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Abstract
Purpose  This work investigates the free vibration response of functionally graded (FG) nanocomposite laminated plates in 
thermal environments. The nanocomposite plies consist of a polymer matrix strengthened by nano-scale reinforcements, 
namely a graphene monolayer. This is a case of matrix/graphene mixture or in other words graphene-reinforced nanocom-
posite (GRNC). Besides the uniform distribution pattern of the graphene reinforcements, four piece-wise FG patterns are 
also considered to find out the best way to reinforce the nanocomposite plates. The FG distribution patterns are structured 
by varying the amount of the graphene nano-reinforcements from ply to ply.
Methods  Material properties corresponding to the homogenization mixture are carried out using the extended Halpin-Tsai 
approach. Material properties of the GRNC plies are considered to be either temperature-dependent or temperature-inde-
pendent. The governing equations of the laminated plate structure are derived based on the first-order shear deformation 
plate theory (FSDT). The validity of the internal computer program, developed using the finite element method (FEM), is 
examined by comparing the results obtained in this investigation with those reported in the open literature. Numerical analysis 
illustrates the effects of a broad range of influencing parameters on the mode shapes and associated natural frequencies of 
GRNC laminated plates when subjected to varying temperature fields.
Results  Numerical results state that the free vibration behavior of the GRNC laminated plates is strongly affected by the vari-
ation of the environmental temperature as well as by the geometric parameters. In this context, considering the noteworthy 
results achieved in this paper, new ideas are proposed to offer innovative insights and novel design models for future real-life 
applications in polymeric nanocomposite structures.

Keywords  Free vibration response · Thermal environments · Graphene reinforced nanocomposite · Piecewise functionally 
graded materials · Extended Halpin–Tsai model · First-order shear deformation theory

Introduction

Due to their highly appealing properties, practical applica-
tions of polymer-based composite materials in various engi-
neering and science fields are rapidly increasing. Among the 

different areas of activity involved in this technology of com-
posite materials, can be mentioned as good practices: auto-
motive, aerospace, civil, electronic, thermal, energy, bio-
medical fields, and much more [1, 2]. Most recently, a new 
generation of composites, namely nanocomposite materials, 
has emerged as an advanced multifunctional, lightweight and 
high-strength material [3–7]. This type of composite mate-
rial differs from other types of conventional materials by 
the constitution of nano-scale reinforcements. Among these 
nano-reinforcements, it can be mentioned Boron-Nitride 
nanotubes (BNNTs) and carbon-based nanomaterials such as 
carbon nanotubes (CNTs) and graphene (Gr). In this subject 
matter, the reported results in Refs [8, 9] found that polymer-
based nanocomposites that are reinforced with carbon-based 
reinforcements (such as CNTs) could be four to five times 

 *	 Mourad Bachene 
	 bachene.mourad@univ-medea.dz

1	 Laboratory of Mechanics, Physics, Mathematical Modeling 
(LMP2M), University of Medea, Medea, Algeria

2	 Freelance Researcher in the Field of Composite Materials 
and Structures, 13013 Marseille, France

3	 Laboratory of Applied Automation and Industrial Diagnostic 
(LAADI), University of Djelfa, Djelfa, Algeria

http://crossmark.crossref.org/dialog/?doi=10.1007/s42417-023-01062-9&domain=pdf


3520	 Journal of Vibration Engineering & Technologies (2024) 12:3519–3542

1 3

lighter and several times stronger than metallic materials 
for the same cross-section. BNNTs reinforced composite 
materials also shows outstanding performances, Guan et al. 
[10] found that adding 5 weight fraction (wt) % of function-
alized BNNT to epoxy resin resulted in a significant 21% 
increase in Young's modulus. Moreover, they observed 12%, 
21%, and 49% increases in tensile strength, failure strain, 
and toughness, respectively, when 2 wt% of functionalized 
BNNT was added. Additionally, a notable 34% enhancement 
in fracture toughness was observed by adding 3 wt% of func-
tionalized BNNT. Although BNNTs and CNTs offer similar 
mechanical properties (e.g. Young’s modulus of 1.3 TPa for 
CNTs vs. 1.2 TPa for BNNTs) [11, 12] and similar integra-
tion challenges when used as reinforcement for nanocom-
posite materials, BNNTs offer various functional properties 
such as a wide band gap of approximately 6 eV, excellent 
thermal stability, high electrical resistivity, transparency in 
the visible light region, and high neutron absorption capabil-
ity. These properties provide distinct advantages for specific 
applications, such as aircraft windows, transparent armor, 
and electrical insulation [10]. Although the excellent abili-
ties offered in terms of mechanical, thermal and electrical 
properties of CNTs and BNNTs graphene and its deriva-
tives have recently attracted the attention of many research-
ers in various disciplines, because CNTs and BNNTs are (i) 
highly agglomerative (due to the van der Waals interactions 
between nanotubes), have (ii) low interfacial interactions, 
have (iii) highly anisotropic properties, have (iv) high manu-
facturing costs, and have (v) high difficulties in obtaining 
appropriate uniform dispersions [10, 13]. It should be noted 
that graphene has a unique two-dimensional hexagonal net-
work geometry [14], which results in a larger surface area 
and lower manufacturing cost compared to carbon nanotubes 
[15]. As a result, graphene has gained increasing attention 
and research interest in recent years, as many studies focus-
ing on its superior properties [16–18]. Graphene is nowadays 
proposed as one of the most ideal nano-reinforcements for 
nanocomposite materials. In this area of research, Rafiee 
et al. [19] confirmed the superiority of graphene nano-plate-
lets (GPLs) over CNTs reinforcements through an investiga-
tion conducted with his fellow researchers. They compared 
the effective mechanical properties of composite polymer 
reinforced with GPLs and SWCNT fillers. Rafiee and his 
coauthors concluded that by adding a low content of GPL 
(0.1wt%) to an epoxy matrix, Young’s moduli of the GPLs 
reinforced composite increased by 31% when compared with 
the pristine epoxy, while it increased by only 3% for the 
SWCNT reinforced composite.

While remaining in this context, it is worth mention-
ing that over the last decades, advanced composite mate-
rials, such as functionally graded materials (FGMs), have 
emerged since then. This class of materials are known for 
their high thermomechanical properties, where they are 

notably characterized by the continuous gradual variation 
of their constituent materials from one structure interface to 
another. An FGM is often made of metal and ceramic so that 
the mixture is protected against high-temperature gradients. 
However, due to its poor thermal conductivity, the ceramic 
material provides high-temperature opposition, while the 
metal material provides high strength because of its higher 
toughness [20–22]. A significant amount of publications 
have been reported on the mechanical and thermomechani-
cal behavior of different FGM structures, including plates 
[23], beams [24], and shells [25]. To further enhance the 
efficiency of reinforcing polymer-based composites, the dis-
tribution of nano-reinforcements such as CNTs and graphene 
can be modeled using the FGM concept. In the research 
work conducted by Shen [26], who first implemented the 
FGM concept on CNT-reinforced composite plates, for 
which the distribution of CNT volume fraction varies lin-
early across the plate thickness direction. Since then, the 
mechanical behavior of FG-CNT-reinforced nanocomposite 
structures has been an increasingly hot topic of discussion. 
The effects of many influencing parameters, such as CNT 
volume fraction and distribution patterns on the post-buck-
ling analysis [27], buckling analysis [28], vibrational analy-
sis [29, 30], and static analysis [31] have been reported for 
various plate types, including sandwich plates [32], elliptical 
plates [33], circular plates [34], skew plates [35], shell struc-
tures [36], arbitrarily shaped plates [37], laminated plates 
[38], trapezoidal plates [39], and quadrilateral plates [40].

With the highly valued involvement of many researchers 
from academia and industry in recent years, the concept of 
FGMs has also been implemented in polymeric compos-
ite reinforced with graphene-based nano-materials. Reddy 
et al. [41] analyzed the free vibration characteristics of FG 
graphene nano-platelet reinforced composite (GNPL-RC) 
plates and FG ceramic/metal plates under the effect of differ-
ent types of boundary conditions. Reddy and his co-authors 
used the commercial numerical software STRAND7, which 
is based on the FSDT. However, Song et al. [42] conducted 
an investigation on the free and forced vibrations of FG 
GNPLs composite plates using FSDT and Navier-type solu-
tions. Furthermore, Arefi et al. [43] utilized a two-variable 
sinusoidal shear deformation theory incorporated with non-
local elasticity theory to examine the linear free vibrational 
characteristics of FG polymer composite plates reinforced 
with GNPLs. Based on the Non-Uniform Rational B-Splines 
(NURBS) formulation and the four-variable refined plate 
theory, Thai et al. [44] investigated the free vibration, buck-
ling, and bending behavior of multilayer FG GNPL rein-
forced composite plates. In another attempt, using a modi-
fied strain gradient theory, Thai and his co-authors [45] 
studied the size-dependent free vibration characteristics of 
multilayer FG GNPL-RC square and circular microplates. 
According to their findings, the authors concluded that 
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adding GNPLs to polymer-based composite can lead to a 
notable drop in the structure deflection. Another effort was 
made by Chiker et al. [46], whose aim was focused on the 
investigation of free vibration characteristics of FG poly-
meric composite plates reinforced with carbon-based nano-
fillers using FSDT assumptions. In this study, both linear 
and non-linear forms of the distributed nano-reinforcements 
were considered. In another research work, Garcia et al. [47] 
compared the bending and free vibration behavior of func-
tionally graded GNPL and CNT-reinforced composite nano-
plates under the effect of nano-reinforcements agglomera-
tion using the FSDT coupled with the finite element method 
(FEM). Furthermore, Anamagh and Bediz [48] utilized the 
spectral Chebyshev approach to study the free vibration 
and buckling behaviors of FG porous plates reinforced with 
GNPLs; the governing boundary value problem was derived 
using the FSDT assumptions and the energy-based approach. 
However, the free vibration behavior of post-buckled arbi-
trarily shaped FG-GNPL reinforced porous composite plates 
was performed by Ansari et al. [49] using the third-order 
shear deformation theory (TSDT) and the FEM approach 
coupled with the variational differential quadrature (VDQ) 
method. Moreover, Qin et al. [50] studied the vibrational 
characteristics of FG shallow shells reinforced with GNPLs 
under arbitrary boundary conditions using a developed uni-
fied solution method; the general equations were obtained 
using the FSDT assumptions combined together with the 
artificial spring technique.

