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Abstract

Purpose In this work, the vibrating motion of a dynamically symmetric solid body with an elastic string, around a fixed
point, as a new model, is investigated.

Hypotheses The body spins as a result of external moments along the body’s principal axes, such as perturbing, restoring,
and gyrostatic moments. It has been supposed that this body has a rapid angular velocity at the beginning of motion in the
direction of its symmetry dynamic axis.

Methods The averaging approach is employed to transform the governing system of motion into another appropriate averag-
ing one to gain the asymptotic solutions of this system.

Conclusion These solutions are graphed and discussed in different plots depending on the numerical values of the body’s
physical properties. The positive effects of the gyrostatic moment vector on the motion are examined in some cases. Fur-
thermore, the obtained results generalize the previously related studies.

Applications The importance of the investigated dynamical system is due to its applications in a variety of domains, includ-

ing physics and engineering.

Keywords Symmetric solid body - Euler—Poisson equations - Averaging method - Gyrostatic and perturbing moments

Introduction

Perturbation methods [1-3] had grasped the attention of many
researchers throughout the past few decades to acquire the
solutions for the rotatory motion of a rigid body (RB) prob-
lem [4-11]. It is reported that such a problem is regulated by
six non-linear differential equations and three associated first
integrals [12]. The solutions to these equations are only found
in a few special cases [13], where the urgent fourth integral
was discovered. There are several limitations in these circum-
stances regarding the location of the body's center of mass and
the magnitudes of the main moments of inertia. To achieve
this integral, a number of integrable scenarios have appeared,
including [12, 14—18]. Six integrable scenarios for the RB were
found in [14] when a body is being affected by an axisymmet-
ric combination of gyroscopic and potential forces in accord-
ance with initial circumstances. The author also looked at the
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generalization of Lagrange's scenario, the Kovalevskaya case,
and the body's full symmetric case. In [15], a transformation
rotation with position-dependent angular velocity has been used
to examine the generalization of the other six integrable situa-
tions. Two new criteria are used in [16] to provide the appro-
priate integrable situations for the rigid body motion similar
to Kovalevskaya top. Additional requirements are constructed
in [17], to generalize the integrable scenario of Chaplygin and
Yehia. A brand-new class of 2D integrable systems with twenty
arbitrary parameters is examined in [18]. The author provided
an integrable situation of a third degree in velocities to gener-
alize certain earlier cases. When the body rotates while being
affected by a gyrostatic moment, the necessary and sufficient
condition for getting the fourth first integral is stated in [12].
In [19], the authors investigated the behavior of a heavy
ball rolling inside a semi-spherical chamber when subjected to
horizontal kinematic excitation. This ball has been designed to
make an excellent contact with the hollow surface without slip-
ping at all. Harmonic horizontal excitation was taken into con-
sideration during the numerical analysis of this problem. How-
ever, they examined the predictable and recognizable patterns
of free motion of a tuned mass damper of the ball type in [20].
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The neighborhood of seven different limit solutions (or limit
trajectories) has been discovered and physically explained. The
movement of a big ball rolling inside a semi-spherical chamber
in the presence of a kinematical excitation in a horizontal direc-
tion is simulated analytically and numerically in [21] and [22],
respectively. In light of the Lagrangian governing system, an
analytical approach is used to examine this movement.

There are many different approximations can be used to
treat the difficulty in solving the nonlinear ordinary differen-
tial equations, such as the small parameter method (SPM), the
Krylov—Bogoliubov—Mitropolski (KBM), and the averaging
method (AM). The SPM is used in [4] and [5] to obtain the
asymptotic solutions of the fast rotatory RB's motion when the
uniform gravitational field and the Newtonian gravitational field
are acted upon, respectively. On the other hand, these solutions
contain singular points that are treated for ever in the works
[6-8], when the authors thought about the action of the gyro-
static moment (GM) on the body, regardless of whether the
gravitational field or the Newtonian one is applied. Further-
more, the approximate solutions of the 3D rotatory motion of
a RB under the action of a Newtonian field, a magnetic one
and the GM are examined in [9] using the SPM, in which the
formulas of Euler’s angles are derived. Recently, this method
is utilized in [23] to examine the RB motion similar to the
Bobylev—Steklov conditions when the body is forced by GM,
electromagnetic field, and Newtonian field. Whereas in [24],
the authors considered that the body's center of mass deviates
somewhat from its dynamic axis of symmetry. The body is
forced by one component of the GM and the electromagnetic
field.

The approach of KBM was used in [10] to provide the
approximate analytical solutions of the equations of motion
(EOM) for a symmetrical case of the RB in a uniform gravity
field. As before, these solutions include singular points. The
generalization of this issue is found in [11] and [25] when a
GM and a Newtonian field, respectively, have an effect on the
body. The obtained results do not have any point of singularity
at all, due to the use of Amer’s frequency [6, 11, 25]. Recently,
the RB problem is examined in [26] at the closeness of inertia’s
ellipsoid and rotation’s ellipsoid. The authors considered the
action of a uniform field only beside one component of the GM
about the symmetry dynamic axis. The numerical solutions are
obtained and compared with the analytical ones. Moreover, the
treatment of this problem for the scenario of Euler and Poinsot
is found recently in [27] using the KBM. In [28], the numerical
outcomes of the EOM of a RB that is loaded with a rotating
mass in the presence of a Newtonian field are discussed. The
author considered that the body’s center of mass is located in
one of the planes of the moments of inertia.

