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Abstract

Purpose The study aims to analyze the free vibration behavior of functionally graded porous beams with non-uniform rec-
tangular cross-sections, investigating four distinct porosity distribution across the beam's thickness.

Methods Utilizing the Euler—Bernoulli beam model and Hamilton’s principle, the equation of motion is derived. Four dif-
ferent boundary conditions (clamped—clamped, clamped-free, clamped—pinned, and pinned—pinned) are considered, and the
resulting equation is solved using the differential transform method. Verification of accuracy is ensured through comparison
with solutions for natural frequencies found in existing literature.

Results and Conclusion The study provides validated natural frequency solutions for functionally graded porous beams with
non-uniform rectangular cross-sections, confirming the accuracy of the proposed method through literature comparison.
A comprehensive parametric study reveals significant insights into the influence of various factors on natural frequencies,
including porosity volume fractions, types of porosity distribution, taper ratios, and boundary conditions. These findings
deepen our understanding of free vibration analysis for functionally graded porous beams, offering valuable guidance for

engineering design and structural optimization in relevant applications.

Keywords Natural frequencies - Functionally graded porous beam - Non-uniform cross-section - Differential transform

method

Introduction

The concept of functionally graded materials (FGMs)
originated in the field of engineering, where materials with
continuously varying composition or microstructure were
developed to optimize their mechanical, thermal, electrical
and other properties. Functionally graded porous materials
(FGPMs), such as metal foams, take this idea further by
incorporating porosity as an additional design parameter.
FGPMs offer a series of advantages over homogeneous
materials or composite materials with a layered structure.
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The void spaces created by the pores reduce the material’s
density, resulting in a lighter structure. This characteristic
is particularly worthwhile in industries such as aerospace
and automotive, where weight reduction is a critical factor.
Moreover, by controlling the distribution of porosity, it is
possible to achieve specific combinations of properties, such
as mechanical strength, thermal conductivity, or fluid perme-
ability, within a single material [1]. In addition, the spatial
variation of properties allows FGPMs to avoid discontinui-
ties in temperature and stress distributions as a result delami-
nation issues inherent to simple layered configurations, e.g.,
in Refs. [2-5] to name a few, can be eliminated [6].

On the other hand, the manufacturing methods employed
in the production of FGM beams and panels inevitably result
in the formation of pores within the material volume [7]. The
presence of pores can introduce certain challenges and draw-
backs to the FGM. One significant concern is the potential
compromise in structural integrity. Pores weaken the mate-
rial and reduce its load-bearing capacity, making it more
susceptible to failure under stress or external forces. Moreo-
ver, pores affect the elastic and mechanical properties of the
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material changing structural responses of the FGM beams
and panels. As a result, research focused on studying the
mechanical behavior and dynamic characteristics of FGM
structures with porosity is of great significance. Herewith,
the accurate prediction of natural frequencies is crucial for
vibration control of such objects.

The literature search revealed an extensive studies dis-
cussing the dynamic behavior of FGM beams and panels
with and without porosities. Vibrations in perfect FGM
beams, plates, and shells have been examined using clas-
sical and various shear deformation theories [8, 9]. Those
analyses involved equivalent single-layer (ESL) models [10,
11], layer-wise (LW) descriptions [12, 13], and the three-
dimensional approach [14-16]. Different methodologies
have been employed, ranging from analytical techniques
to numerical simulations, e.g., in Refs. [17-21] among the
latest. However, it is crucial to investigate the influence of
porosity since it serves as a vital parameter in the design of
modern structures.

Inspired by recent advancements in FG porous engi-
neering materials, a significant number of researchers have
undertaken studies on the dynamics of FGP beams [22-26],
and plates and shells [27-29]. In these studies, while ana-
lyzing the vibration response of FG porous structures, the
analysts have made adjustments to the aforementioned theo-
ries and methodologies, originally developed for ideal FGM
beams, plates, and shells in order to incorporate graded
porosities. Those porosities can exhibit uniform or non-uni-
form symmetric/non-symmetric distributions throughout the
thickness of the structures.

Inhomogeneous structures with variable cross-sections
are extensively utilized in diverse engineering applications,
including helicopter rotor blades, wind turbines, ship propel-
lers, and space and marine structures. These structures are
favored for their ability to meet specific architectural require-
ments while achieving optimized weight and strength distri-
bution. A variety of methods have been employed to solve
the differential equations of motion for variable thickness
FGM beams. In Ref. [30], the authors employed the dynamic

Fig.1 Schematic of a non-
uniform FGP beam
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stiffness method to analyze the dynamics of homogeneous
tapered Euler—Bernoulli beams. In addition, in Ref. [31], the
free vibrations of axially functionally graded (AFG) tapered
Euler—Bernoulli beams were studied using the differential
transformation and differential quadrature methods. The
natural frequencies of the AFG Euler—Bernoulli beam with
non-uniform cross-section were also investigated in Ref.
[32] through the differential transformation method (DTM).
Furthermore, the spline finite point method was utilized in
Ref.[33] for the analysis of free transverse vibration of AFG
tapered Euler-Bernoulli beams. The authors in Ref. [34]
employed the asymptotic development method to study the
free vibration of non-uniform AFG Euler—Bernoulli beams.
A new hybrid approach based on the combination of the
power series expansions and the Rayleigh—Ritz method for
stability and free vibration analyses of AFG non-uniform
beams supported by a constant Winkler—Pasternak elastic
foundation was presented in Ref. [35]. A precise solution
for free vibration of FG beams with variable cross-section
resting on a Pasternak foundation was proposed in Ref. [36]
using the separate variable method and Laplace transform
within the framework of 2-D elastic theory. Furthermore,
the vibrational characteristics of AFG tapered beams based
on both Euler—Bernoulli and Timoshenko theories were ana-
lyzed in Ref. [37] utilizing the variational iteration method.
In Ref. [38], the weighted residual collocation method with
exact solution shape functions for the uniform beam as trial
functions was employed to investigate the free transverse
vibrations of variable cross-section cantilever FG beams
with nonlinear profiles. In addition, the dynamic character-
istics of an internal flexible FGM Euler—Bernoulli tapered
microbeam were studied in Ref. [39] based on the modified
couple stress theory.

