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Abstract
This study attempts to develop a modified Pennes bioheat conduction model for skin tissue, by using space-fractional 
derivative. The developed fractional model is applied to capture the thermal behaviour of the skin tissue subjected to 
heating and cooling procedures. It is found that with the increase of the fractional order, the predicted temperature of 
the skin tissue at the heating stage increases, while it decreases at the cooling stage. Irrespective of the value of the 
fractional order, the simulated temperature along the skin tissue at both heating and cooling stages became stable after 
several seconds thermal conduction. The fractional model reduces to the original Pennes model when the fractional 
order equals to two.
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1  Introduction

Bioheat exchange between the human body and the sur-
rounding environment has drawn attention from research-
ers for a long time. Skin tissue, as the largest living organ 
covering human body, can be damaged when subjected 
to rapid increase or decrease of environmental tempera-
ture, for example, the accidental exposure to boiling hot 
water. According to the report of the World Health Organi-
sation, millions of people got injured by thermal flux every 
year. Therefore, there is an urgent need to understand and 
evaluate the thermal behaviour occurred within human 
tissues, for example, the skin tissue in this study. To quan-
tify the temperature variation of skin tissue, Pennes [1] 
firstly developed a bioheat transfer equation, by assum-
ing a Fourier law for heat conduction. However, It was 
reported that non-Fourier heat conduction behaviour was 
observed [2] during experiment, which indicated that a 
bioheat conduction model with non-Fourier kernel could 
be better for representing the bioheat conduction of skin 
tissue. To capture such non-Fourier thermal behaviour, a 
number of different models have been proposed, e.g., the 

dual-phase-lag model [3, 4], hyperbolic single-phase-lag 
model [5] and thermal wave model [6]. Even though a 
good model performance was usually reported, the devel-
opment of a more concise and alternative method is still 
of interest for researchers.

Recently, the application of fractional calculus in solving 
real-world problems, for example, the creep and relaxa-
tion of solid materials [7], anomalous diffusion [8] and heat 
transfer [9] of fluid, have drawn increasing attention from 
worldwide researchers [10, 11]. By considering the delayed 
responses of the heat flux vector, different time-fractional 
bioheat conduction equations have been proposed 
[12–14], for example, the space–time-nonlocal generali-
zation of the Fourier law and the space–time-fractional 
heat conduction equation [15, 16], and the space–time 
fractional bioheat equation governing the process of heat 
transfer in tissues during thermal therapy [17, 18]. In these 
models, the effect of fractional order on simulating the 
thermal behaviour of skin tissues have been investigated, 
it was found that the time-fractional bioheat model could 
be more robust and flexible than the classical bioheat 
equation. However, due to the porous characteristics of 
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the skin tissue, the temperature gradient within the skin 
tissue could be more efficiently described via fractional 
order derivatives instead of the integer-order derivatives 
[19].

Therefore, an attempt is made in this study to evalu-
ate the thermal behaviour of the skin tissue, based on a 
space-fractional Pennes bioheat conduction equation. The 
study is structured as follows: Sect. 2 generalises the origi-
nal Pennes bioheat equation by incorporating space-frac-
tional non-Fourier law; Sect. 3 provides a finite difference 
computational method for solving the fractional Pennes 
bioheat equation, where a numerical analysis of the skin 
tissue subjected to boiling water will be carried out. Sec-
tion 4 summarises the study.

2 � Space‑fractional bioheat conduction 
model

Pennes [1] assumed that the bioheat transfer rate within 
skin tissue ( qt ) was determined by three influencing fac-
tors, i.e., heat conduction rate ( qc ), blood perfusion ( qb ), 
and metabolic heat generation ( qm ), such that

where qt and qb can be expressed as:

(1)qt = qc + qb + qm

It can be found that Eq. (1) reduces to the original Pennes 
bioheat equation when α = 2. To facilitate numerical analy-
sis, the Gruwald-Letnikov fractional derivative is suggested, 
such that

where a indicates the initial location, and

3 � Computational analysis

The space-fractional derivative can be computed by using 
modified forward difference method [20], such that:

where Δx is the size of the discretized space step. i = 1, 2, 
3, …, n − 1; n = L∕Δx . L indicates the thickness of the skin 
tissue. Then, Eq. (1) can be re-written as:

where Δt is the size of the discretized time step. j = 1, 2, 3, 
…, m − 1; m = h∕Δt . h indicates the total time for bioheat 
transfer. Furthermore, we define the following functions:

