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Abstract
Purpose The vibration energy transmission characteristics of laminated composite plates with straight or variable angle 
fiber paths subjected to distributed force excitations are explored in this paper.
Methods The dynamic responses as a function of frequency are calculated and evaluated using proposed analytical approach 
and numerical finite element (FE) method based on the first-order shear deformation theory. The FE model is firstly veri-
fied by the analytical method and used for the composite plates with various fiber paths. The FE-based structural intensities 
analysis is carried out to predict the energy transmission and distribution patterns on the laminated composite plates with 
various fiber paths.
Results The structural intensity streamlines and vectors representation explicitly offer the information of the energy sources, 
energy sinks and detailed vibration energy distribution and transmission paths. The fiber paths have significant influences on 
the dynamic responses and energy transmission paths. The results reveal that tailoring fiber paths could lead to the formation 
of vortex-type flows with low vibration levels.
Conclusion According to the structural intensity fields at the specific excitation frequencies, the tailorable fibers in the forced 
area or unforced area and curvilinear fibers could be tuned for vibration mitigation.

Keywords Structural intensity · Dynamic response · Laminated composite plates · Vibration energy flow · Energy 
transmission

Introduction

Composite materials are extensively used in many advanced 
engineering structures due to their advantageous properties, 
such as lightweight, high ratios of strength/stiffness-to-
weight, good durability, and flexibility in design [1]. Plates 
are common structural configurations, widely used in air-
craft, ships and automobiles. Such structures are usually 
exposed to complex external dynamic loading and can easily 
undergo large amplitude vibrations when the excitation fre-
quencies are close to the resonance frequencies. High-level 
vibrations could result in structural damage, fatigue failure, 
destruction of engineering systems, and high-level noise pol-
lution. Thus, the knowledge of their dynamic behavior as 
well as vibration energy transmission mechanisms becomes 
of high significance in solving vibration problems.

There have been numerous studies devoted to free vibra-
tion analysis of laminated composite plates [2]. Several 
prominent theories have been developed, such as a simplified 
first-order [3], third-order [4], high-order shear deformation 
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theory [5], and a new higher-order shear deformation theory 
[6]. Recently, modern processing technologies allow the var-
iable angle tow (VAT) composite plates with curved fibers 
to be created and mechanical behavior of such structures has 
been investigated [7]. The free vibration analysis of VAT 
composite plates with arbitrary curvilinear fiber paths was 
conducted using finite element method, in which natural 
frequencies and mode shapes were examined [8–10]. It was 
found that the fundamental natural frequency was increased 
with implement of optimized curvilinear fibers [11]. There 
have been some publications on the forced vibration study 
of conventional composite plates. Dobyns [12] has proposed 
an analytical approach for forced vibration analysis of sim-
ple orthotropic plates subjected to dynamic loadings, and 
Carvalho et al. [13] studied extensively the effects of impact 
loads on vibration behavior based on previous work. The 
experimental investigation on the low-velocity impact load-
ing on dynamic responses of laminated composite plates 
was developed [14, 15]. The effects of different fiber angles, 
such as 0°, 45°, and 90°, on the dynamic response of a fiber/
epoxy composite plate were investigated experimentally 
[16]. Although numerous studies focusing on free and forced 
vibration behavior of a variety of composite plates have been 
developed, there is limited research associated with vibra-
tion energy transmission behavior of VAT plates subjected 
to complex external dynamic loads.

One of the most effective and reliable tools to predict 
the energy distribution and transmission paths is via power 
flow analysis or structural intensity (SI) analysis. SI provides 
valuable information including the location of sources and 
energy transmission paths by using vector patterns, which 
is beneficial to the improved designs of fiber paths. Noiseux 
[17] measured the vibrational SI in uniform metallic plates 
and beams experimentally. Gavric and Pavic [18] presented 
a numerical computation of SI in beams, plates and shells 
based on a finite element (FE) method. Li and Lai [19] inves-
tigated the surface mobility for a thin plate with viscous 
dampers using FE-based SI analysis. Xu et al. developed 
the streamline representation which provides more infor-
mation for the vibration SI fields of the same plate model 
[20]. The SI of plate structure with multiple dampers was 
predicted by the FE approach [21]. Xu et al. computed the 
SI of stiffened plates [22] and that of plates with a hole [23]. 
The effects of stiffeners and holes on the energy transmis-
sion were investigated, respectively. Liu et al. employed SI 
approach to study dynamic transient response and transient 
energy transmission of plate structures subjected to low-
velocity impact [24] and investigated SI in the box structure 
for attenuating the vibration and interior noise level [25]. 
More recently, the energy flow of rectangular plates with 
stepped thickness was investigated using the FE-based SI 

analysis [26]. The SI approach was applied to investigate 
the vibration energy flow in an elastic metamaterial plate 
with a temperature rise and effects of thermal load on the SI 
of the cantilevered plate [27, 28]. The potential application 
of the SI approach in predicting vibration energy transmis-
sion behavior has been extensively developed. The energy 
flow characteristics of metallic flat plate [29], coupled plate 
[30], L-shaped plate [31–33], and built-up plates in complex 
forms [34, 35] have been systematically explored. However, 
there is much less research concerned with the energy flow 
in composite structures.

