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Abstract
Purpose In this study, a numerical investigation of the dynamic behavior of axially graded multi cracked nanobeams in a 
thermal environment is demonstrated. The nanobeam is axially graded where the material properties are varying exponen-
tially from one end to another end. The nanobeam is subjected to thermal load due to temperature variation. Multiple open 
and stable cracks are considered on the beam.
Method Euler-Bernoulli beam theory and nonlocal theory of elasticity are employed for the modeling of the nanobeam. 
Each crack is modeled as a rotational spring. The power series solution technique is applied effectively to solve this problem.
Results Mode shape diagrams are illustrated for single and multiple cracks to analyze the effects of nonhomogeneity and 
thermal load on the vibration of cracked nanobeams. The effects of crack severity, crack location, and nonlocal parameter 
on the vibration of nanobeams are presented.
Conclusion Mode shapes of the single and multi-cracked nanobeams are diverse for the different values of nonhomogeneity 
of the material. The outcomes of this analysis are verified with the outcomes of other researchers in the existing literature.

Keywords Axially graded beams · Nonlocal theory · Power series solution · Mode shape · Multiple cracks · Thermal effect

Introduction

Nanomaterials have emerged as a potential element in 
numerous researches of modern science and technol-
ogy. Nanomaterials [1] can be distinguished from their 
bulk counterparts by their exceptional properties such as 
high strength and stiffness, high thermal conductivity, etc. 
Because of these properties, nanomaterials become a very 
attractive component in the application of nano-scale elec-
tromechanical systems. During this application, nanomate-
rials are subjected to various forces such as compression, 
tension, and vibration. To overcome the adverse effects of 
these forces, effective modeling is very essential. The classi-
cal linear theory of elasticity is not sufficient for the analysis 

of nanomaterials, because this theory cannot incorporate the 
small-scale effect [2]. Therefore, researchers extensively 
used two different types of gradient elasticity theories [3–8] 
such as strain gradient theory and stress gradient theory. 
In strain gradient theory, the material response at a point 
depends not only on the classical strain but also on the strain 
gradients of differential orders. On the other hand, in stress 
gradient theory, the material response depends on the stress 
as well as on the stress gradients up to some orders. Nonlo-
cal elasticity theory is one of the forms of stress gradient 
theory. Generally, the nonlocal elasticity theory is an inte-
gro-differential equation whose solution is difficult. Eringen 
[9] proposed equivalent differential nonlocal elasticity which 
has been widely accepted to analyze the nanomaterials.

In this paper, an axially graded [10–13] beam is consid-
ered as a kind of nonhomogeneous beam where the mate-
rial properties are varying along the x-axis exponentially. 
The axially graded beam [14–16] is a type of composite 
where the material properties are varying smoothly from one 
end to another end for eliminate the stress concentration at 
any specific cross-section. The demand for new advanced 
materials is increasing day by day. The axially function-
ally graded material is one of the exceptional innovations 
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of recent science and technology that satisfy the growing 
demand for advanced materials having essential properties 
for high-quality design. In addition, these materials are a 
special type of composite that can mitigate the disadvantage 
of conventional composites.

In most cases, the thermal effect [17–19] is ignored in 
the research. A small change in temperature can change the 
dynamic behavior of the beam which may cause the failure 
of the beam. When heat is applied to a body, it stores energy 
in its atom as kinetic energy that increases the vibration 
of the atom against the intermolecular forces. Due to this 
vibration, atoms move away from each other which increases 
the material size. Due to the rise in temperature, expansion 
occurs. On the other hand, contraction occurs because of 
loss of temperature. This expansion or contraction is pro-
portional to the change in temperature. This proportionality 
can be expressed as linear thermal expansion of the material. 
According to the assumption of thermo-elasticity, thermal 
strain can be added with mechanical strain linearly. That 
is why, the equation of equilibrium is compatible with the 
thermal load.