The literature search revealed that there is a limited
number of research regarding the vibration response of
non-uniform cross-section FG porous beams, in com-
parison to the extensive studies available on vibrations
of constant thickness porous beams. For instance, in Ref.
[40], the authors have investigated the free vibration
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Fig. 2 Different porosity
profiles of the FGP beam’s
cross-section
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characteristics of a rotating double-tapered FG porous
beam using the DTM. However, their analysis primarily
focused on specific boundary conditions, tapering profiles,
and porosity levels, leaving space for further exploration
in this field. In the other work of the same authors [41],
the DTM has been employed to examine the thermo-
mechanical vibration behavior of non-uniform FG porous
Euler-Bernoulli beams under a variety of thermal load-
ings. Furthermore, in Ref. [42], a finite-element dynamic
analysis was conducted to examine the response of non-
uniform FG porous beams subjected to multiple moving
forces, employing the Timoshenko beam theory. In addi-
tion, in Ref. [43], the authors investigated the free vibra-
tion behavior of rotating FGM beams, including porosi-
ties with even or uneven distributions, using a modified
variational method. The method utilized the Chebyshev
series expansion and incorporated the fully geometrically
nonlinear beam theory with Coriolis effect. In Refs. [44,
45], a novel approach based on spatial state equations and
the associated state transition matrix has been proposed
to compute the natural frequencies and mode shapes of
Euler-Bernoulli and Timoshenko beams with arbitrary
variations in material and geometrical properties, as well
as discontinuities within the beams. Recently, in Refs. [46,
471, the discrete singular convolution method has been uti-
lized to analyze the dynamic characteristics and buckling

of non-uniform, multi-span, functionally graded graphene
foam-reinforced beams under elastic boundary conditions.
This paper focuses on the free vibration analysis of non-
uniform rectangular cross-section porous FG beams with
four different porosity distributions. These porosity distri-
butions, namely even and uneven with symmetric and non-
symmetric profiles, are assumed to vary through the beam’s
thickness direction based on the modified Gibson—Ashby
model [48]. The vibration response is analyzed using the
Euler-Bernoulli beam theory. The equation of motion and
natural boundary conditions are derived using Hamilton’s
principle. These equations in conjunction with four differ-
ent beam edges’ constraints such as pinned—pinned (P-P),
clamped-clamped (C-C), clamped—pinned (C-P) and
clamped-free (C-F) are solved using a semi-analytical DTM
approach. Semi-analytical solutions of the natural frequen-
cies are compared with existing results in the literature to
validate the proposed technique and to ensure the accuracy
and reliability of the approach. In addition, for the first time, a
comprehensive parametric study is conducted to examine the
influence of porosity volume fractions, types of porosity dis-
tribution, taper ratios, and boundary conditions on the natural
frequencies of FG porous beams. The obtained results can
serve as valuable references for validating other approaches
and approximate methods, as well as providing insights to
enhance the dynamic performance of FG porous beams.
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Non-uniform FGP Beams

An FG porous beam with variable rectangular cross-section
is schematically illustrated in Fig. 1. The beam has a length
L and its cross-section parameters are width b and thickness
h. The axis x indicates the beam length direction, while the
axes y and z denote the directions of the beam’s width and
thickness, respectively.

The cross-section variations are assumed to exhibit sym-
metry about the mid-line (z = 0) of the beam. The width and
thickness of the beam as functions of x can be written as

b(x) = b0<1 —c%)m,

h(x) = h0<1 —ch%)", o

where ¢, = 1 - Z—‘ andc, =1-— Zﬂ are the width and height
0 0

taper ratios, respectively. It is worth to mention that if
¢, =c, =0, the beam would be uniform; if ¢, # 0 and
¢, =0, the beam would be tapered with width but has a
constant height; if ¢, = 0 and ¢, # 0, the beam would be
tapered with height but has a constant width; and if ¢, # 0
and ¢, # 0, the beam would be double tapered. The power
coefficients m and n allow for accounting for arbitrary vari-
ation of the geometrical parameters along the beam’s length.
Herewith, the rectangular cross-sectional area A(x) and the
second moment of inertia /(x) vary along the beam’s length
as follows:

== (1)
1) = 10(1 - cb%)m@ - c,%)M,

where A, and [, represent the area and second moment of
inertia of the rectangular cross-section at x = 0, respectively.

Porosity changes the material properties of the beam,
specifically, Young’s modulus E and mass density p. This
is similar to material profiles observed in perfect function-
ally graded materials. Here, we assume that the material
properties vary continuously across the beam thickness,
that is, they are functions of z. Four types of porosity dis-
tribution profiles such as even (type I) and uneven sym-
metric with stiffer layers in surface areas (type II), sym-
metric with a stiffer layer in the central area (type III),
and non-symmetric (type IV) are considered, as shown in
Fig. 2. These porosity distributions along the height & of
the beam’s cross-section at a given position on the x-axis
can be defined as follows [23]:

(@)

E(z) = Ey(1 — eya),

(@) =poy1 —epa, ©

@ Springer

2
for type I profile, in whicha = 1 l(3\/1 — ey — % + 1)

e ey \ 7

i

EQ@) = EO(I — ¢y cos <£z>>,
; o)
p(2) = po<1 — e, Cos (%z))
for type II profile,
7 7
E(Z) = E0<1 —C‘OCOS < ZZ - §>>’

p(2) = p0<1 —emc0s< %z

®)
_Z
)

EQ) :E0<1 — ¢, c08 ( T+ f))

for type III profile, and

2

2h 4

J (6)
p(2) = p0<1 — e, COS <ﬂz+ Z))’
for type IV profile.

In (3)—(6), we denote e, =1 — E,/E;, (0 < ¢, < 1) and
e, =1—p/py, (0<e, <1), where E, and E; are mini-
mum and maximum values of Young’s modulus, respec-
tively, and also p, and p, are minimum and maximum val-
ues of mass density, respectively. Moreover, in the case of
open-cell porous materials [48], the relationship between
ey and e,, can be expressed in the forme, =1 — /1 — ¢,.

It should be mentioned that the Poisson’s ratio v is
assumed constant for all the types of porosity distributions.

Governing Equation of Motion

The inhomogeneous beam of length L is characterized by
material properties that continuously vary in the through-
thickness direction z, while the rectangular cross-section of
the beam varies along the axial coordinate x. Transverse
vibration of the beam takes place in the xz-plane. Let us con-
sider the Euler—Bernoulli theory, which takes into account
only the transverse displacement W(x, z, f) and the curvature
of the mid-line. Then, the displacements along the x- and
z-axes are expressed in the form:

ow(x, 1)

ox @)
w(x,z,1) = w(x, t).

ﬁ(xvy’ t) =2

Based on the displacement field (7), only the normal strain
component occurs as

*w(x, 1)
= —z—.
XX axz

®)
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The corresponding normal stress can be obtained using one- D, (x) = E_ (x)I(x),
dimensional Hooke’s law as (16)

o, = E@@e,,. )

Within this assumption, the strain and kinetic energies are
defined, accordingly, as follows:

e Pw\’
U= 5/(; Dll(x)<ﬁ> dx,
L 2
K= l/ m(x)(a—w> d
2 Jo ot

Herein, appropriate stiffness and inertia coefficients in (10)
are computed, respectively, as

(10)

D (x) = / ZE(z)dA,
A(x)

(11)
m(x) = / p(z)dA.
A®)

Using Hamilton’s principle STT = 6{ /tltz (U = K)dt} = 0 with
the virtual strain (6U) and kinetic (6K) energies, we can
write the governing equation of motion of the FGP beam as

02

axz[n(x) ]+ () —0,0stL, (12)

with natural boundary conditions and an initial condition
as follows:

L
i D (x)dz_w =0
ax \ 1 ox2 0 ’
0 L
pLwIE| =0, (13)
0
)
m(x)a—w =0.
ox |,

For harmonic vibration with frequency @, the dynamic dis-
placement field is defined by

wix, 1) = wx)(e) ™. (14)

Substituting (14) into (12), it gives us an ordinary differen-
tial equation describing free transverse vibration of a non-
uniform cross-section FG porous beam:

d? d W(X)]

px - - m(x)a)zv'v =0,0<x<L. (15)

[Dn( )

Herewith, the stiffness D,;(x) and inertia m(x) coefficients
can be expressed in the form:

m(x) = p_(NA(X),

where the averaged Young’s modulus E,_(x) and mass density
p.(x) are computed by analytical integration of (11) over the
rectangular domain A(x) for each type of porosity profile
(3)—(6). The explicit forms of these expressions can be found
in Appendix A.

