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Abstract
A new framework to utilize stereo-vision digital image correlation (DIC) as a means of identifying the multiaxial cyclic 
shakedown behavior of structures is demonstrated on high strength steel bars. AISI 1144 carbon steel cylindrical bars are 
subjected to cyclic tension with nonzero mean stress and constant torque under ambient conditions. An elastic analyti-
cal solution is used in a post-processing procedure to extract inelastic strains and estimate the accumulated inelastic 
strain during cycling. DIC results are used to understand the cyclic strain evolution and determine if the accumulation 
of plastic strain stabilizes (shakedown). The results are used to construct a load interaction diagram (Bree Diagram) that 
displays the loading combinations resulting in purely elastic, safe shakedown, and undesirable cyclic inelastic behavior. 
The manifestation of ambient creep, during the multiaxial cyclic loading, is demonstrated through dedicated experiments. 
The shakedown criteria has been adapted to account for the ambient creep behavior. Depending on target structural 
lifetimes and allowable total strains, it is found that the design space can be enhanced by allowing shakedown to occur. 
An illustration is given for which the design space is enlarged 1.25 times the typical yield-limited approach.

Keywords  Shakedown · Digital image correlation · Inelastic strain · High strength steel · Ambient creep · First-yield 
design · Limit state

1  Introduction

In many industries, structural metals are designed to with-
stand repeated uni-or-multi-axial loading conditions. In 
many cases, current designs for these structures based on 
elastic (yield-limited) analysis fail to capitalize on the mate-
rial load-bearing reserve and lead to inefficient designs. In 
contrast, designs to shakedown (a safe cyclic elastoplastic 
behavior relevant for applications not limited by high cycle 
fatigue) may exploit enhanced design space enabled by 
the arrest of plastic accumulation. While shakedown con-
cepts, limit theorems, and numerical methods have been 
developed since the 1920s and 1930s [1–4], their wide-
spread acceptance and application in engineering design 

communities remains limited [1, 5–7]. One reason for this 
is the lack of full-field cyclic displacement and strain infor-
mation that will convince designers to adopt shakedown 
criteria as a safe-state beyond first-yield, which is the 
focus of this article. Notable exceptions where shakedown 
designs are utilized include: vessels for demilitarization of 
munitions [8, 9], tribology [10–12], multilayer semiconduc-
tor devices [13], pavement design [14, 15], shape memory 
alloy components [16, 17], and nuclear pressure vessels 
[1–4, 18–22].

To promote the use of shakedown for design purposes 
across more industrial sectors, experimental programs 
need to leverage the advances in non-contact strain kine-
matic measurements provided by digital image correlation 
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(DIC). Full-field DIC measurements are extensively used in 
solid mechanics [23–34], from very small scales [35] to 
structures [36–38]. Using full-field kinematic measure-
ments from DIC will provide ample evidence for the stabil-
ity, reliability, and tolerances associated with designing to 
shakedown. DIC will also enable the study of macroscopic 
shakedown for more complex structures and loadings 
than have previously been experimentally investigated 
[9, 39–42] and can aid in validating designs. Recently, at 
the mesoscale, Charkaluk et al. have pioneered the quan-
tification of plastic dissipation through combined thermal 
and kinematic measurements of polycrystal grains via DIC 
[43–48] which provides prospects for understanding and 
designing microstructures for shakedown response.

This article presents a first demonstration of the utility 
of DIC in identifying the macroscopic shakedown behavior 
of simple structures under multiaxial loadings. In particu-
lar, a strategy is proposed to extract inelastic strains from 
DIC measurements to specifically identify cyclic behavior 
(i.e. limited or unbounded strain accumulation) under axial 
torsional loadings. A similar experimental approach to 
Heitzer et al. [18] is followed with the addition of full-field 
measurements. The authors Heitzer et al. used an INSTRON 
1343 test rig to subject hollow cylindrical ferritic steel sam-
ples (commonly used in the nuclear industry) to cyclic ten-
sion with nonzero mean stress and constant torque under 
ambient conditions. In Heitzer et al. [18], the thickness of 
the cylinder was choosen in order to induce a shear stress 
distribution through the hollow tube wall and create 
structural effects. In this paper, to increase the structural 
effect, solid specimens are used. In Heitzer et al. [18], an 
INSTRON extensometer was used to monitor strains and 
the torsional angle was recorded. Several tests with vari-
ous combinations of axial and torsional loads were used to 
distinguish shakedown behavior (manifested by the sta-
bilization of torsional angle with cyclic axial force) from 
undesirable accumulation of inelastic strain (manifested 
by the torsional angle increasing in an unbounded manner 
despite the constant moment applied). The interpretation 
of the accumulation of inelastic strain was discussed as 
being the result of ratchetting or transient ratchetting in 
Heitzer et al. [18]. However, typically ratchetting is only 
considered possible (assuming isotropic material with 

symmetric yield in tension/compression) when applied 
cyclic loads produce equivalent stresses that exceed twice 
the yield stress limit [49]. From the reported conditions in 
Heitzer et al. [18] it is unclear whether this particular ratch-
etting condition condition was applicable and met. In any 
case, in Heitzer et al. [18], ambient creep was not consid-
ered as a possible interpretation of the reported evolution 
of inelastic strain (expressed through the evolution of the 
angle of twist) during the cyclic loadings with multiaxial 
mean stresses. In the present work, it is shown that most 
of the inelastic strain accumulated during cyclic loading is 
due to ambient creep. It should also be emphasized that, 
in the present work, the utility utility of the full-field sur-
face DIC measurements will be demonstrated for one of 
the simplest of structures. In particular, the measurements 
can rule out surface heterogeneous response and confirm 
shakedown states. Certainly the benefits of the proposed 
DIC-based approach (compared to point-based extensom-
etry) only increases with the geometric complexity of the 
structures considered.