Then, substituting Eqs. (5)–(7) into Eq. (4), one has:
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where � , c, T, x and t are the density, specific heat, tem-
perature, distance and time of the skin tissue, respectively. 
�b , cb , wb and Tb are the density, specific heat, blood perfu-
sion rate and artillery temperature of the blood. Instead of 
using the Fourier law to represent qc , the space-fractional 
non-Fourier law is employed in this study as:

where q = −k
��−1T (x,t)

�x�−1
 , is the heat flux; k is the thermal 

conductivity of the skin tissue, which has a physical dimen-
sion of W

m3−� ◦C
 ; � ∈ (1, 2] , is the fractional-derivative order. 

Therefore, combining Eqs. (1)–(4), one has the following 
space-fractional Pennes bioheat equation:
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where T37 = 37 ◦C , T100 = 100 ◦C . This boundary condition 
is intended to analyse the thermal behaviour of skin tissue 
(37 °C) that is the accidentally exposed to boiling water 
(100 °C) for 5 s. Then, a cooling procedure is also carried 
out by immersion into 0 °C water, where T (0, t) = T0 and 
T0 = 0 ◦C . The values of each model parameter are listed 
in Table 1. Note that much more generalized boundary 
conditions on the bioheat conduction of skin tissue, as 
reported in [21], can be encountered, which needs further 
investigation.

4 � Results and discussion

The numerical results of the developed space-fractional 
bioheat conduction model are provided and discussed in 
this section.

Figure 1 provides the simulated variation of the tem-
perature of skin tissue with time. It can be found that at the 
initial time (t = 0–1 s), the temperature of the skin surface 
increases drastically to 100 °C; however, the temperature 
of the internal skin tissue exhibits a general increase with 
time, indicating the time effect for bioheat conduction. 
For the skin tissue far away from the skin surface, the tem-
perature remains the same as the body temperature, due 
to efficient blood perfusion.

(14)T (x, 0) = T37, T (0, t) = T100, Tb = T37

Figure 2 presents the effect of fractional order on the 
temperature variation along the skin tissue at t = 5 s. It can 
be found that with the increase of fractional order, the pre-
dicted temperature of the skin tissue at the same depth 
increases. α = 2, indicating the model prediction by the 
original Pennes bioheat condition equation, which means 
that the original Pennes bioheat conduction model pre-
dicts the highest temperature at the same boundary con-
dition. Furthermore, to show the effect of fractional order 
on simulating the temperature variation with time, Fig. 3 
provides the typical results of the skin tissue at x = L/6. It 
can be found that the simulated temperature increases 
with time. As the fractional order increases, the predicted 
temperature at the same time increases.

Figure 4 shows the simulated cooling procedure of the 
skin tissue by immersing into 0 °C water immediately after 
exposure to boiling water (t = 5 s). It can be found that the 
temperature of the skin surface drops down to 0 °C, while 
the rest internal skin tissue still experiences relatively high 
temperature before sufficient bioheat transfer. After 5 s 
cooling, the temperature along the skin tissue becomes 
stable.

To investigate the effect of fractional order on the sim-
ulated heating and cooling procedures, Fig. 5 shows the 
typical results of the skin tissue at x = L/10. It can be found 
that, the temperature increases drastically at the heating 
stage, with the majority value of the temperature increase 

Table 1   Model parameters

ρ (103 kg/m3) c (103 J/kg/°C) ρb (103 kg/m3) cb (103 J/kg/°C) wb (/s) k (W/m3−α/°C) qm (W/m2) L (10–3 m)

1.06 2.846 1.0 3.86 0.1 0.21 368.1 0.3

Fig. 1   Temperature variation in skin tissue

Fig. 2   Effect of fractional order on the temperature variation in skin 
tissue at t = 5 s
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completing at t < 1 s. Then, the temperature near the skin 
surface approaches stable. With the increase of fractional 
order, the simulated temperature of the skin tissue drops 
faster, with most of the temperature reduction completing 
within one second. It indicates that the original Pennes 
bioheat conduction model predicts the most efficient heat 
transfer within the skin tissue. The space-fractional Pennes 
bioheat conduction model may be used, when a tissue 
requires longer thermal relaxation.