There have been recent attempts to investigate the vibra-
tion energy transmission on composite plates. For instance, 
the SI on composite orthotropic panels was carried out by 
experimental and numerical methods and compared with 
that on the aluminum sandwich panels [36]. The influences 
of damping, loadings, constraints, thickness, and fibers ori-
entations were analyzed. Two different numerical models 
including solid and shell elements were evaluated for the 
accuracy of SI in a fiber composite plate [37]. Zhu et al. have 
studied the vibration energy transmission on square lami-
nated composite plates and the inerter-based passive device 
was applied for vibration suppression [38]. The power flow 
analysis of composite plates coupled in L-shape was carried 
out adopting a substructure method [39, 40]. The energy 
transmission behavior of composite plates with curvilin-
ear fibers harmonically excited by the point force has been 
evaluated [41]. The force vibration analysis of composite 
plates with various fibers excited by the point force has been 
investigated. However, there has been limited work on dis-
tributed force excitation case [42]. In addition, the designs 
of tailorable fibers for desired vibration performance have 
received little attention. Hence, they are taken into account 
subsequently.

This study has emphasized the SI streamlines and vectors 
representation of laminated composite plates with various 
fiber paths excited by distributed force. Adopting SI tech-
nologies, the forced vibration behavior of a variety of com-
posite plates is detected and evaluated from the energy flow 
viewpoint. The effects of loading types and various fiber 
paths on energy transmission patterns are discussed. The 
energy transmission between the forced and unforced areas 
is investigated. Furthermore, advantages of VAT plate are 
yielded by comparison with straight fiber cases. The results 
are expected to provide useful information on variable stiff-
ness designs for enhanced vibration suppression.

Model Description

Figure 1a illustrates a schematic diagram of a rectangular 
laminated composite plate of N layers with length of a , width 
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of b , and thickness of h in the OX , OY  , and OZ directions, 
respectively. Distributed harmonic excitation force of f̃eei�t is 
uniformly distributed over the contact area of side lengths af  
and bf  with the center at the point C 

(
xc, yc

)
 . The fiber orienta-

tions of the unforced area and forced area on the kth layer are 
denoted by �1(k) and �2(k) , respectively. It is noted that for the 
laminated composite plate with conventional straight fibers, 
the value of �1(k) is as the same as that of �2(k) while different 
values of �1(k) and �2(k) lead to a simple lamination scheme 
for variable stiffness composite plates. In Fig. 1b, this is the 
kth layer of a lamina with straight fibers, showing the princi-
pal material coordinate system of OX1X2X3 and the laminate 
coordinate system of OXYZ . Figure 1c shows a layer of cur-
vilinear fibers with the notation of ⟨T0,T1⟩ , in which T0 and 
T1 are the fiber angles at x = 0 and x = a∕2 , respectively. The 
fiber orientations of curvilinear fiber paths at any point (x, y) 
are descripted and defined as the function of x in the laminate 
coordinate system of OXY as:

Analytical Solutions of Dynamic Responses

The theoretical solution of dynamic responses for several 
special symmetric orthotropic laminated plates with simple 

(1a)�(x) =
2
(
T1 − T0

)
x

a
+ T0, when0 ≤ x ≤ a

2
;

(1b)
�(x) =

2
(
T0 − T1

)(
x −

a

2

)

a
+ T1, when

a

2
≤ x ≤ a.

straight fibers in [0◦]4 or [90◦]4 is available. For those plates, 
some stress stiffness coefficients, such as A16 , A26 , Bij , D16 , 
and D26 , are zero. As a result, a reduced form of equations 
of motion for vibration analysis according to FSDT can be 
expressed as [13]:

where h is the thickness of plate; � is the material density; qz 
is the applied external load; and k is a shear correction fac-
tor in FSDT and is popularly taken to be 5/6 [1]. Terms Aij , 
Bij , Dij and Sij represent the stiffnesses, which are defined as

For the simply supported boundary condition, it can be 
assumed that w = 0 and ��

x
∕�x = 0 at x = 0 and x = a , 

and w = 0 and ��
y
∕�y = 0 at y = 0 and y = b . Using the 

Navier’s approach, the double Fourier series for the rota-
tions and transverse displacement of a simply supported 
rectangular plate are given by [13]:

where � = m�∕a and � = n�∕b , m and n are integers, and 
Amn(t) , Bmn(t) , and Wmn(t) are time-dependent coefficients. 
The double Fourier series for external load is written as:

(2a)

kS44

(
𝜕2w0

𝜕y2
+

𝜕𝜙y

𝜕y

)
+ kS55

(
𝜕2w0

𝜕x2
+

𝜕𝜙x

𝜕x

)
+ qz = 𝜌hẅ,

(2b)
D11

�2�x

�x2
+
(

D12 + D66
)
�2�y

�xy
+ D66

�2�x

�y2

− kS55

(

�w0

�x
+ �x

)

=
�h3

12
�̈x,

(2c)
D66

�2�y

�x2
+
(

D12 + D66
)�2�x

�xy
+ D22

�2�y

�y2

− kS44

(

�w0

�y
+ �y

)

=
�h3

12
�̈y,

(3a)
(
Aij,Bij,Dij

)
= ∫

h∕2

−h∕2

Qij

(
1, z, z2

)
dz, i, j = 1, 2, 6,

(3b)Sij = ∫
h∕2

−h∕2

cijdz, i, j = 4, 5.