A crack is a newly created surface that partially sepa-
rates the body. Crack is not only a common defect but also 
very difficult to control [20]. Multiple cracks also can occur 
in nanomaterials. Formulation of multiple cracks problem 
is difficult and analysis is time-consuming. Cracks can 
decrease stiffness and reduce the natural frequency [21–26]. 
Therefore, cracks affect the dynamic behaviors of structures 
significantly. Cracks can be detected by modal parameters, 
such as natural frequencies, mode shapes, and damping fac-
tors [27]. The mode shape of the vibration of nanomaterials 
is significantly changed by the presence of cracks. Mode 
shape is one of the popular techniques to detect a crack [28, 
29]. The mode shape diagram is very sensitive to cracks. 
The lower mode shape is less sensitive than the higher mode 
shape. Mode shape also explains the effects of crack severity 
very effectively.

The vibration of nanobeam has been analyzed using 
several techniques. Roostai and Haghpanahi [30] studied 
the vibration of nanobeam with multiple cracks. They 
applied a modified exact solution technique to analyze the 
multi-cracked nanobeam. Similarly, Loghmani and Yazdi 
[31] examined the vibration of multi-cracked and stepped 
nanobeams. They employed the wave approach to ana-
lyze their model. Aria et al. [32] investigated the thermal 
vibration of cracked nanobeams on an elastic matrix. They 
described the effectiveness of the finite-element method 
to analyze the model. Esen et al. [33] represented free 
vibration of cracked FG microbeam embedded in elastic 
matrix with magnetic and thermal effect. They scrutinized 
this problem using the analytical method. Their results 
showed that the magnetic field could be used to eliminate 
the negative effects of the temperature. Basically, the exact 

solution technique, perturbation method [34, 35], differ-
ential quadrature method [36, 37], and differential trans-
form method [38-40] are very popular among researchers 
to investigate the dynamic behavior of beams. Similarly, 
the power series solution technique [41] has been used by 
a limited number of researchers for analyzing the dynamic 
problem of structures. However, this technique is rare to 
study the multi-cracked nanobeam.

In this paper, the power series solution technique is 
applied to investigate the effects of crack severity, crack 
location, nonhomogeneity, thermal effect, nonlocal param-
eter, and different boundary conditions on the vibration of 
axially graded multi-cracked nanobeams. The governing 
equation is derived by applying the Euler–Bernoulli beam 
theory and the theory of nonlocal elasticity. The beam is 
considered axially graded from one end to another end. 
Thermal load is also applied axially. Multiple stable and 
open cracks are considered on the beam where each crack 
is replaced by a rotational spring for modeling. Mode 
shape diagrams are also analyzed to describe the effect 
of nonhomogeneity and thermal load on the vibration of 
cracked nanobeams. In this paper, the effects of single 
and multiple cracks, location of cracks, nonhomogeneity, 
temperature, and nonlocal parameter on the vibration of 
nanobeams are studied. The outcomes of this analysis are 
examined with the outcomes of other researchers in the 
existing literature.

Mathematical Model

Description of the Problem

The geometry of an axially graded multi-cracked nano-
beam is illustrated in Fig. 1. The left endpoint of the beam 
is located at the origin of the coordinate system. The neutral 
axis of the beam overlaps with the x-axis and the height of 
the beam is placed along the z-axis. L, b, and h describe 
the length, width, and height of the beam, respectively. 
Multiple open cracks are considered at the distance of ai to 
an from the left endpoint. The material of the beam is axi-
ally graded along the x-axis. E and � are the elasticity and 

Fig. 1  An axially graded multi-cracked nanobeam
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density varying exponentially from one end to another end. 
The objective of this analysis is to examine the natural vibra-
tion of axially graded multi-cracked nanobeams.

