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Abstract
Purpose  This research paper explores the dynamic instability behaviour of laminated curved shell composite structures 
under in-plane loading conditions.
Methods  Two higher-order theories (nine and ten degrees of freedom at each node) are adopted to develop the composite 
mathematical model considering the in-plane loading conditions to compute the parametric instability based on the finite 
element (FE) discretization technique. The system’s differential equations of motion are converted into a set of ordinary 
differential equations and addressed as an ordinary eigenvalue solution utilizing the Bolotin approach.
Results  The precision and adaptability of the current model are confirmed by comparing the current outcomes with the 
existing solutions. The influence of numerous constraints of the laminated curved shell composite structure is investigated, 
such as different structural forms, thickness and aspect ratio, diversity in end condition, and static and dynamic load factors. 
Additionally, the compared outcomes (excitation frequency) between two different models (Model I and Model II) are vary-
ing from 0.93 to 34% under the static load factors (low to high range).
Conclusion  The outcomes of the developed numerical models are carefully examined, compared and discussed. Model II 
responses are showing a higher side excitation frequency when compared to Model I due to the presence of stretching term 
in displacement kinematics. The excitation frequency increases due to a decrease in static load factor and an increase in 
curvature and aspect ratio.
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W  	� Work done
[X] 	� Thickness coordinate matrix
�lm , �

ln
 and �mn 	� Shear stress tensor

(�) 	� Strain vector
[Π] 	� Global mass coefficient matrix
Ωe 	� Excitation frequency
�s 	� Static load factor
�d 	� Dynamic load factor

Introduction

Laminated composites are widely utilized in advanced and 
lightweight industries like defense, space, and airplanes to 
achieve the anticipated result for contemporary structural 
standards. It is a vital component of innovative technology 
and is perfect for a structurally high strength-to-weight ratio 
and specific elastic modulus. During their operating life, 
laminated structures are subjected to a variety of dynamic 
loading conditions. Hence, a thorough investigation is 
required to study the effect of dynamic instability/loading 
on the structural behavior of composite laminate.

Several studies have explored the dynamic characteristics 
of plates under various loadings using advanced numeri-
cal techniques. These investigations have provided valuable 
insights into the response of these materials, shedding light 
on their performance in different scenarios. The influence of 
stiffeners and loadings on the stiffened laminated composite 
plates was examined through the FE Analysis due to normal/
shock blast waves. The research, verified through numerical 
simulations, specifically focused on the strain–time behavior 
[1]. Another study delved into the impact behaviour of lami-
nates using the FE method. The findings revealed that the 
peak force experienced during low-velocity impact increased 
with the specimen’s width, highlighting the importance 
of specimen geometry in impact studies [2]. Tanveer and 
Singh studied forced linear and nonlinear transient vibra-
tions of rectangular plates under uniform loads. The work 
demonstrated a strong correlation between the natural lin-
ear frequencies of the plates and those determined through 
transient response analysis [3]. The dynamic behaviour of 
composite plates due to underwater explosions was investi-
gated using FE Analysis and fluid–structure interaction by 
Wang et al. The research provided valuable insights into the 
elastic dynamic behavior of these plates in a challenging 
underwater environment [4]. Civalek studied the nonlin-
ear dynamic response of rectangular laminated composite 
plates, modeling moderately thick plates using the first-order 
shear deformation theory (FSDT). This approach allowed 
for a comprehensive analysis of the plates’ behavior under 
dynamic loads [5]. An innovative extension of the isoge-
ometric technique was employed to analyze the dynamic 
response of laminated FG-CNTRC plates with piezoelectric 