(4a)�x(x, y, t) =
∑
m

∑
n

Amn(t) cos �x sin �y,

(4b)�y(x, y, t) =
∑
m

∑
n

Bmn(t) sin �x cos �y,

(4c)w(x, y, t) =
∑
m

∑
n

Wmn(t) sin �x sin �y,

Fig. 1  A schematic illustration of a a rectangular laminated compos-
ite plate subjected to distributed area force excitation; b the kth layer 
of the plate with straight fibers, and c with curvilinear fibers
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where Qmn(t) is the term of the Fourier series.
For the point force located at the point 

(
xp, yp

)
 , the 

Qmn(t) is expressed as:

where p(x, y, t) = f (t)�
(
x − x0, y − y0

)
 ; �(x, y) is a two-

dimensional Dirac’s delta function.
For the uniformly distributed force over the area af  and 

bf  with center at 
(
xc, yc

)
, we have

Substituting Eqs. (4) and (5) into Eq. (2) results in the 
simplified equation of motion [13]

in which, Lij are defined as:

The terms of Amn(t) and Bmn(t) can be rewritten follow-
ing transformation

As a result, Eq. (8) can be reduced to the following form

The natural frequencies for calculation of dynamic 
responses can be determined by

(5)qz(x, y, t) =
∑
m

∑
n

Qmn(t) sin �x sin �y,

(6)
Qmn(t) =

4
ab∫

a

0∫

b

0
p(x, y, t) sin �x sin �ydxdy

=
4f (t)
ab

sin �xp sin �yp.

(7)

Qmn(t) =
16

mn�2∫

xc+
af
2

xc−
af
2
∫

yc+
bf
2

yc−
bf
2

p(x, y, t) sin �x sin �ydxdy

=
16f (t)
mn�2 sin �xc sin �yc sin �

af
2
sin �

bf
2
.

(8)
⎡⎢⎢⎣

L11 L12 L13
L12 L22 L23
L13 L23 L33

⎤
⎥⎥⎦

⎧⎪⎨⎪⎩

Amn(t)

Bmn(t)

Wmn(t)

⎫⎪⎬⎪⎭
=

⎧⎪⎨⎪⎩

0

0

Qmn(t) − 𝜌hẄmn(t)

⎫⎪⎬⎪⎭
,

L11 = D11(�)
2 + D66(�)

2 + kA55, L12 =
(
D12 + D66

)
��,

L13 = kA55�, L22 = D66�
2 + D22�

2 + kA44,

(9)L23 = kA44�,L33 = kA55�
2 + kA44�

2.

Amn(t) =
L12L23 − L13L22

L11L22 − L212
Wmn(t),

(10)Bmn(t) =
L12L13 − L11L23

L11L22 − L212
Wmn(t).

(11)Ẅmn(t) + 𝜔2
mnWmn(t) =

Qmn(t)

𝜌h
.

In a damped system, the distributed proportional damp-
ing can be taken into account using complex eigenfrequen-
cies. The internal damping of the structure is represented 
by a modal loss factor � . As a result, the dynamic response 
at any point (x, y) on the composite plate subjected to the 
point force can be obtained from

and that of the plate subjected to the area force excitation 
is expressed as

Structural Intensity Analysis

Structural intensity (SI) is a vector field in a continuum as 
defined in Ref. [18]. The instantaneous SI component in the 
time domain can be expressed by dot product of velocity vec-
tor vj and stress tensor �jk:

where �ij(t) and vj(t) are the stress and velocity in the jth-
direction at time t.

For the steady-state vibration, the ith-direction of SI in a 
frequency domain is given by

Hence, with a time-averaged quantity, the two components 
of the SI combining shear, bending, twisting waves as shown 
in Fig. 2 for a vibrating plate are given by [18, 43]

where Nxx,Nyy and Nxy are complex membrane forces; Mxx, 
Myy and Mxy are complex internal moments; Qx and Qy are 
complex transverse shear forces; �̇w∗

x
, �̇w

∗

y
, �̇w

∗

z
 are complex 

(12)

�mn =

√
1

�h

(
L33 +

2L12L23L13 − L22L
2
13 − L11L

2
23

L11L22 − L212

)
.

(13)

w(x, y, t) =
4f̃e

ab�h

∑
m

∑
n

sin �xp sin �yp sin �x sin �y

�2
mn(1 + i�) − �2

ei�t,

(14)

w(x, y, t) =
16f̃e

�2mn�h

∑

m

∑

n

sin �xc sin �yc sin �
af
2
sin � bf

2
sin �x sin �y

�2
mn(1 + i�) − �2 ei�t.

(15)Ii = ⟨Ii(t)⟩ = ⟨−�ij(t)vj(t)⟩, i, j = 1, 2, 3,

(16)Ii(�) = −
1

2
ℜ

(
�̃ij(�)̃v

∗
j
(�)

)
, i, j = 1, 2, 3.