In the following, the test methods, equipment, and 
material are described in Sect. 2. The nature of the cyclic 
mechanical tests and the post-processing strategy are 
given in Sects. 3 and 4 respectively. Results from these 
tests are presented in Sect. 5, along with discussion and 
followed by conclusions.

2 � Materials and equipment

All multiaxial test specimens were made from a common 
high strength AISI 1144 medium carbon steel (ASTM A29, 
A311, A510 or SAE J1397, J403, J412) with a typical compo-
sition of 97.5–98.01% Iron, 0.4–0.48% Carbon, 1.35–1.65% 
Manganese, 0.24–0.33% Sulfur, and a maximum of 0.04% 
Phosphorus. Solid cylindrical bar samples were machined 
to the dimensions shown in Fig. 1 from 25.4 mm diam-
eter and 304.8 mm long rods. Solid samples were chosen 
in order to introduce non-homogeneous stress-states 
and structural aspects to the tests. The geometry is in 
compliance with ASTM Standards E8, A370, E466 [50]. A 
high-contrast speckle pattern was applied to each sam-
ple to facilitate DIC measurements. The samples were 

Fig. 1   Sample geometry with 
dimensions in mm
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first sprayed with a background coating of white VHT 
ESP101000 FlameProof paint, followed by a speckle coat-
ing of VHT SP102 black paint. Segments of the samples 
that were to be placed inside the testing machine grips 
were not painted.

All tests were performed on a servo-hydraulic Axial/
Torsional 319.25 MTS machine capable of ±250 kN axially 
and ±200 N ⋅m in torque. The experimental rig is shown in 
Fig. 2, highlighting a sample and the instrumentation. The 
top grip of the load frame is attached to an axial-torsional 
load cell that is in turn attached to the cross-head that 
is fixed during a test. The bottom grip is attached to an 
actuator capable of independent rotational and vertical 
translational motions. The use of a MTS FlexTest 40 Con-
troller and Multipurpose Software enables user-defined 
independent control of the torque and force cells. Speci-
mens were held by hydraulically actuated cylindrical collet 
grips.

Monotonic tensile tests were performed in order to 
provide material characterization for room temperature 

mechanical properties. Figure 3 shows a representative 
true stress–strain curve based on tests with an applied 
strain rate of 1 ⋅ 10−5 s−1 . The measured values for the 
Young’s Modulus (E) and yield stress ( �0 ) are reported in 
Table 1.

The monotonic tensile test shows the elastoplastic 
behavior of the material as the test is performed up to 6% 
strain. The yield limit is determined as the first point of 
loading at which the material behavior deviates from lin-
ear elasticity (no offset). Also included in Table 1 is a cut-off 
stress corresponding to 6% strain. This represents a state 
approaching ultimate collapse.

2.1 � Stereo DIC setup

A stereo DIC system was used to analyze the 3D surface 
displacement and 2D strain fields on the viewable portion 
of the cylindrical samples during all of the tests performed. 
The DIC system consisted of two Proscilica GX3300 GigE 
cameras which have definitions of 3296 × 2472 pixels at 
a pixel size of 5.5 μm . A CCD progressive sensor allowed 
for a maximum frame rate of 17.1 fps at full definition. 
C-Mount Schneider–Kreuznach 2.8/50 lenses were used 
on both cameras to reach a resolution of 25 μm/pixel . Best 
practices reported in [51] to overcome gray level variations 
due to the change in lighting conditions upon torque 
application were applied. In particular, gray level correc-
tions, with a set of polynomial functions up to order 2 were 
used to alleviate the non-conservation of the gray levels 
due to the angle of twist. The number of knots describing 

Fig. 2   A speckled sample is gripped by the MTS axial/torsional 
machine while the stereo camera rig is positioned for DIC measure-
ments

Fig. 3   Representative axial true stress–strain response

Table 1   Mechanical properties 
of as-received carbon steel AISI 
1144

E (GPa) �
0
 (MPa) �

6%

cutoff
 (MPa)

204 750 950
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the NURBS surface was set at 36 [37, 38]. A custom GUI 
interface was developed, via Matlab, to synchronize both 
cameras and trigger the acquisition with the MTS machine. 
The acquisition frequency was set such that 10 images per 
loading cycle were recorded. After each experiment, the 
DIC images were analyzed using the CAD-based stereo DIC 
software described in references [37, 52], across a region of 
interest (ROI) centered on the tube axis (roughly 510 pixels 
across 12.7 mm, see Fig. 4a,b). Representative images, cap-
tured by the left and right cameras, of the gray levels for 
the speckled surface are shown in 4c–e. The residual map 
(which corresponds to the difference between the left and 
right images after determination of their respective pro-
jection matrices, Fig. 4f,g) shows a good calibration stage 
for the stereo DIC system [51]. In order to verify the quality 
of the DIC calibration, rigid body motions were applied 
using the MTS cells in displacement and angle control. The 
sample was gripped only on the bottom part and the top 
part was free (see Fig. 2). First a 0.080 mm axial displace-
ment was applied while the DIC measurement detected 
a translation of 0.083 mm. A rotation of 1.0 degree was 
applied and a measurement of 0.94 degree was obtained 
[51]. This gives an indication of measurement uncertainty, 
approximately 4% in axial displacement and 6% in rota-
tion. The error in the displacement/rotation value can be 
assumed to be identical from one cycle to another. There-
fore the determination of incremental accumulation of 
inelastic strain with time can be supposed to be affected 
in a negligible manner by such uncertainties.