On another level, the AM has met with the endorsement of
numerous scientists to acquire the approximate solutions for
the body’s motion, whether under the influence of the gravi-
tational field [29-37] or the Newtonian field [37-39]. In [30],
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the authors studied the perturbed movement of the RB near a
regular precession for Lagrange’s scenario. A small parameter
was introduced into the governing EOM in accordance with
some initial circumstances. The rotatory problem of a dynami-
cally spherical RB connected with a viscoelastic element was
presented in [31]. This element has been represented by a mov-
ing mass that is coupled to the point on one of the main axes
of inertia via a spring and damper. The motion is investigated
in the context of a restoring moment, which is dependent on
the nutation angle. Recently, the numerical solutions of this
problem has been examined in [32] and [33], in light of the
averaging system of the governing one, when the body is influ-
enced by the moments of perturbing and restoring. In these
works, it is considered that the body has a high starting angular
velocity around the dynamic principal axis of inertia, in which
it is subjected to the moments of perturbing at the principal
axes directions. The AM is applied to gain the solutions of the
EOM. Along with the previous moments, the rotational motion
of this body is examined in [35] when the GM is acted in which
its first components are considered to be zero. The extension of
this work is included in [36] when the body is charged accord-
ing to a subjected point charge on the dynamic symmetry axes
and its position of mass is a bit displaced from this axis. In
[37], the authors considered the action of the Newtonian field
only, which is generalized in [38] and in [39] when the authors
adopted the full activity of the GM and the action of the electro-
magnetic field, respectively. Some applications are concerned
with the controlling of the angular velocity, linear dissipative
moments, and the atmospheric case are considered in [34, 38,
39]. However, the numerical solutions of the symmetric body
under the impact of the third projection of the GM and the
Newtonian field are investigated in [40]. More contributions
on the application of the AM procedure for various dynamical
models can be found in [41].

This article deals with the rotational motion of a symmetric
solid body around one fixed point with a fresh perspective, in
which it rotates initially with a rapidly angular velocity around
its dynamic symmetry axis. It is considered that the body
rotates in the entity of GM and perturbing one around the iner-
tia principal axes. The regulating system of the EOM is modu-
lated to the averaging one applying the AM. The later system is
solved analytically for some applications. The attained results
are discussed and demonstrated in various plots for each appli-
cation to show the effectiveness of several parameters on the
body’s behavior. These results generalize the previous works
[29, 30], and [34].

Description of the Problem
The major aim of the present section is to outline the rotational

motion of a symmetric RB (having a mass m) around one fixed
point O. Let us consider two Cartesian orthogonal systems
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having the same origin point O; namely a fixed system OXYZ
and a moving one Oxyz which is immovable in the body but
moving with it, and it is directed on the body's inertia principal
axes. The body is supposed to be connected from its upper point
N, with a spring (of stiffness v), in which its second end N, is
positioned on the axis OZ at a distance d from O. Therefore, we
consider N\N, = S(0), 0 # 0, where 0 is the angle between
Oz and OZ. The investigated motion is considered under the
disposal of a perturbing moment vector M and a gyrostatic one
Z; in which their projections Mj and z,” ; (G =1,2,3)are acted
about the body’s principal axes Ox, Oy, and Oz (Fig. 1).

The governing system of EOM can be acquired using the
next angular momentum equation [38]

hy+onh, =Ly,
where
ho=Up+ 21, L,q+ 6y, I +65),
L,= mg(z/\@) +M.
Here, h , and L , are the vectors of angular momentum and
the moment of all applied forces at O, respectively. The dots

refer to the time's differentiation,w = (p, ¢, r) is the vector
of angular velocity, Oc = [ = (0,0, [) represents the position

X

Fig. 1 The dynamical model

vector of the center of mass, g is the gravitational accelera-
tion, I; (j = 1,2, 3) are the inertia’s principal moments, and
y=( sin 0 sin @, sinf cos @, cos @) is the unit in the direc-
tion of Z-axis, in which @ is the angle of self-rotation.

It is worthy to mention that the angular velocity projec-
tions p, g, and r can be written in terms of the Euler's angles
0, @, and y in the following forms [13]

p=ysingsind + 0 cos @,
g = cos @sin — sin @,
r=@+ycoso,

in which 0 and y are the nutation and precession angles,
respectively.

Based on the above simulation, we can conclude that the
acting forces of the body are the gravity force and the spring
elastic’s force F', in which its modulus is directly regulated
with the spring's deformation, i.e., F = v(S — S,) where
Sy = N|N, at @ = 01is the un-deformed length of the spring.
Therefore, along the body's main axis, the restoring torque
is composed as follows
M = (usin 6 cos @, —u sin @ sin @, 0);

T restoring

u=mgl +vdz* [l — Sy(d® + 72 = 2dz*cos 6) "1, (1)
Z*=ON,, d=ON,.

After grasping the previous, the EOM with respect to the
Cartesian system Oxyz can be expressed in the form

Lp+y—1)qr+qfs —rfy =u cos@sinf + M,,
Lg+(, —L)rp —pty+rf, =—usingsind + M,,
Li+pt,—qf, =M,

6 =—q sing + p cos g, )
@=r—(gcose+psing)coth,

¥ = (gcos@ + psing)csch.