It should be noted that, more recently, the FGM concept 
was also implemented in the mono-layer graphene-rein-
forced polymer-based composite, where several investiga-
tions have been conducted on the vibrational behavior of 
plate structures. Consequently, Wang et al. [51] studied the 
buckling and free vibration behavior of shear deformable 
functionally graded graphene-reinforced nanocomposite 
(GRNC) laminated plates using FSDT frameworks and the 
multi-term Kantorovich Galerkin method. Additionally, the 
free vibration analysis of polymeric laminated plates con-
taining piece-wise GRNC plies was conducted by Saiah 
et al. [52]; theoretical assumptions were based on the FSDT, 
while Lagrange's equation and the FEM were used to derive 
the natural frequencies. Another investigation in this field 
of interest was carried out by Yang et al. [53], carrying out 
the buckling and free vibration characteristics of FG gra-
phene nano-platelets reinforced porous polymeric composite 
plates; the governing equations of the structure were derived 
and solved according to the FSDT and Chebyshev-Ritz 
method. In addition, the thermo-elastic vibration analysis 
of GRNC stiffened plate with general boundary conditions 
was performed by Maji et al. [54] using the FSDT and finite 
element method. However, thickness stretching effects were 
considered by Wang and Ma [55] when analyzing the bend-
ing and free vibration characteristics of FG-GRNC plates; 

Hamilton's principle and Navier solution method was used to 
conduct the governing equations. Additionally, a molecular 
dynamics (MD)-based multiscale analysis was employed by 
Wang et al. [56] to study the free vibration behavior of FG-
GRNC quadrilateral plates; the plate governing equation was 
derived based on the FSDT coupled with a meshless method.

Since the mechanical behavior of mono-layer graphene-
reinforced polymer-based composites are highly sensitive 
to the thermal environmental conditions in which they 
operate, the thermomechanical analysis conducted by Lin 
et al. [57] has been a hot research subject, in which several 
research works have been reported in the open literature. 
For instance, Shen et al. [58] studied the nonlinear vibra-
tion of functionally graded GRNC laminated plates in 
thermal environments, where a higher-order shear defor-
mation theory (HSDT) with the framework of von Kármán 
strains was used to develop the motion equations of the 
plates. The authors concluded that the plate nonlinear to 
linear frequency ratios increase, but the natural frequen-
cies are reduced when the temperature rises. In addition, 
Shen et al. [59] studied the vibration of FG-GRNC lami-
nated plates resting on elastic foundations. In their study, 
the authors assumed that the laminated plate is thermally 
post-buckled. Based on their results, the authors concluded 
that the FG reinforcement patterns significantly influence 
the nonlinear vibration behavior of thermally post-buckled 
GRNC laminated plates. In further research, Kiani [60] 
used the non-uniform rational basis spline (NURBS) for-
mulation to investigate the effect of thermal environments 
on the isogeometric large amplitude free vibration of FG-
GRNC plates. The authors found that the laminated plates 
nonlinear to linear frequency ratios increase as the tem-
perature increases. In another attempt, Kiani and Mirzaei 
[61] studied the thermal post-buckling characteristics of 
piecewise temperature-dependent FG-GRNC laminated 
beams. The system total strain energy was developed 
based on nonlinearly geometrical von Karman type and 
the first-order shear deformation beam theory. The prob-
lem of nonlinear forced vibration responses of FG-GRNC 
laminated plates resting on visco-Pasternak foundations in 
thermal environments was solved by Fan et al. [62] based 
on Reddy’s HSDT assumptions, where the effects of the 
initial loading and the von Karman geometric nonlinearity 
were included in the derivation of the motion equations. 
According to their analytical results, the authors con-
cluded that (i) the FG distribution patterns of graphene, 
(ii) the foundation stiffness, (iii) the temperature variation, 
and (iv) the damping factor have remarkable influences 
on the dynamic characteristics of FG-GRNC laminated 
plates. Furthermore, Kiani [63] analyzed the thermal post-
buckling of temperature-dependent FG-GRNC laminated 
plates using a NURBS-based isogeometric finite element 
method. It was concluded that the post-buckling deflection 
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of graphene-reinforced composite laminated plates might 
be largely reduced by introducing the FG distribution of 
graphene. Regarding the nonlinearity effects, Shen et al. 
[64] conducted another attempt to study the bending of 
FG-GRNC laminated plates resting on elastic founda-
tions under the effect of different thermal environments. 
The governing equations for the bending of the laminated 
plates were based on HSDT assumptions, while the load-
bending moment and load–deflection curves were deter-
mined according to the two-step perturbation technique. 
The authors found that the temperature rise, foundation 
stiffness, character of the in-plane boundary conditions, 
and the initial compressive load significantly influence 
the nonlinear bending behaviors of FG-GRNC laminated 
plates. Moreover, Shen et al. [65] highlighted the effect 
of elastic foundations on the nonlinear dynamic instabil-
ity of GRNC laminated plates under different thermal 
environments, employing the HSDT assumptions. Shen 
and his co-workers concluded that the variation in the (i) 
nano-reinforcement distribution types, (ii) temperature, 
plate side-to-thickness ratio, and (iii) foundation stiffness 
considerably influence the nonlinear dynamic instability 
of GRNC laminated plates.

After reviewing the research works cited above, the fol-
lowing observations can be revealed:

•	 Having exceptional physical, mechanical, chemical, 
and optical properties, composite and nanocomposite 
materials are considered to be the most promising alter-
natives to conventional materials [1–19].

•	 Most research works have been focused on investigating 
the mechanical behavior of carbon-based nanocompos-
ite materials (i.e., carbon nanotubes-reinforced com-
posite materials) [26–40]. On the other hand, research 
on the mechanical behavior of graphene-based nano-
composite materials, including GRNC and graphene 
platelets reinforced composite (GNPL-RC) materials, 
has only recently become a popular topic [41–65].

•	 Most works dealing with the mechanical behavior of 
GNPL-RC materials have used the Halpin–Tsai micro-
mechanical model to estimate their mechanical proper-
ties [41–50]; while, the mechanical properties of GRNC 
materials were determined according to the so-called 
Extended Halpin–Tsai model [51–65].

•	 Numerous studies have been reported in the literature 
regarding the free vibration analysis of GRNC laminated 
structures at ambient temperature [51–56].

•	 Little studies have been published on the free vibration 
behavior of functionally graded GRNC laminated plates 

in thermal environments. Most of reported works have 
focused on investigating other mechanical behaviors 
[57–65].

In addition to the above observations, it is worth noting 
that only limited parametric studies have been conducted in 
most reported publications when examining the performance 
of functionally graded GRNC laminated structures in ther-
mal environments [51–65]. Therefore, to better understand 
how this type of nanocomposite material behaves under 
such conditions of thermal environments, it is essential to 
investigate the impact of other parameters that also affect 
their mechanical behavior. To address this gap and further 
enrich the database of functionally graded nanocomposite 
structures, the present paper aims to provide results of para-
metric studies on the free vibration characteristics of temper-
ature-dependent laminated nanocomposite plates reinforced 
with functionally graded mono-layer graphene, taking into 
account the effect of several influencing parameters that we 
believe have not been so far considered in other open lit-
erature publications. In this context, for the first time, the 
present paper aims to explore the impact of (i) dependence 
of mechanical properties on temperature, (ii) lay-up arrange-
ment of plies, (iii) plate number of plies, (iv) linear and non-
linear distributions of graphene, and (v) lamination angles of 
the plies on the free vibration behavior and the mode shapes 
of GRNC laminated plates in thermal environments.

In the present work, a numerical investigation will be 
undertaken to determine the natural frequencies and associ-
ated mode shapes of functionally graded GRNC laminated 
plates in different thermal environments. Four non-uniform 
distribution patterns of the graphene are considered in this 
paper. The FG patterns are modeled according to the piece-
wise technique. The so-called extended Halpin–Tsai method 
is used to estimate the GRNC mechanical properties. The 
laminated plate governing equations are obtained based 
on the first-order shear deformation theory (FSDT). Then, 
adequate solutions to the problem posed are carried out 
numerically via a computer program developed internally 
using the finite element method (FEM). After verifying the 
accuracy of the used solving method, various illustrative 
analyses are provided to investigate the effects of several 
parameters, namely: (i) graphene distribution pattern and 
graphene weight fraction, (ii) geometric parameters (includ-
ing the number of plies, lay-up arrangement of plies, lamina-
tion angles of the plies, boundary conditions, length/thick-
ness, and width/length ratios), and (iii) external effects (e.g., 
various thermal environments) on the dimensionless natural 
frequencies of FG-GRNC laminated plates.
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Mathematical Formulations and Field 
Equations

Formulations of Effective Mechanical Properties

Let us consider a perfectly bonded graphene-reinforced nano-
composite (GRNC) laminated plate. As can be seen from 
Fig. 1, the plate length, width, and thickness are denoted by 
a, b, and h, respectively. Represented by its principle direc-
tions (x, y, and z), the plate is located in the standard Car-
tesian coordinate system (see Fig. 1). It is assumed that the 
GRNC laminated plates contain NP plies of zigzag graphene 
fillers (referred to as 0-ply) imbedded in an isotropic poly-
mer matrix. Constituent plies of GRNC laminated plates may 

have an unequal concentration of graphene volume fraction, 
if so, this may lead to the construction of a piece-wise func-
tionally graded nanocomposite structure (referred to as FG-
GRNC) with different patterns (i.e., FG-X, FG-Λ, UD, FG-V, 
and FG-O). UD denotes the uniform distribution of graphene 
nano-reinforcement across the plate thickness direction, while 
each of FG-X, FG-Λ, UD, FG-V, and FG-O refer to plates with 
non-uniform distribution patterns as shown in Fig. 2.

Values of the graphene volume fraction ( f (k)
G

 ) and matrix 
volume fraction ( f (k)

m
 ) of the plate k-th ply are given as [57]:

and

(1)f
(k)

G
=

wf

wf +
(
�G

/
�m

)
−
(
�G

/
�m

)
wf

Fig. 1   Geometric features coor-
dinate system of a piece-wise 
GRNC laminated plate

Fig. 2   Different distribu-
tion types of the piece-wise 
functionally graded graphene 
nano-reinforcements
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in which k = 1, 2, 3, … NP; and wf  is the mass fraction of 
graphene; �G and �m refer to the graphene and matrix densi-
ties, respectively.

