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Abstract
In this paper, the heat and mass transfer due to the steady, laminar, and incompressible MHD flow inside T-shaped cav-
ity is numerically calculated. The fluid moves under an external magnetic field applied to the vertical axis of the cavity, 
and the cavity is driven by the parallel horizontal velocities from the upper and lower parts of the cavity. The governing 
equations of continuity, momentum, and the energy are solved simultaneously by using the finite difference method. The 
effect of Reynolds and Hartmann numbers on the streamlines, vorticity, temperature distribution, and velocity vectors 
in x–y directions is simulated. According to the motion of the fluid inside the cavity, some vertices vorticity will appear. 
It observes of their positions and the change in its positions under changing the Reynolds and Hartmann numbers. The 
results are presented in graphs and tables.
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List of symbols
B0	� External magnetic field ( Tesla (T))
Ec	� Eckert number
CP	� Specific heat at constant pressure 

(

J kg
−1

K−1
)

Ha	� Hartmann number
k	� Thermal conductivity 

(

Wm−1 K−1
)

L	� Length of the cavity (m)
P	� Fluid pressure ( Pa or Nm−2)
Pr	� Prandtl number
Re	� Reynolds number
T	� Fluid temperature ( K)
Tc	� Low wall temperature ( K)
Th	� High wall temperature ( K)
U	� Horizontal fluid velocity 

(

ms−1
)

u	� Dimensionless horizontal velocity
u0	� Characteristic velocity
V	� Vertical fluid velocity 

(

ms−1
)

v	� Dimensionless vertical velocity

X, Y	� Cartesian coordinates (m)
x, y	� Dimensionless Cartesian coordinates

Greek symbols
ρ	� Fluid density ( kgm−3)
σ	� Electrical conductivity ( Ω−1 m−1)
μ	� Fluid viscosity ( Pa s)
θ	� Dimensionless temperature
ψ*	� Stream function ( m2 s−1)
ψ	� Dimensionless stream function
ω*	� Vorticity function ( s−1)
ω	� Dimensionless vorticity function
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1  Introduction

The heat and mass transfer inside various shaped cavities 
is natural phenomenon, and it is known in engineering 
and has been the topic of many research engineering stud-
ies because of their occurrences and appearances in the 
various fields used in industrial applications like solar col-
lectors, heat exchangers, electronic chips, and green build-
ings. Ismail et al. [1, 2] studied numerically the heat and 
mass transfer of the laminar, incompressible, steady, and 
viscous fluid inside the T-shaped cavity using a finite differ-
ence approximation. They assume the fluid flow is driven 
from the upper and lower walls once, and from upper wall 
another once. Sahi et al. [3] investigated numerically the 
magnetic field effect on the 2-D natural convection inside 
T-shaped cavity subjected to isothermal boundary condi-
tions using the finite volume method. They investigated 
the free convective heat transfer due to the temperature 
difference between the upper cold flat wall and the bot-
tom hot wall. In [4, 5], they studied numerically the mixed 
convection heat transfer of nanofluids inside a T-shaped 
lid-driven by finite element method. The nanofluids are 
considered in the cavity to augment the heat transfer rate 
such that the upper boundaries have low temperature but 
the bottom boundaries have high temperature. Esfe et al. 
[6] investigated numerically the natural convection of fluid 
flow and heat transfer inside T-shaped cavity filled with 
nanofluids by using finite volume method, they assumed 
that the cavity having six walls with high constant temper-
ature and the horizontal top wall with low constant tem-
perature but the bottom wall is kept thermally insulated. 
Almeshaal et al. [7] investigated numerically the natural 
convection of the three-dimensional, unsteady, laminar, 
and incompressible nanofluid inside the T-shaped cavity 
using control volume method, they assumed that the left 
side walls have hot temperature and the right side walls 
are assumed as cold temperature but the bottom and top 
walls are kept thermally insulated. Hussain et al. [8] inves-
tigated numerically the mixed convection and entropy 
generation rate inside T-shaped porous cavity that filled 
with nanofluid using finite element method, they assumed 
that the upper wall has low temperature and the bottom 
wall is sinusoidally heated, whereas all the other walls 
are adiabatic. In [9, 10] studied numerically free convec-
tion of nanofluid inside ┴ shaped cavity. Sarkar et al. [11] 
investigated numerically of MHD mixed convection in a 
lid-driven rectangular cavities with the wall wavy at the 
top and rectangular heaters at the bottom wall using finite 
element method, they assumed that the top of the cav-
ity is driven by a wavy wall with low temperature, while 
the lower wall has three rectangular heaters with high 
temperature. Ma et al. [12–14] investigated numerically 