Here, it is considered that I, = I, for the studied symmet-
ric case. According to the above EOM, one can obtain the
governing EOM of Lagrange's case at £ =0, M =0, and
u = const. Moreover, the governing system in [29, 30], and
[34] can be obtained at £ = 0, in which the same approach
of these works is used in the analysis of the present work.

It is supposed that at the start of motion, the body spins
around the dynamic symmetry axis with rapid angular veloc-
ity, the first two components of M are less than u while its
third component is approximately order of u. Therefore, one
can write

PP+ <AL > u M| <uMy~ui=1,2).  (3)

Now, we are going to introduce a small parameter € to
apply the AM. Therefore, the previous conditions (3) can
be interpreted as follows

@ Springer
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p=€eP,q=€eQu=¢eU, ¢ =¢;
M;=M!P,Q,r,y.0,0,7); (i=12), )

My = eMi(P,Q,r,y,0,9,7), T=E¢t.

Here, the variables Q, P, and the functions M;", U are
considered to be limited values of unity at e — 0 such as
r, w,6,and I, L.

It is remembered that the goal of the present work is
to achieve the solutions of the EOM (2) in the presence
of conditions (3) and equalities (4) using the AM [1, 2].

The Averaging Method (AM)

Our aim in this part is to get the averaging system of the
corresponding controlling one of the EOM (2). Therefore,
the AM is used to achieve the desired system. To acquire
this aim, making use of (4) into (2), and then cancelling €
from both sides of the resulted system to yield

LP+;—1)Qr+Q¢; —rf; = UsinOcos ¢ + eM?,
1O+, —L) rP+r¢; —Pt3; =—-UsinOsing + M},
Li =€et,Q—€l,P+eM;,
0 = e(—Q sing + P cos @),
@=r—e(Q cos@ + P sinp)cotb,
W =€(Q cosp+ Psing)csch.
Q)
To achieve the desired solutions, we begin with the

approximation at € = 0. Consequently, the solutions of
the final four equations in the aforementioned system are

r=ry 0=20,, U, = U(8y),
(6)

where ), 6, @, and y are the constants of integration that
correspond to the variables at the beginning of the motion.
Inserting (6) into the first two equations of (5) when

€ =0, and then the derivatives of the resulted two equa-

tions produce

Q=rgt+ @y Y=y

P+)2P = U, Z, sin 6y sin(ry 1 + @) + v ro I €7,

. 7
Q+y%Q:UOZO sin90cos(r0t+(p0)+y0r011_1f;‘. M

The nonlinear system described above has two degrees
of freedom, and its integration yields

P = acosy, + bsiny, + Eysin 6 sin(ry t + @) + (I, o) 'y €7,
Q = asiny, — beos yy + E sin 0 cos(ry t + @g) + (I, yo) " 1 €3,

®)

where
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a=P0—Eosin9()sin(p0—(Ilyo)_lrof;‘,
b=—Q,+ E,sin6,cos g, + (I, yo) "' 1 7,
Yo=Yob ”0=(13_11)’"011_1,

Ey = Uy /1L (yo + o)l |y0/r0’sl, ro 0,

Here Py =P,_y, Qp = Q,—0, ¥ refer to the generating
system oscillation phase, and a, b represent the van der Pol
type of the osculating variables [30].

Since Eq. (5) constitute a nonlinear system, we can insert
y = y(¢) as a new variable, to transform this system to an
autonomous one, according to

y=y, v =0; y=I"[(I;—1)r+%;]. )

Based on (6) and (8) at € = 0, the general solutions of (5)
can be estimated. The variables Q and P can be expressed in
an alternative form as follows

P=acosy+bsiny+Esin65in(p+(lly)_lrfik,
10
Q=asiny—bcosy+Esin900sgo+(11y)_1r£;. (10)

Therefore, in accordance with (10), @ and b can be written
as the next form
a=Q siny + P cosy
—E sin sina—(,y)"'r (£} cosy + ¢ siny),
b=-Q cosy + P siny
+ E sin@ cosa — (Ily)_lr(fi‘ siny — 5 cosy);
a=y+@. (D
Let us reconsider the system of Eq. (5) at € # 0 beside
Eq. (10) and according to the above discussion, we can
alter P, O,r,y,0, @, and y in (5) and (9) to obtain the
a,b, r,y,0,a, and y as new variables. From (11), the fol-
lowing form can be obtained through various manipulations
and reductions
s o 7-loag0 0 i
a=el; (M| cosy + M, siny)
—e(, ) I;'M) 5 (¢ cosy + £ siny)
—¢eE cos@[b—E sinf cosa + (Ily)_l
r(¢3siny — £5cosy)] + 17" sin@ X cosa
[U—E(Iyr+¢)]-e UL+ r] M)
sinfsina +ev dzz*zso[ll(y + ] 'sin® 6
(d* + 72 = 2dz" cos 0)/?[a cosasina

+b sin® a + (1,y)"'r sina(£} cos ¢ — £ sin @)1,
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b=el"(M)siny — M) cosy)
—e(I,y) 2 I;'M3 £5 (¢ siny — £ cosy)
+€E cos@la+E sinf sina + {,y)"' r
(¢Fcosy + ¢ siny)] + 1 sin@sina
X[U=E(Lr+¢)]—ell,(y+ nIUM]
sin 8 cosa + €V dzz*zso[ll(y + )] 'sin? 0
(d®+ 77 -

sinacosa + (I;y)™!