Differential Transform Method

From a mathematical perspective, integrating Eq. (15) pre-
sents complexity due to variable coefficients arising from
coordinate-dependent material properties and cross-sections.
As a result, closed-form solutions are feasible only for spe-
cific cross-sectional shapes, porosity profiles, and boundary
conditions. In this context, numerical methods like the finite-
element method (FEM) are more effective, as they offer the
necessary versatility to explore various geometric configura-
tions and material characteristics However, the differential
transform method can also be effectively employed for this
purpose. In contrast to the traditional FEM, the DTM stands
out for its accessibility, simplicity, and avoidance of finite-
element meshes. As a semi-analytical method, it is inherently
symbolic and eliminates the need for auxiliary parameters,
assumed functions, or specific initial/boundary conditions
when seeking the solution, unlike the approximations used
in FEM. In addition, the DTM provides a series expansion
solution for differential equations, enabling deeper insights
into the system’s behavior, whereas the FEM typically deliv-
ers numerical solutions without analytical expressions.

The DTM was initially introduced by G. E. Pukhov in
1978 [49], and the fundamental aspects of this method can
be found in his original publications [50-52]. A recent com-
prehensive discussion on the status of the DTM, including
its basics, drawbacks and limitations has been presented in
Refs. [53, 54] and the references therein. An investigation
into the convergence issues associated with DTM solu-
tions has been reported in Refs. [32, 55]. Researchers, e.g.,
[56-58], have also explored innovative strategies to mitigate
the limitations, combining the DTM with other techniques
that provide accurate results in regions where the series solu-
tion may not suffice.

Besides the variety of the tasks to which the DTM can
be applied, its accuracy and simplicity in calculating the
natural frequencies makes it superior among many other
semi-analytical methods mentioned in Introduction. The
application of the DTM to address the free vibration prob-
lem of non-uniform inhomogeneous beams is reported in
Refs. [31, 32, 40, 41] to name a few.
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Following Ref. [32], we reformulate (15) in a form
more suitable for its application in addressing the vibra-
tion problem using the DTM

4 3 2.2
%” + Dl(x)% + DQ(x)‘;TV; - *M(x)W =0, 17)
where the variable coefficients will be denoted as
D_l(x) =2D},(x)/Dy; (%) , Dy(x) = D{,(x)/Dy;(x) and
M(x) = m(x)/D,,(x). Here, and in what follows, the prime
denotes a derivative with respect to the x-coordinate.

It’s worth noting that the variable coefficients in (17)
account for changes in both thickness and length direc-
tions. As a result, they exhibit a more complex structure in
terms of the variable x, compared to the coefficients asso-
ciated with functionally graded material properties that
vary solely in the axial direction [30-32]. This complexity
significantly slows down the computation and convergence
rate of the DTM. To overcome this issue, the division

operation in the domain of differential transformations is
employed for the coefficients D (x), D,(x) and M(x) before
computing their appropriate images (discretes) [52].

Thus, by utilizing the domain of differential transforma-
tion, the solution of equation (17) at a certain point x; of
the interval 0 < x < L can be represented as a set of recur-
rent algebraic equations [32]:

k
__K ) )
Wk +4) = AR pZ;)W(p)M(k P
k
3)!
3 2Py 4 30,6 p) (18)
p=0 p:

: 2)!
B AL A
p=0 P

Table 1 Non-dimensional natural frequencies @, of a double-tapered homogeneous beams with the height and width varying linearly along the
beam length for different boundary constraints

C-F Cc-C P-P
a Mode [30] [33] Present A% [33] Present A% [33] Present A%
0.1 1 3.67370 - 3.67370 0.0000 - - - - - -
2 21.5503 - 21.55025 0.0002 - - - - - -
3 59.1886 - 59.18864 0.0001 - - - - - -
0.2 1 3.85511 3.8551 3.85512 0.0003 20.0968 20.09663 0.0008 8.8246 8.82458 0.0002
2 21.0568 21.0569 21.05675 0.0002 55.3683 55.36495 0.0061 35.4665 35.46564 0.0024
3 56.6303 56.6335 56.63035 0.0001 108.5357 108.51043 0.0233 79.7721 79.76244 0.0121
0.3 1 4.06694 - 4.06693 0.0002 - - - - - -
2 20.5555 - 20.55551 0.0000 - - - - - -
3 54.0152 - 54.01519 0.0000 - - - - - -
04 1 4.31878 4.31878 4.31878 0.0000 17.7203 17.71987 0.0024 7.6314 7.63138 0.0003
2 20.0500 20.0501 20.04998 0.0001 48.7027 48.69836 0.0089 31.2881 31.28711 0.0032
3 51.3346 51.3378 51.33463 0.0001 95.3717 95.34452 0.0285 70.2453 70.23554 0.0139
0.5 1 4.62515 - 4.62515 0.0000 - - - - - -
2 19.5476 - 19.54761 0.0001 - - - - - -
3 48.5789 - 48.57890 0.0000 - - - - - -
0.6 1 5.00904 5.00904 5.00903 0.0002 15.1914 15.18977 0.0107 6.2087 6.20862 0.0013
2 19.0649 19.0651 19.06486 0.0002 41.4862 41.47654 0.0233 26.8534 26.85179 0.0060
3 45.7384 45.7417 45.73837 0.0001 81.0196 80.97752 0.0519 60.0036 59.99137 0.0204
0.7 1 5.50926 - 5.50927 0.0002 - - - - - -
2 18.6412 - 18.64124 0.0002 - - - - - -
3 42.8104 - 42.81086 0.0011 - - - - - -
0.8 1 6.19639 6.19639 6.19780 0.0228 12.3970 12.38438 0.1018 4.3536 437116 0.4033
2 18.3855 18.3858 18.39428 0.0478 33.2794 33.21227 0.2017 21.9447 2191152 0.1512
3 39.8336 39.8376 39.86815 0.0867 64.5189 64.37748 0.2192 48.4357 48.46315 0.0567
0.9 1 7.20488 - 7.23501 0.4182 - - - - - -
2 18.6803 - 18.84108 0.8607 - - - - - -
3 37.1241 - 38.18606 2.8606 - - - - - -
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where W(k), and D, (k), D,(k) and M(k) are the images of
the unknown amplitude w(x) and the given functions Dl x),
D,(x) and M(x), respectively.