Beam Theory with Nonlocal Elasticity

Euler–Bernoulli beam theory is extensively acceptable to the 
researcher to analyze the structural elements. This theory is 
based on some assumptions [42–44] such as cross-sections of 
the beam are plane and perpendicular to the neutral axis during 
bending, transverse deformation is considered very small and 
shear deformation is neglected, and the beam is linearly elas-
tic based on Hooke’s law. According to the Euler–Bernoulli 
theory, the displacement fields [45] can be expressed as

where V1 , V2 , and V3 express the deflection in x, y, and z axis, 
respectively, and W(x, t) and V(x, t) define the transverse 
and axial deflection, respectively. One can write the axial 
strain as

Considering axial load N and moment M, the Euler–Ber-
noulli equation for vibration can be presented as

where m0 = �A is the mass per unit length. However, this 
theory directly is not applicable to nanomaterials. The physi-
cal properties of nano-scale materials are different from 
macro-materials. To incorporate this scale effect, Eringen 
proposed the nonlocal theory of elasticity. According to his 
theory, the stress–strain relationship [46, 47] for a three-
dimensional isotropic elastic solid can be expressed as

where

where � and � represent Lame’s constants. tij(x�) and �ij(x�) 
are the classical stress tensor and linear strain tensor at any 
point x′ in the body, respectively. �(∣ x − x� ∣, �) represents 
the nonlocal modulus to indicate the nonlocal effects into 
the constitutive equation for the reference point x and source 

(1)V1(x, z, t) = V(x, t) − z
�W(x, t)

�x

(2)V2(x, z, t) = 0

(3)V3(x, z, t) = W(x, t),

(4)�xx =
�V

�x
− z

�2W

�x2
.

(5)�2M

�x2
+

�

�x

(

N
�W

�x

)

− m0

�2W

�t2
= 0,

(6)�ij(x) = ∫V

�(∣ x − x� ∣, �)tij(x
�)dV(x�),

(7)tij(x
�) = ��rr(x

�)�ij + 2��ij(x
�),

point x′ , respectively. In Eq. (6), ∣ x� − x ∣ represents the 
Euclidean distance and � can be presented as

� is a constant that indicates the ratio of internal and external 
characteristic length of the nanomaterial, where e0 is the 
material constant. According to the theory of nonlocal elas-
ticity, the integral constitutive relations can be transformed 
into the equivalent differential equation by substituting the 
kernel �(∣ x� − x ∣, �) as below

where Δ2 indicates the Laplacian operator. Nonlocal theory 
depends on internal characteristic length a. When a becomes 
zero, the nonlocal constitutive relations transform to the 
classical theory of elasticity. In the one-dimensional case, 
the nonlocal stress–strain relationship can be presented as

where �(x) and �(x) represent the stress and strain along the 
x-axis. Therefore, the nonlocal elasticity theory can be pre-
sented in terms of bending moment M, as follows:

Combining the nonlocal theory (11) and Euler–Bernoulli 
theory (5) can be presented as

Axially Graded Beam

An axially graded beam is a type of composite element 
that can avoid the point of stress concentration. It distrib-
utes stress gradually from one end to another end. Over the 
cross-section, the material properties are constant. Modulus 
of elasticity E and density � are varying along the length 
exponentially [48, 49]. These can be expressed as

where E0 and �0 are the modulus of elasticity and density at 
the point x = 0 , and � is the coefficient of nonhomogeneity.

(8)� =
e0a

l
;

(9)(1 − (e0a)
2Δ2)�kl = tkl,

(10)�(x) − (e0a)
2 �

2�(x)

�x2
= E�(x),

(11)M − (e0a)
2 �

2
M

�x2
= EI

(

−
�2W

�x2

)

.

(12)

�2

�x2
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EI
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)
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2 �2

�x2
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�2W

�t2
−

�
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(

N
�W

�x

)

]

−
�

�x

(

N
�W

�x

)

+ �A
�2W

�t2
= 0.

(13)E = E0e
�

x

L , � = �0e
�

x

L ,
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Thermal Load

Thermal load is created by the contraction and expansion of 
the material due to the temperature change. This load act as 
an axial load on the beam element. Thermal load [50] can 
be expressed as

Considering the varying modulus of elasticity, the thermal 
load can be presented as

where �t is the coefficient of thermal expansion. According 
to the theory of Zarzycki 1982 and Kittel 1983 [51], the 
coefficient of thermal expansion can be presented as

where �G is the Grüneisen constant. Here, �t depends on 
density and modulus of elasticity. Both of these parameters 
are varying equally along the x-axis. Therefore, �t is constant 
over the length.