3 � Experimental methods: cyclic multiaxial 
force‑controlled tests

In this study, we perform a series of tests to determine sta-
ble inelastic shakedown behavior and the effects of multi-
axial loading at room temperature. Cyclic axial-torsional 
tests consisted of three phases and were based on similar 
shakedown tests performed by Heitzer et al. [18]. However, 
the authors Heitzer et al. used hollow tubes that are well 
suited for material characterization. Here, solid samples 
are used to elicit structural effects. First, an initial ramp in 
force, FR , was made, where the axial load was applied with 
a rate of 350 N/s or 2.75 MPa/s. Next, a ramp in torque, T, 
was applied in order to reach a target equivalent mean 
stress, �eq . The torque was applied at a rate of 210 N⋅ mm/s 
or 1.30 MPa/s. Once the ramp in torque was completed, it 
was held constant for the remainder of the tests. A short 
dwell period of 1 min was used to ensure instrumentation 
stability while both force and torque were held constant 
before the cyclic phase of the test was initiated. Finally, 
the axial force was cycled around the target equivalent 
mean stress. The cyclic axial loading, �F , was applied with 

a frequency, f (Eq. 1), that was at the same rate as that 
applied in the initial ramp phase (the same stress rate 
is applied in order to avoid any time-dependent effects 
on the interpretation of the results. The frequency of the 
cyclic triangle waves is calculated based on the amplitude 
of the force applied during the cyclic portion of the test 
and the rate of force applied during the initial ramp, which 
is: ḞR = 350 N/s or 2.75 MPa/s):

An example of the applied loading phases is presented 
in Fig. 5, which displays the axial stress, �yy (vertical axis 
on the left) and shear stress, �xy (vertical axis on the right), 
over the test time in seconds. The initial phase for the 
ramp in force FR lasts 4.5 min and creates an axial stress of 
740 MPa. Next, the ramp in torque TR lasts 7 min; during 
this phase, shear stresses reaching 220 MPa are introduced 
at the surface of the sample (the shear stress is not homo-
geneous through the thickness). A short 1 min dwell is 
used before the cyclic axial force is applied; 150 load cycles 
are performed over 77.6 min. Note that during the cyclic 
force loading �F , the torque remains constant.

A list of all of the 14 loading cases investigated is given 
in Table 2, where the mean force, maximum torque, and 
cyclic force amplitude are given as well as two non-dimen-
sional loading metrics. These metrics are the normalized 
maximum axial stress, �max

yy
∕�0 (where �0 = 750 MPa), and 

normalized nominal shear stress, �xy∕�0 (where 
�0 = 434 MPa, Table 1). The shear stress value corresponds 
to that applied at the sample surface. The largest value is 
at the outer surface; the shear stress amplitude decreases 
through the sample thickness. These two non-dimensional 
quantities give an indication of the extremity of the load-
ing cases with respect to simple yielding. Following the 
cyclic testing method from Lemaitre and Chaboche (Chap-
ter V) [49], each HS1144 sample was tested at several 
equivalent stress levels, increasing in severity. In these 
tests, all samples were subjected to N = 150 cycles at each 
stress level. Using one sample under subsequent increas-
ing stress levels was shown to have a negligible effect on 
the measured cyclic behavior for stainless steel 316 at 
room temperature [49]. This was demonstrated by first 
testing a single sample at different cyclic strain levels 
between 0–4%. Then separate samples were used to test 
each strain level. The results from both types of tests were 
compared and shown to have negligible difference [49].

A schematic of the applied load history is illustrated 
in Fig. 6. The equivalent stress corresponds to the Mises 
equivalent stress �2

eq
= �

2
yy
+ 3�2

xy
 . The axial stress �yy is 

the quotient of the axial force FR and the cross-sectional 
area of the gage section, S = �R2 (R is the radius of the 

(1)f =
ḞR

4𝛥F
.
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Fig. 4   The ROI represented on the (a) left (red) and (b) right (blue) 
camera images in the sensor pixel space (2D). The stereovision 
calibration step allows the reconstruction of the speckled sur-
face of the sample in 3D space (c,d) from the left and right camera 
images. The images in are encoded in 256 gray levels where the 

limits 255 and 0 correspond to the pure white and black colors (e), 
respectively. f The gray level residuals (consisting in the difference 
between the left and right images (c,d) presented indicates a good 
DIC calibration quality [as indicated by the color bar in (g)]
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specimen). The shear stress evolves through the thick-
ness. Let r be the position through the cylindrical sam-
ple thickness, from r = R at the outer surface to r = 0 at 

the centerline.The shear stress is �xy(r) =
rTR

J
 where J is 

the moment of inertia ( J = �

2
R4 ). The maximum shear 

stress is then at r = R and equals �xy =
RTR

J
 . In the fol-

lowing, shear stress will only be used to refer to the 
maximum value at the outer surface.