It is obvious that each recurrent equation in the sys-
tem 18 is derived by sequentially varying the index k.
However, the images W(0), W(1), W(2), and W(3) are not
directly obtained from 18 as observed. Therefore, we can
simplify this expression to the following form:

Wk +4)=BW0O0)+ C W) +GWQ2)+HW(3), (19)

where the explicit forms of the recurrent coefficients in (19)
can be found in Ref. [32].

Once the spectrum W(k) for chosen number of images is
obtained, the original function w(x) is reconstructed as

W(x, 0) =W(0) + W(1)(x — xp) + W(2)(x — x0)> + W3)(x — x,)°+
W&)(x = xp)* + - + WE)(x — xp)F.

(20)

Given that the images W(k) at k > 4 depends on W(0) , W(1)
, W(2) and W(3) , Eq. (20) takes the form:

21
15 —=—Mode 1 DTM --e- Mode 2 DTM Mode 3 DTM
——Mode 1 abaqus ----- Mode 2 Abaqus Mode 3 Abaqus
1 +

Normalized displacement

N

—=—Mode 1 DTM --e--Mode 2 DTM Mode 3 DTM

=
9]
L

o
T\
Q“

Normalized célsplacement
4] =

——Mode 1 abaqus ----- Mode 2 Abaqus Mode 3 Abaqus

o
w
\

'
[y

k—4
wix, m) = { 1+ ) B,(x—xpy* } W(0) + {(x - xo)+

p=0
k-4

D Cx —xo)p+4}W(1)
p=0

k—4
+ {(x —xp + ) G x = xpy* } W)+

p=0

k-4
{(x =X + ) G, (x = xp )y } W(@3).

p=0
2D
By satisfying boundary conditions imposed on the beam
ends in terms of transverse displacement w, rotation angle
0, bending moment M and shear force Q, such that
dw d*w

d*w d
0= I M = —Du(x)ﬁ and Q = I [Dll(x)ﬁ}

we arrive at the eigenvalue problem for each case of con-
straints in the following form [32]:

N

—=—Mode 1 DTM --e--Mode 2 DTM Mode 3 DTM

=
n
-

——Mode 1 abaqus ----- Mode 2 Abaqus

Mode 3 Abaqus

=
am

/

:”/

Normalized displacement
\ o
(9]

1
27
=] [
% [ —=—ModelDTM --e- Mode 2 DTM Mode 3 DTM
215+
8 [ ——Mode 1abaqus ----- Mode 2 Abaqus Mode 3 Abaqus
S o171
@ _f
505§ -
3 ol |
N O+ =5
= [ e
g : s S
£05¢
2
I S S S e
0 0.2 0.4 0.6 0.8 1

Fig.3 The mode shapes associated with the first three natural frequencies for the cantilever double-tapered homogeneous beam for different

taper ratios: (a) a=0.2; (b) a=0.4; (c) =0.6; and (d) a=0.8
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Table 2 Non-dimensional BCs « Mode [31] [33] [34] Present A(31]), %
natural frequencies @,, of an
AFGM double-tapered beams C-F 0.2 1 2.6863 2.6863 2.6873 2.68633 0.0011
with both height and width 2 177501 17.7501 177225 1775011 0.0001
varying linearly along the beam
length for different boundary 3 50.3934 - 50.2194 50.39258 0.0016
constraints 0.4 1 3.0486 3.0486 3.0877 3.04857 0.0010
2 16.8571 16.8571 17.4061 16.85706 0.0002
3 45.4003 - 47.2734 45.39956 0.0016
0.6 1 3.5985 3.5985 3.7700 3.59847 0.0008
2 15.9616 15.9616 17.6687 15.96156 0.0003
3 40.1304 - 45,9613 40.12961 0.0020
0.8 1 4.5695 4.5695 5.0458 4.57064 0.0249
2 15.2955 15.2955 18.6877 15.30362 0.0531
3 34.5521 - 46.5828 34.58256 0.0882
P-P 0.2 1 8.1462 8.1462 8.1682 8.14619 0.0001
2 32.5123 32.5123 32.4133 32.51207 0.0007
3 73.0959 - 72.8179 73.09331 0.0035
0.4 1 7.1254 7.1254 7.3647 7.12540 0.0000
2 28.5003 28.5003 29.7076 28.50006 0.0008
3 64.0350 - 66.9202 64.03231 0.0042
0.6 1 5.8868 5.8868 6.6732 5.88675 0.0008
2 24.2469 24.2469 27.9493 24.24648 0.0017
3 54.3126 - 63.3243 54.30922 0.0062
0.8 1 4.2283 42284 6.1283 4.23710 0.2081
2 19.5300 19.5302 27.2590 19.51399 0.0820
3 43.3451 - 62.2530 43.37406 0.0668
Cc-C *0.2 1 18.1996 18.1996 18.2779 18.19954 0.0003
2 50.4565 50.4560 50.4430 50.45559 0.0018
3 99.1474 - 98.2992 99.14075 0.0067
0.4 1 15.8350 15.8350 16.7396 15.83492 0.0005
2 44.0370 44.0371 46.3346 44.03592 0.0025
3 86.6414 - 90.9806 86.63419 0.0083
0.6 1 13.3238 13.3238 16.1771 13.32340 0.0030
2 37.1104 37.1105 44.4245 37.10787 0.0068
3 73.0375 - 86.8967 73.02611 0.0156
0.8 1 10.5339 10.5343 16.6925 10.53166 0.0213
2 29.2402 29.2419 44.9420 29.22110 0.0653
3 57.3787 - 87.0576 57.35837 0.0354
Al (@) A (o) Az(@) Ay ()] (W) free vibration problem of inhomogeneous non-uniform FGP
Ay (@) Ay () Aps(@) Apyw) [| WD | _ 0. ) beams. The eigenvalue problem is solved using the standard

Ay () Azy() Ayy(@) Ay(w) [|WR)]| algorithms provided by the Matlab package [59].

A41(w) A42(CU) A43(w) A44(w) W@3)

where the functions A;(w) are polynomials of w. Results and Discussion
Finally, the eigenvalues are calculated as roots of the

characteristic equation: Verification

det|A;(w)| = 0. (23)

To verify the DTM adopted for solving the free vibra-

A computational program has been developed within the  tion problem of inhomogeneous beams with non-uniform
Matlab environment to implement the DTM for solving the ~ cross-sections, first, we examine various specific problems
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Fig.4 The mode shapes associated with the first three natural frequencies for the cantilever double-tapered AFGM beam for different taper

ratios: (a) a=0.2; (b) a=0.4; (¢) a=0.6; and (d) «=0.8

and compare the results obtained with DTM with those
available in the existing literature. In the calculations, we
adhered to the recommendations comprehensively dis-
cussed in Ref. [32] for providing the fast convergence of
the solutions and to ensure the reliability of the results.
In addition, as the calculations involve finding roots of
high-degree polynomials, which can potentially lead to
computational instability, we have implemented strategies
recommended in the MATLAB documentation to enhance
stability in symbolic calculations. It included optimizing
code, symbolically simplifying polynomial equations
before finding their roots, and utilizing functions to fine-
tune the root-finding process [59].