of natural convection and mixed convection of nanofluid 
in a U-shaped cavity in the presence of a magnetic field 
using lattice Boltzmann method (LBM). Selimefendigil and 
Öztop [15] investigated numerically of mixed convective 
nanofluid flow in an inclined L-shaped cavity by using 
the finite element method, they assumed that the cavity 
is driven from the upper wall with constant velocity, also 
the left and right walls are considered at high and low tem-
peratures respectively, while the top and bottom walls are 
adiabatic. Sheremet et al. [16] investigated numerically of 
the mixed convection flow and heat transfer for micropolar 
fluid inside triangular cavity using finite element method, 
they assumed that the cavity is driven from the bottom 
wall with constant velocity and high-temperature wall, 
while the left and right walls are considered at low tem-
perature. Ismail et al. [17] investigated numerically heat 
and mass transfer due to the steady, laminar, and incom-
pressible MHD micropolar fluid flow in a rectangular duct 
with the slip flow and convective boundary conditions. 
Haq et al. [18] investigated numerically for heat trans-
fer analysis of water functionalized Fe3O4 ferrofluid is 
performed along with the irreversibility process along a 
porous semi-annulus. Haq et al. [19] investigated numeri-
cally for thermal management of water-based single-wall 
carbon nanotubes (SWCNTs) inside the partially heated tri-
angular cavity with heated cylindrical obstacle. Haq et al. 
[20] investigated numerically for heat transfer analysis is 
performed for Magnetohydrodynamic (MHD) water-based 
single-wall carbon nanotubes (SWCNTs) inside a C-shaped 
cavity that is partially heated along the left vertical wall 
in the presence of magnetic field. Haq et al. [21] investi-
gated numerically for natural convection flow in a partially 
heated trapezoidal cavity containing non-Newtonian Cas-
son fluid. A non-Newtonian model of Casson fluid is used 
to develop the governing flow equations.

Our effort in this paper is dedicated to study the heat 
and mass transfer inside a T-shaped cavity with two paral-
lel walls in motion from the top and bottom walls under 
the effect of the external magnetic field.

2 � Mathematical formulation

2.1 � Physical description

Consider the steady, laminar, and incompressible viscous 
fluid is moved inside a T-shaped cavity under transverse 
external magnetic flux density ( B0 ) applied in Y-direction 
as shown in Fig. 1a. The cavity has a length ( L ) and can 
be divided into two parts, the upper part is called the 
head with length L and height ( 0.4L ), while the lower part 
is called the tail with length ( 0.4L ) and hight ( 0.6L ) as in 
Fig. 1a. The upper and the lower walls are moving with 
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uniform horizontal velocity in X-direction ( U = u0 ) and are 
maintained at high temperature ( T = Th ), while the other 
walls are maintained at low temperature ( T = Tc ). Figure 1b 
presents the locations of the vertices inside the cavity that 
formed due to the horizontal velocities and magnetic field 
effect. In this cavity, the upper and lower horizontal veloci-
ties are caused to form the primary and secondary primary 
vertices (C1) and (C6), respectively, that leads to form the 
secondary vertices (C3, C4, and C2) and tertiary vertices 
(C5 and C7). When the velocity is decreased, the primary 
vertex (C1) is divided into (C1L and C1R).

2.2 � Mathematical modeling

Assume the working fluid to be incompressible, electrically 
conducting, and Newtonian fluid. Two-dimensional MHD 
equations have been applied to the cavity. The flow of the 
fluid is assumed laminar and steady state with constant 
fluid properties. The fluid is movement inside the cav-
ity under transverse external magnetic flux density ( B0 ) 
applied in Y-direction. Assume the walls are electrically 
insulated, so that it neglects the electrical field (E) , and the 
magnetic permeability ( �0 ) of the fluid is low (low mag-
netic Reynolds number) so that it can neglect the induced 
magnetic field.