2dz" cos 0)?[a cos’a+b (12)
r cosa (£ cos @ — 5 sin@)],

F=el;'[M)+el(Q¢; - P,
O=clacosa+b sina +(I,y)"' r (£ cosp — £5 sing)],
W =¢la sina—b cosa+ Esinf
+ Uy 'r (¢ sing + £ cosp) | esc 0,
@ :11‘1(13r+f3)—e[a sina —b cosa + E sinf
+ U r (£ sing + £ cos g)] cot 6,
y =17 = 1) r+ 2],

where

M(a,b, r,y,0,a,7,7) = M;(P,Q, r,y,0,9,7), j=1,2,3.

A closer look at the above system (12) reveals that this
system has slow variables a, b, r,y, 0, 7, and the fast ones
a, y. It is obvious that system (12) is considered to be more
general than the systems considered in [29, 30], and [34] at
£;=0, M#M(z) (j=1,2,3).

! Taking into consideration that M, =M, (t) and therefore it
is very difficult to apply the AM Wthh is due to that system
(12) is nonlinear. Then, we consider a simple case of depend-
ence on the variable 7. According to the periodicity of M;
with the period 2z in @, then referring to (8) we find that
M;O) are also periodic function with period 2z in a and y. It
is clear that the frequencies w, =1I;'(I3r+¢3) and
w, =I7'[(I; = I,) r+ ¢3] of system (12) correspond the
phases a and y. The axial projection r of w and the compo-
nent Z; of the GM represent the backbone of these frequen-
cies. Consequently, two pending cases can be examined
when system (12) is averaged. The first case is the non-res-
onance which is occurring when w, and w, are non-com-
mensurable i.e., (I;7 + L"3)/I1 r # h/ S is an irrational num-
ber. The second one is the resonance which occurs for the
commensurable frequencies
ie,(zr+ 53)/1] r=h/3 <2; h,§ are prime natural
numbers.

According to the first case (I; r + f3)/ll r# h/$, one
obtains the approximate averaging system up to the first
approximation by the way of averaging the right sides of

(12) relative to a and y. Considering 7 = € ¢t and omitting &
from the sides of (12) we get

d ="' —bUUyr+¢3)7" cosO+ ULy r+¢3)] 7 sin
—[Us = 1) r+ 651720 oy + ’% Iy r+¢3) 7 sin® 0 v d2z*%s
X (d* + 72 = 2d7* cos 0)7/2,
V=" +aU(yr+¢3)7" cos — Uy r+£3) 7 sin 6 u
— Uy = 1)1+ 651725 s + g(l3 4 £3) sin® 0 v dPg s
X (d* + 72 = 2d7* cos 0)7/,
V=L, 00=0, v =UUr+¢;)7",
Y =+ U= 1) 1,
o =17 (C3+r)— U5+ ;1) cosf.
(13)
The primes here, denote the differentiation with respect
to z and

2z 2m

H = 1 2//(Mocosy+M°smy)do:dy,
/s

2r 2m
1 0o 0
”2=M//(M1 smy—Mzcosy)dady,
0 0
2r 2rm
Hs = 4n2//M0dady’
2r 2w
My = 2 2//Mosmadady,
T
2r 2r
3 2 2//MOCOSC(dad)/,
T
2r 2mw
M4:4%//Mg(f;“cosy+f;siny)dady,
V3
0
2r 2m

Us = 47[2//Mo(f*smy—f*cosy)dady

It is important to note that the moment U and its deriva-
tives depend on 7. Therefore, some applications will be
discussed in the next section for the gyrostatic perturbed
motion.

@ Springer
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Applications

The main goal of this part of the paper is to study some
applications and to extend the results of the works [29,
30], and [34] for the considered gyrostatic motion utiliz-
ing the AM.

The Case of Linear Dissipative Moment

Here, we are going to express M;(j = 1,2, 3) in terms of the
slow time parameter 7 according to the next forms

M, = —€*(A, sin’7) P,
M, = —€* (A, sin’* 1) Q, (14)

M; = —¢ (A5 cos’ 1) 7,

where A, and A; are constants, in which they are depending
on the properties of the body. These projections are given in
terms of the small parameter £, in which their influence is
focused in the direction of the third principal axis Oz, while
the other two components have lower values along the axes
Ox and Oy.