We start with free vibration analysis of double-tapered
homogeneous beams with the height and width varying lin-
early along the x-coordinate. This implies that we have cho-
sen m =n = 11in (1). Assuming that the cross-sectional
dimensions of the beam vary with the same taper parameters
for both height and width ¢, = ¢, = a, we can express (2) in
the form: 22 = (1 - a5>2and1(—x) = (1 - a5>4. The initial

A L I L
dimensions of the rectangular cross-section are taken as A
=0.01 m and »,=0.03 m, and the length of the beam is L=
1 m. The material parameters for this beam are defined such
that Young’s modulus, Ey=210 GPa and the mass density,
£o=7800 kg/m>.

The non-dimensional natural transverse frequencies are

; = _ 2 [poAo ;
specified as @, = @, L* 4 /ﬂ’ Herein, A, I,, E, and p, are

beam’s cross-section geometrical and material properties at
x =0, respectively. For the sake of verification, the first
three non-dimensional natural frequencies computed with
the proposed technique are compared with those found in
Refs. [30] and [33] for a variety of boundary conditions such
as cantilever beam (C-F), fully clamped beam (C-C) and
pinned—pinned beam (P-P), and at different values of the
taper ratio, a. The results are collected in Table 1.

One can see in Table 1 that the results obtained using
different approaches exhibit a high degree of consistency.
This indicates that the proposed computation method
demonstrates considerable accuracy in predicting the
natural frequencies of homogeneous beams with variable
cross-sections.

Moreover, to validate the ability of the proposed method
to accurately restore the sought function (21) from its
respective sets of images (18), the mode shapes of beams
associated with the first three natural frequencies of the can-
tilever double-tapered homogeneous beam are constructed.
In addition, we utilized ABAQUS software [60] to conduct
the frequency analysis for the same homogeneous beams
with non-uniform cross-sections. The mode shapes of the
beam have been modeled using the beam element "B22"
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Table 3 Non—dir.nenfional BCs ¢, Mode Typel Type 11 Type IV
natural frequencies @,, of
uniform FGP beams (L/h = [23] Present A% [23] Present A% [23] Present A%
10) with even (type I), uneven
symmetric (type II) and P-P 0.1 1 0.2751 0.26424 395 0.279 0.26813 390 0.2759  0.26506 3.93
uneven non-symmetric (type 2 1.0463 1.05694 1.02 1.0593 1.07252 1.25 1.0487 1.06025 1.10
IV) distributions for different 3 21913 237812 853 22138 241316 901 21957 238556 8.65
porosity coefficients and
boundary conditions 02 1 0.2701 0.25962 3.88 0.2785 0.26787 3.82 0.2721  0.26147 3.91
2 1.0274 1.03849 1.08 1.0552 1.07150 1.54 1.0321 1.04587 1.33
3 2.1518 2.33660 8.59 2.1995 241087 9.61 2.1606 235321 891
03 1 0.2648 0.25475 3.80 0.2783 0.26793 3.73  0.2681 0.25786 3.82
2 1.007 1.01898 1.19 1.0517 1.07173 190 1.0135 1.03145 1.77
3 2.109 229271 8.71 2.1854 241140 10.34 2.122 2.32076 9.37
04 1 0.2588 0.24956 3.57 0.2784 0.26843 3.58 0.264 0.25429 3.68
2 0.9845 0.99826 1.40 1.049 1.07370 2.35 0.9923 1.01718 2.51
3 2.062 224608 893 2.1718 241583 11.24 2.079 2.28865 10.08
05 1 0.2523 0.24403 3.28 0.2791 0.26953 3.43 02598 0.25086 3.44
2 0.9595 097613 1.73 1.0475 1.07814 293 09676 1.00342 3.70
3 2.0096 2.19629 9.29 2.1586 2.42581 1238 2.0301 225770 11.21
C-P 01 1 04169 041279 0.99 04222 041887 0.79 04179 0.41408 091
2 1.2611 133769 6.07 1.2743 135740 6.52 1.2636  1.34188 6.19
3 24225 279098 152 24422 283211 1597 2.4263 2.79972  15.39
02 1 0.4093 0.40558 0.91 04208 0.41847 0.55 04114 0.40846 0.71
2 1.2384 1.31434 6.13 1.2664 1.35611 7.08 1.2434 1.32368 6.46
3 2.3788 2.74226 153 2.4206 2.82942 16.89 2.3864 276176 15.73
03 1 0.4012 0.39796 0.81 04196 041856 0.25 0.4044  0.40283 0.39
2 1.2137 1.28965 6.26 1.2587 1.35641 7.76 1.2211 1.30543 691
3 2.3315 2.69075 15.4 2.3983 2.83005 18.00 2.342 2.72367 16.27
04 1 0.3922 0.38987 0.59 04188 0.41933 0.13 03964 0.39726 0.22
2 1.1867 1.26342 6.46 1.2512 1.35890 8.61 1.1961 1.28737 7.63
3 2.2795 2.63603 15.6 2.3751 2.83524 19.37 2.2938 2.68599 17.10
05 1 0.3822 038122 0.26 04185 042106 0.61 03874 0.39188 1.16
2 1.1565 1.23541 6.82 1.2441 1.36452  9.68 1.1674 1.26995 8.78
3 22216 257759 16.0 23508 2.84696 21.11 2.2383 2.64966 18.38
Cc-C 01 1 0.5833 0.59899 2.69 0.5898 0.60782 3.06 0.5845  0.60087 2.80
2 1.4759 1.65114 119 1.4883 1.67547 12.58 1.4783 1.65631 12.04
3 2.6439 3.23690 22.4 2.6603 3.28460 23.47 2.6472 3.24703 22.66
02 1 0.5728 0.58853 2.75 0.5867 0.60724 3.50 0.5752  0.59272 3.05
2 1.4493 1.62232 119 1.4757 1.67388 13.43 1.4541 1.63385 12.36
3 2.5963 3.18039 225 2.6309 3.28148 24.73 2.6031 3.20300 23.05
03 1 0.5613 0.57748 2.88 0.5838 0.60738 4.04 0.5649  0.58455 3.48
2 1.4204 159184 12.1 1.462 1.67425 14.47 1.4277 1.61132 12.86
3 2.5446 3.12065 22.6 2.5999  3.28221 26.24 2.5552  3.15883 23.62
04 1 0.5488 0.56574 3.09 0.5811 0.60849 4.71 0.5533 0.57646 4.19
2 1.3887 1.55947 123 14491 1.67733 1575 1.3983  1.58903 13.64
3 2.4879 3.05719 229 2.5668  3.28823 28.11 2.5024  3.11513 24.49
05 1 0.5349 0.55319 342 0.5787 0.61100 5.58 0.54000 0.56866 5.31
2 1.3535 1.52490 12.7 1.43500 1.68426 17.37 136490 1.56753 14.85
3 24247 298941 233 2.5311 3.30182 30.45 2.4433 3.07299 25.77
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I I provided by the package. The comparisons of both computa-
SlEsc88e2E58825%g8 tions for each taper ratio of the beam are depicted in Fig. 3.
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Fig.5 Non-dimensional natural frequencies @, versus porosity coefficients for the C—C supported FGP beams with tapered width: (a) 1-st fre-