Fig. 5   An example of Sample 2 Case # 1’s applied load history, 
where the mean force FR is 90 kN and the torque TR is 89 N ⋅m and 
the cyclic axial load is �F = 2  kN. This test corresponds to the red 
circled point in the Bree-like load interaction diagram in Fig. 7

Table 2   Multiaxial cyclic 
shakedown test matrix for the 
HS1144 samples

Load Cases FR (kN) TR (N·m) ∆F (kN) σmax
yy /σ0 τxy/τ0

Sample 1, Case #1 87 90 2 0.94 0.52
Sample 1, Case #2 90 90 2 0.97 0.52
Sample 1, Case #3 94 90 2 1.01 0.52
Sample 1, Case #4 98 90 2 1.05 0.52
Sample 2, Case #1 94 90 2 1.01 0.52
Sample 2, Case #2 94 90 4 1.03 0.52
Sample 2, Case #3 94 90 12 1.12 0.52
Sample 3, Case #1 110 20 8 1.24 0.11
Sample 4, Case #1 108 0 8 1.22 0.00
Sample 4, Case #2 108 0 16 1.30 0.00
Sample 5, Case #1 8 170 8 0.17 0.98
Sample 5, Case #2 8 185 8 0.17 1.06
Sample 5, Case #3 8 200 8 0.17 1.15
Sample 5, Case #4 16 200 16 0.34 1.15

Fig. 6   Schematic of a single sample with multiple load cases from 
Table 2

Fig. 7   Bree-like load interaction diagram illustrating the different 
load cases that are evaluated experimentally
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3.1 � Bree interaction diagram: loading case 
amplitudes

In order to visualize the range of the testing program, the 
load cases (Table 2) are also plotted on a typical Bree-like 
load interaction diagram, Fig. 7. The ordinate is the normal-
ized axial stress, �yy∕�0 , and the abscissa is the normal-
ized shear stress, �xy∕�0 . In the diagram, the von Mises 
equivalent yield stress function is used to outline the 
region of expected elastic response between axes values 
of �yy∕�0 = �xy∕�0 = 1 (solid black line). The same function, 
substituting the cut-off stress ( �6%

cutoff
 ) for yield, is used to 

give a conservative estimate of the collapse limit as the 
region above the dashed red line. Each data point (black 
cross) in the diagram corresponds to an experimental test 
load case in Table 2. In this way, a broad set of loading 
conditions is explored, ranging from purely axial mean 
stresses (along the ordinate) to approaching pure shear 
(along the abscissa), with a majority of cases well above 
the nominal elastic limit and approaching ultimate stress 
levels (approximated by the cut-off stress at 6% strain). It 
should be noted that in the case where only an axial load 
is applied, homogeneous stress states are expected and 
the test no longer mimics structural behavior, but instead 
aids in understanding the material-level response to cyclic 
loading.

4 � Analysis: post‑processing approach 
for shakedown determination

While there are many theoretical and numerical approaches 
to identify cyclic elastoplastic shakedown behavior that are 
based on monitoring stress states [53–61], the most straight-
forward and convenient experimental metric is strain-based. 
From the full-field measurements provided by the DIC 
described in Sect. 2, here a method to extract the inelastic 
strain field and a metric to determine if the structure shakes 
down or not during cyclic loading is proposed. The inelastic 
strain is assumed to be resulting from two contributions: the 
plastic strain accumulated during hardening of the material, 
and creep strain.

It is possible to determine, at the surface of the sample, 
the inelastic strain by subtracting the analytical elastic strain 
fields from the total strain derived from the DIC full field 
measurements:

�
in�
in
�
in(xxx) , �tot

DIC
�
tot
DIC
�
tot
DIC

(xxx) and �e�e�e(xxx) are the inelastic, total and elastic 
strain tensors respectively. The total strain tensor is derived 
from the DIC displacement measurements along the x,y, 
and z components. The elastic strain tensor components 

(2)�
in
�
in
�
in(xxx) = �

tot
DIC
�
tot
DIC�
tot
DIC

(xxx) − �
e
�
e
�
e(xxx)

can be found from the displacement fields Ue
x
 , Ue

y
 and Ue

z
 

which are calculated as follows:

where R = 6.35 mm and G =
E

2(1+�)
 . With the surface DIC 

displacements, the elastic components, �e
xy

 and �e
yy

 , can be 
calculated as:

Subtracting these elastic components from the total strain 
fields obtained with DIC provides the inelastic strain com-
ponents. In this way, only the shear �in

xy
 and axial �in

yy
 com-

ponents can be derived from the DIC measurements. The 
elastic shear strain component depends on the z coordi-
nate. This indicates that the strain distribution is varying 
through the depth of the specimen. As the comparison is 
performed on the outer surface with DIC measurements, 

(3)

Ue
x
=

R�xy

GL2
zy − �

�yy

E

x2

R
, Ue

y
=

�yy

E
y, Ue

z
= −

R�xy

GL2
xy − �

�yy

E

z2

R
,

(4)�
e
yy
=

�yy

E
, �

e
xy
=

R�xy

GL2
z

Fig. 8   Plastic strain fields obtained from (Eq. 2) for Sample 2 Load 
Case #1 at the maximum loading level of the last cycle: (a) �in

xy
 and 

(b)�in
yy
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the elastic shear strain is calculated for z = R . Figure 8 dis-
plays the plastic strain field components �in

xy
 and �in

yy
 for 

Load Case #2 on Sample 1 at the maximum load of the last 
cycle.