Making use of (14) into (13), and then applying some
mathematical reduction to get the approximate solutions
of (13) as

-A, 1. .
a(t) = exp [7 (r 5 sin 27)] [Pycos f+ Qysinf
1

— Uy (Iy 1 + ¢5)7" sin 8, sin(f + @),

—A, 1 .
b(t) = exp 7<T—§SIHZT) [Pysinf— Qycosf

+ Uy (1o + ¢3)7" sin @ cos(f + @),

—A;
r(t) = ry exp [ 2 (r + %smk)], 0 =0,

v =y, + Ud",

p=1[Ucosf,+ % sin® Oyv d*7*2sy(d? + 7% — 2dz" cos 6)~/?1d*;

n+m ] T nA m R 1 . m
,,Z:’)mzé( 1y <3 °> (i) /(k+§sm2k> dk.
0
(15)

Referring to this system, we conclude that the behavior
of the angle € has a stationary manner in which it equals
the initial value. The axial velocity » has a decreasing
exponentially behavior, i.e. it has a stable manner. A closer
look to the expressions of a and b reveals that these expres-
sions are dependently on the values of A;. Therefore, the
values of A, and 7 effect on their manners, in which they
are exponentially vanishing according to these values.
According to the value of the convergence term d*, the
precession angle y has an increasing manner.

@ Springer

Substituting from (15) about a, b, and r into (10) and
(4), one can get

_Al 1 .
=exp o, (r—zsm}r)]
{=qo sin(y — p) + pycos(y — B) + ug (I3 ry + f3)_1 sin(y — f — @g) sin 6}

—A;
+ u{sin @ sin y{I3r, exp [ 20 (T + % §1n21)] +75)7Y)
3

Ay o1 -
+ 13—11+f3r exp 2, <1+551n21)

—A, 1.
‘, q—exp[y (r——sm2r) [go cos(y — p)

2

+ po sin(y — ) — ug (31 + £3)™" cos(y — f — @) sin 6]
_A3

+ u{cos @sin Oy {I; ry exp T
3

(r n % sin27>] +4,71

Ay 1 . 1
+{L -1 +05r Vexp E(T+§sm21) Y,
3

_ " 1. "
y =R +U -1 r, /Z( 1)“(21) (k+§s1n2k) dk} .

(16)

Here, one concludes that the first two projections p and
q of w are expressed in terms of p, g, 8, and 1, in which
their behaviors have an exponentially decreasing which
elucidates that they have stable manners. It is noted that
(7. ¢3) and (¢,, £;) have a good significance on the behavior
of p and g, respectively. Finally, it is obvious that y has an
increasing behavior with time.

The difference between the obtained results and the previ-
ous ones in [29, 30], and [34] can be represented by all terms
that depend on components of the GM Z; (j = 1,2,3). As a
result, the results of this work can be used to obtain some
limited cases, such as in the previously mentioned works at
Z;=0.

Controlling the Projections of @

This subsection investigates the case of regular precession
of the studied problem. As a result, we can consider the
moments under the following small control constraints in
the forms

_52 qx
(14 22)(p*2 + g*2)1/2 ’

2%
M= +r2)(;*f+ o M=
My,=¢€e"",

pr=P-Ulyr+¢;)"
g =0-Ulyr+¢;)"

sin@sing — [(I; = 1) r+751" rex,
[y =1)r+ 5] Lyez,
a7
The above Eq. (17) describes the suppression of time-
optimal for the components p* and g* of the angular veloc-

ity [42] associated with the regular precession. Referring
to (4), (10), and (17) we can write

sin 6 cos @ —
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, acosy+bsiny

M, =—¢ R
: (1 + 22)(a? + b?)!/2
_ 2 asiny —b cosy (18)
o= @)
M;=¢e™".

Substituting (18) into (13) and integrating the resulting
equations to obtain

¢5. It must be noted that all variables that depend on
GM components can be used to describe the difference
between the results obtained and the earlier results in [29]
and [34].

a(z) = Ry(t) [Pycos y + Qg sin y — Uy (3 ry + £3)™" sin by sin(x + @p)],

b(t) = R, (7)[Pysin y — Qycos y + Uy (Iy g + £3—=)"" sin @, cos(y + @),

r@)=ry +1;' (0 =), 0 =0y, w = w,+ URy(7),

¥ = [U cos, + % sin® 0 v d?z*%sy(d* + 72 — 2dz* cos 0)_3/2] Ry(7),

IT'tan™! 7

19)

1—e™

|, LT _ -1 =
RI(T)_ll (a(2)+b3)1/2]’R2(T) (I+1lr+23) lr+;<(1+l3ro+f3)”>]'

It is obvious that the angle 6 of nutation has a station-
ary value that equals its initial value. The projection r
of w exhibits an increasing behavior due to the excellent
effect of the value of ry, in addition to the value of /5 and
the slow time parameter z. As described in the above
case, the variables a and b depend upon the constants
Do 90» 8, U besides the component £; of the moment £.
Moreover, the time history of the precession angle y has
an increasing monotonic behavior.

Utilizing (19), (10), and (4), one obtains the formulas
of p,q, and y as follows

P =R, (v)[—qy sin(y — x) + po cos(y — x)

+uy (I3 1y + £3)7" X sinfy sin(y — x — @y)]

+u(l+1Iyry +£5—e ) sinf,sing

=1+ 65U —1)r + 510 -] 2y,
: i (20)
q =R (7)lgycos(y — x) +posin(y — x) —uy (U3 1y + 3)
sin@cos(y — y — ) +u(l+Liry +¢5 — e !
sinfycos @+ (I — 1) {1+ &5 —I)ry + ;' 1 —e )] 14y,

y=Ltr+ U —1)lrr+ ' (c+e = D1}

It is clear from (20) that p and g behave in periodic
manners, and consequently they have a stationary, stable
behavior. The values of (7,,¢5) and (¢,, ¢;) have good
impacts on the structures of p and g as observed in (20).
Moreover, the variable y is impacted by the values of

The Atmospheric Case of a Symmetric Body

In this part, we examine the following form of the restoring
moment on the motion of a dynamically symmetric body

u(r,0)=¢eU(r,0)
=¢e[U(0) + 6 sinvt] = u*(0) + € 6 sinor; ¥2))
U@)=1,(u +2ncosh), v=const., 6 >0, 6 <O0.