(17)
Ix = −

1

2
ℜ

{
Qx

�̇w
∗

z
+ Nxy

�̇w
∗

y
+ Nxx

�̇w
∗

x
−Mxy

�̇𝜃
∗

x
−Mxx

�̇𝜃
∗

y

}
,

(18)
Iy = −

1

2
ℜ

{
Qy

�̇w
∗

z
+ Nxy

�̇w
∗

x
+ Nyy

�̇w
∗

y
−Mxy

�̇𝜃
∗

y
−Myy

�̇𝜃
∗

x

}
,
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conjugate displacements in the directions of OX , OY  and OZ 
directions, respectively; and �̇𝜃

∗

x
, �̇𝜃

∗

y
 are complex conjugate 

rotations about the directions of OX and OY  , respectively.
The structural intensity streamline can be expressed as

where � represents the position of energy flow particle. The 
SI of an energy flow element on such a streamline is per-
pendicular to � and is parallel to d� [24]. For the steady-state 
energy flows, the cross product can be expressed as

As a result, the equation describing SI streamline in a 
two-dimensional plate structure is

Results and Discussion

The proposed analytical and FE numerical method based on 
FSDT are used to investigate the vibration characteristics of 
various laminated composite plates. This plate with simply 
supported edges is constructed from four plies of T300/934 
CFRP material with structural damping of � = 0.01 . The 
fiber angles of all layers are the same. The material proper-
ties of the plate are as follows: E1 = 120GPa , E2 = 7.9Gpa , 
G12 = 5.5Gpa , G23 = 1.58Gpa , �12 = 0.33 , � = 1580kg∕m3.

The proposed analytical solution for special cases of sim-
ple orthotropic laminates plate with 0° or 90° straight fibers 
is available and is used to validate the FE model. In the 
analytical solution, m and n of 100 are selected with a bal-
anced consideration of the computation cost and accuracy. 

(19)d� × �(�, t) = 0,

(20)

|||||||

� � �

Ix Iy Iz
dx dy dz

|||||||
= 0.

(21)
dx

Ix
=

dy

Iy
.

For the composite plate with various fiber paths, a numerical 
FE-based method based on ANSYS is employed. In ANSYS, 
the four-node Shell-181 element is used for building a plate 
model, which is suitable for thin to moderately thick shell 
structure. The plate is divided into 800 elements with 
mesh size of 0.025 m and 0.025 m. There are 5 independ-
ent degrees of freedom and 1 dependent one for each node 
for the Shell 181 element. The accuracy in FE modeling is 
governed by the FSDT. Three integration points are used 
through the thickness, in which two points are located on 
the top and bottom surfaces, and the remaining point is at 
the midway between those two points.

Vibration Energy Transmission on Laminated 
Composite Plates

A parametric study on the forced vibration behavior of lami-
nated composite plates subjected to various loadings is car-
ried out. This analytical method is used to validate the 
numerical FE method. Figure 3 shows the displacement 
amplitude WA at the point A as a function of non-dimension-
alized frequency 

�
� = �(a2∕h)

√
�∕E2

�
 of the [0◦]4 lami-

nated composite plate at its center point. In the first case as 
Fig. 3a has shown, laminated composite plates with different 
dimensions are subjected to the point force at the center 
point. It is found that much more modes are excited by the 
applied force when the ratio of a∕b is 0.5 and with the 
increases of ratios of a∕b , the numbers of resonance peaks 
decreased. The amplitudes of the response of the first peak 
are increased when the value of the a is larger than b for the 
composite plate of [0◦]4 . In Fig. 3b, dynamic responses of 
the square composite plate with af  = 0.5a = 0.5b subjected 
to the area force with different ratios of af∕bf  are investi-
gated. The ratios of 0.5, 1, and 2 are considered. Increasing 
ratios of af∕bf  lead to the reduction of dimension of distrib-
uted area force. It is found that amplitudes of the resonance 
peaks are reduced by increasing the ratios of af∕bf  . Fig-
ure 3c shows the effects of the relation between the area of 
the load excitation force and the area of plate (i.e., the value 
of af∕a ) on dynamic response of the rectangular composite 
plate (a/b = 2) with distributed area force of af∕bf = 2 . The 
values of af∕a vary from 0.25, to 0.5, and to 0.75. It is found 
that the response amplitude of the first peak increases with 
the value of af∕a as the area of applied force extended.

In this study, a rectangular composite plate with the 
structural dimensions with a = 1 m, b = 0.5 m and the 
thickness of t = 0.005 m is considered for demonstration of 
the proposed analysis approach on effects of fiber orienta-
tions. Other values for the dimensions of the plate could 
also be used following the same analysis procedure and 

Fig. 2  Forces and displacements in a plate element
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the established model. Figure 4 shows the displacement 
amplitude WA of the point (0.5 m, 0.25 m) as a function 
of frequency of the [0◦]4 laminated composite plate in an 
examined frequency range of 0–3000 rad/s. Several types of 
excitation loads, such as a point force and distributed area 
force, with amplitude of 1 N are applied at such plate. Four 
cases (i.e., cases 1–4) such as the point force, the distrib-
uted force over the contact area of 0.1 m × 0.1 m, 0.25 m × 
0.25 m, and 0.5 m × 0.5 m, are selected for comparison. The 
corresponding results of cases 1–4 based on the proposed 
analytical method are denoted by solid, dotted, dash-dotted, 
and dashed lines, respectively. The circles and squares are 
for numerical FE results for validation. In cases 1 and 4, a 
great agreement between analytical and numerical results 
is found and therefore, the proposed analytical methods for 
determination of the response of composite plates excited 
by the point force or area force are verified, respectively. 
It is found that the plate is easily excited by the applied 
force approximately at � = 213.63 rad/s. The peak value of 
each resonance peak of the plates excited by point force is 
higher than that by area force. A comparison of cases 2–4 
shows that the amplitudes of the first peak decrease with the 
reduction of contacted area. The peaks of these four cases 

are close but their valleys are varied. With the increase of 
excitation frequencies, it is found that the amplitudes of the 
response of the plate subjected to area force excitation are 
generally lower than that with the point force. This analytical 
method could be applied to predict the response as a func-
tion of frequency at any point of conventional composite 
plates efficiently with relatively low computational costs 
than full FE methods.