The shear �in
xy

 and �in
yy

 components, at the surface of the 
sample, have homogeneous strain distributions (Fig. 8a 
and b, respectively). With these components, the (reduced) 
equivalent inelastic strain, �in

eq
 as a function of time, t, 

(which is needed to determine if shakedown occurs) can 
be calculated as follows:

with

and

where ���p is the plastic strain tensor, ���cr is the creep strain 
tensor and � is the spatial domain of the structure (which 
in the present work is the ROI for the DIC measurements, 
that are surface measurements). A structure will shake-
down when the equivalent inelastic strain ( �in

eq
(t) ) stabi-

lizes to an asymptotic value upon cycling. In equivalent 
stress–strain space, this could correspond to any stress-
strain hysteresis loops present collapsing to recover linear 
elastic behavior (with zero inelastic work per cycle). The 
variation of the inelastic strain ( ��in

eq
(t) ) from cycle to cycle 

can be determined by:

with the evolution, cycle to cycle, of the equivalent plastic 
strain reads:

and with the evolution, cycle to cycle, of the equivalent 
creep strain reads:

A cycle is defined from time t to t + T  (T is the period of 
the cycle and t is the current time). If ��in

eq
(t) is approach-

ing “zero” (in most cases it is necessary to define a thresh-
old, which in this paper is 1.0 ⋅ 10−8∕s ), the behavior of the 
structure can be defined as shakedown [62–64].

(5)�
in
eq
(t) = �

p
eq
(t) + �

cr
eq
(t),

(6)�
p
eq
(t) =

1

∣ � ∣ ∫�

(

2

3
���
p(xxx, t) ∶ ���p(xxx, t)

)

1

2

d�,

(7)�
cr
eq
(t) =

1

∣ � ∣ ∫�

(

2

3
���
cr(xxx, t) ∶ ���cr(xxx, t)

)

1

2

d�,

(8)��
in
eq
(t) = ��

p
eq
(t) + ��

cr
eq
(t).

(9)��
p
eq
(t) = ∫T

�
p
eq
(t + T ) − �

p
eq
(t)dt.

(10)��
cr
eq
(t) = ∫T

�
cr
eq
(t + T ) − �

cr
eq
(t)dt.

If no creep is exhibited by the material, the evolution 
of the inelatic equivalent strain will be driven by the 
plastic response (due to ratchetting for instance) and 
Eq. 8 simplifies to Eq. 9. If only creep is exhibited, and no 
cyclic plasticity is introduced, Eq. 8 simplifies to Eq. 10. 
If both phenomenon are exhibited simulateneously, the 
separation of each effect based on simple experimental 
data is a difficult task. It is necessary to use a numerical 
model, where an elastoviscoplastic model allows one to 
reproduce the material response. However, the equiva-
lent inelastic strain is sufficient to define if the structure 
stabilizes (in the sense of shakedown) with cycles.

An example of the evolution of the equivalent inelas-
tic strain with cycles (or time) based on the post-pro-
cessed DIC results is shown in Fig.  9a. This result 

Fig. 9   Example of using the post-processed averaged DIC results 
for Sample 2 Load Case #1 (see also Fig. 5) to find the evolution of 
the (a) inelastic strain with cycles (or time) and the (b) natural loga-
rithmic variation of inelastic strain from cycle to cycle
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corresponds to Sample 1 Load Case #2 ( see also Fig. 5, 
Table 2)—with �max

yy
∕�0 = 1.04 and �xy∕�0 = 0.51 . The grey 

line is the equivalent stress (von Mises, this corresponds 
to the maximum equivalent stress which is located at the 
outer surface) and the dashed grey line indicates the 
onset of yielding. The black line is the equivalent plastic 
strain (Eq. 6) based on all of the strain components from 
the averaged DIC results. The two main components, 
axial plastic strain ( �in

yy
 ) and shear inelastic strain ( �in

xy
 ), are 

shown in red crosses and blue circles, respectively. The 
shear component (blue) reaches a value of 0.39% during 
the initial loading test phase and remains steady with 
cycles, while the axial component (red) reaches 0.21% 
inelastic strain and accumulates gradually with cycles. 
The equivalent inelastic strain (black) reaches 0.49% dur-
ing the initial loading test phase and evolves to 0.52% 
inelastic strain after 150 cycles. In this way the evolution 
of the accumulation of inelastic strain after the first cycle 
is mainly due to the axial component.

The evolution of the variation of the inelastic strain from 
cycle to cycle (Eq. 9) is illustrated in Fig. 9b for the same 
test (Sample 1 Load Case #2), Table 2). The natural logarith-
mic change in axial inelastic strain ((ln

(

��
in
yy

)

 ) extracted 

from the averaged DIC results from cycle to cycle is shown 
as a red line with crosses. The corresponding change in 
inelastic shear strain ( ln

(

��
in
xy

)

 ) is indicated in blue (circles) 

and the calculated change in equivalent inelastic strain 
( ln

(

��
in
eq

)

 is shown as a black line over the 150 test cycles. 
In this example, the asymptotic behavior of the variation 
of the equivalent inelastic strain stabilizes to a rate of 
4.5 ⋅ 10−5∕cycle (or 7.5 ⋅ 10−7∕s).