quency; (b) 2-nd frequency; and (c) 3-rd frequency

p[’(;—_vz) of a uniform FGP
0

beam at the beam aspect ratio L/h =10. The FGP beam is
assumed to be subjected to three distinct porosity distribu-
tions such as even (type I), uneven symmetric (type II),
and uneven non-symmetric (type IV) profiles. The calcula-
tions are performed for various porosity coefficient ¢, and
different types of boundary conditions. The comparisons
of the natural frequencies obtained in the present work and
those available in Ref. [23] are presented in Table 3.

As observed in Table 3, the results exhibit good agree-
ment for the first and, in some cases, the second natural fre-
quencies across all boundary conditions and porosity coef-
ficient values. However, notable discrepancies are observed
for the third frequency. This discrepancy is attributed to the
use of the third-order shear deformation theory for the FGP
beam within the framework of the Chebyshev collocation
method in Ref. [23]. This contrasts with the Euler—Ber-
noulli beam model used in our study, which neglects shear
deformation and rotational effects in beam behavior. Nev-
ertheless, the calculations in this study, which are based on
the assumption of an initially planar cross-section remain-
ing planar after deformation, offer practical engineering

natural frequencies @, = o, L

@ Springer

solutions for such structures with an emphasis on the sim-
plicity and practicality of the Euler—Bernoulli beam model.

Parameter Study

Further, we use the proposed approach implementing the
DTM to calculate natural frequencies of a series of non-
uniform rectangular cross-section FGP beams. This includes
cases with tapered width but constant height, tapered height
but constant width, and double tapering with both height and
width simultaneously. In the calculations, all four types of
porosity profiles conditions through the beam thickness are
taken into account. The material and geometrical proper-
ties of the FGP beams remain the same as those used in the
previous test problems. The FGP beams under four types
boundary and four values of non-zero porosity coefficients
are investigated.

Let us consider a non-uniform FGP beam of length L= 1
m with a constant height %, and a width b(x) that varies
linearly with the x-coordinate. In other words, the cross-

section characteristics are expressed as
f% = @ = <1 - a%). It is assumed that the beam aspect
0 0

ratio is L/h= 20 and the taper ratio is a= 0.2. Table 4
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Table 5 Non-dimensional natural frequencies @, of non-uniform FGP beams with tapered height for different porosity distributions, porosity coefficients, and boundary conditions

P-P

C-F

C-P

c-C

Mode

N

BC

Type I Type 111 Type IV Type 1 Type I Type 111 Type IV Type 1 Type I Type 111 Type IV Type 1 Type I Type 111 Type IV

Type 1

€

3.60827 3.60827 3.60827 3.60827 8.84619 8.84619 8.84619 8.84619

14.25757
45.24435
93.95363

14.25757
45.04435
93.95363
13.42065
42.62065
88.52098
12.45521
39.59815
82.26462
11.30487
36.00492
74.83094
9.86752

14.25757
45.24435
93.95363
14.13214
44.78277
92.96162
14.06513
44.49143
92.31520
14.12841
44.58808
92.46119
14.55883
45.79555
94.88562

14.25757
45.24435
93.95363
13.77012
43.69747
90.74142
13.19503
41.87251
86.95172
12.47855
39.59886
82.23030
11.47788
36.42339
75.63619

20.07821

20.07821
55.33995

20.07821

20.07821
55.33995

1
2
3
1
2
3

1

0.0

35.44524
79.73034
8.59367
34.43655
77.46138
8.33622
33.40884
75.14959
8.09206
32.43561
72.96021
7.93713

35.44524
79.73034
8.33648
33.39945
75.13036
7.74972
31.04411
69.83444
7.05312

35.44524
79.73034
8.74674
35.06009
78.86314
8.67875

35.44524
79.73034
8.54375

20.62102
56.19228
3.51239
20.04604
54.60474
3.41627
19.46298
52.98993
3.32855

20.62102
56.19228
3.38360

20.62102
56.19228
3.60085

20.62102
56.19228
3.48491

55.33995

55.33995

108.48302
19.50859
53.76730

108.48302
18.92037
52.14881

108.48302
19.86667
54.74627

108.48302
19.39175
53.44791

13.85825
43.96351
91.28660

0.2

34.23339
77.00441
8.18693
32.80368
73.78842
7.74238

19.40142
52.92178
3.12297

20.45251
55.63527
3.61427
2037225
55.29450
3.67093
20.48697
55.44404
3.84314

19.91600
54.27110
3.33937
19.08423
52.00454
3.15804
18.04797
49.18073
2.90480

105.39795
18.92858
52.16541

102.22756
17.58706
48.47451
95.02537
16.00295
44.11009
86.47129
14.03536
38.69226
75.85522

107.31033
19.72840
54.35300

104.77406

18.58188
51.21573

13.45286
42.66003
88.57073
13.07203
41.42875
86.00176
12.84131
40.66218
84.39161

0.4

34.80353
78.28412
8.68360
34.84312
78.36926
8.89893

17.99373
49.15310
2.80952

102.25502
18.38003
50.64923
99.27929
18.03643
49.69602
97.40554

106.52919
19.75823
54.42083

100.39831
17.57290
48.43475
94.94675
16.16371
44.55073
87.33289

3

0.6

28.24700
63.54516
6.18991

31.02246
69.78176
7.12152

18.91657
51.46623
3.28330

16.31485
44.67074
2.41008

2

106.65009
20.27154
55.81762

1
2
3

0.8

31.82224
71.57998

16.60069  21.14765 14.21309 18.58970  28.53474  35.73638  24.77735
56.99237  39.09181  50.52275  64.18590  80.37043  55.74277

45.23689

31.53674
65.59790

109.37309

presents the first three dimensionless natural frequencies,
normalized as @, = conE Lo,
hO EO

To better illustrate the influence of porosity on the free
vibration of the non-uniform beams, we have generated
graphs using the data provided in Table 4. These graphs
depict non-dimensional natural frequencies plotted versus
the porosity coefficient. Our analysis revealed that the first
three frequencies of the porous beams exhibit similar trends
for all considered boundary conditions. As a result, to limit
the volume of the present paper, only findings pertaining to
C-C constraints are presented in Fig. 5.