layers. This study utilizes the shear deformation theory of 
higher-order (HSDT) and explores the behavior of these 
advanced composite materials [6]. A Quasi 3-D theory 
along the plate’s normal direction was proposed to study 
the laminated composite plate’s free and forced vibration. 
This approach provided a practical and efficient means of 
analyzing their dynamic behaviour [7]. Gliszczynski et al. 
investigated the in-plane dimensional effects of fibre-rein-
forced laminated composites during low-velocity impact. 
Using 3D impact transient dynamic finite element analysis, 
the researchers presented the impact response for differ-
ent aspect ratios, contributing to a better understanding of 
impact behavior in composite materials [8]. An expanded 
scaled boundary FE method (SBFEM) and precision inte-
gration technique (PIT) were used to examine the static 
responses of composite plates (electro-magneto). The study 
considered various boundary conditions and offered insights 
into the structural response of these plates [9]. The use of 
the fifth order shear deformation theory was employed to 
investigate the non-dimensional fundamental frequencies 
of glass fibre-reinforced laminated composite plates with 
graphene and fly ash fillers. The research demonstrated that 
these plates with fillers exhibited increased normal and shear 
strength compared to their non-laminated counterparts [10]. 
Collectively, these studies have significantly contributed to 
our understanding of the dynamic behavior of laminated 
composite plates under diverse loading conditions, provid-
ing valuable information for engineering applications and 
materials design.

A comprehensive exploration of the buckling behavior in 
the laminated plates has unveiled a range of critical insights. 
Researchers have examined various buckling factors, con-
sidering different boundary conditions and material proper-
ties. For instance, the influence of boundary conditions and 
ply stacking order on in-plane bending-induced buckling 
was investigated, revealing that thinner laminates are more 
susceptible to bend-twist coupling effects [11, 12]. Addi-
tionally, the study by Baba and Baltaci highlighted the role 
of cutout shapes and ply orientations in buckling behavior 
under in-plane compression load [13]. Meanwhile, anti-sym-
metric laminates and clamped boundaries enhanced buck-
ling loads in E-glass/epoxy plates under axial compression 
[14]. Furthermore, post-buckling behavior was explored, 
showing minimal changes in scattering when transitioning 
from uniaxial to biaxial compression. Developing efficient 
finite element models and probabilistic methods has facili-
tated accurate buckling analysis, even in scenarios with ran-
domly varying material properties [15]. Studies employing 
advanced theories and finite element analysis delved into 
post-buckling behavior and provided valuable insights into 
the response of composite plates under various loading con-
ditions. Innovative approaches, such as probabilistic meth-
ods and isogeometric analysis, expanded our understanding 
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of buckling in these structures [16–18]. Lastly, the incorpo-
ration of advanced theories like hyperbolic tangent Shear 
deformation theory and 3D finite element modeling demon-
strated their effectiveness in understanding buckling behav-
ior, emphasizing the significance of factors such as CNT 
volume proportion [19, 20]. These studies contribute to a 
deeper understanding of buckling phenomena in laminated 
composite plates, addressing practical considerations for 
design and structural integrity.

Comprehensive research on dynamic instability in ani-
sotropic laminated composite structures has provided valu-
able insights into the intricate interplay of critical factors 
affecting stability utilizing diverse methodologies such as 
FE and various analytical approaches. Notably, the analysis 
involving C0 nine-noded quadrilateral elements underscores 
the positive influence of aspect ratio on stability while cau-
tioning against excess plate layers [21]. Ganapathi and Bala-
murugan [22] work highlights how increasing shell thickness 
and layer count can mitigate plate instability. Kumar's [23] 
findings emphasize the nuanced susceptibility to instability, 
contingent upon a multitude of system parameters. Addi-
tionally, the enhancement of dynamic stability in laminated 
plates under in-plane harmonic edge loading is explained 
by the addition of increased stiffeners. [24]. Fayaz and 
his coauthors [25] study unveil the shifting of instability 
zones to lesser frequencies with greater layer counts due 
to geometric nonlinearity. The nonlinear analysis indicates 
that heightened load magnitudes result in amplified vibra-
tion amplitudes and the displacement of unstable regions 
in thin laminated composites [26]. Meanwhile, Sahoo and 
Singh's secant function-based zigzag theory draws atten-
tion to the amplification of plate dynamic instability under 
growing dynamic loads [27]. Further investigations reveal 
increased orthotropy in cross-ply laminated plates augments 
excitation frequencies [28]. Moreover, the inverse Trigono-
metric zigzag theory and the HSDT, as applied by Sahoo 
and Singh [29] and Chattopadhyay and Radu [30], respec-
tively, expand our understanding by demonstrating how 
dynamic and static load combinations can alter the scope 
of instability regions (IR), underscoring the complexity 
of composite plate dynamics under dynamic loads. Sahoo 
and his co-researchers investigated the dynamic responses 
of laminated/hybrid composite with or without damages 
and explored filler effects. The conventional theories have 
been modified to incorporate fillers and lamina orienta-
tion, observing changes in natural frequencies and struc-
ture stiffness. The study revealed decreased stiffness with 
increased crack severity. Graphene boosts strength, while fly 
ash enhances hardness but reduces strength [31–33]. Parida 
et al. explored graphene and fly-ash effects and reviewed/
examined the static and dynamic responses of functionally 
graded or glass fibre-reinforced polymeric composite struc-
ture/beam using various shear deformation theories based on 