Prediction of elastic properties of various composite 
materials can be handled using different micromechani-
cal approaches. Among them, we can mention the rule of 
mixture approach [66], Mori–Tanaka approach [47], and 
Halpin–Tsai approach [67]. Generally, these approaches 
depend on the engineering constants of the materials 
constituting the mixture; among them, we can mention: 
Young’s (E) and shear moduli (G), and Poisson’s ratio (v). 
Comparisons of the mechanical properties obtained from 
the mathematical modeling and experimental examination 
showed that the micromechanical approaches mentioned 
above could be sufficiently accurate for certain compos-
ite materials and not for others. Thus, it has been agreed 
that the Mori–Tanaka, rule of mixture, and Halpin–Tsai’s 
micromechanical models are more applicable to micro-
particles, fiber fillers, and two-dimensional aligned aniso-
tropic fillers, respectively. It has been reported in the open 
literature [68–70] that the mechanical properties of com-
posites that contain nanoscale reinforcement (e.g., carbon 
nanotubes or graphene) cannot be simply estimated using 
the bare form of the micromechanics mentioned above. 
Nevertheless, by introducing some parameters (later 
referred to as efficiency parameters) in the initial form of 
the models perversely mentioned, they can provide predic-
tions that agree very well with those of molecular dynamic 
(MD) simulation. It has been found that adding efficient 
parameters to the original form of the rule of mixture to 
become “extended rule of mixture” and “Halpin–Tsai” 
nomination to become the “extended Halpin–Tsai” can 
lead to estimate the accurate material properties of carbon 
nanotubes and graphene-reinforced composites as reported 
in Refs [26] and [71], respectively. It can be said that the 
main way to differentiate the rule of mixture from the 
extended rule of mixture approaches and Halpin–Tsai from 
extended Halpin–Tsai approaches is by the presence or 
absence of efficiency parameters within these approaches.

Since this paper deal with nanocomposites with 2D 
aligned anisotropic fillers as reinforcements (i.e., graphene 
fillers), the material properties of the GRNC plies are pre-
dicted according to Extended Halpin– Tsai model. In the 
following, the mathematical expressions of the Extended 
Halpin–Tsai approach will be presented.

Based on the extended Halpin–Tsai model, the effective 
Young's modulus and shear modulus of the k-th ply of the 
GRNC laminated plates can be obtained as follows [71]:

(2)f (k)
m

= 1 − f
(k)

G

where

and

Herein, �L and �W denote the graphene geometry and size, 
respectively. Em refer to the Young’s modulus of the matrix, 
while EG

11
 and EG

22
 are the longitudinal and transversal Young’s 

moduli, respectively. hG , lG , and wG are average thickness, 
length, and width of monolayer graphene, respectively. GG

12
 is 

the graphene shear modulus.
G and m subscripts refer to graphene filler and matrix, 

respectively. The Greek letters �1 , �2 , and �3 are the graphene/
matrix efficiency parameters. These parameters are added to 
the original Halpin–Tsai model to eliminate the small-scale 
effects. They are calculated by matching the composite mate-
rial properties obtained by the Halpin–Tsai model with those 
obtained by MD simulations.

The thermal expansion coefficients (i.e., �(k)

11
 and �(k)

22
 ) are 

determined based on the Schapery’s model; according to this 
model, the two coefficients of a GRNC ply are expressed as 
[58, 60]:

(3a)E
(k)

11
= �1

(
1 + �L�11fG

1 − �11fG

)
Em

(3b)E
(k)

22
= �2

(
1 + �W�22fG

1 − �22fG

)
Em

(3c)G
(k)

12
= �3

(
1

1 − �12fG

)
Gm

(4a)�11 =

(
EG
11

/
Em

)
− 1

�L +
(
EG
11

/
Em

)

(4b)�22 =

(
EG
22

/
Em

)
− 1

�W +
(
EG
22

/
Em

)

(4c)�12 =

(
GG

12

/
Gm

)
− 1(

GG
12

/
Gm

)

(5)�L = 2

(
lG

hG

)
and �W = 2

(
wG

hG

)

(6)�
(k)

11
=

(
fGE

G
11
�G
11
+ fmE

m�m

fGE
G
11
+ fmE

m

)

(7)�
(k)

22
= (1 + �G

12
)fG�

G
22
+ (1 + �m)fm�

m − �12�11
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where �G
11

 , �G
22

 , and �m are the graphene and matrix thermal 
expansion coefficients, respectively. While �G

12
 and �m refer 

to the graphene and matrix Poisson ratio, respectively.
Based on the rule of mixture, the mass density and Pois-

son ratio of a GRNC ply are expressed as [47]:

In which, �G and �m are the graphene and matrix mass 
density, respectively.

Since both the mass density and Poisson’s ratio 
are weakly dependent on temperature change, only 
shear modulus ( G(k)

12
 ), Young’s moduli ( E(k)

11
 and E(k)

22
 ), 

and thermal expressions ( �(k)

11
 and �(k)

22
 ) are taken to be 

temperature-dependent.

Governing Equations

The displacement components of the GRNC laminated 
plates in the directions: x-, y-, and z- are determined using 
the FSDT [72]:

in which u0 , v0 , and w0 are the displacement components of 
the mid-plane of the laminated plates in the directions: x-, 
y-, and z-. Whereas �y and �x stand for transverse normal 
rotations around the x- and y- axes, respectively.

Based on the same theory (i.e., FSDT), the components 
of the in-plane and transverse shear strain of the GRNC 
laminated plates are expressed as follows [72]:

where,

(8)�(k) = �GfG + �mfm

(9)�
(k)

12
= �G

12
fG + �mfm

(10)

⎧⎪⎨⎪⎩

u(x, y, z)

v(x, y, z)

w(x, y, z)

⎫⎪⎬⎪⎭
=
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u0(x, y)

v0(x, y)

w0(x, y)

⎫⎪⎬⎪⎭
+ z
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�x(x, y)

�y(x, y)

0

⎫⎪⎬⎪⎭

(11)

⎧⎪⎨⎪⎩

�xx
�yy
�xy

⎫⎪⎬⎪⎭
= �

0
+ z�,

�
�yz
�xz

�
=

�
�0
yz

�0
xz

�

(12)

�0 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

�u0
�x
�v0
�y

�u0
�y

+ �v0
�x

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, � =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

��x
�x
��y
�y

��x
�y

+ ��y
�x

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, and

{

�0yz
�0xz

}

=

⎧

⎪

⎨

⎪

⎩

�y +
�w0
�y

�x +
�w0
�x

⎫

⎪

⎬

⎪

⎭

The constitutive equation that relates stress and strain of 
the k-th ply of the GRNC laminated plate can be expressed 
as follows [73]:

where,

and
ΔT  is the variation of temperature ( ΔT = T − T0 ) with 

respect to the reference temperature ( T0).
The components of total axial force (N), total moment 

resultants (M), and total shear forces (Q) are related to the 
components of strain by the following expressions [73]:

where ks refers to the transverse shear correction factor, 
given by [72]:

The stiffness components Aij , Bij , Dij , and Fij can be 
expressed in the following reduced forms:

and,

(13)

⎧⎪⎪⎨⎪⎪⎩

�xx
�yy
�xy
�yz
�xz

⎫⎪⎪⎬⎪⎪⎭

(k)

=

⎡⎢⎢⎢⎢⎢⎣

Q11 Q12 0 0 0

Q12 Q22 0 0 0

0 0 Q66 0 0

0 0 0 Q44 0

0 0 0 0 Q55

⎤⎥⎥⎥⎥⎥⎦

(k)⎛⎜⎜⎜⎜⎜⎝

⎧⎪⎪⎨⎪⎪⎩

�xx
�yy
�xy
�yz
�xz

⎫⎪⎪⎬⎪⎪⎭

−

⎧⎪⎪⎨⎪⎪⎩

�11
�22
0

0

0

⎫⎪⎪⎬⎪⎪⎭

ΔT

⎞⎟⎟⎟⎟⎟⎠

(k)

(14)

Q(k)
11 =

E(k)
11

1 − �(k)12 �
(k)
21

, Q(k)
22 =

E(k)
22

1 − �(k)12 �
(k)
21

, Q(k)
12

=
�(k)21 E

(k)
11

1 − �(k)12 �
(k)
21

, Q(k)
66 = G(k)

12 , Q
(k)
44 = G(k)

23 , Q
(k)
55 = G(k)

13

(15a)

⎧⎪⎨⎪⎩

Nxx

Nyy

Nxy

⎫⎪⎬⎪⎭
=

⎛⎜⎜⎜⎝

�
Aij

�⎧⎪⎨⎪⎩

�0
xx

�0
yy

�0
xy

⎫⎪⎬⎪⎭
+
�
Bij

�
�

⎞⎟⎟⎟⎠
−

⎧⎪⎨⎪⎩

NN
xx

NN
yy

NN
xy

⎫⎪⎬⎪⎭

(15b)

⎧⎪⎨⎪⎩

Mxx

Myy

Mxy

⎫⎪⎬⎪⎭
=

⎛⎜⎜⎜⎝

�
Bij

�⎧⎪⎨⎪⎩

�0
xx

�0
yy

�0
xy

⎫⎪⎬⎪⎭
+
�
Dij

�
�

⎞⎟⎟⎟⎠
−

⎧⎪⎨⎪⎩

MN
xx

MN
yy

MN
xy

⎫⎪⎬⎪⎭

(15c)
{

Qyy

Qxx

}
= ks

[
Fij

]{ �0
yz

�0
xz

}

(16)ks =
5

6

(17)

(Aij,Bij,Dij) =

Np∑
k=1

Zk+1

∫
Zk

[Qij]
(k)(1, z, z2)dz, (i, j = 1, 2, 6)
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whereas the components of non-mechanical force resultants 
( NN ) and moment resultants ( MN ) are defined as follows:

where,

and,

in which

Herein, θ is the lamination angle.
When combined, Eqs. (15a–c) can be expressed as:

(18)Fij =

Np∑
k=1

Zk+1

∫
Zk

[Qij]
(k)dz, (i, j = 4, 5)

(19)

⎧

⎪

⎨

⎪

⎩

NN
xx

NN
yy

NN
xy

⎫

⎪

⎬

⎪

⎭

=
Np
∑

k=1

Zk+1

∫
Zk

[Qij](k){e}(k)dz, (i, j = 1, 2, 6)

(20)