For larger loading levels—corresponding to Sample 2 
Load Case #3 in Table  2—with �max

yy
∕�0 = 1.12 and 

�xy∕�0 = 0.52 , similar plots to Fig. 9a and b are presented. 
The only difference between the load cases is the larger 
cyclic axial force applied ( �F = 12 kN for Sample 2 Load 
Case #3 instead of 2 kN for Sample 2 Load Case #1). Fig-
ure 10a gives the evolution of inelastic strain with cycles 
(or time) and Fig. 10b the variation of equivalent inelastic 
strain from cycle to cycle. In Fig. 10a, the shear strain 
component (in solid blue line with circle markers) 
reaches a value of 0.8% during the initial test loading 
phase and remains steady with cycles, while the axial 
component (red line with crosses) reaches 1.15% inelas-
tic strain initially and accumulates to 1.3% inelastic strain 
at the end of cycling. The equivalent inelastic strain 
(black line) reaches 1.2% before the onset of the cyclic 
test phase and evolves to 1.4% inelastic strain after 150 
cycles. Based on Fig. 10b, the natural logarithmic varia-
tion of equivalent inelastic strain from cycle to cycle 
(black line) converges to 8.3 ⋅ 10−7∕s−1 after the twentieth 
cycle.

The influence of creep on the accumulation of inelas-
tic strain complicates the straightforward determination 
of shakedown using the criteria presented in Eqs. 5 and 8. 
Indeed, the variation of the creep strain may not reach an 
asymptotic value. In such cases, it is proposed to use strain/
time based design criteria. By determining the creep strain 
rate at the prescribed or expected loading conditions and by 
defining a target service lifetime and an allowable amount 
of strain ( �SD−C ) one can determine whether the inelastic 
response would be acceptable or not. By considering a sec-
ondary ambient creep regime one can define:

The inelastic strain, �eq(t) , can be limited by a threshold 
for safety. The time of service Tlife combined with the creep 
rate 𝜖̇cr

eq
 could provide an estimation of the accumulation 

(11)�
in
eq
(t) = �

p
eq
(t) + �

cr
eq
(t) ≤ �SD−C ,

Fig. 10   Example of using the post-processed averaged DIC results 
for Sample 2 Load Case #3 (Table 2) to find the evolution of the (a) 
inelastic strain with cycles (or time) and the (b) natural logarithmic 
variation of inelastic strain from cycle to cycle
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of inelastic strain induced by creep �cr
eq
(t) . If the predicted 

inelastic strain, due to creep, is below the design criteria 
for the target service lifetime, the structural response is 
accepted as part of the feasible design space.

5 � Results and discussion

The 14 load cases that lie above the nominal elastic limit 
(Fig. 7) were chosen with the expectation that they would 
all exhibit shakedown behaviors upon cycling. There 
are several undesirable cyclic time-independent plastic 
behaviors: alternating plasticity which leads to low-cycle 
fatigue (LCF) and ratchetting, which leads to incremen-
tal collapse. Neither alternating plasticity nor ratcheting 
should be present in the tests performed. As all of the tests 
involve tension-tension loadings with an additional mean 
torque, there is no opportunity for alternating plasticity 
behavior to occur. This is because alternating plasticity is 
defined by the plastic strain increment obtained during 
the first half of each loading cycle being balanced by a 
plastic strain increment of equal magnitude but opposite 
sign during the second half of the loading cycle—no net 
strain accrues during each cycle but the structure ulti-
mately fails by LCF. Under the applied loading conditions, 
for ratchetting to occur, the following condition for the 
equivalent stress would have to be exceeded [49]:

During ratchetting, a net increment of plastic strain accu-
mulates during each cycle, eventually causing rupture 
(incremental collapse). The accumulation of plastic strain 
in ratchetting cases for this sample geometry and material, 
is related to the back and forth motion of the von Mises 
yield loci during the mechanical solicitation. In our experi-
ments, the stress amplitudes applied are significantly 
smaller than twice the limit to induce ratchetting: none of 
the tests performed obey the condition in Eq. 12 so that 
ratchetting is not expected.

The results in Figs. 9 and 10 for Sample 2 Load Cases #1 
and #3 indicate that the rate of plastic strain accumulation 
with cycles is non-zero. By examining only the variation 
of plastic strain with cycles, it appears that shakedown 
behavior and the arrest of the accumulation of plastic 
strain is not exhibited for these load cases.

However, in order to better understand the cyclic 
behaviors, one must also examine the equivalent 
stress–strain response. This is demonstrated for Sample 3 
Load Case #1 in Fig. 11 for the entire loading program. An 
inset is shown to highlight the first few cycles of load. It is 
seen that there is significant rounding of the curves during 
unloading, which indicates the presence of ambient creep 

(12)��eq ≥ 2�0.

Fig. 11   The equivalent stress–strain response of Sample 3 Load 
Case #1, highlighting rounding of the curves during unloading (a 
signature of creep) [65–67]

Fig. 12   A schematic of the original (a) shakedown and the (b) 
adapted creep-shakedown tests based on Taleb and Cailletaud [67]
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during the test [65–67]. Although unexpected here, cyclic 
loading induced creep at ambient temperatures and gen-
eral room temperature creep are well-established behav-
iors that have been reported for different steels including 
some carbon steels [67–72]. In fact this indication of ambi-
ent creep is exhibited in all of the 14 load cases investi-
gated. In all 14 cases, the total amount of inelastic strain 
continues to increase with cycles (recall for example Figs. 9 
and 10 for Sample 2 Load Cases #1 and #3).