finite element methods and nonlocal principles. The results 
suggest that graphene boosts strength and thermal stabil-
ity, while flyash enhances hardness and impact resistance. 
Graphene-filled plates excel in strength, load transfer, and 
water resistance over flyash-filled ones [34–39]. The sur-
face integrity has been examined in hard-turning function-
ally graded/laminate or metallic specimens with nano fluid-
assisted minimum quantity lubrication. Experimental and 
predictive model validation, SEM analysis, and optimization 
via genetic algorithm highlight eco-friendly machining ben-
efits and potential industrial applications [40–43]. Jena et al. 
reported the frequency responses, crack detection and sever-
ity estimation in structural applications of fibre reinforced 
polymeric composite beams/structures, experimentally and 
numerically using finite element or neuro-fuzzy hybrid tech-
niques highlighting structural health monitoring and poten-
tial applications in diverse industries. The findings indicate 
that the mode shapes change due to the presence of damage, 
and frequency values decrease with deeper cracks [44–51]. 
Further, the static and dynamic responses of laminated/cor-
rugated FGM plates are studied experimentally and analyti-
cally using Donnell’s shell theory and energy approaches 
based on Hamilton’s principle [52–57].

Several research investigations have been conducted in 
the past to assess the dynamic behaviour of flat composite 
structures. After reviewing the literature study, it is clear 
that the analysis relies heavily on lower-order mid-plane 
kinematics of flat plate structure and lacks experimental 
corroboration. Based on the research disparity, this study 
assesses the dynamic instability behaviour of curved com-
posite shell panels first time using two different types of 
higher-order models. The appropriate parametric instability 
analysis is derived using isoparametric FE steps considering 
each node’s nine and ten degrees of freedom (DOF). The 
differential equations of motion are transformed into a set 
of ordinary differential equations and solved as an ordinary 
eigenvalue solution using the Bolotin method. Finally, the 
effect of various geometrical shapes, aspects, curvature and 
thickness ratio, end conditions, and load factors on curved 
structures are analyzed using multiple instances and briefly 
addressed.

Mathematical Formulation

The curved shell panel having length ‘a1’, width ‘a2’ and 
thickness ‘h’ is supposed to be oriented along l, m, and 
n-axis, respectively, as shown in Fig. 1. The shell panel is 
assumed to have ‘k’ number of layers with curvature radius 
‘rx’ and ‘ry’ along l and m-axis, respectively. The different 
geometrical shapes of the structure are obtained by varying 
curvature radii along l and m-axis, as shown in Fig. 2.
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The kinematic displacement polynomial used in the pre-
sent work are as:

Model I

Model II

(1)

V
ll
(l,m, n, t) = u0(l,m, t) + n�

ll
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The global displacement of an arbitrary point along the 
l, m, and n-directions is denoted by Vll,Vmm,Vnn , respectively. 
The rotations of the transverse normal at the mid-plane along 
the l and m-axes are represented by �mm and �ll , respectively. 
Whereas �nn signifies the drilling degrees of freedom on the 
mid-plane. To accommodate the quadratic variation of shear 
strain, parameters Λll,Λmm,Ψll,Ψmm are employed along the 
thickness of the structure.

or,

where [R] represents the transformed reduced stiffness 
matrix, and (S) denotes the stress matrix.

or,

where 
(
�

)
 denotes strain vector and [X] represents thickness 

coordinate matrix.
The vectorized expression for the externally applied forces 

can be formulated as follows:

Furthermore, the components of the stiffness matrix can be 
articulated as follows:
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Fig. 1   Configuration of curved shell laminated structure
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The expression for the work done by the force {F} is for-
mulated as follows:
W = ∬ VT (F)dldm � (9)

where,
[Db] =

∑n

c=1
∫ xc+1
xc

[Hb]
T
[Qb

ij
][Hb]dx  a n d 

[Ds] =
∑n

c=1
∫ xc+1
xc

[Hs]T [Qs
ij
][Hs]dx.