⎧

⎪

⎨

⎪

⎩

MN
xx

MN
yy

MN
xy

⎫

⎪

⎬

⎪

⎭

=
Np
∑

k=1

Zk+1

∫
Zk

[Qij](k){e}(k)Zdz, (i, j = 1, 2, 6)

(21)

Q11 = Q11 cos
4 � + 2(Q12 + 2Q66) sin

2 � cos2 � + Q22 sin
4 �

Q12 = Q12(cos
4 � + sin4 �) + (Q11 + Q22 − 4Q66) sin

2 � cos2 �

Q16 = (Q11 − Q12 − 2Q66) cos
3 � sin � + (Q12 − Q22 + 2Q66) sin

3 � cos �

Q22 = Q11 sin
4 � + Q22 cos

4 � + (2Q11 + 4Q66) sin
2 � cos2 �

Q26 = (Q11 − Q12 − 2Q66) sin
3 � cos � + (Q12 − Q22 + 2Q66) cos

3 � sin �

Q66 = (Q11 − 2Q12 + Q22 − 2Q66) sin
2 � cos2 � + Q66(cos

4 � + sin4 �)

Q44 = Q44 cos
2 � + Q55 sin

2 �

Q45 = (Q55 − Q44) cos � sin �

Q55 = Q44 sin
2 � + Q55 cos

2 �

(22){e}(k) =

⎧⎪⎨⎪⎩

exx
eyy
exy

⎫⎪⎬⎪⎭
= [Tr]

�
�11
�22

�(k)

(T − T0)

(23)[Tr] =

⎡⎢⎢⎣

cos2 � sin2 �

sin2 � cos2 �

sin 2� − sin 2�

⎤⎥⎥⎦

(24)

⎧⎪⎨⎪⎩

N

M

Q

⎫⎪⎬⎪⎭
=

⎡⎢⎢⎣

A B 0

B D 0

0 0 F

⎤
⎥⎥⎦

⎧⎪⎨⎪⎩

�0

�

�0

⎫⎪⎬⎪⎭
−

⎧⎪⎨⎪⎩

NN

MN

0

⎫⎪⎬⎪⎭

Finite Element Approach

The free vibration problem of the GRNC laminated plates is 
solved using a finite element method. In this work, a nine-
node quadratic element with five degrees of freedom is 
selected. The generalized elementary displacements can be 
approximated as follows:

or in reduced matrix form:

in which, Ni stand for the shape functions.

where,

Equation (26a) can be written as:

(25a)

⎧
⎪⎪⎨⎪⎪⎩

u0
v0
w0

�x
�y

⎫
⎪⎪⎬⎪⎪⎭

=

9�
i=1

⎡
⎢⎢⎢⎢⎢⎣

Ni 0 0 0 0

0 Ni 0 0 0

0 0 Ni 0 0

0 0 0 Ni 0

0 0 0 0 Ni

⎤
⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎨⎪⎪⎩

u0i
v0i
w0i

�xi
�yi

⎫
⎪⎪⎬⎪⎪⎭

(25b){�} = [N]{�e}

(26a)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�0x
�0y
�0xy
�x
�y

�xy
�xz
�yz

⎫
⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

=

9�
i=1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ni,x 0 0 0 0

0 Ni,y 0 0 0

Ni,y Ni,x 0 0 0

0 0 0 Ni,x 0

0 0 0 0 Ni,y

0 0 0 Ni,y Ni,x

0 0 Ni,x Ni 0

0 0 Ni,y 0 Ni

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨⎪⎪⎩

u0i
v0i
w0i

�xi
�yi

⎫⎪⎪⎬⎪⎪⎭

Ni,x =
�Ni

�x
and Ni,y =

�Ni

�y
.

(26b){�} = [B]{�e}
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The computation of the frequencies � and mode shapes � 
of the laminated nanocomposite plates under different thermal 
environments are obtained by solving the following governing 
equation of motion:

where, { � } refers to the nodal displacement vector, [K] refers 
to the stiffness matrix; [Kth] stands for the thermal-stress 
stiffness matrix; and [M] stands for the mass matrix.

The matrices related to the elementary stiffness [Ke] , ther-
mal-stress stiffness 

[
Kth e

]
 , and mass [Me] can be expressed as 

follows:

in which, Λe refers to the elementary surface,and,

(27)([K] − [Kth] − �2[M]){�} = {0}

(28)[Ke] = ∫
Λe

[B]T [C][B] dΛe

(29)
[
Kth e

]
= ∫

Λe

[G]T [S][G] dΛe

(30)[Me] = ∫
Λe

[N]T [m][N] dΛe

(31)m =

⎡
⎢⎢⎢⎢⎢⎣

I0 0 0 I0 0

0 I0 0 0 I1
0 0 I0 0 0

I1 0 0 I2 0

0 I1 0 0 I2

⎤
⎥⎥⎥⎥⎥⎦

, C =

⎡⎢⎢⎣

A B 0

B D 0

0 0 F

⎤⎥⎥⎦

(32)[G] =

9�
i=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ni,x 0 0 0 0

Ni,y 0 0 0 0

0 Ni,x 0 0 0

0 Ni,y 0 0 0

0 0 Ni,x 0 0

0 0 Ni,y 0 0

0 0 0 Ni,x 0

0 0 0 Ni,y 0

0 0 0 0 Ni,x

0 0 0 0 Ni,y

0 0 0 1 0

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

in which,

Results and Discussions

A series of parametric studies has been undertaken in this 
section with the effect of an extensive range of influencing 
variants, including: (i) temperature dependency of the com-
posite constituent materials, (ii) graphene distribution pat-
terns, (iii) ply lay-up, (iv) geometric parameters, (v) lamination 
sequences, (vi) plate mode shapes, and (vii) plate boundary 
conditions on the free vibration characteristics of temperature-
dependent FG-GRNC laminated plates. The reinforcing and 
matrix phases of the mixture selected are zigzag graphene 
sheets and polymethyl methacrylate (PMMA), respectively. 
The graphene mechanical properties are listed in Table 1 with 
different temperature environments, while those of the PMMA 
matrix are taken as follows: Em = (3.52 − 0.0034T)GPa , 
�m = 0.34   ,  �m = 45(1 + 0.0005ΔT) × 10−6∕K

,�m = 1150Kg∕m3 , where ΔT = T − T0 in which T0 is the 
reference temperature (T0 = 300 K). Also, it should be noted 

(33)

[S] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

S11
S21 S22
0 0 S33
0 0 S43 S44 sym

0 0 0 0 S55
0 0 0 0 S65 S66
0 0 S73 S74 0 0 S77
0 0 S83 S84 0 0 S87 S88
S91 S92 0 0 0 0 0 0 S99
S101 S102 0 0 0 0 0 0 S109 S1010
0 0 S113 S114 0 0 0 0 0 0 0

S121 S122 0 0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

S33 = S11 = S55 = Ni
x
, S44 = S22 = S66 = Ni

y
, S43 = S21 = S65 = Ni

xy
,

S99 = S77 = Ni
xh

2/12, S1010 = S88 = Ni
yh

2
/

12,

S109 = S87 = Ni
xyh

2
/

12,

S91 = −S73 = Mi
x, S102 = −S84 = Mi

y,

S92 = S101 = −S83 = −S74 = Mi
xy,

S121 = −S113 = Qi
x
, S122 = −S114 = Qi

y
.

Table 1   Material properties of 
zigzag graphene nanosheet with 
wG = 14.77nm , hG = 0.188nm , 
and lG = 14.76nm [58]

T [K] EG
11

[GPa] EG
22

[GPa] GG
12

[GPa] �G
12

�G[kg/m3] �G
11

[10−6/K] �G
22

[10−6/K]

300 1812 1807 683 0.177 4118 −0.90 −0.95
400 1769 1763 691 0.177 4118 −0.35 −0.40
500 1748 1735 700 0.177 4118 −0.08 −0.08
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that in this work, it is assumed that G23 = G13 = 0.5G12 [58, 60]. 
Table 2 lists the efficiency parameters of the graphene/PMMA 
nanocomposite for five levels of graphene volume fractions 
and different temperature conditions. Whereas, Table 3 pre-
sents the estimation values of GRNC material properties 
using the Halpin–Tsai and extended Halpin–Tsai approaches. 
The values presented in Table 3 reveal significant differences 
between the Yong’s and shear moduli of the GRNC calcu-
lated using the extended Halpin–Tsai approach compared to 
those calculated using the conventional Halpin–Tsai approach. 
This discrepancy arises from the fact that the extended Hal-
pin–Tsai approach incorporates efficiency parameters, which 
the Halpin–Tsai approach does not include. According to 
Lin et al. [57], the most accurate prediction of mechani-
cal properties of GRNC can be achieved by introducing 

CIW=
[(
Al2O3

)
∕
(
Al2O3+CaO*+Na2O

)]
× 100 , �2 , and �3 

into the Halpin–Tsai approach, i.e., using the extended Hal-
pin–Tsai approach.

Different patterns of the FG-GRNC laminated plates are 
considered. They can be achieved by arranging the volume 
fraction of nano-reinforcements in the GRNC plies accord-
ing to specific distribution patterns. Among these patterns, 
we can mention the following: (i) uniform distribution (UD), 
(ii) distribution type Λ (FG-Λ), (iii) distribution type V (FG-
V), (iv) distribution type O (FG-O), and (v) distribution type 
X (FG-X). An example of the graphene concentration per-
centage in each individual ply of laminated plates with 10 
plies of GRNC is given as follows:

- For the UD pattern, the graphene volume frac-
tions are distributed across the thickness of the lami-
nated plate according to the following sequence: 
[0.07/0.07/0.07/0.07/0.07]S,
- For FG-Λ and FG-V patterns, the graphene volume frac-
tions are distributed across the thickness of the laminated 
plate according to the following lamination sequences: 
[(0.03)2/(0.05)2/(0.07)2/(0.09)2/(0.11)2] for FG-Λ lami-
nated plates and [(0.11)2/(0.09)2/(0.07)2/(0.05)2/(0.03)2] 
for FG-V laminated plates,
- For the remaining plate types (i.e., FG-X and FG-O), 
the graphene volume fractions are distributed across the 
thickness of the laminated plate according to the follow-
ing lamination sequences: [0.03/0.05/0.07/0.09/0.11]S in 
the case of FG-O and as [0.11/0.09/0.07/0.05/0.03]S in 
the case of FG-X.
The different distribution patterns of the graphene 
nanosheets along the laminated plate thickness, as well as 
their corresponding configurations (lay-up arrangements), 
are listed in Table 4 for different numbers of plies (NP = 5, 
10, 15, and 20). It should be noted that the total volume 