Figure 5 shows the amplitude of the response as a func-
tion of frequency of laminated composite plates subjected to 
the area force excitation with variations of the fiber orienta-
tions. The contact area is set as 0.25 m and 0.25 m. Such 
dimension of the area force is proper to clearly observe the 
energy transmission paths especially between the forced 
and unforced areas. The fiber orientations, such as [0◦]4 , 
[30◦]4 , [45◦]4 , [60◦]4 , and [90◦]4 , are selected for investi-
gation, labeled as cases 1–5, respectively. In this case, the 
numerical FE methods are mainly utilized. It is found that 
the increase of fiber orientations from 0◦ to 90◦ leads to the 
increase of the first resonance frequency from 213.63 to 
508.94 rad/s and reduction of peak values of first resonance 
peak. In contrast, the resonance frequencies of their sec-
ond peaks increase with the decrease of fiber angles. As a 
result, it is seen that the frequency range from the first peak 
to second peaks is narrowed as the fiber angle increased. 
This of the case 5 (i.e., 90◦ ) is the narrowest. The first peak 
value of case 1 can be reduced by increasing the fiber angle. 
In a prescribed excitation frequency range from 1350 to 
1750 rad/s, tailoring the fiber angle in 30◦ effectively lowers 
the amplitude of the response as a function of frequency 
and suppress the vibration. As the excitation frequency 
increased, the dynamic responses for each case generally 
become relatively lower.

Fig. 3  The amplitude of the response 
(
WA

)
 as a function of the non-

dimensionalized frequency ( � = �(a2∕h)
√
�∕E2 ) at the center point 

on the laminated composite plate in [0◦]4 with various excitations. a 
Plates with different dimensions subjected to the point force; b plates 
subjected to the area force with different ratios of a

f
∕b

f
 ; c plates sub-

jected to the area force with different ratios of a
f
∕a . Circles represent 

corresponding numerical results

Fig. 4  The amplitude of the response 
(
WA

)
 as a function of  the fre-

quency at the center point (0.5 m, 0.25 m) on the rectangular lami-
nated composite plate in [0◦]4 with various excitations. Solid line: the 
point force (i.e., pf); dashed line: the area force (i.e., af) over the area 
of 0.1 m and 0.1 m; dash-dotted line: the area force over the area of 
0.25  m and 0.25  m; and dashed space line: the area force over the 
area of 0.5 m and 0.5 m. Circles and squares represent corresponding 
numerical results
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Figures 6 and 7 show the SI fields on the [0◦]4 composite 
plate subjected to the point force and the distributed force 
with contact area of 0.25 m and 0.25 m at the center point 
(0.5 m, 0.25 m), respectively. The SI was performed at the 
first excitation frequency of 213.63 rad/s and SI fields are 
illustrated by streamlines and vectors, respectively. The 
location of source and energy transmission paths are iden-
tified both by streamlines and vectors representations. In 
Fig. 5, the energy source is generated at the forcing posi-
tion. Due to effects of the point force, an energy source is 
generated at the center point and most of energy flows to 
the left and right edges, following the fiber orientations 

in 0◦ . As a result, serried streamlines in the horizontal 
direction are found in Fig. 6a. Figure 6b shows that some 
vectors from the energy source are pointing at the horizon-
tal direction and there is no obvious energy sink formed. 
From the streamlines plots in Fig. 7a, it is found that the 
number of the horizontal streamlines increases when the 
area force is applied. As Fig. 7b has shown, the area of 
energy source is extended with the applied area force, 
and the vectors with relatively large magnitudes are dis-
tributed around the energy source. The magnitudes of SI 
vectors on the plate subjected to the area force are much 
lower than that of the plate subjected to point force. It 
is observed that the streamline visualization technique is 
able to clearly depict the energy flow paths in the regions 
of relatively small magnitude than vectors, but vectors 
effectively indicate the relative magnitudes of structural 
intensities.

Here the effects of fiber angles on the SI of the [45◦]4 and 
[90◦]4 laminated composite plates are investigated in Figs. 8 
and 9. They are for the cases 3 and 5 examined in Fig. 4, 
excited at 772.83 rad/s and 672.30 rad/s, respectively. Fig-
ure 8a clearly shows the structural intensity streamline under 
the area force excitation. It is found that the streamlines in 
the vicinity of center point are distorted by the fiber angles 
larger than 0°. The streamline representation explicitly 
shows the energy transmission paths, in which the majority 
of energy flows into the left-top and right-bottom part of 
the plate. The position of energy source is the center part of 
the plate as shown in Fig. 8a. Most of vectors are aligned 