5 � Conclusions

Bioheat conduction within skin tissue is an important 
research topic, especially in the field of hyperthermia. 
Based on the hypothesis that heat conduction within skin 
tissue obeyed the space-fractional non-Fourier law, this 
study developed a space-fractional bioheat conduction 
model for the skin tissue. Then, a numerical application 
of the fractional model for simulating heating and cool-
ing of the skin tissue was carried out. It was found that 
with the increase of fractional order, the predicted tem-
perature of the skin tissue at the heating stage increased; 
however, it decreased at the cooling stage. When the frac-
tional order increased to 2, the fractional model reduced 
to the original Pennes model. Irrespective of the value 
of fractional order, the simulated temperature along the 
skin tissue at both heating and cooling stages became 
stable after five seconds thermal conduction. The original 
Pennes model predicted the most efficient heat transfer 
process. However, the space-fractional Pennes bioheat 
conduction model could be used, when a tissue experi-
enced longer thermal relaxation. This study only evalu-
ated the developed bioheat conduction model at one 
boundary condition, a more generalised boundary condi-
tion should be investigated for future application.
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All authors have read and agreed to the published version of the 
manuscript.

Fig. 3   Variation of the temperature of skin tissue with time at 
x = L/6
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Fig. 4   Cooling of skin tissue after exposure to boiling water

Fig. 5   Heating and cooling of skin tissue at x = L/10



Vol.:(0123456789)

SN Applied Sciences (2021) 3:61 | https://doi.org/10.1007/s42452-020-04080-4	 Short Communication

Funding  The financial support provided by the Scientific Research 
Project of Tianjin Education Commission (Grant No. 2019KJ145) is 
appreciated. The authors would like to thank Prof. Wen Chen for his 
lifelong inspiration.

Data Availability  All the data used can be provided by the corre-
sponding author upon proper request.

Compliance with ethical standards 

Conflicts of interest  The authors declare that there is no conflict of 
interest.

Open Access  This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as 
long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless 
indicated otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted 
use, you will need to obtain permission directly from the copyright 
holder. To view a copy of this licence, visit http://creat​iveco​mmons​
.org/licen​ses/by/4.0/.

References

	 1.	 Pennes HH (1948) Analysis of tissue and arterial blood tempera-
tures in the resting human forearm. J Appl Physiol 1(2):93–122. 
https​://doi.org/10.1152/jappl​.1948.1.2.93

	 2.	 Banerjee A, Ogale AA, Das C, Mitra K, Subramanian C (2005) 
Temperature distribution in different materials due to short 
pulse laser irradiation. Heat Transf Eng 26(8):41–49. https​://doi.
org/10.1080/01457​63059​10037​54

	 3.	 Ozisik MN, Tzou DY (1994) On the wave theory in heat 
conduction. J Heat Transf 116(3):526–535. https​://doi.
org/10.1115/1.29109​03

	 4.	 Tzou DY (1995) A unified field approach for heat conduction 
from macro- to micro-scales. J Heat Transf 117(1):8–16. https​://
doi.org/10.1115/1.28223​29

	 5.	 Kumar P, Kumar D, Rai KN (2015) A mathematical model for 
hyperbolic space-fractional bioheat transfer during thermal 
therapy. Procedia Eng 127:56–62. https​://doi.org/10.1016/j.
proen​g.2015.11.329

	 6.	 Liu J, Chen X, Xu LX (1999) New thermal wave aspects on burn 
evaluation of skin subjected to instantaneous heating. IEEE 
Trans Biomed Eng 46(4):420–428

	 7.	 Yin D, Duan X, Zhou X, Li Y (2013) Time-based fractional lon-
gitudinal–transverse strain model for viscoelastic solids. Mech 
Time-Depend Mater 18(1):329–337

	 8.	 Chen W, Sun H, Zhang X, Korošak D (2010) Anomalous diffusion 
modeling by fractal and fractional derivatives. Comput Math 
Appl 59(5):1754–1758

	 9.	 Abdullah M, Butt AR, Raza N (2019) Heat transfer analysis of Wal-
ters’-B fluid with Newtonian heating through an oscillating ver-
tical plate by using fractional Caputo-Fabrizio derivatives. Mech 
Time-Depend Mater 23(2):133–151. https​://doi.org/10.1007/
s1104​3-018-9396-x