Table 2   Efficiency parameters �i(i = 1, 2, 3) of GRNC for different 
thermal environments and graphene volume fractions [58]

T (K) f
G

�
1

�
2

�
3

300 0.03 2.929 2.855 11.842
0.05 3.068 2.962 15.944
0.07 3.013 2.966 23.575
0.09 2.647 2.609 32.816
0.11 2.311 2.260 33.125

400 0.03 2.977 2.896 13.928
0.05 3.128 3.023 15.229
0.07 3.060 3.027 22.588
0.09 2.701 2.603 28.869
0.11 2.405 2.337 29.527

500 0.03 3.388 3.382 16.712
0.05 3.544 3.414 16.018
0.07 3.462 3.339 23.428
0.09 3.058 2.936 29.754
0.11 2.736 2.665 30.773

Table 3   Estimating shear 
and Young’s moduli of the 
GRNC using both extended 
Halpin–Tsai and Halpin–Tsai 
models for different levels of 
graphene volume fractions ( fG ) 
(T = 300 K)

f
G

0.03 0.05 0.07 0.09 0.11

Extended 
Halpin–Tsai 
model

E
11

(GPa) 36.546 59.544 80.118 90.023 96.431

E
22

(GPa) 35.626 57.479 78.869 88.75 94.304
G

12
(GPa) 11.393 15.655 23.647 33.635 34.716

Halpin–Tsai 
model

E
11

(GPa) 12.476 19.41 26.584 34.01 41.711

�
1

2.929 3.068 3.013 2.647 2.311
E
22

(GPa) 12.476 19.41 26.584 34.01 41.711
�
2

2.855 2.962 2.966 2.609 2.260
G

12
(GPa) 0.962 0.982 1.003 1.025 1.048

�
3

11.842 15.944 23.575 32.816 33.125
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fraction of the considered lay-up arrangements is kept 
identical, whatever the value taken for the NP.

The boundary conditions of the GRNC laminated plates 
are given as follows:

Fully clamped sides (CCCC):

at y = 0, b and x = 0, a, u0 = v0 = w0 = �x = �y = 0

Fully simply-supported sides (SSSS):at y = 0 and y = b, 
u0 = w0 = �x = 0 , at x = 0 and x = a, v0 = w0 = �y = 0.

Unless otherwise noted, the mathematical expression that 
corresponds to the i-th non-dimensional frequency param-
eter is given as follows:

Code validation and Results Comparison

This section aims to give an idea of the accuracy and reli-
ability of the obtained results using our self-developed code 

(34)� = �
(
b2
/
h
)√

�m
/
Em

by comparing them with the results reported in the pub-
lished papers. Comparison studies are conducted on three 
types of composite plates (i.e., graphite/epoxy composite, 
FG ceramic/metal composite, and FG graphene-reinforced 
composite).

First Comparison Study

The first comparison example analyzes the effects of differ-
ent width-to-thickness (b/h) ratios and thermal conditions on 
the first non-dimensional frequency ( � = �

�
b2
�
h
�√

�∕E2 ) 
of fully clamped cross-ply (00/900/900/00) and angle-ply 
(450/−450/450/−450) graphite/epoxy composite laminated 
plates. Figure 3 presents the obtained results versus those 
reported by Ram and Sinha [73] for different values of b/h 
and variable temperatures, T. In the numerical modeling, the 
elastic properties of the lamina at different temperatures are 
those reported in Ref [73].

Second Comparison Study

T h e  f i r s t  d i m e n s i o n l e s s  n a t u r a l  f r e qu e n c y 
( � = �

(
b2
/
h
)√

�b(1 − �2)
/
Em  ) of functionally graded 

simply-supported (SSSS) ceramic/metal plates are com-
pared in Table 5 with those reported by: (i) Shahrjerdi 
et  al. [74] using a SSDT, (ii) Attia et  al. [75] using a 
TSDT, (iii) Huang and Shen [76] using a TSDT, and (vi) 
Zaoui et  al. [77] using a HSDT. The analysis was 

Table 4   Arrangements of GRNC plies with various distribution pat-
terns of nano-reinforcement volume fraction ( fG ) and plies number 
(NP) [52]

Np Distribution patterns Arrangements of fG

5 UD(5) [0.07]5

FG-Λ(5) [0.03/0.05/0.07/0.09/0.11]
FG-V(5) [0.11/0.09/0.07/0.05/0.03]
FG-X(5) [0.09/0.07/0.03/0.07/0.09]
FG-O(5) [0.05/0.07/0.11/0.07/0.05]

10 UD(10) [0.07]10

FG-Λ(10) [(0.03)2/(0.05)2/(0.07)2/(0.09)2/(0.11)2]
FG-V(10) [(0.11)2/(0.09)2/(0.07)2/(0.05)2/(0.03)2]
FG-X(10) [0.11/0.09/0.07/0.05/0.03]S

FG-O(10) [0.04/0.05/0.07/0.09/0.11]S

15 UD(15) [0.07] 15

FG-Λ(15) [(0.03)3/(0.05)3/(0.07)3/(0.09)3/(0.11)3]
FG-V(15) [(0.11)3/(0.09)3/(0.07)3/(0.05)3/(0.03)3]
FG-X(15) [0.11/0.11/0.09/0.07/0.05/0.05/0.03/0.0

3/0.03/0.05/0.05/0.07/0.09/0.11/0.11]
FG-O(15) [0.03/0.03/0.05/0.07/0.09/0.09/0.11/0.1

1/0.11/0.09/0.09/0.07/0.05/0.03/0.03]
20 UD(20) [0.07]20

FG-Λ(20) [(0.03)4/(0.05)4/(0.07)4/(0.09)4/(0.11)4]
FG-V(20) [(0.11)4/(0.09)4/(0.07)4/(0.05)4/(0.03)4]
FG-X(20) [(0.11)2/(0.09)2/(0.07)2/(0.05)2/(0.03)2]S

FG-O(20) [(0.03)2/(0.05)2/(0.07)2/(0.09)2/(0.11)2]S
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performed with different upper surface temperatures 
(Tt = 300, 400, and 600 K) and different values of the 
parameter which controls how the constituent materials 
are dispersed across the plate thickness (Pin = 0, 0.5, 1, 2, 
and 200).

For the case of FG plates made of Si3N4/SUS304 mix-
ture, the temperature of the bottom surface of the plate (Tb) 
is set to 300 K, while the geometric characteristics of the 
plate are taken to be equal to 0.025 m, 0.2 m, and 0.2 m, 
for h, b and a, respectively. The mechanical properties of 
the FG Si3N4/SUS304 plate under different thermal envi-
ronments are the same to those reported in Refs [70–73]. 
The plate mechanical properties are calculated based on 
the rule of the mixture as follows:

where,

in which Γ refers to the effective elastic properties of the 
FG plates i.e., E, ρ, ν, and thermal expansion coefficient α. 
PSI3N4

 and PSUS304 refer to the elastic properties of the Si3N4 
and SUS304, respectively, which are given by the following 
function:

where T is the temperature change. P-1, P0, P1, P2, and P3 
denote the temperature-dependent coefficients of the con-
stituent materials (i.e., Si3N4 and SUS304).

(35)
Γ(k, T) = Pm(T) + (PSI3N4

(T) − PSUS304(T)) × VSI3N4
(k)

(36)VSI3N4
(k) =

(
k − 0.5

NL

)Pin

, k = 1, 2, 3…NL

(37)P(T) = (P−1T
−1 + 1 + P1T + P2T

2 + P3T
3)P0

Third Comparison Study

The third comparison study considers laminated composite 
plates reinforced with graphene monolayer. The validity of 
the first six obtained dimensionless natural frequencies 
�=�

(
b2
/
h
)√

�m
/
Em are presented in Table 6 and com-

pared with those of Shen et al. [58] using a HSDT, and Kiani 
[60] using a TSDT. The effects of different thermal environ-
ments on the UD, FG-V, FG-A, FG-O, and FG-X laminated 
plates are analyzed; however only laminated plates with ten 
plies are considered in this analysis. The corresponding lay-
up arrangements of the volume fraction of the graphene fill-
ers are given in Table 4. The a/b, b/h, and h parameters are 
taken to be equal to 1, 10, and 0.002 m, respectively. Elastic 
properties and efficiency parameters of the matrix/graphene 
used in this example are given in Tables  1 and 2, 
respectively.

As it can be observed from Fig. 3 and Tables 5 and 6, the 
results provided by our self-developed computer code agree 
well with those available in the literature. This confirms that 
our approach provides good precision and accuracy of the 
obtained results.

Parametric Studies

In this section, all of the numerical results will be thoroughly 
interpreted to identify the impact of different temperature 
environments on the vibrational behavior of piece-wise 
GRNC laminated plates with consideration of the effects 
of: graphene distribution patterns, lay-up of the GRNC 

Table 5   Comparative 
examination of the fundamental 
dimensionless frequency � for 
simply-supported FG Si3N4/
SUS304 plates with different 
power-low indexes and thermal 
environments (h = 0.025 m; 
a = b = 0.2 m; Tb = 300 K)

Pin

Tt (k) Pin = 0 Pin = 0.5 Pin = 1 Pin = 2 Pin = 200

Tt = 300 K Present 12.570 8.680 7.591 6.807 5.438
Shahrjerdi et al. [74] 12.506 8.652 7.584 6.811 5.410
Attia et al. [75] 12.507 8.609 7.544 6.771 5.410
Huang and Shen [76] 12.495 8.675 7.555 6.777 5.405
Zaoui et al. [77] 12.508 8.610 7.545 6.771 5.411

Tt = 400 K Present 12.234 8.404 7.335 6.561 5.217
Shahrjerdi et al. [74] 12.175 8.361 7.306 6.545 5.161
Attia et al. [75] 12.307 8.453 7.399 6.631 5.272
Huang and Shen [76] 12.397 8.615 7.474 6.693 5.311
Zaoui et al. [77] 12.308 8.454 7.399 6.632 5.279

Tt = 600 K Present 11.601 7.819 6.765 6.001 4.668
Shahrjerdi et al. [74] 11.461 7.708 6.674 5.929 4.526
Attia et al. [75] 11.886 8.117 7.082 6.323 4.922
Huang and Shen [76] 11.984 8.269 7.171 6.398 4.971
Zaoui et al. [77] 11.887 8.119 7.082 6.323 4.945
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plies, geometric parameters, lamination sequences, number 
of plies, and boundary conditions.

