated remainder term p.

Here we do not calculate the nonlinear terms which
appear in the remainder p (44), but these terms can be
calculated by editing the nonlinear calculations in Appen-
dix A.2 to include the second line of (23). As before, equa-
tion (30) separates the centre and stable components
of?[&], and (39) separates the nonlinear components into
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