The implication is that in all of the loading cases exam-
ined, the accumulation of inelastic strain is due to creep. 
In work by Taleb and Cailletaud [67] on SS304L, tests were 
proposed and utilized to distinguish between contributions 
from time-dependent cyclic creep and time-independent 
accumulation of cyclic plastic strain: namely, by repeating 
a load-case but introducing a creep testing phase before 
the cyclic tests are performed (adapted and shown sche-
matically for our test program in Fig. 12). By comparing the 
stress–strain response between pairs of tests—the classic 
cyclic plasticity test and the creep-cyclic plasticity test, Taleb 
et al. were able to identify creep-cyclic plasticity interac-
tions. If creep was not significant, both tests should lead to 
similar cyclic plastic strain accumulation. If creep was domi-
nant, then after the creep phase of the test, no significant 
cyclic accumulation of inelastic strain should be observed.

A similar approach is adopted here in order to distin-
guish between contributions from cyclic creep and shake-
down. A new Sample 6 was used with several test phases 
(see schematic in Fig. 12). First the force was ramped to 
100 kN at a rate of 350 N/s, such that the target stress of 
790 MPa was reached and would be similar to the test per-
formed on Sample 4 Load Case #1. This load was main-
tained for 120 min (the original duration of the cyclic por-
tion of the test for Sample 4 Load Case #1). After 120 min, 
the force was unloaded and reloaded by 2 kN to begin the 
cyclic portion of the test for an additional 100 cycles at the 
original frequency of 0.032 s−1 (reproducing the original 
cyclic test frequency in this phase). With another Sample 
7, an additional creep-shakedown test at a higher loading 
level was performed. For Sample 7, the force was ramped 
to 12  kN to achieve a target stress of 950 MPa (equivalent 
to that achieved by the combination of force and torque in 
Sample 1 Case#4) and maintained for two hours. After the 
two hours, the force was unloaded and reloaded by 2 kN 
to begin the cyclic portion of the test for an additional 20 
cycles at the original frequency of 0.032 s−1 (also reproduc-
ing the original cyclic test frequency in this phase). The 
number of cycles is reduced to 20 instead of 100 as after 
reaching the secondary creep regime the accumulation of 
inelastic strain remains constant with time (or cycles). For 
both samples 6 and 7, there is only an axial loading applied 
and no torque. The results for both creep-shakedown tests 
are presented in Fig. 13.

Figure 13 a and b present, respectively, the axial stress 
and total axial strain as a function of time for the two load-
ing cases. The creep-shakedown test results (Sample 6 
with a ramp to 100 kN force) corresponding to the original 
shakedown test on Sample 4 Load Case #1 are shown in 
black. Similarly, the creep-shakedown test results (Sample 
7 with a ramp to 120 kN force) similar to the original shake-
down test on Sample 1 Load Case#4 are shown in red. In 
Fig. 14, the black and red lines show the axial creep strain 

Fig. 13   Creep-Shakedown interaction test results (a) axial stress 
response and (b) total axial strain (no torque has been applied in 
these two cases). The dashed vertical black line shows the begin-
ning of the cyclic phase of the test after the creep dwell of 2 h at 
the maximum forces indicated
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evolution during the creep dwell (before the vertical black 
dashed line) and during the cyclic testing phase.

It is observed that for both load cases on Samples 6 and 
7, after the creep phase of the test, no further significant 
cyclic accumulation of inelastic strain is present during 
the cyclic portion of the test (Fig. 14). This observation 
suggests that all of the cyclic accumulation of inelastic 
strain exhibited in the results for Sample 1 Load Case #4 
and Sample 4 Load Case #1, are due to creep. The further 
implication is that the cyclic accumulation of inelastic 
strain detected for all of the 14 load cases (in Table 2) is 
due to creep. That is, the inelastic strain rate measured at 
all of the sample surfaces stabilizes but does not converge 
to zero during the tests. In these particular cases, the Eq. 8 
reduces to 10. The plastic contribution is only due to the 
hardening of the material to reach the maximum equiva-
lent stress value. In Eq. 11 the plastic strain contribution 
acts as an offset value due to the hardening. After reach-
ing for the first time (here at the first cycle) the maximum 
multiaxial stress level, the accumulation of plastic strain 
stabilizes and the structure shakes down. Indeed, the 
cyclic loading does not induce the motion of the von Mises 
yield surface. However, the structure cannot be considered 
as globally shaking down in terms of the global inelastic 
strain because of the creep effects 8.

For the following, a target service lifetime of Tlife = 60 
hours and an allowable total strain of �SD−C = 2 % are cho-
sen to illustrate the modified design approach for shake-
down in the presence of creep (Eqs. 11 and 13). For sim-
plicity assume that the strain accumulation is only due to 

creep and that the rate does not change for the length of 
service life, Tlife , the total strain should respect :

Then the strain rate, 𝜖̇cr
eq

 from Eq 13, could be found from 
the slope of the curves in Fig. 14 . In this example, the 
creep rate should not exceed 0.925 ⋅ 10−7s−1 . The Bree-
like load interaction diagram from Fig. 7 is now repeated 
as Fig. 15 but this time with markers to indicate the struc-
tural response at all investigated load cases. In particu-
lar, load cases that reach the “cut-off” stress (Table 1) are 
marked with red triangles, cases that result in acceptable 
limited inelastic behavior (Eqs. 11) are marked as “shake-
down” with grey circle markers and those with undesir-
able cyclic inelastic responses are marked as “creep” with 
blue squares. Note that the analytical “collapse” limit 
(using the cut-off stress corresponding to 6% strain as the 
critical stress in the von Mises criterion) is drawn with the 
dashed red line. The black line shows the analytical limit 
for the elastic response and the blue dotted line repre-
sents an estimate for the “shakedown” limit based on the 
experimental shakedown load cases in grey circles. This 
approximate limit line is drawn using extrapolation con-
sidering a von Mises equivalent stress. The approximation 
is conservative as it assumes a homogeneous stress state 
throughout the sample radius in the gage section.