Here 7 and u denote the constant coefficients. Such works
are focused on the uncontrolled 3D rotational motion of the
RB in the atmospheric case [43].

Making use of (18) and (21) in (13), and then using (4)
and (10) to obtain the following expressions of v, y, p, and
g in the forms

w=y,+ U(HO)/(I3r+ £ 'dr + R,
0

;(:/[U(GO) cos Oy — I, 17 sin® )] [Iyr + £5]7'dz + R, cos ¥,
0

y ="+ U=+ (c+e" = D],
r=1 /k(‘r)dr=r0 +L (01— k(r) =€
0
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P =Fylpycos(y — x) — gy sin(y — x)
+u*(0y) Uy 1y + £5) 7" sin @,
xsin(y — x — @o)l + u*(6,)
Us(rg + ;' (1 =)+ £5]7"
sinfysing + {(; = I)[ry +I;'(1—e )]+ 57"
[ry + 13‘1(1 —-e ), +R,, g=Fy[pysin(y — x)
+ gy cos(y — y) — u*(B,)I; 1y + £3)7" sin 6,
X cos(y — x — @) + Ol (ry +I;' (1 — ™) + 2517
sinfsing + {(I; = IDlry +1;' (1 — ™))+ £5}
lro+1;'(1 = €)1, + Ry,
(22)
where
R =6 / (Iyr + ¢5)" ' sin(vr)dz,
0
R, = €6 sin(ur)(Iyr + £5)~" sin 6, sin ¢,
Ry = €8 sin(vr)(Iyr + £3)”" sin 6, cos @,

T

/h(r)dr], h(t) =
L@ +b2) /2

1

F,=[1- .
a=1 1+ 72

According to (22), we can say that y is time-dependent in
which its manner increases with the increasing of time. The
projections p and g of w have a periodic behavior over the
entire time interval, reflecting their stability.

Small Constant Moment Case

Here, we are going to investigate the significance of a small
value of the projections M;(j = 1,2, 3) of M for the analogous
rotatory body’s motion of the Lagrange’s case. Therefore, we
examine the responses of the body to the moment of a small
constant value directed along the Oz axis. To accomplish this
goal, we consider that M, have the forms [29]

M, = ¢ M7 = const,M, = £? M; = const, M; =eM; = const.

(23)

Regarding the non-resonant case, the averaging system (13)
takes the form

ad =—bU(Iir +¢;) cos 0 + gvdzz*zso
sin® O(d* + 7% — 2dz* cos 0) 2 (Iyr + £5) 7,
b =aU(lyr+ ;) cosf + gvdzz*zso
sin® 0(d® + 2% — 2dz" cos 0) (I + £5) 7",

Y= eID'M3, 00 =0, W' = Ullyr+ £, 24)

Integrating " and 6’ to get

@ Springer S

r=ry+el;'Mit, 0 =06, (25)

where r and 6, are integration's constants, in which r; is an
arbitrary initial value of r and 6 = 6, defines the constancy
of the nutation angle through the motion.

Substituting (25) into the expression of ' in (24), the result
will be

U *
ll/:[ljo-f-ﬁln |(I3r0 + € M3t+l/ﬂ3)|, (26)
3
where v, = y,_.
With the aid of Eq. (25), the solution of the first two equa-
tions of (24) can be written as

a=Pycos f+ Qysinf — Uy(lyry + £5)7!
sin @, sin(f + @), b = Py sin f — Q cos p

+ UyUsrg + £3)7" sin 6, cos(B + @y);
= L [U cos 6, + %vdzz*2 sin? B,s,(d> + 7*% — 2dz* cos 6,) 7/

My

In |eMit + Lyry + 25
27
Making use of (4), (10), (25), and (27), one obtains p
and ¢q in the forms

p=pycos(y = B) — qosin(y — B) + uy Uy ry + £3)7"
X sin Oy sin(y — B — @o) + u [Is(rg + €13 M5 1) + £5]7"
X sinfysingy + (3 — 1) + ¢35 (rg +e ;' Mz 7' )71 2y,
q = posin(y — B) + gy cos(y — B) — uy (yrg + £3)™"
X sinfycos(y — f — @o)l +u [I3(ry + 513_1 M) + 1,”3]_1
X sin6ycos @y + {(Is — 1) ++¢5 (ry + e ;' M5 7' )74,

=17+ a = 1)(nor+ %51;‘ m; 7).

(28)
It is obvious that p and ¢ are expressed in terms of
trigonometric functions, the components £, 5 and &5, ¢5
of the GM have a good effect on the manner of the waves
illustrating p and g, respectively. Moreover, the gained
results represent a generalization of those which were
obtained in [29, 30], and [34] for the free motion of the
GM.