The elemental stiffness is expressed as:

where [H] denotes the strain–displacement matrix.
The differential equations (DE) governing the parametric 

stability examination of plates are derived using the Lagran-
gian equation, which is stated as follows:

where, m is the general field variable. Ek, S and Ep denote 
the laminated composite plate's total kinetic energy, strain 
energy, and potential energy due to applied in-plane loading.

Now, by substituting the respective energy values in 
Eq. (13) and then carrying out the differentiation, the result 
is obtained as follows:

w h e r e ,  [Π] = ∫
A
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[Kg] = ∫
A
([Bb]T [Db][Bb] + [Bs]T [Ds][Bs])dA

(8)[K] =
∑n

i=1

ai

∫
ai−1

(Rab)i
(
1, s, s2 … s6

)
ds

(10)Ek =
1

2 ∫
V

𝜌
(
V̇2

ll
+ V̇2

mm
+ V̇2

nn

)
dV

(11)

Se =
1

2 ∫A

({q}T [Bb]T [Db][Bb]{q} + {q}T [Bs]T [Ds][Bs]{q})dA

(12)[j] = ∫
A

(
n∑
1
∫

xc

xc−1

[H]T [K][H]dn

)
dA

(13)
d

dt

(
𝜕Ek

𝜕{ṁ}
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(14)[Π]{m̈} + {[K] − [Kg]{m}} = 0

Now, the Eq. (14) can be rewritten by considering the 
in-plane load mechanisms as

where, Fs and Ft represents the static and dynamic constitu-
ent of F . Ωe correspond to the excitation frequency.

The in-plane load comprises both static and dynamic 
components, which can be articulated with reference to the 
critical buckling load of a laminated composite plate as:

where,Pcr represents the buckling load (critical) of the 
plate. �d and �s denote the dynamic and static load factors.

Now, by replacing Eq. (17) in Eq. (16), it becomes

Now, Eq. (18) embodies a Mathieu-type ordinary DE, 
the solution of which delineates the instability features of 
the structure.

Equation (18) are expressed through two concurrent peri-
odic Fourier series with periods T and 2 T ( T =

2�

Ωe

 ) as given 
in Eqs. (19) and (20), respectively, as:

where li and mi are the arbitrary constants.
The principal instability zone’s first-order approximation 

is expressed as follows:

The maximum and minimum Ωe is established by select-
ing the (+ ve) and (–ve) sign one by one in the equation.

The subordinate IR can be obtained by determining the 
eigenvalue problem as |||

{
[K] − �sPcr

[
Kg

]}
− Ω2

e
[M]

||| = 0.

(15)[Kg] = ∫A

[Bg]T [Sg][Bg]dA

(16)[Π]{m̈} + {[K] − (Fs + Ft cosΩet)[Kg]}{m} = 0

(17)Fs = �sPcr and Ft = �dPcr

(18)
[Π]{m̈} +

{
[K] − 𝜇sPcr

[
Kg

]
− 𝜇dPcr cosΩet

)[
Kg

]}
{m} = 0

(19)[Fi] =

∞∑
i=1

[
li sin

(2i − 1)Ωet

2
+ mi cos

(2i − 1)Ωet

2

]

(20)[Fi] =
1

2
a0 +

∞∑
i=1

[
li sin

(2i)Ωet

2
+ mi cos

(2i)Ωet

2

]

(21)
|||||
{
[K] − �sPcr

[
Kg

]
± 0.5�dPcr

[
Kg

]}
−

Ω2
e

4
[Π]

|||||
= 0

(22)
|||||

[ {
[K] − �sPcr

[
Kg

]}
−�dPcr

[
Kg

]
−0.5�dPcr

[
Kg

] {
[K] − �sPcr

[
Kg

]}
]
−

[
[0]df×df [0]df×df
[0]df×df [Π]

]|||||
= 0



	 Journal of Vibration Engineering & Technologies

where df indicates the total system DOFs.
The detailed steps of mathematical modelling are 

also provided as a flow chart in Fig. 3. Figure 4 provides 
the specifics of the different constraints for each edge 
length to achieve different boundary conditions. The 
limitations are imposed along the edge length to dimin-
ish the number of unknowns and to obtain the solution 
of the laminated structural problems. In order to ensure 
stress continuity, the kinematic equation in the current 

study includes ten variables: displacement (u0, v0, and 
w0), rotation ( �ll, �mm, �nn ), and parabolic variation terms 
( Λll,Λmm,�ll,�mm ). Distinct edge lengths are restricted as 
per various specifics presented in Fig. 4 to achieve various 
end conditions.