Effects of Plate Width‑to‑Thickness Ratio in Thermal 
Environments and Distribution Patterns of Graphene

Table 7 provides the numerical results corresponding to 
the fundamental non-dimensional frequency of clamped 
(CCCC) GRNC square laminated plates with consideration 
of the effects of width-to-thickness ratios (b/h), thermal 

environments (T), and distribution patterns of graphene. In 
this study, the plate aspect (length-to-width) ratio is taken 
to be equal to 1(a/b = 1). It is to discern from Table 7 that 
under the same characteristics (same distribution pattern 
and same thermal environment), and when the width-to-
thickness ratio increases from 5 to 12, the fundamental 
frequency also increases for all graphene distribution pat-
terns. The results also show that the distribution types 
of the graphene nano-reinforcements have a remarkable 
influence on the behavior of the GRNC laminated plates. 

Table 6   omparative 
examination of the first six 
non-dimensional natural 
frequencies � of SSSS 
GRNC laminated plates 
with: b/h = 10; a/b = 1; h = 0.002 
mT0 = 300 K

�
11

�
12

�
13

�
14

�
15

�
16

T = 300 K
UD Present 28.075 64.977 64.977 94.973 116.406 116.571

Kiani [60] 28.079 64.868 64.938 95.481 116.895 117.026
Shen et al. [58] 28.098 64.958 65.036 95.690 116.174 116.336

FG-Λ & V Present 25.344 59.230 59.247 89.085 107.890 107.925
Kiani [60] 26.218 59.471 59.582 88.807 107.421 107.822
Shen et al. [58] 25.390 59.289 59.408 88.618 107.593 107.849

FG-X Present 30.084 68.394 68.394 99.954 120.630 120.856
Kiani [60] 30.088 68.270 68.395 100.528 120.233 120.464
Shen et al. [58] 29.521 65.713 65.839 95.630 113.555 113.802

FG-O Present 23.424 55.514 55.514 82.573 102.490 102.536
Kiani [60] 23.426 55.416 55.421 82.917 101.740 101.750
Shen et al. [58] 23.577 56.211 56.210 84.567 104.181 104.191

T = 400 K
UD Present 21.953 54.812 57.713 83.442 101.481 105.642

Kiani [60] 21.943 55.875 56.467 83.860 102.544 103.416
Shen et al. [58] 21.959 54.804 57.684 84.064 101.166 105.387

FG-Λ & V Present 19.601 49.681 52.740 79.905 93.678 98.124
Kiani [60] 20.439 51.033 51.753 78.040 94.963 96.090
Shen et al. [58] 19.732 50.100 53.148 78.392 94.229 98.752

FG-X Present 24.319 58.312 61.007 87.738 105.427 109.437
Kiani [60] 24.303 59.334 59.818 88.219 106.648 107.382
Shen et al. [58] 23.814 56.136 58.891 84.458 99.725 103.939

FG-O Present 17.428 45.847 49.074 72.285 88.459 93.050
Kiani [60] 17.401 47.104 47.589 72.546 89.557 90.213
Shen et al. [58] 17.558 46.421 49.631 73.994 89.569 94.234

T = 500 K
UD Present 15.084 45.398 52.073 74.915 88.883 98.105

Kiani [60] 15.064 47.994 49.406 74.427 91.908 93.919
Shen et al. [58] 15.077 45.275 52.075 74.630 88.324 97.927

FG-Λ & V Present 13.059 41.528 47.996 69.596 83.405 92.125
Kiani [60] 14.147 44.259 50.723 74.343 90.334 98.402
Shen et al. [58] 14.844 45.695 51.753 75.408 92.288 100.638

FG-X Present 18.797 49.254 54.981 77.976 92.845 100.987
Kiani [60] 18.776 52.644 53.684 79.937 97.517 99.031
Shen et al. [58] 18.224 48.175 54.046 76.475 89.150 97.748

FG-O Present 9.600 36.975 44.141 64.418 77.740 87.098
Kiani [60] 9.552 39.960 41.101 64.620 80.808 82.261
Shen et al. [58] 9.808 37.583 44.673 66.090 78.704 88.122
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It is observed that the plates that are arranged accord-
ing to the X pattern (i.e., FG-X) gain the highest non-
dimensional frequency ( � ); In contrast, plates that are 
arranged according to the O patterns (i.e., FG-O) yield 
the lowest frequency. The main reason for this disparity 
in the results is believed to be related to the fact that the 

nano-reinforcements are highly concentrated in the upper 
and lower plies of the FG-X laminated plates and highly 
concentrated in the mid-plane plies of the FG-O laminated 
plates. Hence, it is evident that the mechanical behavior of 
FG-GRNC laminated plates depends strongly on the b/h 
parameter, as well as on the distribution patterns of the 

Table 7   Non-dimensional 
fundamental frequency ( � ) 
of clamped GRNC square 
laminated plates under the 
effects of different (i) thermal 
environments, (ii) width-
to-thickness ratios, and (iii) 
graphene distribution patterns 
(with a/b = 1; (0)10)

b/h Distribution 
patterns

T = 300 K T = 400 K T = 500 K

Temperature-
dependent

Temperature- 
independent

Temperature- 
dependent

Temperature- 
independent

5 UD 32.460 29.029 31.590 26.457 30.687
FG-V 30.966 27.620 30.139 25.538 29.286
FG-Λ 30.966 27.620 30.139 25.538 29.286
FG-X 33.238 29.591 32.479 27.342 31.700
FG-O 29.916 26.652 29.056 24.580 28.165

8 UD 41.820 36.988 39.981 33.163 38.036
FG-V 38.811 34.260 37.015 31.079 35.108
FG-Λ 38.811 34.260 37.015 31.079 35.108
FG-X 43.371 38.438 41.806 34.236 40.168
FG-O 36.850 32.344 34.939 29.048 32.894

12 UD 48.007 40.964 44.148 34.585 39.837
FG-V 43.684 37.058 39.836 31.309 35.488
FG-Λ 43.684 37.058 39.836 31.309 35.488
FG-X 50.308 43.530 47.075 38.183 43.551
FG-O 40.973 34.199 36.811 27.900 32.004

Table 8   Non-dimensional 
fundamental frequency ( � ) 
of clamped GRNC square 
laminated plates under the 
effects of different (i) thermal 
environments, (ii) length-
to-width ratios, and (iii) 
graphene distribution patterns 
(with b/h = 10; (0)10)

a/b Distribution 
patterns

T = 300 K T = 400 K T = 500 K

Temperature-
dependent

Temperature- 
independent

Temperature- 
dependent

Temperature- 
independent

1 UD 45.504 39.654 42.768 34.732 39.803
FG-V 41.744 36.257 39.038 32.001 36.086
FG-Λ 41.744 36.257 39.038 32.001 36.086
FG-X 47.476 41.679 45.166 37.488 42.706
FG-O 39.350 33.830 36.444 29.292 33.231

1.5 UD 35.465 29.989 32.347 24.833 28.832
FG-Λ 32.317 27.114 29.204 22.496 25.649
FG-V 32.317 27.114 29.204 22.496 25.649
FG-O 30.381 25.051 27.019 19.956 23.087
FG-X 37.053 31.785 34.434 27.505 31.558

2 UD 32.596 27.215 29.354 21.934 25.633
FG-Λ 29.644 24.497 26.396 19.702 22.606
FG-V 29.644 24.497 26.396 19.702 22.606
FG-O 27.878 22.569 24.367 17.211 20.152
FG-X 34.007 28.892 31.283 24.552 28.250
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graphene reinforcement. Further examination of the results 
shows that the FG-Λ and FG-V distribution types have the 
same natural frequencies for all width-to-thickness ratios 
and thermal environments.

Effects of Plate Length‑to‑Width Ratio in Uniform Thermal 
Environments and Distribution Patterns of Graphene

Table 8 investigates the simultaneous influences of thermal 
boundaries, plate aspect ratios (a/b), and distribution types 
of graphene on the fundamental � of clamped GRNC lam-
inated plates. The b/h ratio of the plate is taken to be equal 
to 10. Results presented in Table 8 show that the � of 
the nanocomposite plates decreases as the a/b ratio rises 

from 1 to 2. This observation is sensed for all the con-
sidered distribution types of graphene (i.e., FG-V, FG-Λ, 
UD, FG-O, and FG-X) and thermal boundaries (T = 300 k, 
400 k, and 500 k). This is due to the fact that as the plate 
surface becomes larger, its bending stiffness decreases. 
Among the five studied cases of nano-reinforcements dis-
persion types, one can see that the FG-X laminated plates 
provide maximum non-dimensional frequency, whereas 
the FG-O distribution type yields a minimum frequency. 
This confirms that FG-X laminated plates offer superior 
mechanical performance (i.e., greater bending stiffness). 
In contrast, the FG-O laminated plates exhibit the worst 
mechanical performance with the lowest bending stiff-
ness. Thus, one can conclude that the physical behavior 

Table 9   Non-dimensional 
fundamental frequency ( � ) of 
GRNC square laminated plates 
under the effects of different 
(i) thermal environments, (ii) 
boundary conditions, and (iii) 
graphene distribution patterns 
(with b/h = 10; a/b = 1; (0)10)

B.C Distribution patterns T = 300 K T = 400 K T = 500 K

Temperature- 
dependent

Temperature- 
independent

Temperature- 
dependent

Temperature- 
independent

CCCC​ UD 45.504 39.654 42.768 34.732 39.803
FG- Λ & V 41.744 36.257 39.038 32.001 36.086
FG-X 47.476 41.679 45.166 37.488 42.706
FG-O 39.350 33.830 36.444 29.292 33.231

CCCS UD 41.109 35.281 38.087 30.078 34.758
FG-Λ & V 37.588 32.113 34.590 27.554 31.258
FG-X 43.073 37.338 40.536 32.953 37.802
FG-O 35.316 29.772 32.081 24.832 28.419

CCSS UD 37.749 31.914 34.502 26.430 30.871
FG-Λ & V 34.471 28.974 31.246 24.126 27.598
FG-X 39.656 33.943 36.940 29.359 33.981
FG-O 32.331 26.739 28.842 21.420 24.804

CSCS UD 36.291 30.412 32.891 24.818 29.045
FG-Λ & V 33.023 27.523 29.647 22.456 25.778
FG-X 38.300 32.610 35.472 27.920 32.367
FG-O 30.855 25.231 27.189 19.625 22.870

CSSS UD 32.432 26.430 28.656 20.242 24.243
FG-Λ & V 29.410 23.769 25.646 18.065 21.161
FG-X 34.420 28.673 31.304 23.591 27.809
FG-O 27.366 21.543 23.251 15.041 18.141

CCCF UD 31.444 25.785 27.905 19.853 23.715
FG-Λ & V 28.622 23.228 25.085 17.797 20.818
FG-X 32.916 27.574 29.977 22.774 26.641
FG-O 26.877 21.282 23.029 15.092 18.200

CCFF UD 29.766 24.475 26.376 19.029 22.371
FG-Λ & V 26.981 21.874 23.564 16.797 19.438
FG-X 30.958 26.040 28.109 21.632 24.869
FG-O 25.395 20.071 21.695 14.277 17.059

SSSS UD 28.075 21.953 23.910 15.084 18.846
FG-Λ & V 25.344 19.601 21.191 13.059 15.995
FG-X 30.084 24.319 26.678 18.797 22.768
FG-O 23.424 17.428 18.851 9.600 12.730
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of FG-GRNC laminated plates is noticeably affected by 
both the a/b ratio and distribution patterns of graphene 
across the laminated plates thickness.