Fig. 5  The amplitude of the response 
(
WA

)
 as a function of the  fre-

quency at the center point (0.5 m, 0.25 m) on the rectangular lami-
nated composite plates with various fiber angles subjected to the 
distributed force over the area of 0.25 m and 0.25 m. Solid line: the 
[90◦]4 plate; short dashed line: the [30◦]4 plate; dash-dotted line: the 
[45◦]4 plate; dashed space line: the [60◦]4 plate; and dotted line: the 
[90◦]4 plate. Circles represent corresponding analytical results

Fig. 6  Structural intensity in the laminated composite plate with 
�1 = �2 = 0◦ with point force excitation at the center point (0.5  m, 
0.25 m) at a frequency of 213.63 rad/s. a Streamline and b vector

Fig. 7  Structural intensity in the laminated composite plate with 
�1 = �2 = 0◦ with area force excitation over the area of 0.25  m 
and 0.25  m at  the center point (0.5  m, 0.25  m) at a frequency of 
213.63 rad/s. a Streamline and b vector



2786 Journal of Vibration Engineering & Technologies (2023) 11:2779–2791

1 3

with the fiber angles in 45°, and the contours with high 
magnitudes are distributed around the center part, along the 
direction of fiber angles. When the fiber angle is increased 
from 45° to 90°, streamlines at the middle line are rotated 
with the direction of anti-clockwise as shown in Fig. 9a. 
The energy transmission paths become symmetric about the 
middle line. In Fig. 9b, the number of the vectors pointing 

at the horizontal direction is increased while most energy 
flows into the middle point of the left and right edges of the 
plate. A comparison between those two cases shows that 
the positions of energy sink are changed from left-top and 
right-bottom part to middle point of the left and right edges 
by altering the fiber orientations from 45° to 90°.

Effects of Fiber Orientation of the Forced Area

The foregoing investigation indicates that the fiber orienta-
tion could be designed to suppress the vibration level. In 
this section, the influences of tailorable fiber paths in the 
forced area on the response amplitude as a function of fre-
quency and structural intensities of variable stiffness plate 
are investigated. The area force excitation is applied at the 
center point (0.5 m, 0.25 m) with contact area of 0.25 m and 
0.25 m. Five cases are compared as the fiber angles of the 
unforced area are fixed as �1 = 0◦ , while that of the forced 
area is set at �2 = 0◦ , 30◦ , 45◦ , 60◦ , and 90◦ for cases 1–5, 
respectively. Figure 9 shows the variations of the amplitude 
of the response as a function of the excitation frequency of 
laminated composite plates with different fiber angles in the 
forced area. The corresponding results are represented by 
solid, short dashed, dash-doted, dashed, and dotted lines, 
respectively. It is found that their first peaks are close with 
varied peak values. By increasing the fiber angle of �2 , the 
first peak values are reduced to some extent. The vibration 
level is reduced by increasing the fiber angle in the forced 
area that increases the stiffness in lateral direction. It is seen 
that the effects of peak values of �2 on the second peaks val-
ues are significantly larger than first peak. The second reso-
nance frequencies of cases 2–5 are lower than that of case 1 
(i.e., �1 = �2 = 0◦ ). The peak values of the second peaks of 
cases 2–4 are much lower than the first one. The compari-
son between five cases indicates that the dynamic responses 
of the [0◦]4 laminated composite plate in the excitation fre-
quency of 1000–1500 rad/s could be effectively reduced by 
tailoring the fiber angles in the forced area (Fig. 10).

Figures 11 and 12 demonstrate the streamlines and vec-
tors of structural intensities on the aforementioned specific 
laminated composite plate with �2 = 30◦ and �2 = 60◦ . 
They are excited by the distributed force at the frequency 
of 873.36 rad/s and 879.65 rad/s. Figure 11a shows that the 
directions of streamlines within the forced area are related to 
the designed fiber angle in 30◦ . There are two recirculation 
regions formed on the top and bottom of the center part. The 
streamlines around recirculation regions become serried. In 
Fig. 11b, large amount of energy from the source is flowing 
in a clockwise direction due to the effects of vortex-type 
flow. As a result, there is no energy sink formed on the plate. 
In contrast, when the fiber angle is increased from 30◦ to 
60◦ , the positions of two recirculation regions are shifted to 
center part of the plate as shown in Fig. 12a. A vortex-type 

Fig. 8  Structural intensity in the laminated composite plate with 
�1 = �2 = 45◦ with area force excitation over the area of 0.25 m and 
0.25 m at center point (0.5 m, 0.25 m) at a frequency of 772.83 rad/s. 
a Streamline and b vector

Fig. 9  Structural intensity in the laminated composite plate with 
�1 = �2 = 90◦ with area force excitation over the area of 0.25 m and 
0.25 m at center point (0.5 m, 0.25 m) at a frequency of 672.30 rad/s. 
a Streamline and b vector
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flow generally following a clockwise direction is observed. 
In Figs. 11b and 12b, the vectors with relative high magni-
tudes are distributed around the interface between the forced 
and unforced areas. Comparing Figs. 11 and 12 with 8–9, it 
is found that the contours with high magnitudes in these two 
cases are relatively small than that in Figs. 8 and 9. At such 
particular excitation frequencies, the low vibration levels 
of laminated composite plates are likely contributed by the 
formation of vortex-type flow.