Fig. 3   Flow chart of mathemati-
cal modelling steps
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Fig. 4   Details of boundary 
condition
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Results and Discussion

Initially, a convergence test is used to ensure the con-
sistency of the generated mathematical model. The non-
dimensional excitation frequency (NDEF, Ωe ) response 
has been evaluated for various dynamic load factors ( �d ) 
and mesh densities, i.e., 1 × 1, 2 × 2, 3 × 3, 4 × 4, 5 × 5, 
6 × 6, and 7 × 7, considering simple support end condition 
and shown in Fig. 5. After a 4 × 4 mesh size, the output 
exhibits identical behaviour but computational time gets 
increased with mesh density. As a result, a 4 × 4 mesh 
size has been used throughout the investigation to study 

the NDEF responses of curved shell structures without 
jeopardizing precision and processing time. The struc-
tural and material properties remain the same as: a = 1, 
b = 1, a/h = 20, layup sequence [0/90]4, E11/E22 = 40, 
G12/E22 = 0.6, G13/E22 = 0.6, G23/E22 = 0.5, ν12 = 0.25.

The NDEF responses of flat plate structures have been 
evaluated at various static and dynamic load factors. The 
outcomes are compared and presented in Fig.  6. The 
structural and material properties remain the same as ref. 
[7]. The graphical output demonstrates the exactness of 
the currently developed mathematical model.

New Illustrations

After checking the coherence and reliability of the model, 
the NDEF ( Ωe ) responses have been evaluated by consider-
ing different geometrical input parameters of the curved shell 
panel. The various consequences have been observed by var-
ying the static and dynamic load factors. The geometrical 
and elastic properties utilized remains same as: a = 1 b = 1 
a/ h = 20 layup sequence [0/90]4, E11/E22 = 40, G12/E22 = 0.6, 
G13/E22 = 0.6, G23/E22 = 0.5, ν12 = 0.25, ρ = 1 kg/m3.

Effect of Geometry

In this example, a variety of laminated shapes are meticu-
lously examined. The various shapes are obtained by varying 
the curvature radii along l and m-axis as shown in Fig. 2. The 
NDEF responses are evaluated utilizing the C-3 end condi-
tion having geometrical parameters as: a1 = a2 = 1, r/a1 = 40, 
a1/h = 20 and μs = 0.1. The excitation frequency responses 
at various dynamic load factor ‘μd’ and at constant static 
load factor ‘μs’ are evaluated considering Model I and II 
and plotted in Fig. 7a, b, respectively. The results, depicted 
in Fig. 7, exhibit the effect of various shapes of the geom-
etry on excitation frequency. An intriguing observation is 
observed as the point of origin identified is slightly higher 
in Model II than in Model I for the different geometric shell 
structures. Also, the dynamic instability region is almost the 
same in Model I for the distinct shape of the structure, while 
it varies slightly in Model II. Model I slightly underestimates 
the excitation frequency values compared to Model II due to 
the negligence of some strain terms.

Effect of Curvature Ratio

The influences of various R/a1 ratios have been analyzed of 
curved shell structure with C-3 end condition having geo-
metrical parameters used as a1 = a2 = 1, r/a1 = 40, a1/h = 20 
and μs = 0.1. The excitation frequency responses of G-2 and 
G-3 shell structures for Model I and II at various dynamic 
load factors ‘μd’ are evaluated and plotted in Figs. 8 and 
9, respectively. Notably, a distinct trend is observed: as 
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the curvature ratio increases, there is a significant shift in 
dynamic instability towards lower frequencies range of exci-
tation. The observation highlights the intricate and complex 
dynamics inherent in the behaviour of curved shell structures 
under these conditions. Also, the shell structure (G-3) exhib-
its a relatively high excitation frequency at a lower curvature 
ratio.