In this way, the results in Fig. 15 can be interpreted 
as a measure of the loading regimes where shakedown 
(bounded inelastic response) occurs despite the presence 
of ambient cyclic creep (for the values of target service 
lifetime of Tlife = 60 hours and allowable total strain of 

(13)𝜖SD−C ≥ 𝜖̇
cr
eq
⋅ Tlife.

Fig. 14   Evolution of the axial creep strain during the creep-Shake-
down interaction test. The dashed vertical black line shows the 
beginning of the cyclic phase of the test after the creep dwell of 2 h 
at the maximum forces indicated

Fig. 15   Bree-like load interaction diagram showing the response 
domains for elastic, shakedown and undesirable cyclic inelasticity 
(accumulation of inelastic strain)
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�SD−C = 2% chosen for this illustration). The experimentally 
determined shakedown-safe domain is highlighted below 
the dotted blue line in Fig. 15. This represents a 1.25 times 
increase in feasible design space compared to traditional 
yield-limited design (below black line). Above this prelimi-
nary shakedown limit line is the expected loading domain 
where cyclic creep interactions with multiaxial shakedown 
may dominate and undesirable cyclic inelastic behaviors 
result (the continued accumulation of inelastic strain).

Although this determination of the shakedown limit in 
the presence of creep considers only the strain measure-
ment at the surface of the simple structures, it remains 
conservative. This is because the stress at the outer surface 
of the sample is at a maximum and the strain rate due to 
creep is also expected to be the highest at the surface. As 
the stress distribution is non-homogeneous in the radial 

direction, the structure as a whole may creep at lower 
rates. One way to determine the creep strain of the sample 
is to consider information provided by the MTS cell read-
ings (displacement and angles). As an example, Fig. 16 
shows the evolution of the inelastic strain for Sample 1 
Load Case #1 (Fig.  16a) and Sample 2 Load Case #3 
(Fig. 16b) calculated using both surface DIC and volumet-
ric MTS displacement cell measurements. The volumetric 
MTS cell based calculations of inelastic strain considers the 
measured angle and displacement. The shear strain is cal-
culated using �xy =

R ∗ �

LCell
 (with R the sample radius, � the 

measured angle and LCell the length between the two load 
cells). The axial strain is estimated by dividing the meas-
ured variation of displacement �u by the length between 
load cells as �yy =

�u

LCell
.

From Fig. 16 one can notice structural effects in the dif-
ference between surface (DIC in black) and the approxi-
mate volumetric (MTS in red) responses for the two load 
cases. The strain rates for the volumetric response are 
lower than the surface measurements. As a result, consid-
ering shakedown limits based on the maximum surface 
strain rates (from surface DIC measurements) provide more 
conservative results than those derived from the structural 
volume response. Certainly, it would be further beneficial 
to identify 3D stress–strain fields. One could use a Finite 
Element Model Updating (FEMU) approach [27–29]. Strat-
egies to identify the appropriate model parameters to 
capture the cyclic plasticity and interactions with creep 
would need to be found and are the subject of future 
work. These validated simulations could then be used to 
identify shakedown states with information throughout 
the structure and beyond the surface level. Nevertheless, 
the utility of the full-field surface DIC measurements has 
been demonstrated for these simple structures with inho-
mogeneous stress-states. In particular, the measurements 
rule out heterogeneous response at the surface and con-
firm shakedown states. Certainly the necessity and util-
ity of this DIC-based approach (compared to point-based 
extensometry) only increases with the geometric complex-
ity of the structures considered.

6 � Conclusions

A study of the shakedown behavior of AISI 1144 high 
strength steel under multiaxial loading is presented. A 
range of loading cases were investigated for which the 
cyclic strain behavior was monitored using a Stereo-DIC 
system. The equivalent plastic strain fields using an ana-
lytical solution and the total strain fields obtained with 
the help of the DIC results was exploited to distinguish 

Fig. 16   Surface and volumetric strain response for (a) Sample 1 
Case # 1 and (b) Sample 2 Case #3 showing the structural effect on 
the creep strain accumulation with time
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bounded cyclic shakedown responses from undesirable 
or unbounded cyclic inelasticity. As the measured cyclic 
equivalent stress–strain responses also showed signifi-
cant rounding during unloading (a signature of creep), 
interactions between cyclic induced ambient creep and 
shakedown were also investigated. While all of the load 
cases investigated included creep effects, more robust 
shakedown designs (compared to yield-limited designs) 
may still be viable. A demonstration was provided based 
on considerations of when the rate of accumulation of the 
equivalent plastic strain reaches an allowable value within 
the service life of the structure, with acceptable total strain 
levels. Within the context of this demonstration, the exper-
imentally determined multiaxial load interaction diagram 
was presented and showed that the feasible design space 
considering shakedown was 1.25 times larger than tradi-
tional elastic yield-limited approaches.
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