According to the assumptions stated above, the MHD 
equations that contain continuity, momentum, and energy 
[1, 2] under the effect of magnetic field for the present 
cavity can be written as:

(1)
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The boundary conditions are classified as follows.
On the top and bottom walls ( U = 1, V = 0, T = Th ), 

while on other walls ( U = V = 0, T = TC).
Convenient the horizontal and velocities into the 

stream function and vorticity forms where;

Applying the stream function and vorticity equation 
into governing equations we get;

It is convenient the governing equations into non-dimen-
sional forms by using the scale parameters as following;
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Fig. 1   a Statement for T-shaped cavity, b the dimension of the cav-
ity

Fig. 2   Grid generation for T-shaped cavity
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Fig. 3   The velocity vector profile at Re = 1 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50
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Fig. 4   The streamlines profile at Re = 1 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

By applying the scale parameters into Eqs. (6–8), we get;
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Fig. 5   The vorticity profile at Re = 1 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50
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where Reynolds number ( Re = �u0L∕� ), Hartmann number 
( Ha = B0L

√

�∕� ), Prandtl number ( Pr = CP�∕k ), and Eckert 
number ( Ec = u2

0
∕CP(Th − Tc)).

The non-dimensional boundary conditions are classi-
fied as follows;

On all horizontal walls 
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.
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Fig. 6   The temperature profile at Re = 1 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

On the top and bottom walls (� = 1) , while on other 
walls (� = 0).
On the top and bottom walls (u = 1, v = 0) , while on 
other walls (u = v = 0).

3 � Results and discussion

In this study, the Magnetohydrodynamic flow and heat 
transfer for the fluid through T-shaped cavity have 
been solved numerically by using the finite difference 
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Fig. 7   The velocity vector profile at Re = 800 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50



Vol.:(0123456789)

SN Applied Sciences (2020) 2:654 | https://doi.org/10.1007/s42452-020-2371-6	 Research Article

Fig. 8   The streamlines profile at Re = 800 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

approximation with 51 × 51 mesh points [1, 2] where the 
number of grids 

(

Nx = 51
)

 and 
(

Ny = 51
)

 in ( i and j ) direc-
tions, respectively, as in Fig. 2.

Using Mathematical software for plotting the velocity 
vector profiles, streamline profiles, vorticity profiles, and 

temperature distribution profiles inside the cavity. The 
governing equations are approximation at (Pr = 1.69) 
and (Ec = 1) with various Reynolds and Hartmann num-
bers ( Re = 1, 100, 800, 1200, 2000 andHa = 0, 10, 25, 50).
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Fig. 9   The vorticity profile at Re = 800 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

Figures  3a and 4a show the dimensionless velocity 
vector and streamlines profiles at (Re = 1) and (Ha = 0) , 
respectively. It presents the primary vertex (C1) is rotated 
in clockwise, while the secondary vertices (C2, C3, C4) 
and secondary primary vertex (C6) are rotated in a 

counterclockwise direction as in [1]. When Hartmann 
numbers increase as in Figs. 3b–d and 4b–d, the vertexes 
(C2, C3 andC4) are hidden and (C1) is divided into two 
vertices: (C1L) and (C1R) . When the Reynolds number 
increases as in Figs. 7, 8, 11, and 12, other vertexes appear 
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as the tertiary vertexes (C5andC7) and rotate in clockwise 
direction. Figures 5, 6, 9, 10, 13, and 14 show the vorti-
city and temperature profiles at (Re = 1, 800, 2000) and 
(Ha = 0, 10, 25, 50) . It observes the temperature increase 
with increasing the Reynolds and Hartmann numbers.

Table 1 presents the simulation of primary vertexes 
(C1, C1L and C1R) at the head part under various Reyn-
olds and Hartmann numbers. It presents the location of 
the primary vertexes and the stream function. The stream 
function has a negative sign, this means that the vortices 

Fig. 10   The temperature profile at Re = 800 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50
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Fig. 11   The velocity vector profile at Re = 2000 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50
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rotating clockwise about z-axis as in [1]. Table 2 presents 
the simulation of secondary vertexes (C3and C4) at the 
head part under various Reynolds and Hartmann numbers. 
The stream function in this table has a positive sign, so 

that the vertexes rotating counterclockwise about z-axis. 
Table 3 presents the simulation of second primary vertex 
(C6) at the tail part under various Reynolds and Hartmann 
numbers. The stream function has a positive sign, so that 

Fig. 12   The streamlines profile at Re = 2000 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50
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Fig. 13   The vorticity profile at Re = 2000 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

the vortices rotating counterclockwise about z-axis. Table 4 
presents the simulation of tertiary vertexes (C5) and (C7) 
at the tail part under various and Hartmann numbers. The 
stream function has a negative sign, so that the vertexes 
rotating in clockwise about z-axis. Table 5 presents the 

simulation of secondary vertex (C2) at the tail part under 
various Reynolds and Hartmann numbers. The stream has 
a positive sign, this means that the vortices rotating coun-
terclockwise about z-axis.
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Fig. 14   The temperature profile at Re = 2000 and a Ha = 0, b Ha = 10, c Ha = 25, d Ha = 50