Effect of Support Conditions

This investigation focused on the behaviour of G-2 shell 
structure on NDEF responses subjected to different bound-
ary conditions (Fig. 4). The geometrical parameters used 
as a1 = a2 = 1, r/a1 = 40, a1/h = 200 and α = 0.1. The con-
sequences obtained from Models I and II are shown in 
Fig. 10 for various end restrictions. The C-6 end condition 
exhibits a straight-line instability region, while C-1 has 
a widespread region. Also, the shell structure exhibits a 
relatively high excitation frequency for Model II compared 
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to Model I. In contrast, it is the reverse for the C-1 end 
condition. These insights enhanced the understanding of 
how cylindrical shells respond under varied boundary 
conditions.

Effect of Thickness Ratio

The cylindrical shell panel with layup sequence (0/90)4 hav-
ing different thickness ratios has been considered for NDEF 

responses with the geometrical parameters as a1 = a2 = 1, 
r/a1 = 40, and α = 0.1. Figure 11 depicts the results derived 
from Models I and II under various thickness ratios for the 
C-3 end condition. It is noteworthy from the figure that the 
increase in thickness ratio shifted the dynamic instability 
region to higher values of excitation frequency with the 
widespread region. However, this effect is less visible in 
Model I than in Model II. Model II shows a different trend of 
slight variation in dynamic instability region owing to higher 
stiffness with increased thickness ratios. The prominent 
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effect on results is observed due to the inclusion of extra 
strain terms in the thickness direction of Model II.

Effect of Load Factor

In this illustration, the effect of various dynamic and static 
load factors on the NDEF responses of the G-2 shell struc-
ture (a1/h = 20, r/a1 = 40) has been investigated utilizing 
the C-3 end condition. The geometric and elastic prop-
erties remain the same as in the preceding section. Fig-
ure 12a, b demonstrate the findings from Models I and II, 

respectively. The origin point of excitation frequency rises 
with a decrease in static load factor. However, the excitation 
frequency values obtained from Model II are slightly higher 
than those obtained from Model I. The shell structure shows 
high stiffness at low static load factors. One possible reason 
for the cause is amplification of dynamic responses at high 
static load factor, and ultimately triggering instability in both 
models considered at low excitation frequency.
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Effect of Aspect Ratio (AR)

The nuanced influence of varying AR (a1 = 1 m and a2 = 2, 
1, 0.67, 0.5, 0.4) on the excitation frequency responses of a 
laminated structure is investigated utilizing C-3 end condi-
tion and presented in Fig. 13. The aspect ratio of 1.5 gave 
the widest instability region. The Ωe rises with an upsurge 
in AR. The region of instability expands with the increase in 
AR up to the optimum value; after that, it decreases further.

Conclusion

The parametric excitation frequency characteristics of 
laminated curved shell structure under in-plane loading 
are provided in a general framework utilizing two differ-
ent higher-order models. The numerical results are obtained 
using isoparametric FE steps based on the Bolotin approach. 
The numerical predictions made with the FEM model agree 
well with the excitation frequencies of the flat composite 
plates. Further, the influence of various models and input 
parameters are pondered in the succeeding lines:

•	 The dynamic instability of the curved composite structure 
occurs at a higher Ωe for the increased thickness ratio. 
Also, the instability region expands with an increase in 
the thickness ratio.

•	 The curved shell structure exhibits higher stiffness than 
the flat plate structure. The dynamic instability ori-

gin point increases with the aspect and curvature ratio 
increase.

•	 The instability region widens and shifts to lower disturb-
ing frequencies as the static load factor increases, desta-
bilizing the dynamic stability behaviour of the composite 
structure.

•	 The Ωe values increase with an increase in end restriction. 
The C-1 end condition exhibits the highest Ωe values. 
Model II exhibits higher instability origin point values 
for various end conditions except C-1.

•	 Model II exhibits somewhat more precision than Model 
I due to the negligence of some strain terms in Model I.

It can be seen from the consequences that the geometry 
shape, curvature, span length and dynamic and static load 
factor all affect the stability of the composite structure. As 
a result, while working with structures that are exposed to 
in-plane loads, the designer must exercise caution. This 
research has additional applications in monitoring structural 
health when designing a laminated curved composite for 
construction.
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