Analysis of the Results

This section is presented to discuss the achieved results
of the applications in the previous section through some
graphical plots. To achieve this task, the following data
are considered



Journal of Vibration Engineering & Technologies (2024) 12:757-771 765

— {,=100 — {,=150 — {,=200
(@)

25

20

P 15} |

= {,=100 = {,=150 = {,=200

Fig. 2 Behavior of p(¢) and g(¢) for the first case when a at #; = ¢, = 100 and ¢;(= 100, 150,200), b at #; = ¢, = 100 and ¢;(= 100, 150, 200),
cat?, = ¢, =100and 7, (= 100, 150,200), d at #; = £ = 100 and &, (= 100, 150,200)

(@) (b)
0.4 = — {,=100
03 60 — {.=150
y — { =200
0.2 ¥ 40 3
0.1 20
5 10 15 20
(©)
11.50

11.49
r 11.48
11.47
11.46

Fig.3 The time dependently of y, 1y, and r of the first case

#"}" @Sriner
pring



Journal of Vibration Engineering & Technologies (2024) 12:757-771

766
— {,=200
[C) ) =W
5 10 15 20
1200
— {,=150
1000 R N N NI NI NI NI NN
P
800
— {,=100
i SN N N N
— { =200
1
O VaVeVoVWoVsV.V.V.up
5 10 15 20
1000
— £ =150
900 1
FaWa W W We We We W W
2 800
700 — / =100
600 1
eV W U U U UV

— (=200
O ST iy L
5 10 15 20

1200

1000 s NN N
q

800

— {,=100

600
i N A g W ]

— { =200
2

() DANAANAANANAND
5 10 15 20

1000

— { =150
900 2

NAANANANNANANAN
7 800

700

NN AN,

600

Fig.4 The solutions p(f) and ¢(¢) for the second case when a at £, =7, =100 and #5(= 100, 150,200), b at ¢, =¢, =100 and
?5(= 100, 150,200), c at £, = #5 = 100 and Z, (= 100, 150,200), d at #; = £ = 100 and ¢, (= 100, 150,200)

I, =8kgm? I;=5kgm? &=0.001,

ro=11.5rads™", p,=0.06rads™", g, = 0.04rads™",

0y = (n/6) rad, ¢, = (x/18)rad, y,=(r/3) rad,
m=200kg, a=1, b=1, ¢,¢,,¢5(=100, 150, 200)
kgm2 s’l,g =981ms™2, so=25, v=005 h=11,
=15 L=25 0v=000l,u=2, n=1, 6§=3.

The principal aim of the calculations presented in
Figs. 2, 3,4, 5, 6,7, 8 and 9 is to examine the influence
of the projections £, ¢,, and £; of the GM on the body’s
dynamical behavior.

According to Egs. (15) and (16) that describe the case
of linear dissipative moment and based on the above data,
the variations of p and g versus ¢ are plotted graphically
in Fig. 2 for different values of #;(j = 1,2, 3). Parts (a) and
(b) reveal the impact of Z; on these solutions. An inspec-
tion of these parts shows periodic progressive waves are
obtained, in which the waves’ amplitudes decrease and
the oscillations number increases with the increase of ¢,
values. In contrast, the other two parts (c) and (d) of Fig. 2
explore the change of p and g when ¢, and ¢, have differ-
ent values. It is obvious that periodic waves are graphed

where their amplitudes increase with the increase of the
values of £ and Z,.

Parts of Fig. 3 show the time behavior of angles y, w,
and the axial angular velocity r of the first case. It is noted
that the behavior of y and y increases gradually during the
examined time interval when Z; increases as predicted before
from Egs. (15) and (16), as shown in portions (a) and (b)
while, the axial component decreases with the increase of
time, as displayed in part (c).

The curves indicated in Fig. 4 reveal the changes of the
solutions p and ¢ with time ¢ for distinct values of £, Z,, and
¢ of the achieved results of the second case in Sect. 4.2. Fig-
ure 4a, b are calculated when #;(= 100, 150, 200)kg m? s/,
while Fig. 4c, d are drawn when ¢, and ¢, have the values
(100, 150, 200). In this figure, periodic waves are obtained
in which they obey to the formulas of (20). It's worth noting
that the components (¢, Z5) and (¢,, £5) have significance
effect on the natural of the waves of p and gq.

According to the graphs in Fig. 5, we can see that the
behavior of angle y increases gradually with time, as seen
in parts (c), (d), and (e) at the mentioned values of £;. The
same conclusion holds true for the behavior of y and r as
drawn in Fig. 5a, b, respectively.
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Parts of Fig. 6 show the change of the obtained results
p and g for the atmospheric case versus time ¢ when
Z; (j = 1,2,3) take various values. It is evident that the vari-
ation of the third projection Z5(= 100, 150, 200) kg m? s~!
of the GM ¢ at ¢, = £, = 100 kgm? s~! produces peri-
odic waves, as shown in portions (a) and (b) of the con-
sidered figure, in which the waves’ amplitudes increase
with the increase of 5 values while the number of oscil-
lations remains constant. The same concluding remarks
are observed when ¢,(= 100, 150,200) kgm2 s7l at
£, =¢5=100kgm?s~! and #,(= 100, 150, 200) kg m? s~
when#; = ¢; = 100 kg m* s™! as illustrated in the other two
parts (c) and (d), respectively.