4 � Conclusion

In this paper, we presented the effects of Reynolds and 
Hartmann numbers into the mass and heat transfer of 
steady, laminar and incompressible MHD fluid inside a 
T-shaped cavity under the effect of the external magnetic 
field. It assumed the cavity is driven by the two horizontal 
velocities from the top and bottom walls of the cavity. The 

results are presented in graphs and tables. Based on the 
obtained results, we can conclude that:

•	 When the Reynolds number increases, the locations of 
vertexes vorticity are changing and increased, also the 
temperature is increased.

•	 When the Hartmann number increases, the locations 
of vertexes vorticity are changing and decreased, also 
the temperature is increased.
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Table 1   Simulation of vertex 
“ C1, C1L and C1R “ under 
the various of Reynolds and 
Hartmann numbers

Re Ha x y �min Ha x y �min

C1
1 0 0.5 0.86 − 0.060328 25 – – –

10 0.48 0.88 − 0.04730159 50 – – –
100 0 0.7 0.86 − 0.063144 25 – – –

10 0.72 0.88 − 0.04915645 50 – – –
800 0 0.74 0.82 − 0.060781 25 0.82 0.86 −0.032365252657844

10 0.76 0.82 − 0.05167896 50 0.88 0.94 −0.01556280657

1200 0 0.74 0.82 − 0.055476 25 0.82 0.86 −0.030974080518

10 0.74 0.82 − 0.04803986 50 0.88 0.92 −0.01586636811

2000 0 0.74 0.82 − 0.047274 25 0.78 0.84 −0.027559501182

10 0.74 0.82 − 0.04193553 50 0.9 0.92 −0.01571373571

C1L C1R
1 25 0.28 0.9 − 0.02802960857 25 0.68 0.9 −0.02805196559

50 0.2 0.94 − 0.014869998 50 0.8 0.94 −0.014861109364

100 25 0.28 0.92 − 0.02727792423 25 0.76 0.9 −0.02866802385

50 0.24 0.94 − 0.01477812 50 0.82 0.94 −0.0149543761

Table 2   Simulation of vertex 
“ C3and C4 “ under the various 
of Reynolds and Hartmann 
numbers

Re Ha x y �max Ha x y �max

C3 C4
1 0 0.02 0.62 8.72 ×10−6 0 0.98 0.62 8.74 ×10−6

10 0.02 0.62 5.0179 × 10−6 10 0.98 0.62 5.027 × 10−6

100 0 0.02 0.62 5.93 ×10−6 0 0.98 0.62 0.000012

10 0.02 0.62 2.8239 × 10−6 10 0.98 0.62 6.473 × 10−6

800 0 0.24 0.74 0.001581 0 0.96 0.64 0.000187
10 0.28 0.68 0.000172764 10 0.96 0.64 0.000138301

1200 0 0.22 0.76 0.002789 0 0.96 0.66 0.000433
10 0.26 0.74 0.0011242538 10 0.96 0.66 0.000378521

2000 0 0.2 0.78 0.003173 0 0.94 0.66 0.000947
10 0.24 0.76 0.001764773 10 0.94 0.66 0.00083506

25 – – – 25 0.94 0.68 0.00049106493

Table 3   Simulation of vertex 
“ C6 “ under the various of 
Reynolds and Hartmann 
numbers

Re Ha x y �max Ha x y �max

C6
1 0 0.5 0.1 0.041065 25 0.5 0.08 0.02765064484

10 0.5 0.1 0.03789261 50 0.5 0.08 0.015966570549
100 0 0.52 0.1 0.040703 25 0.52 0.08 0.0274808965436

10 0.52 0.1 0.037614636 50 0.52 0.08 0.0157580937044
800 0 0.56 0.12 0.030533 25 0.58 0.1 0.0221075095736

10 0.56 0.12 0.02839926 50 0.6 0.06 0.0145884353888
1200 0 0.56 0.1 0.023868 25 0.85 0.1 0.0185536457286

10 0.56 0.1 0.0229769744 50 0.62 0.06 0.0131091387934
2000 0 0.64 0.06 0.004240 25 0.6 0.08 0.0147585552752

10 0.64 0.06 0.015747274 50 0.64 0.04 0.0114558563
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