Journal of Vibration Engineering & Technologies (2024) 12:6437-6448
https://doi.org/10.1007/542417-023-01261-4

ORIGINAL PAPER q

Check for
updates

Thomson Effect on an Initially Stressed Diffusive
Magneto-thermoelastic Medium via Dual-Phase-Lag Model

Ebtesam E. M. Eraki' - Rania A. Fathy' - Mohamed I. A. Othman'

Received: 9 October 2023 / Revised: 18 November 2023 / Accepted: 17 December 2023 / Published online: 29 January 2024
© The Author(s) 2024

Abstract

Objective This study investigates the influence of the Thomson effect on the behavior of a diffusive magneto-thermoelastic
medium with initial stress and the dual-phase-lag (DPL) model.

Methods The normal mode analysis is utilized for solving the problem. The copper material was chosen for numerical
assessments. The results are presented graphically for various physical quantities.

Results A comparison is made between the DPL model and the Lord and Shulman (L-S) theory, both in the absence and
presence of the Thomson effect parameter as well as at two different values for the phase lag of heat flux.

Conclusions The findings provide insights into the impact of the Thomson effect on the behavior of the magneto thermoe-
lastic medium, highlighting the differences between the DPL model and the L-S theory in different scenarios. This type of
work has many applications in rock mechanics, geophysics, and petroleum industries. This work may be helpful for those
researchers who are working in material science, smart materials, and new material designers.
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Introduction

The Lord—Shulman theory of thermoelasticity [1] with one
relaxation time is based on the modification of the equa-
tion of heat conduction proposed by Maxwell [2] and later
by Cattaneo [3]. This modification takes into account the
time needed for the acceleration of heat flow. The theory
ensures the finite speed of wave propagation of heat and
displacement distributions. The remaining governing
equations and constitutive relations for this theory are the
same as those for the classical theory of thermoelastic-
ity [4, 5].

In contrast, the DPL heat conduction equation includes
two phase-lags in Fourier's law of heat conduction. This
is done to account for microstructural effects that occur
in high-rate heat transfer. The DPL model has been con-
firmed by experimental results [6] and has been shown
to have physical meanings and applicability. Research-
ers such as Mukhopadhyay et al. [7], Othman and Eraki
[8], and Abouelregal et al. [9] have further studied the
effects of different fields on thermoelastic materials using
the DPL model. These studies have looked at potential-
temperature disturbances, gravity influence, and the
inclusion of higher-order time-fractional derivatives in
the equations. Overall, both the L-S theory and the DPL
model provide valuable insights into thermoelasticity and
have been utilized in various research studies on micro-
elongated thermoelastic medium [10-25]

The Thomson effect is a significant phenomenon in the
field of thermal power generation, particularly in electri-
cal circuits and sensors. It occurs when an electric cur-
rent flows through a circuit made of a single material
that has a temperature difference along its length. This
results in the evolution or absorption of heat. The transfer
of heat due to the Thomson effect is in addition to the
heat produced from the electrical resistance in conduc-
tors. It plays a crucial role in understanding and designing
thermal power generation systems. Abouelregal and Abo-
Dahab [26] conducted a study on the electro-magneto-
thermoelastic problem in an infinitely solid cylinder using
the dual-phase-lag model. This research aimed to analyze
the Thomson effect in this specific context. Abd-Elaziz
et al. [27, 28] also investigated multiple problems related
to the Thomson effect and other effects on voids using
the Green-Naghdi theories. Marin et al. [29] conducted
research on mixed problems in thermoelasticity of type III
for Cosserat media. These studies aimed to gain a deeper
understanding of the Thomson effect’s characteristics and
its implications in various scenarios.