	10.	 Kilbas AA, Srivastava HM, Trujillo JJ (2006) Theory and appli-
cations of fractional differential equations, vol 204. Elsevier, 
Amsterdam

	11.	 Podlubny I (1998) Fractional differential equations: an introduc-
tion to fractional derivatives, fractional differential equations, 
to methods of their solution and some of their applications, vol 
198. Mathematics in science and engineering. Academic Press, 
San Diego, California

	12.	 Damor R, Kumar S, Shukla A (2013) Numerical solution of frac-
tional bioheat equation with constant and sinusoidal heat flux 
coindition on skin tissue. Am J Math Anal 1(2):20–24

	13.	 Ezzat MA, AlSowayan NS, Al-Muhiameed ZIA, Ezzat SM (2014) 
Fractional modelling of Pennes’ bioheat transfer equation. 
Heat Mass Transf 50(7):907–914. https​://doi.org/10.1007/s0023​
1-014-1300-x

	14.	 Ferrás LL, Ford Morgado NJML, Nóbrega JM, Rebelo MS (2015) 
Fractional Pennes’ bioheat equation: theoretical and numeri-
cal studies. Fract Calc Appl Anal. https​://doi.org/10.1515/
fca-2015-0062

	15.	 Povstenko YZ (2009) Theory of thermoelasticity based on 
the space-time-fractional heat conduction equation. Phys 
Scr T 136:014017. https​://doi.org/10.1088/0031-8949/2009/
t136/01401​7

	16.	 Povstenko Y (2015) Fractional thermoelasticity. Springer, New 
York. https​://doi.org/10.1007/978-3-319-15335​-3

	17.	 Singh J, Gupta PK, Rai KN (2011) Solution of fractional bio-
heat equations by finite difference method and HPM. Math 
Comput Model 54(9):2316–2325. https​://doi.org/10.1016/j.
mcm.2011.05.040

	18.	 Chaudhary RK, Rai KN, Singh J (2020) A study for multi-layer 
skin burn injuries based on DPL bioheat model. J Therm Anal 
Calorim. https​://doi.org/10.1007/s1097​3-020-09967​-3

	19.	 Sun Y, Chen W (2010) A general bio-heat transfer model based 
on fractal and fractional derivative. Highlights Sciencepaper 
Online 3(3):231–238

	20.	 Zhang X, Chen W (2009) Comparison of three fractal and frac-
tional derivative damped oscillation models. Chin J Solid Mech 
30(5):496–503

	21.	 Chaudhary RK, Rai KN, Singh J (2020) A study of thermal injuries 
when skin surface subjected under most generalized bound-
ary condition. Comput Therm Sci 12:529–553. https​://doi.
org/10.1615/Compu​tTher​malSc​ien.20200​31207​

Publisher’s Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1152/jappl.1948.1.2.93
https://doi.org/10.1080/01457630591003754
https://doi.org/10.1080/01457630591003754
https://doi.org/10.1115/1.2910903
https://doi.org/10.1115/1.2910903
https://doi.org/10.1115/1.2822329
https://doi.org/10.1115/1.2822329
https://doi.org/10.1016/j.proeng.2015.11.329
https://doi.org/10.1016/j.proeng.2015.11.329
https://doi.org/10.1007/s11043-018-9396-x
https://doi.org/10.1007/s11043-018-9396-x
https://doi.org/10.1007/s00231-014-1300-x
https://doi.org/10.1007/s00231-014-1300-x
https://doi.org/10.1515/fca-2015-0062
https://doi.org/10.1515/fca-2015-0062
https://doi.org/10.1088/0031-8949/2009/t136/014017
https://doi.org/10.1088/0031-8949/2009/t136/014017
https://doi.org/10.1007/978-3-319-15335-3
https://doi.org/10.1016/j.mcm.2011.05.040
https://doi.org/10.1016/j.mcm.2011.05.040
https://doi.org/10.1007/s10973-020-09967-3
https://doi.org/10.1615/ComputThermalScien.2020031207
https://doi.org/10.1615/ComputThermalScien.2020031207

	A space-fractional Pennes bioheat conduction model for skin tissue
	Abstract
	1 Introduction
	2 Space-fractional bioheat conduction model
	3 Computational analysis
	4 Results and discussion
	5 Conclusions
	References