It is evident from the plots that the three natural frequen-
cies, depending on the type of porosity distribution, dem-
onstrate similar patterns of changes as the porosity coeffi-
cient increases. These changes exhibit similar trends across
all kind of supports. Specifically, for the FGP beam with
uneven symmetric (type II) distributions, the natural fre-
quencies slightly increase as the porosity increases. On the
other hand, for the FGP beams with the other types of dis-
tributions, the natural frequencies decrease as the porosity
increases. This behavior can be attributed to the fact that, as
the porosity coefficient rises, both beam stiffness and cross-
sectional inertia decrease. However, in the case of uneven
symmetric (type II) distribution, the reduction rate in beam
stiffness is smaller than that in inertia, while in the other
distributions, the opposite relationship holds. Remarkably,
among the various profiles considered, the FGP beam with
an uneven non-symmetric (type IV) profile shows the least
decrease in natural frequencies. In contrast, the beam with
an uneven symmetric (type III) profile experiences the most
significant reduction compared to the other profiles.

The other study deals with non-uniform FGP beams of

constant width b, and height A(x) linearly varying with
AW _ (] _ g2
Ay L)

3
@ = (l - a%) with a=0.2. Table 5 collects the first three
0

dimensionless natural frequencies for mentioned above four
porosity profiles, considering four types of imposed bound-
ary conditions and accounting for a range of porosity
coefficients.

Similarly to the previous example, Fig. 6 presents plots
of natural frequencies against porosity coefficient values,
extracted from Table 5 for the beam clamped at both ends.
Once more, these plots are necessary to clarify the influence
of porosity on the free vibration characteristics of height-
tapered porous beams.

Upon analyzing the plots presented in Fig. 5, it becomes
apparent that while the natural frequencies differ from those
observed in the case of the beam with tapered width, they
exhibit similar trends in terms of frequency changing pat-
terns as the porosity coefficient increases. Particularly, in
the case of FGP beams with uneven symmetric (type II)

x-coordinate such that Eq. 2 take a form:
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Fig. 6 Non-dimensional natural frequencies @, versus porosity coefficients for the C—C supported FGP beams with tapered height: (a) 1-st fre-

quency; (b) 2-nd frequency; and (c) 3-rd frequency

distributions, the natural frequencies slightly increase with
growing the porosity coefficient. Conversely, for FGP beams
with other types of distributions, the natural frequencies
decrease with an increase in porosity. Once again, the FGP
beams with uneven non-symmetric (type I'V) profiles experi-
ence a comparatively smaller decrease in natural frequencies
compared to the other porosity distributions. Changing the
boundary conditions among those considered does not alter
the observed frequency trends as the porosity coefficient
increases for the specified porosity distributions.

Last, non-uniform FGP beams with simultaneous linear
variation of width and height along the x-coordinate are
investigated. The cross-section parameters of the beams are

2 4
deﬁnedas’% = (1 —a%) ,@ = <1 —a%) , where a=0.2.
0 0

The first three non-dimensional natural frequencies for the
specified range of the porosity profiles, boundary conditions,
and porosity coefficient values are arranged in Table 6.
Figure7 shows plots of the natural frequencies versus
the porosity coefficient for C—C boundary conditions, cor-
responding to the data in Table6. These plots clearly depict
how porosity affects the natural frequencies of double-
tapered beams. It is worth noting that similar trends are
observed for the beams subjected to boundary conditions

@ Springer

other than the shown clamped—clamped case for all three
frequencies.

These plots do not exhibit any new aspects in frequency
variations with the increase of the porosity parameter when
compared to the observations in the previous two types of
porous beams, namely those tapered with width and those
tapered with height individually. This fact shows that the
type of porosity profile is a dominant factor affecting the
dynamic response of the tapered beams.

In addition, the data in Tables 4-6 are rearranged into
plots to facilitate the comparison of the natural frequency
versus porosity coefficient relationships between the beams
of different taper shapes, porosity profiles, and boundary
conditions. Each plot depicts frequency-porosity curves for
FGP beams with distinct non-uniform geometries, including
uniform, width-tapered, height-tapered, and double-tapered
shapes. The plots are organized in alignment with four dif-
ferent porosity profiles, spanning from type I to type IV, all
associated with a specific natural frequency.

In Fig. 8, one can see plots of non-dimensional natural
frequencies (®,,) as they vary with porosity coefficients for
clamped—-clamped FGP beams of different taper shapes
and porosity profiles. Each row corresponds to a specific
frequency.
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Table 6 Non-dimensional natural frequencies @, of double-tapered FGP beams for different porosity distributions, porosity coefficients, and boundary conditions

C-F

C-P

Cc-C

Mode

N

BC

Type I Type 111 Type IV Type 1 Type I Type 111 Type IV Type 1 Type I Type 111 Type IV Type 1 Type I Type 111 Type IV

Type I

€

8.82458
35.46564
79.76244
8.57243

8.82458
35.46564
79.76244
8.31672
33.41809
75.15970
7.73217

8.82458
35.46564
79.76244
8.72423

8.82458
35.46564
79.76244
8.52287

3.85512 3.85512 3.85512 3.85512

14.47057
45.46662
94.18341
14.06540
44.17996
91.51043
13.65412
42.87065
88.78863
13.26779
41.63409
86.21433
13.03390
40.86487
84.60163

14.47057
45.46662
94.18341
13.62102
42.82903
88.73620
12.64096
39.79035
82.46285
11.47311
36.17755
75.00859
10.01365
31.68416
65.74892

14.47057
45.46662
94.18341
14.34379
45.00491
93.19162
14.27640
44.71473
92.54684
14.34134
4481515

14.47057
45.46662
94.18341
13.97583
4391215

20.09663
55.36495

20.09663
55.36495

20.09663
55.36495

20.09663
55.36495

1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

0.0

21.05675 21.05675 21.05675

21.05675

180.61078
3.75257
20.46962
55.03077
3.64976

180.61078
3.61529
19.81143
53.33356
3.33711

180.61078
3.84673

180.61078
3.72331

108.51043
19.52703
53.79233

108.51043
18.93652
52.17073

108.51043
19.88739
54.77439

108.51043
19.40954
53.47206

0.2

34.45661
77.49293
8.31530
33.42860
75.18065
8.07134

35.08136
78.89659
8.65499
34.82602
78.31945
8.65795
34.86744
78.40743
8.86987

34.25309
77.03541
8.16692
32.82256
73.81813
7.72347

20.88463
56.07055
3.86050

20.80262
55.72903
3.92028

20.91967
55.88224
4.10307

21.59415
57.44646

20.33683
54.69419
3.56781

90.96334
13.39215
42.07822
87.16438
12.66497
39.79340
82.43141
11.64935
36.60233
75.82117

105.42538
18.94716
52.19063

102.25158
17.60038
48.49258
95.04518
16.01250
44.12302
86.48547
14.03919
38.69740
75.86086