The diffusion phenomenon is of significant interest due
to its numerous applications in geophysics and industries.
Currently, the thermal diffusion process is being explored
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by oil companies for more efficient oil extraction from
deposits. Kumar and Kansal [30] conducted research on
the propagation of plane waves in a diffusive medium that
is both isotropic and generalized thermoelastic. Recently,
Othman et al. [31] examined the impact of fractional
parameters on plane waves in a diffusive medium that is
both generalized magneto-thermoelastic and dependent
on reference temperature for elasticity. Othman et al. [32]
also investigated the effect of magnetic field and thermal
relaxation on the 2-D problem of generalized thermoe-
lastic diffusion. Diffusion phenomena have many applica-
tions in geophysical and industrial (petroleum) areas. For
instance, oil corporations have an interest in the thermo-
diffusion technique to extract oil from oil resources with
greater efficiency. Diffusion is employed in the manufac-
ture of integrated circuits to introduce “dopants” into the
semiconductor substrate in precise proportions. Diffusion
is used in particular to dope polysilicon gates in MOS
transistors, form integrated resistors, form the source/drain
domains in MOS transistors, and form the base and emitter
in bipolar transistors. The concentration in most of these
applications is estimated using Fick’s law.

The initial stresses present in solids have a significant
impact on how the material responds mechanically in situ-
ations where it is already stressed. These initial stresses are
relevant in various fields including geophysics, engineering
structures, and the behavior of soft biological tissues. These
initial stresses occur as a result of processes like manufactur-
ing or growth, and they exist even in the absence of external
forces. Abd-Elaziz et al. [33] developed a formulation for
initial stress in a thermo-porous elastic solid. Other research-
ers, such as Othman et al. [34-37], Singh et al. [38], Singh
[39] and Ailawalia et al. [40], have applied this theory [33]
to investigate plane harmonic waves within the framework
of generalized thermoelasticity.

In this study, as a novelty of the previous works, we ana-
lyze the influence of the Thomson effect on diffusive media
in the presence of initial stress, using the normal mode anal-
ysis method within the context of the DPL model.

Formulation of the Problem and Basic
Equations

For two dimensional problem, assume the displacement vec-
tor as u = (u, 0, w), All quantities considered will be a func-
tion of the time variable ¢, and of the coordinates x and z.
Consider a magnetic field with components H = (0, H,, 0),
having a constant intensity, which acts parallel to the direc-
tion of the y-axis, as shown in the schematic configura-
tion of the problem (Fig. 1). The magnetic field of the for
H = (0,H, + h(x, z,t),0) produces an induced electric field
of components E = (E|,0, E;), and an induced magnetic
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Fig. 1 The schematic configuration of the problem

field, as denoted by k, and these satisfy the electromagne-
tism equations, in the linearized form.

The variation of magnetic and electric fields inside the
medium is given by Maxwell’s equations as follows Abd-
Elaziz et al. [28]:

Vxh=J+D, 1)
VXE =- B, 2)
V.B=0, V.D=p, 3)
B = u,(H+h), D=¢yE. 4)

The modified Ohm’s law for a medium with finite con-
ductivity supplements the above system of coupled equa-
tions, namely

J =o6ylE + py (u, x H)]. )

The constitutive relations in a homogeneous, isotropic
thermoelastic solid can be written as Othman and Eraki [23]:

o =2ue;+ (e =B T — B, O)6;; — p (6; + wy), (6)
1 1

e; = E(Mi" + uj,[), w; = E(uj’i - ”iJ)’ @)

P=—p,e+bC—al. 8)

The heat conduction equation (DPL) model can be writ-
ten in the form (Othman and Eraki [35])

2
a Tq 02

where the term M e, represents the Thomson effect.
The equation of mass diffusion is

dp, Ve +daV T —dbVPC+ (147 %) C,=0. (10)
The equations of motion, taking into consideration the

Lorentz force, are

Oij + Fi =p Uiy (11)
The Lorentz force is given by [22-25]

F; = pyJxH),. (12)

The current density vector J is parallel to the electric
intensity vector E, thus J = (J;,0, J5)

The Ohm’s law (5) after linearization gives (Abd-Elaziz
et al. [33])

J = UO(El - lloHOw’t, 0, E3 + //loHOu’t). (13)

Equations (1), (4) and (13) give

oh
a—z =—()'0(E1 _MOHOW,I)_EOEIJ s (14)
oh
5 = 00 (B3 + HoHou,) + €03, as)