Effects of Boundary Conditions in Thermal Environments 
and Graphene Distribution Patterns

The influences of various combinations of boundary condi-
tions and distribution types of graphene nano-reinforcements 
on the fundamental � of clamped GRNC square laminated 
plates are presented in Table 9. In the numerical study, the 
b/h and a/b ratios are taken to be equal to 10 and 1, respec-
tively. A four-letter notation is used to identify the different 
combinations of the boundary conditions. For instance, the 
combination CSCS indicates that the GRNC laminated plate 
is clamped (i.e., C) at the sides y = 0 and x = 0, and simply-
supported (i.e., S) at the sides y = b and x = a. Furthermore, 
it should be noted that the letter (F) represents the fully 
free side. The fundamental non-dimensional frequencies of 
the GRNC laminated plates are listed in Table 9 from the 
largest to the smallest ones, and vary gradually in between. 
Results show that for clamped and combined boundary 
conditions, the fundamental � of the nanocomposite plate 
decreases as the T increases from the reference temperature 
(i.e., T = 300 K to 500 K). It is noted that when the mate-
rial properties of the plates are temperature-dependent, the 
natural frequencies reach lower values. Also, it is observed 
that the FG-X laminated plates yield the largest fundamental 

frequencies, while the FG-O distribution pattern provides 
the smallest for the different boundary condition combi-
nations. Hence, it can be considered that FG-X laminated 
plates combined with clamped sides would ensure more 
remarkable mechanical behavior improvement than with 
other combinations of boundary conditions.

Effects of Plate Lamination Angle in Thermal Environments 
and Graphene Distribution Patterns

Table 10 investigates the combined effects of the lamina-
tion angle, thermal environment, and distribution patterns 
of graphene on the first natural frequency � of CCCC 
GRNC square laminated plates. In this analysis, a/b and 
b/h are taken to be equal to 1 and 10, respectively. The 
results listed in Table 10 show that when the lamination 
angles (0/90/0/90/0)S, (0)10, or (0/90)5 T are selected, the 
fundamental frequency remains the same while it decreases 
slightly for the lamination angle (45/-45)5 T. Thus, it can be 
concluded that laminated plates with (45/-45) lamination 
sequence slightly waken the effective stiffness of GRNC 
laminated plates. This observation shows that the laminated 
plates will be described by higher stiffness when the lamina-
tion angle (0/90) is chosen. The variation of the fundamen-
tal frequency � shows a similar trend for different thermal 
environments. Moreover, one can see that the first frequency 
of the GRNC laminated plates is almost constant for the 

Table 10   Non-dimensional fundamental frequency ( � ) of clamped GRNC square laminated plates under the effects of different (i) thermal envi-
ronments, (ii) lamination angles, and (iii) graphene distribution patterns (with b/h = 10; a/b = 1)

Lamination angle Distribution patterns T = 
300 K

T = 400 K T = 500 K

Temperature- 
dependent

Temperature- inde-
pendent

Temperature- 
dependent

Temperature- 
independent

(0)10 UD 45.504 39.654 42.768 34.732 39.803
FG-Λ & V 41.744 36.257 39.038 32.001 36.086
FG-X 47.476 41.679 45.166 37.488 42.706
FG-O 39.350 33.830 36.444 29.292 33.231

(0/90/0/90/0)s UD 45.505 39.659 42.773 34.762 39.824
FG-Λ & V 41.744 36.263 39.043 32.029 36.109
FG-X 47.476 41.684 45.170 37.509 42.720
FG-O 39.350 33.837 36.450 29.330 33.260

(0/90)5 T UD 45.505 39.659 42.773 34.763 39.825
FG-Λ & V 41.744 36.263 39.043 32.031 36.110
FG-X 47.476 41.684 45.170 37.509 42.720
FG-O 39.350 33.837 36.450 29.331 33.260

(45/-45)5 T UD 45.189 39.256 42.442 34.230 39.475
FG-Λ & V 41.562 36.028 38.852 31.719 35.908
FG-X 47.382 41.389 45.072 37.069 42.618
FG-O 39.096 33.571 36.183 28.994 32.977



3535Journal of Vibration Engineering & Technologies (2024) 12:3519–3542	

1 3

different lamination angles. The leading cause for this phe-
nomenon is believed to be related to the GRNC plies’ elastic 
properties (Young’s moduli of the nanocomposite plies are 
the same in both transverse and longitudinal directions).

Effects of Plate Number of Plies in Thermal Environments 
and Graphene Distribution Patterns

This section investigates the effects of the number of plies 
(Np), distribution patterns of graphene, and thermal environ-
ments on the first natural frequency � of clamped (CCCC) 
GRNC laminated plates. In the modeling, b/h and a/b are 
taken to be equal to 10 and 1, respectively. The results pre-
sented in Table 11 show that the fundamental frequency of 
the UD laminated plates is not affected by increasing the 
number of plies (Np). In fact, this result is expected because 
the graphene volume fraction in each individual ply of the 
laminated plate is kept the same regardless of the selected 
Np. However, for the non-uniform distribution patterns, the 
results reveal two distinct trends: (i) the first trend shows that 
for all thermal environments considered, the first frequency 
� of the FG-Λ and FG-V laminated plates is not affected by 
increasing Np; (ii) the second trend reveals that the first fre-
quency � of the FG-O and FG-X laminated plates changes 
slightly as the Np increases from 5 to 20 under the same 
variants. The leading reason for these results is possibly 
related to the distribution of volume fractions of graphene 
fillers which are distributed across the laminated plates in 

linear form for FG-Λ and FG-V laminated plates while dis-
tributed in non-linear form for FG-O and FG-X laminated 
plates for all considered ply numbers (Np = 5, 10, 15, 20). 
Overall, it can be considered that the use of lower number of 
plies (Np = 5 for instance) may be recommended to enhance 
the mechanical performance of functionally graded GRNC 
structures.

Effect of Lay‑up Arrangement and Number of Plies 
in Thermal Environments and Graphene Distribution 
Patterns

Table 12 presents the variation of the fundamental non-
dimensional frequency ( � ) of CCCC GRNC laminated 
plates under the effects of different (i) lay-up arrangements, 
(ii) graphene desperation types, and (iii) number of plies. In 
this analysis, the b/h and a/b are taken to be equal to 10 and 
1, respectively. In order to give a meaningful comparison 
of the plate fundamental frequencies for a given ply num-
ber value, the total amounts of graphene in the laminated 
plates are kept the same regardless of the type of ply lay-up 
arrangement and the graphene distribution pattern. Based 
on the results presented in Table 12, it can be seen that the 
fundamental frequency � associated to FG-Λ, FG-V, and 
FG-O laminated plates that are composed of 5 plies (i.e., 
FG-Λ(5), FG-V(5), and FG-O(5)) and 10 plies (i.e., FG-Λ(10) 
FG-V(10) and FG-O(10)) results in higher values as NP var-
ies from 5 to 20 and from 10 to 20, respectively. Numerical 
results also reveal that when Np is set to 15 or 20 plies, the 
first natural frequency � of the [Λ(5)/X(5)/V(5)] and [Λ(5)/ 

Table 11   Non-dimensional 
fundamental frequency ( � ) 
of clamped GRNC square 
laminated plates under 
the effects of different (i) 
thermal environments, (ii) 
number of plies, and (iii) 
graphene distribution patterns 
(with b/h = 10; a/b = 1; (0)10)

Np Distribution patterns T = 
300 K

T = 400 K T = 500 K

Temperature- 
dependent

Temperature- 
independent

Temperature- 
dependent

Temperature- 
independent

5 UD(5) 45.504 39.652 42.766 34.728 39.799
FG-Λ(5) & V(5) 41.744 36.255 39.036 31.996 36.081
FG-X(5) 47.687 41.579 45.264 37.194 42.675
FG-O(5) 41.625 35.877 38.812 31.095 35.731

10 UD(10) 45.504 39.654 42.768 34.732 39.803
FG-Λ(10) & V(10) 41.744 36.257 39.038 32.001 36.086
FG-X(10) 47.476 41.679 45.166 37.488 42.706
FG-O(10) 39.350 33.830 36.444 29.292 33.231

15 UD(15) 45.504 39.654 42.768 34.733 39.804
FG-Λ(15) & V(15) 41.744 36.257 39.038 32.002 36.087
FG-X(15) 47.283 41.570 45.004 37.434 42.578
FG-O(15) 38.830 33.367 35.914 28.917 32.683

20 UD(20) 45.504 39.655 42.769 34.733 39.804
FG-Λ(20) & V(20) 41.744 36.257 39.038 32.002 36.087
FG-X(20) 47.476 41.680 45.167 37.489 42.707
FG-O(20) 39.350 33.831 36.444 29.294 33.233
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Λ(5)/V(5)/V(5)] laminated plates reaches larger values than 
the [X(5)/X(5)/X(5)] and [X(5)/X(5)/X(5)/X(5)] laminated plates. 
These results indicate that the arrangement of the upper and 
lower surfaces of the laminated plates according to the FG-V 
and FG-Λ patterns can lead the structure to achieve better 
performance which can exceed that of the FG-X laminated 
plates. Hence, one can conclude that the effective stiffness 
of graphene-reinforced nanocomposite laminated plates is 
notably affected by the following parameters: (i) the number 
of plies (Np), (ii) the distribution patterns of graphene, as 
well as (iii) the arrangement of the GRNC plies.