The inspection of the parts of Fig. 7 reveals that the
behavior of the angle y of precession, the self-rotation angle

v, and the axial angular velocity r with the time . It is noted
that the variation of the value of the component 5 has a
positive action on the behavior of the variables y and y as
shown in parts (a) and (b). Alternatively, there is no varia-
tion of the axial angular velocity with the variation of £; due
to that this component does not depend on ¢’;. Based on the
equations of (22), we can conclude that the behavior of the
variables y, y, and r increases gradually, which is in line
with the indicated drawing.

The objective of the portions of Fig. 8 is to discuss
the time histories of the variables p and g for the fourth
case according to the values of the GM projections. It is
observed that the represented waves in the parts of this
figure behave in periodic forms to assert the stability of the
achieved outcomes. The waves’ amplitudes decrease with

@ Springer



768 Journal of Vibration Engineering & Technologies (2024) 12:757-771

=, =100=—={,=150 == { =200 —{,=100—{,=150 == {,=200
(a) (0
INSNNN AN, ¥ AV AVAYAY ¢
5 10 15 20 1.3 B 10 15 20
12 12
7 1.1

RN N N N N 1.0
0.9 W\/\N

N — N~~~ 08 W ST T S N

0.8

— £ =100 — £ =150 — £ =200 — { =100 = { =150 = { =200
1 1 1 2 2 2

DN~ b~~~ —
. 5 10 15 2’ @ ‘
S 3 5
6 3 10 15 20
2.5
2.4
2'2"\/\./\/\/'\_,
™ S T
2 2.0 q 2.0
1.8
1.6
1.5
1.4\/\/\./\/\, \/\/-\M/

Fig.6 Effects of the GM on p and g for the atmospheric case of a symmetric body when a at £; = ¢, = 100 and #;(= 100, 150,200), b at
¢, = ¢, =100 and #;(= 100, 150,200), c at £, = £5 = 100 and ¢, (= 100, 150,200), d at ¢, = £ = 100 and &, (= 100, 150,200)

" (b)
0.4} 53:100 — ls =100 e— £3=150
ozl — 53:150 1.045} gj=200
¥ — 53=200 1.044
0.2 i (
¥ 1.043 / 10 15 20
01 1.042
o t .
5 10 15 20 1.041
(©
11.504
l1= £2= 43 =100
11.503
r
11.502
11.501
. p
5 10 15 20

Fig.7 The time-dependence for y, w, and r of the third case

@ Springer



Journal of Vibration Engineering & Technologies (2024) 12:757-771

769

50

40

— ! =100 — /
(©) 1

@ —{,=100—{ =150 — {,=200

(b)
50

40
30
20
10

-10

2150 =— £ =200
1

@
6

7 4

2

4
00

=—{,=100=—{, =150 == {,=200

E t
0

— {7100 — { =150 — { =200

0
0
0
t
1 0

Fig. 8 Characterizes waves of p and g with ¢ for the fourth case when a at #; = ¢, = 100 and £;(= 100, 150,200), b at £, = ¢, = 100 and

£5(= 100, 150,200), c at £, = #; = 100 and £, (= 100, 150,200), d at #, = £, = 100 and Z,(= 100, 150, 200)

@
150

Y 100

—£3 =100

(@
540.15
540.10

¥ 540.05
540.00
539.95

Fig.9 Time history of y,

t
20

®)
250

200
7 150

100

—{ =150

O
569.45

569.40
569.35

569.30

h

10

11.58

{={=¢ =10

v, and r against time ¢ of the fourth case

t
20

(©)
400

300
¥

200

100

—{,=200

o

592.40

¥ 59235

592.30

@ Springer



770

Journal of Vibration Engineering & Technologies (2024) 12:757-771

the increasing of Z; when £, and 7, take stationary values,
as shown in parts (a) and (b) of this figure, while the ampli-
tudes of the same results increase with the increasing of
and 7, when 5 unchanged as plotted in parts (c) and (d).

Looking closely at the parts of Fig. 9, we can see that the
behavior of the variables y, v, and r increases gradually as
time goes on, in which the effect of £; does not appear with
the axial angular velocity r as indicated in Fig. 9g, while it
appears clearly with the self-rotation angle y and y as seen
in Fig. 9a—f.

Based on the above simulation and the studied cases, we
conclude that the motion of the body can be defined as hav-
ing a stable behavior and being chaotic-free.

Conclusion

The rotational motion of a symmetric RB in 3D, attached
with a string, about the principal axis of dynamic symmetry
has been examined. This motion is considered to be under the
influence of the moments of perturbation and gyrostat, along
the inertia main axes. The small parameter is inserted based
on the assumptions of high angular velocity around the axis
of the body’s dynamic symmetry, and the projections of the
perturbing moment are estimated to be less than or equal to
the moment of restoring. The AM is used to yield the averag-
ing system of the controlling EOM and to obtain the approxi-
mate analytic solutions for some important applications. The
solutions of these applications have been discussed and rep-
resented graphically to explore the good effects of the consid-
ered moments on the body’s dynamical behavior. Moreover,
the achieved results generalize the previously related works,
such as in [29, 30], and [34]. The significance of this work
is due to its different engineering applications, especially in
devices and vehicles that are based on vibrating systems.
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