From Egs. (2) and (4), we get

0E, OE,

=y h,.
ox oz Mol (16)

Using Egs. (12) and (13), Lorentz force becomes
F = pyHyo(— E5 + pgHyu,, 0, £y — ,uOHow’,) , 17

From Egs. (6), (7) and (17) in Eq. (11), equations of
motion become

(,u —§>V2u+ <ﬂ+,u+g> e, — BT,

(18)
— B C, — noHyoo(E5 + poHou ) = p u,,
14 14
(h=5)vw+ (a+u+E)e.-nT. - pC. o

+ pHoHooo(Ey = uoHow ) = p W 4.

For simplifying the governing equations, the following
dimensionless quantities are proposed:

9
k<1 + TGE>V2T = <1 oo+ ?ﬁ)[p CT, + (B, Ty+M)e, +aT, C,] . )
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B
.U, wW=c,nuw), T'=—32 T, C =
( ) 1 ) A+2p
(G e,T)—C n, t, 7y 7,), h,_Lh,P’z

6o Ho Hy

{o, P}
- L C, {c,p}= _r-
Grzp PTGz 20)
Cl_ s ’1_
p k

For dimensionless sizes that are defined in Eq. (31), we
can write the above basic equations in the following from,
with dropping the dashed, for convenience

) a 0 2 2
Vo -5 ) e VT =VC-ah, =0, @n
9 2
(VZ ~ o _“4at2> e e

d q 0
(1+Tga >V2T <1+Tqa+?_2>(7‘,t+a5 C,l+a6e,f)’

(23)

Ve +a; V2T — ag V*C + ay (1+T(%>C,,:O, (24)

where a;, (i =1 : 9) are defined in the Appendix.

Normal Mode Analysis

The solution of physical variable may be analyzed modes as
the following from

le. T, h, C, ol(x.2,0) = [¢*, T%, h*, C*, o}](2) €@,

(25)
where w is a complex constant, i = \/—1, a;is wave num-
ber in x-direction.

Using Eq. (25) into Egs. (21)—(24), then we get

(D* = b)) " —(D* —a)T* — (D> — a}) C* + byh* =0,

(26)
bye* +(D*—by) h* =0, 27)
— bge* +(D* = b)) T* —byC* =0, (28)

(D> - a)) e + a,(D* — a))T* — (agD* — by) C* = 0. (29)

Equations (26)—(29) have a non-trivial solution if the
physical quantities determinant coefficients equal to zero,
then we get:

(D — A, D° + A, D* — A, D* + A){e* h*,T*, C*} =0

(30)
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Equation (30) can be factorized as

(D> = KH(D* = K))(D* = KH(D* — Ky {e*, h*, T*, C*} =0
€29
where, K2, (n = 1, 2, 3,4) are roots of Eq. (31).
The general solution of Eq. (40) bounded as z - oo is
given by

4
(e*, h*, T*, CY2) = Y (I, H,,, Hy,, H)R, ™. (32)

n=1

Substituting from Egs. (20), (25) and (32) into Eq. (6), we
get

4
o= Z H4n Rn e(—k,,z+ia0x—iwz) -p, (33)

n=1

= Z HSn Rn e_k"z. (34)

where b;, (i=1-9) and H,
Appendix.

(j=1-15) are defined in

jn’

The Boundary Conditions
The parameters R,,, (n = 1,2, 3,4) have to be selected such that
boundary conditions at the surface z = 0 are

aC*
0z

=0, h'=h,, T'=0, =0. (35)

Applying boundary conditions (35), using Eq. (32), we
obtain a system of equations, by solving this system using
matrix inverse, the constants R,,, (n = 1,2, 3, 4) are obtained

as follows

R, 1 1 1 1 0
Rl H,, Hy, H; Hyy o 36
R, Hy, Hy, Hy, Hy, ol (36)
R, ki Hy  —kyHy —kyHy; —kyHy 0

Numerical Analysis and Discussion

The copper substance was selected for numerical evaluations.
The problem's material constants were then taken as (Abd-
Elaziz et al. [28]).