Effect of Temperature Environment

Regarding the effect of temperature environments on the 
frequency characteristics of GRNC laminated plate struc-
tures, the results presented in Tables 7–12 indicate that the 
effective stiffness of FG-Λ, FG-V, FG-O, UD, and FG-X 
laminated plates are strongly dependent on thermal condi-
tions. The results show that the evolution of fundamental 
frequencies of the laminated plates decreases as the tem-
perature increases, whatever the different cases discussed, 
including the geometric parameters, the lamination angles, 

Table 12   Non-dimensional 
fundamental frequency ( � ) 
of clamped GRNC square 
laminated plates under the 
effects of different (i) thermal 
environments, (ii) plate 
lay-up arrangements, and (iii) 
graphene distribution patterns 
(with b/h = 10; a/b = 1; (0)10)

Np Lay-up
arrangement

T = 
300 K

T = 400 K T = 500 K

Temperature- 
dependent

Temperature- 
independent

Temperature- 
dependent

Temperature- 
independent

5 [UD(5)] 45.504 39.652 42.766 34.728 39.799
[Λ(5) & V(5)] 41.744 36.255 39.036 31.996 36.081
[O(5)] 41.625 35.877 38.812 31.095 35.731
[X(5)] 47.687 41.579 45.264 37.194 42.675

10 [UD(10)] 45.504 39.654 42.768 34.732 39.803
[Λ(10) & V(10)] 41.744 36.257 39.038 32.001 36.086
[Λ(5)/ Λ(5)] 43.562 37.937 40.995 33.638 38.219
[V(5)/ V(5)] 43.562 37.937 40.995 33.638 38.219
[X(10)] 47.476 41.679 45.166 37.488 42.706
[X(5)/ X(5)] 45.850 39.904 43.309 35.466 40.575
[O(10)] 39.350 33.830 36.444 29.292 33.231
[O(5)/ O(5)] 43.580 37.821 40.924 33.152 38.044

15 [UD(15)] 45.504 39.654 42.768 34.733 39.804
[Λ(15) & V(15)] 41.744 36.257 39.038 32.002 36.087
[Λ(5)/ Λ(5)/ Λ(5)] 43.878 38.229 41.334 33.922 38.588
[V(5)/V(5)/V(5)] 43.878 38.229 41.334 33.922 38.588
[X(15)] 47.283 41.570 45.004 37.434 42.578
[X(5)/X(5)/X(5)] 45.486 39.572 42.920 35.121 40.156
[Λ(5)/X(5)/V(5)] 46.509 40.716 44.098 36.453 41.517
[O(15)] 38.830 33.367 35.914 28.917 32.683
[O(5)/O(5)/O(5)] 43.917 38.153 41.287 33.501 38.439

20 [UD(20)] 45.504 39.655 42.769 34.733 39.804
[Λ(20) & V(20)] 41.744 36.257 39.038 32.002 36.087
[Λ(10)/Λ(10)] 43.562 37.937 40.995 33.639 38.220
[Λ(5)/ Λ(5)/ Λ(5)/ Λ(5)] 43.987 38.330 41.452 34.020 38.715
[V(10)/V(10)] 43.562 37.937 40.995 33.639 38.220
[V(5)/V(5)/V(5)/V(5)] 43.987 38.330 41.452 34.020 38.715
[X(20)] 47.476 41.680 45.167 37.489 42.707
[X(10)/X(10)] 45.033 39.334 42.569 35.062 39.921
[X(5)/X(5)/X(5)/X(5)] 45.357 39.454 42.782 34.999 40.007
[Λ(5)/ Λ(5)/V(5)/V(5)] 45.938 40.201 43.533 35.956 40.958
[O(20)] 39.350 33.831 36.444 29.294 33.233
[O(10)/O(10)] 43.054 37.427 40.451 33.078 37.631
[O(5)/O(5)/O(5)/O(5)] 44.033 38.268 41.412 33.620 38.575
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the number of plies, the boundary conditions, and the lami-
nation lay-up. In fact, this phenomenon is expected because 
it is known that when the temperature rises from the tem-
perature reference to a higher degree, e.g., from T = 300 K 
to T = 450 K, the thermally induced compressive forces of 
the composite are generated, which leads to a considerable 
decrease in the overall plate effective stiffness. This phenom-
enon is more obvious for plates with temperature-dependent 
material properties. One can conclude that the increase in 
temperature environment for nanocomposites that contain 
graphene as reinforcements can lead to the decrease of their 
vibrational frequencies, which causes in turn a decrease in 
their effective stiffness.

Effect of Temperature Environment on the First Eight 
Non‑dimensional Frequencies

Figure  4 investigates the effects of graphene distribu-
tion types and thermal environments on the first eight 

non-dimensional frequencies of fully clamped GRNC square 
laminated plates. In the present analysis, the b/h and a/b 
are taken to be equal to 10 and 1, respectively. The com-
parison of results reveals that the first eight natural frequen-
cies decrease each time the temperature T increases for all 
types of graphene distribution considered. However, it can 
be concluded that when the material properties of the GRNC 
plates are temperature-dependent, their overall stiffness is 
more affected by the temperature rise since their first eight 
natural frequencies yield smaller values than plates with 
temperature-independent material properties. The graphene 
distribution types play an important role in the reinforcement 
effect of nanofillers, as shown by the large gain achieved 
in the first eight natural frequencies when dispersing gra-
phene according to the FG-X pattern, followed by FG-Λ & 
V patterns than the FG-O pattern. Therefore, it can be con-
cluded that suggesting a nanocomposite plate with a higher 
concentration of graphene in its upper and lower surfaces 
(i.e., FG-X distribution type) can lead the plate to reach its 
optimum performance.

Fig. 4   First eight non-dimensional natural frequencies ( � ) of clamped GRNC square laminated plates under the effects of different (i) thermal 
environments, (ii) graphene distribution patterns (with b/h = 10; a/b = 1; (0)10)
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Mode Shapes

The final study considers the effects of temperature rises 
and ply lamination angle on the first six natural mode 
shapes of fully clamped FG-X GRNC square laminated 
plates. For this purpose, the first six contours correspond-
ing to the first six shapes of eigenmodes of the nano-
composite laminated plates are displayed in Table 13 
according to different thermal environments (T = 300, 
400, and 500 K) and lamination angles [(0/90)5 T, (0)10, 
and (45/−45)5 T). In the computational analysis, the b/h 
and a/b are taken to be equal to 10 and 1, respectively. 
Table 13 indicates that the mode shapes of the (0)10 GRNC 
laminated plates are slightly influenced by changes in 
temperature. Specifically, the 5th and 6th mode shapes of 
the (0)10 nanocomposite plates shift to a higher mode as 

the temperature increases from 300 to 400 K and 500 K. 
In contrast, the mode shapes of laminated plates with 
(45/−45)5 T and (0/90)5 T lamination sequences remain 
unchanged with temperature variation, where the con-
tour curves of the GRNC laminated plates maintain the 
same form across different temperatures. Moreover, by 
comparing the rows that have the same temperature envi-
ronments and different staking sequences, for instance: 
row (a), row (d) and row (g), one can see that the contour 
curves of the nanocomposite plates are slightly affected 
by the staking sequence variation. This phenomenon can 
be observed by comparing the second and third contour 
curves of the (0/90)5 T laminated plate with those of (0)10 
and (45/−45)5 T.

Table 13   First six mode shapes 
corresponding to clamped 
square FG-X GRNC laminated 
plates under the effects of 
different (i) lamination angles 
and (ii) thermal environments 
(with b/h = 10; a/b = 1; (0)10)

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

(a): (0)10; T = 300 K

(b): (0)10; T = 400 K

(c): (0)10 ; T = 500 K

(d): (0/90)5T ; T = 300 K

(e): (0/90)5T ; T = 400 K

(f): (0/90)5T ; T = 500 K

(g): (45/-45)5T ; T = 300 K

(h): (45/-45)5T ; T = 400 K

(i): (45/-45)5T ; T = 500 K
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Conclusion

The present research paper has addressed the issue of free 
vibration characteristics of polymeric nanocomposite piece-
wise laminated plates in thermal environments. The mate-
rials constituting the nanocomposite plate are graphene 
nanosheets and PMMA matrix. The mechanical properties 
of the graphene-reinforced nanocomposite (GRNC) lami-
nated plate are calculated under different thermal environ-
ments. The distributions of graphene volume fraction across 
the plate thickness follow two major types of distribution, 
namely: uniform (UD) and non-uniform. This latter type of 
functionally graded (FG) distribution follows four distribu-
tion patterns, namely FG-X, FG-Λ, FG-V, and FG-O. The 
laminated plate governing equations are obtained according 
to the FSDT principles. While the problem solution method 
is obtained based on Lagrange's equation and isogeometric 
finite element formulation. A linear eigenproblem is derived 
through a self-developed code, which yields the plate natu-
ral frequencies and the associated mode shapes. The out-
put numerical results generated by the self-developed code 
showed excellent agreement with the results published in 
the open literature. Detailed parametric analyses have been 
performed to underline and highlight the significant influ-
ence of thermal environments on the GRNC laminated plates 
and the consequences on the problem of their eigenvalues. 
The overall revelations of the present work are summarized 
as follows:

•	 Results reveal that the efficiency of the reinforcing effect 
of graphene depends strongly on the temperature envi-
ronments in which it evolves. It has been observed that 
the temperature rise causes a diminution in the natural 
frequencies of the GRNC plates, which causes a decrease 
in their overall stiffness.

•	 Results demonstrate that the most efficient way to 
enhance the performance of GRNC laminated plates is 
by making their top and bottom plies rich in graphene: 
disperse for instance the nano-reinforcements according 
to FG-X pattern.

•	 Results indicate that GRNC laminated plates with fewer 
plies have higher natural frequencies and it was found 
that the optimal effective stiffness can be achieved when 
the number of plies is set to five.

•	 A relatively negligible effect of the lamination angle on 
the stiffness of the GRNC laminated plates was found. 
The results show that composite plates with lamination 
angles (0/90/0/90/0)S, (0)10, (45/-45)5 T, and (0/90)5 T 
have almost equal natural frequencies.

•	 Results indicate that the stacking sequence and tempera-
ture environments weakly affect the mode shapes of the 
GRNC laminated plate.
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