107.34113
19.75205
54.38505

104.80053
18.59892
51.23887

0.4

31.06065
69.86048
7.03836

19.87423
53.40378
3.55588

18.37407
49.53448
3.00260

19.48749
52.40996
3.37408

102.28266
18.39901
50.67496
99.30749
18.05639
49.72307
97.43518

106.56430
19.78578
54.45814

100.42368
17.58901
48.45664
94.97074
16.17854
44.57086
87.35495

0.6

32.45520
72.99100
7.91618

31.84206
71.61113

28.26089
63.56706
6.17899

24.78756
55.75893

31.04032
69.80986
7.10412

28.55117

19.31626
51.86876
3.50728

16.65981
45.01577
2.57644

18.42933
49.56414
3.10351

92.69731
14.77901
46.03320
95.13356

106.69096
20.30500
55.86288

0.8

35.76400
80.41372

14.51378 18.98246
50.91876

39.39104

16.95147
45.58955

64.21175

109.42266

Analyzing the plots in Fig. 8, we revealed that, first, the
geometric shapes of the FGP beams affect the natural fre-
quencies. The frequencies of uniform and width-tapered
beams have values close to each other, while, in turn, the
frequencies of height-tapered and double-tapered beams are
closely aligned but lower than those in the two previous
beams. That is, the height taper ratio has a more pronounced
effect on the natural frequencies compared to the width taper
ratio. This is attributed to the fact that varying a height along
the beam length directly impact the bending stiffness, lead-
ing to notable alterations in the natural frequencies. On
the other hand, variations in the width taper ratio primar-
ily affect the cross-sectional area that has a comparatively
smaller impact on the natural frequencies [30].

Second, the porosity profile plays a significant role in the
dynamic response of the beams of all shapes. In particular,
for the FGP beams with an uneven symmetric profile with
stiffer layers in the surface area (type II), all the first three
natural frequencies exhibit a slight increase with an increase
in the porosity coefficient. On the other hand, for beams
with other porosity profiles, the frequencies decrease as the
coefficient increases.

Arranging the non-dimensional natural frequencies (®,,)
versus porosity coefficients for FGP beams with P-P and
C-P supports in a manner similar to the plots in Fig. 8, we
found out that these boundary conditions did not alter the
trends observed in the frequency-porosity curves of the
fully clamped FGP beam. As these plots do not provide new
insights, we have not included them in the current context.

In the case of the cantilever FGP beam, the variations of
the frequency-porosity curves resemble those in the FGP
beams with C—C, P-P and C-P supports. However, the
influence of the geometric shape on the natural frequencies
is more pronounced for this beam type with all kinds of
the porosity profiles as shown in Fig. 9. Specifically, the
fundamental frequency, and to a lesser extent, the second
frequency, exhibit notably distinct values depending on the
beam shape.

Conclusions

The primary objective of this study is to examine the free
vibration characteristics of beams with non-uniform cross-
sections varying along the beam length, while the beams
are composed of materials with functionally graded poros-
ity changing across the beam thickness. The main focus is
on calculating the natural frequencies of these beams under
different boundary conditions and different types of the
porosity profiles. In this study, the classical Euler—Bernoulli
beam theory and Hamilton’s principle are utilized to derive
the governing equation of motion for the beams. Subse-
quently, the differential transformation method is employed
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Fig.7 Non-dimensional natural frequencies @, versus porosity coefficients for the double-tapered C—C supported FGP beams: (a) 1-st fre-

quency; (b) 2-nd frequency; and (c) 3-rd frequency

to solve this equation. This method, known as a semi-ana-
lytic approach to solving differential equations with variable
coefficients, not only enhances computational accuracy but
also reduces the computational cost compared to numeri-
cal methods such as the finite-element method. To validate
the proposed technique, verification examples are provided,
demonstrating the accuracy of the results of calculations. In
summary, the results obtained from the parametric studies
conducted in this research can be summarized as follows:

— the presence of porosity and variations in geometry affect
the free vibration of the beams under different support
conditions, leading to alternations in their behavior com-
pared to that of homogeneous uniform beams;

— taper parameters have been observed to influence the
vibration behaviors of the porous FGM beam in distinct
ways. Specifically, the height taper ratio has a dominant
effect on the transverse vibration, while the width taper
ratio has a lesser impact on it;

— various porosity profiles exhibit distinct effects on the
natural frequencies of the FGP beams, resulting in
diverse alterations in the relationships between frequen-
cies and porosity coefficient;

— the uneven symmetric porosity distribution with stiffer
layer in central area of the cross-section (type III) affects

@ Springer

the natural frequencies of the beam more significantly
than the other porosity profiles for all types of boundary
constraints;

the porosity profile in the form of uneven symmetric with
stiffer layers in surface areas (type II) lead to improved
performance of the beams, resulting in less variation in
the natural frequencies with increasing porosity coeffi-
cient for all types of boundary constraints;

while the natural frequencies of FGP beams with
uneven non-symmetric porosity profiles (type IV) are
more sensitive to changes with growing the porosity
compared to the beams with porosity profile type II,
this porosity distribution causes a smaller decrease in
the frequencies with increasing coefficient values com-
pared to the porosity defined by an even pattern (type
I) for all types of boundary constraints;

while the present beam model, developed using the
simplest Euler—Bernoulli assumptions, provides rea-
sonably accurate results, it may not be entirely suitable
for sufficiently thick beams and definitely not for high
frequency vibrations, i.e., the height to wavelength has
to be small too. For enhanced accuracy, it is advisable
to consider employing the Timoshenko beam theory or
high-order shear deformation theories.
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These results unequivocally highlight the importance of
carefully selecting geometrical parameters and porosity
profiles during the performance design process of FG
porous beams. In this regard, the DTM proves to be an
effective and accurate method for computing the natural
frequencies of such beams.

Appendix A

The averaged Young’s modulus E,(x) and mass density
p.(x) in (16) determined by analytically integrating Eq.
(11) over the rectangular domain A(x) for every porosity
profile type (3)—(6) are presented as follows:

E.(x) = Eo(1 — eya(x)),
p.(x) = py(1 — e,,a,(x))

— Typel:
2
a(x) = i—l(g\/l—eo—gﬂ) :
ey €y \7m b4
5 (A.1)
a*(-x) -
— Typell
3 2 . 2
=—(1- ox)+ — ) s
a(x) 50 [( 62(x)> sin 6(x) 50 cos (x)]
() = sin 5(x)’
6(x)
(A.2)
here 6(x) = 22
where 6(x) 20
— Type III:
3 2 . 2
a(x) = % —cos 6(x) + % sin 6(x) — (Sz_(x)(l —coso(x))],
_ 1 —cosé(x)
a,(x) = 5w
(A.3)
— TypelV:
3 2 . 2
a(x) = 5@ [(1 - %> sin 6 (x) + 5.0 c0s 01 (x)| cos ay,
_ sin &, (x)
a,(x) = 50 cosay,
(A4)

where 6, (x) = % cos a;
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