Journal of Vibration Engineering & Technologies (2024) 12:6437-6448

6441

A=776x10°"N.m™2, ;=3.86x10"kg. m ' s2,
K =38w.m . k™!, T, =293 K,

a, =178 x 1079k, a, =198 x 1074k,
p=18954kg. m3,C, =383.1kg7 k!, 6,=9.36x% 10°
siemens m~!.

The comparisons were carried out for:

x=083m, ¢=0.05s, 7,=0.0001s,
T, = 0.015s, w=w,+iw,,

w,; =0.000s!, Hy=55Am™', M =2Nm™>,

wy=0.1s7",

The numerical values, outlined above, were used for the
distribution of the physical quantities T ,h,0,e,c,p , for the
problem have established in the context of DPL model and
L-S theory, in the absence and presence of Thomson effect
parameter (M =0, 2).

In these figures, the dotted line represents the solution in
the DPL model in the presence of Thomson effect parameter,
the dashed-dotted line represents the solution derived using
DPL model in the absence of Thomson effect parameter,
the solid line indicates the (L-S) theory in the presence of
Thomson effect parameter and finally the dashed line refers
to (L-S) theory when Thomson effect parameter equals zero.
Here all variables are taken in non-dimensional form. The
results were obtained by using MATLAB 2021a.

Figures 2, 3 and 4 depict that the distribution of the strain
distribution e, temperature 7 and the stress distribution o,
they show that they have the same behavior, they are noticed
that their values increases to a maximum value in the range
0 < z < 1, then decreases until become constant in the range
1 < z < 12, this results for L-S theory and DPL model. The
values of these physical quantities in the presence of the
Thomson effect parameter (M = 2) for L-S theory are greater
than in the absence of it (M = 0), but the reversed behavior is
found for DPL model. Farther more the values in the context
of L-S theory are higher than those for DPL model. Figure 5

Fig.2 The variation of strain

illustrates the dispersion of the generated magnetic field 4.
It shows that the impact of the Thomson parameter on the
induced magnetic field is insignificant. Figures 6 and 7 show
the distribution of concentration C and chemical potential P.
Then value of C decrease to a minimum value in the interval
0 <z <7, and finally up to zero in 7 < z < 12, while the
values of P decrease to a minimum value in the interval
0 <z <5, and finally remains constant and up to zero in
5 <z < 12.In the context of L-S theory, the values of con-
centration and chemical potential are higher in the presence
of the Thomson effect parameter (M = 2) compared to its
absence (M = 0). However, the behavior is reversed for the
DPL model when compared to L-S theory. Additionally, the
values in the context of L-S theory are higher than those
for the DPL model. Figures 8, 9, and 10 demonstrate the
distribution of strain e, temperature 7, and stress ¢ in the
presence of the Thomson effect parameter (M = 2) and at
different values of the phase lag of heat flux z,(z, = 0.015,
0.04). They show the same behavior for both L-S theory
and DPL model, with values increasing to a maximum in
the range 0 < z < 1, and then decreasing until they become
constant in the range 1 < z < 12. It show that the values of
those quantities at 7, = 0.04 are higher than the previous dis-
tributions at T, = 0.015. Additionally, the values in the con-
text of L-S theory are higher than those for the DPL model.
Figure 11 shows that the induced magnetic field almost
does not change from 7z, = 0.015 to 7, = 0.04. Figures 12
and 13 explain the distributions of the chemical potential P
and the concentration C in the context of the two theories
for (r, = 0.015,0.04) and in the presence of the Thomson
effect parameter (M = 2). The values of C are decreased to
a minimum value in the interval 0 < z < 7, and finally up to
zero in 7 < z < 12, while the values of P are decreased to a
minimum value in the interval 0 < z < 5, and finally remains
constant and up to zero in 5 < z < 12. It disappear that the
values of those quantities at 7, = 0.04 are greater than those

field distribution with distance z
for different values of Thomson
effect parameter M = 0, 2

-12

7 =10 : . . . .