Effects of Fiber Orientation of the Unforced Area

The influences of tailorable fiber orientation at the unforced 
area on the response amplitude and structural intensities of 
variable stiffness plates are investigated regarding to the case 
where the structural parameters of the contacted area are 
fixed. The fiber angle of forced area is set as �2 = 90◦ and 
that of unforced area could be designed as �1 = 90◦ , 60◦ , 
45◦ , 30◦ , and 0◦ for cases 1–5, respectively. Figure 13 shows 
the variations of the response amplitude at the point (0.5 m, 
0.25 m) with different fiber paths. The corresponding results 
are denoted by solid, short dashed, dash-doted, dashed, and 

Fig. 10  The amplitude of the response 
(
WA

)
 as a function of fre-

quency at the center point (0.5  m, 0.25  m) on the laminated com-
posite plate with �1 = 0◦ subjected to the area force over the area of 
0.25 m and 0.25 m. Solid line: �2 = 0◦ ; short dashed line: �2 = 30◦ ; 
dash-dotted line: �2 = 45◦ ; dashed space line: �2 = 60◦ ; and dotted 
line: �2 = 90◦ . Circles represent corresponding analytical results

Fig. 11  Structural intensity in the laminated composite plate with 
�1 = 0◦ and �2 = 30◦ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
873.36 rad/s. a Streamline and b vector

Fig. 12  Structural intensity in the laminated composite plate with 
�1 = 0◦ and �2 = 60◦ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
879.65 rad/s. a Streamline and b vector

Fig. 13  The amplitude of the response 
(
WA

)
 as a function of fre-

quency at the center point (0.5  m, 0.25  m) on the laminated com-
posite plate with �2 = 90◦ subjected to the area force over the area of 
0.25 m and 0.25 m. Sold line: �1 = 90◦ ; short dashed line: �1 = 60◦ ; 
dash-dotted line: the �1 = 45◦ ; dashed space line: �1 = 30◦ ; and dot-
ted line: �1 = 0◦ . Circles represent corresponding analytical results
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dotted lines, respectively. For case 1, a fine mesh size of 
0.0125 m is used in FE model. A comparison of solid line 
and circles shows that numerical results especially in high-
frequency ranges have good agreement with that of analyti-
cal method and the convergence is achieved. It is found that 
the first resonance frequencies increase with the fiber angle 
of �2 but amplitudes of the first peaks are varied. The peak 
value of case 3 (i.e., �1 = 45◦, �2 = 90◦ ) is found to be the 
lowest. In contrast, decrease in the fiber angle of �1 leads to 
the increase of second resonance frequencies; the peak value 
of second peak of case 3 is also the lowest. This yields the 
finding that the frequency range between the first and second 
peaks could be effectively shortened by increasing the fiber 
angles of uncontacted area.

The influences of the fiber angles of uncontacted area 
on the vibration energy transmission patterns are of inter-
est. Figures 14, 15, and 16 present SI streamlines and vec-
tors on the laminated composite plates for �2 = 90◦ and 
�1 = 60◦ , 30◦ , and 0◦ , excited at 747.70 rad/s, 892.21 rad/s, 
and 1005.31 rad/s, respectively. For comparison, Fig. 9 
showing the SI of the plate for the case 1 with �1 = �2 = 90◦ 
excited at 672.30 rad/s is recalled. Compared to SI in Fig. 9, 
the streamline in the Fig. 14a is found to be that less energy 
is pointing at the fiber angle in 90◦ and most of that is altered 
due to the effects of the 60◦ fiber angle at uncontacted area. 
The energy finally flows into left-top and right-bottom 
part of the plate along the 60◦ fiber angle. In Fig. 14b, it is 
observed that the contours with relatively high magnitudes 
are distributed approximately at the left-top and right-bot-
tom corner of the forced area. In the case with �1 = 30◦ and 

�2 = 90◦ , the fiber orientation in the 30◦ has large effects on 
the streamlines in the contacted area as shown in Fig. 15a. 
Large numbers of vectors from the source are pointing at the 
fiber angles in 30◦ . As a result, contours with relatively high 
magnitude occur at the right-top and left-bottom corner of 
the contacted area as Fig. 15b shown. The position of the 
vectors with relative high magnitudes around the interface 

Fig. 14  Structural intensity in the laminated composite plate with 
�1 = 60◦ and �2 = 90◦ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
747.70 rad/s. a Streamline and b vector

Fig. 15  Structural intensity in the laminated composite plate with 
�1 = 30◦ and �2 = 90◦ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
892.21 rad/s. a Streamline and b vector

Fig. 16  Structural intensity in the laminated composite plate with 
�1 = 0◦ and �2 = 90◦ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
1005.31 rad/s. a Streamline and b vector
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between the forced and unforced areas is effectively shifted 
by changing the value of �1 . A comparison between the 
Figs. 14 and 15 indicated that although the fiber angles at 
the contacted area are the same, the energy transmission at 
such position varies with designed fiber paths.

When the fiber angle �1 is decreased to 0◦ , large number 
of vectors are pointing from the source to the top and bottom 
edge of the plate first and then the directions of the vectors 
are altered from 90° to 0◦ slightly. It is clearly observed that 
the energy flows into the energy sink at the middle points of 
the left and right edge respectively. Figure 16b shows that 
the contours with high magnitudes are separately formed 
at the top and bottom edge of the forced area. Comparing 
Fig. 16 with the Fig. 7 that showing the structural intensity 
of the plate with �1 = �2 = 0◦ , the difference in the fiber 
angle from 0◦ to 90◦ in the forced area (i.e., �2 ) contributes 
to the formation of energy sink existing at the middle parts 
of left and right edges.

Vibration Energy Transmission on VAT Composite 
Plates with Curvilinear Fibers

The forced vibration behavior of the VAT plate with cur-
vilinear fibers in 

�⟨0◦, 90◦⟩�
4
 was examined and compared 

with that of conventional laminated composite plate in 
�1 = �2 = 0◦ , and the plate in �1 = 0◦ and �2 = 90◦ with 
straight fibers. The fiber orientation at every point is 
clearly defined by ⟨0◦, 90◦⟩ and all layers of this four-layer 
plate are in the same configuration. Figure 16 shows the 
comparisons on the response amplitude of those three 
plates subjected to the area force over the area of 0.25 m 
and 0.25 m at the center point (0.5 m, 0.25 m). The peak 
value of the first resonance peak of the [0◦]4 composite 
plates at 216.63 rad/s is much larger than that of other 
plates. It is found that the first resonance frequency of the �⟨0◦, 90◦⟩�

4
 plate with curvilinear fibers is 427.26 rad/s, 

which is much larger than that of other plates. Using 
curvilinear fiber paths, the first resonance peak is effec-
tively shifted to higher frequency with lower peak value. 
The frequency range from the first peak to second peak 
is narrowed. With the increase in excitation frequency, 
the amplitude of the response of the composite plate with 
curvilinear fiber paths tends to decrease. Compared to the 
composite plate with straight fibers, the VAT plate per-
forms at low-level vibration in a relative high-frequency 
range (Fig. 17).

Figures  18 and 19 show SI streamlines and vectors 
on the ⟨0◦, 90◦⟩ laminated composite plates excited at its 
second and third excitation frequencies, 892.21 rad/s and 
1275.49 rad/s. As the fiber angles from the beginning edge 
to the middle and then to the end edge slightly increased 
from 0◦ to 90◦ and then to 0◦ , the most energy from the 
center part flows to obvious energy sinks at the left-top and 

right-bottom corner of the plate, following the curvilinear 
fiber paths as the streamline shown in Fig. 18a. Compared 
to that the energy sink in Fig. 16a at the middle part of left 
and right edge, the positions of energy sinks are altered by 
curvilinear fibers and become more obvious. It is found that 
the streamlines around the energy sink become serried. The 
SI vector in Fig. 18b clearly shows the energy distribution 
on the plate, in which the contours with relatively high mag-
nitudes are separately formed around the distorted middle 
line. As the excitation increased, the area of energy source 
is rotated and two recirculation regions are observed at the 
left-top edge and right-bottom edge as the Fig. 19a shown. 

Fig. 17  The amplitude of the response 
(
WA

)
 as a function of fre-

quency at the center point (0.5  m, 0.25  m) on the laminated com-
posite plate subjected to the area force over the area of 0.25 m and 
0.25 m. Solid line: �1 = �2 = 0◦ ; short dashed line: �1 = 0◦ , �2 = 90◦ ; 
dashed space line: ⟨T0,T1⟩ = ⟨0◦, 90◦⟩

Fig. 18  Structural intensity in the laminated composite plate in 
⟨T0,T1⟩ = ⟨0◦, 90◦⟩ with area force excitation over the area of 
0.25 m and 0.25 m at center point (0.5 m, 0.25 m) at a frequency of 
892.21 rad/s. a Streamline and b vector
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Passing the complex vortex-type flow, some energy returns 
to the energy source but most energy is still transmitted into 
the energy sinks, formed at the left-top and right-bottom 
corner of the plate. Figure 19b shows that the contours of 
vectors with relatively high amplitudes around the central 
part are extended.

Conclusions

In this study, the forced vibration behavior of laminated 
composite plates with various fiber paths under distrib-
uted force excitations is investigated from the energy flow 
perspectives. The effects of the dimensions of plates and 
applied area force, as well as fiber paths on forced vibra-
tion behavior were studied. Structural intensity analysis 
was performed to determine energy transmission paths 
visually including streamline and vector representation of 
a variety of laminated composite plates.

The streamlines explicitly showed the energy transmis-
sion paths and vectors with contours clearly presented the 
distribution of vibration energy. The results showed that an 
increase in fiber angle in the forced area leads to the stiff-
ness increasing in the lateral direction. This could effec-
tively reduce the amplitudes of the first resonance peak. 
Increasing the fiber angle in the unforced area mainly leads 
to a narrower frequency range between the first and second 
peaks. Changing the angles of fibers around the edge can 
alter the position of energy sinks. The formation of vortex-
type flows by designing fiber angles of forced area results 

in low-level vibration behavior. VAT provides enlarged 
design space for tailoring energy transmission paths of 
composite plates at some particular excited frequencies.

In summary, this study leads to new information on 
energy transmission between the forced and unforced 
areas of composite plates subjected to area force that can 
be used for enhanced vibration suppression by designing 
fiber angles. The power flow analysis or structural intensity 
analysis can be developed to clearly predict and evaluate 
the vibration energy flow behavior of complex composite 
structures subjected to various loading. The streamlines rep-
resentations can be used to show clearly the vibration energy 
flow paths with excited structures.
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