- DPL, M=2
—=—=:DPL, M=0 |

L-S, M=2
L-S, M=0

1 . . . . .

o 2 a 6 8 10 12
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atr, = 0.015. Also, the values in the context of L-S theory
are higher than those for DPL model for (Tq =0.015,0.04).

3D curves in Figs. 14, 15 and 16 demonstrate the rela-
tionship between physical quantities and both distance
components (x, z) in the context of the DPL model. These
figures are.

important for studying the dependence of physical
quantities on the vertical component of distance. The
curves show wave propagation and indicate a strong
dependence on the vertical distance.

Conclusion

By comparing the figures that were obtained, important phe-
nomena are observed:

1. The phenomenon of finite speeds of propagation is mani-
fested in all figures.

2. All physical quantities satisfied the boundary conditions.

3. The Thomson effect parameter has a noticeable influence
on all physical quantities (except the induced magnetic

field). It decreases them under both DPL model and L-S
theory.

4. The values of most physical quantities in the context of
L-S theory are higher than those for the DPL model, in
the presence and absence of the Thomson effect param-
eter as well as at different values of the phase lag of the
heat flux.

Appendix
HgHgoo HoHgos GoHo
a; = S = EP) ,dz3 = —,
npc; n?pcy n
a4, = egpioct s = alyp, w = BB Ty + M)
M 7N S TP I
“ _a(A+2p) a _b(A+2p)
! b 5
_(A+2w _Gi+2w)

ag = ain = s
Ty 073G +2m

b, =a(2) —ia, 0 —@? by = ia,0, by=iw, b, =a5 —iwa;y — a,0*,

. . w? 2
—iw(1 - iwt, — 71{]) 5
bs = T i) sbg = bs ag,b; = ag + bs ,bg = as bs,
0

by = aga(z) —iway(l —iw7),

A = [ag(by + bg + b7) + by + (1 + az)bg — by + azbs — 2ag + by(ag — 1)),

(ag—1)

1
A, =
2T (ag— 1)

{ by (b + by) + al bg(1 + a;) + (by + by)(ag by + by + a; by) + ag(ag bg + by)

— 2al(b; — ay bg) — dy + by(ag by + agbg + by — by + a; by —2a3) — ag by by},

_ 1
T (ag - 1)

{(by + by)(bybg + ajazbg) + aZ(bgby + ajbs) — dg(b; — aqbg) — bybs(agby + by + a;bg)

+ bylagh by + biby + a;b,bg + beby + albg + al(aghg + bg) — 2 al(b; — a;be) — djl},

1

Ay = oy L(baby = byba)(boby + agazbg) + agh,(bghy + agby — agh; + aga;be)].
. —
" by =k | agkd — (ag by + by + ag by) K2 + (by by + a2 ag by) |

Hj

n

1
- b_[(ki —bpH,, — bel ,Hy, = a\g — Hy, — H3,, Hs, =
3

—1+4+ag Hy, —a; H,, .
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Fig.6 The variation of concen-
tration field distribution with
distance z for different values
of Thomson effect parameter
M=0,2

Fig.7 The variation of chemical
potential field distribution with
distance z for different values

of Thomson effect parameter
M=0,2

Fig.8 The variation of strain
field distribution with distance
z for different values of 7, at
M=2
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Fig. 10 The variation of stress
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Fig. 12 The variation of con-
centration field distribution with
distance z for different values of
7, at M=2

Fig. 13 The variation of chemi-
cal potential field distribution
with distance z for different
values of 7, at M =2

Fig. 14 (3D) Strain distribu-
tion e against both components
of distance x, z based on DPL
model in the presence of Thom-
son effect parameter M = 2
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Fig. 15 (3D) Induced magnetic
field distribution / against both
components of distance x, z
based on DPL model in the
presence of Thomson effect
parameter M = 2

Fig. 16 (3D) Temperature
distribution 7" against both com-
ponents of distance x, z based
on DPL model in the presence
of Thomson effect parameter
M=2
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