Modeling of Cracks

The mechanical properties of multiple open and stable 
cracks can be analyzed using the classical local stiffness 
model. According to this model, the beam is separated into 
two sub-beams for each crack at the crack position. Every 
crack in the beam is replaced by a mass-less rotational spring 
that connects the two neighboring segments together. In this 
model, the crack creates a discontinuity in the rotational 
angle at the location of the crack. Due to the presence of 
a crack, the beam achieves additional strain energy to the 
rotational spring. Strain energy is the result of bending 
moment and axial stress. The change of strain energy [32] 
can be presented as

where M and N represent the bending moment and axial 
load respectively. Δ� indicates the rotational angle because 
of the spring and Δu represents the axial displacement at the 
location of the crack. Therefore, these can be expressed as

(14)N = −EA�t�.

(15)N = −E0e
�

x

L A�t�,

(16)�t =
�G�cV

3E
,

(17)Δsc =
1

2
MΔ� +

1

2
NΔu,

(18)Δ� = KMM

�2W

�x2
+ KMN

�U

�x

(19)Δu = KNN

�U

�x
+ KNM

�2W

�x2
,

where KMM , KMN , KNN , and KNM are the flexibility con-
stants. When the beam is subjected to transverse vibration, 
longitudinal displacement Δu and the flexibility constants 
KMN , KNN , and KNM are very small which can be neglected. 
Therefore, the discontinuity at the location of the crack can 
be expressed as

where KMM

L
 can be replaced by K as

here, K is the crack severity. The crack severity depends 
on the crack depth and rotational spring stiffness. It can be 
expressed as follows [52]:

where �s is the spring stiffness. It can be written as

here, � =
dcr

h
 is the crack depth and beam height ratio. C(�) 

is the local compliance that can be computed from the strain 
energy density function as follows:

Crack severity can be written from Eqs. (22) and (23) as

Crack severity does not depend on the modulus of elasticity 
and density of the beam. Therefore, crack severity (K) is 
constant over the length of the axially graded beam.

Derivation of Governing Equation

In this paper, the beam is axially graded and also subjected 
to thermal load. Therefore, the material properties such as 
elasticity and density are varying along the x-axis. Similarly, 
the thermal load is also varying as an axial load. Considering 
these variations, Eq. (12) can be expressed as

(20)Δ� =
KMM

L

�2W(x)

�x2
∣x=a,

(21)Δ� = K
�2W(x)

�x2
∣x=a ;

(22)K =
EI

L

1

�s
,

(23)�s =
EI

h

1

C(�)
;

(24)

C(�) = 5.346(1.86�2 − 3.95�3 + 16.375�4 − 37.226�5

+ 76.81�6

− 126.9�7 + 172�8 − 143.97�9 + 66.56�10).

(25)K =
h

L
C(�).
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Applying the variable separation technique, deflection can 
be presented as

Using the above function (27), the partial differential form 
(26) can be converted into the ordinary differential equa-
tion as

Applying the conditions of nonhomogeneity and thermal 
effect from (13), (15), then Eq. (28) can be written as

After differentiating (29), it can be written as

The nondimensional parameters can be introduced as 
follows:
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Using the nondimensional parameters, Eq. (30) can be trans-
formed as

Therefore, Eq. (31) can be presented in a simplified form as

where

In this nanobeam, multiple cracks are considered where n 
number of cracks separates the beam into n + 1 segments. 
Finally, the governing equations for n + 1 number of seg-
ments can be expressed as

where i = 1, 2, 3, ..., n + 1 . Equation (33) represents the set of 
governing equations considering the n + 1 segments that are 
separated at the location of cracks aj . Where j = 1, 2, ..., n . 
Boundary conditions for the beam can be presented as 
follows:

For the simply supported beam:

For the fully clamped beam:

For the clamped simply beam:
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For the clamped free beam:

In-between conditions at the location of cracks are as 
follows:

One can solve these equations (33) by applying in-between 
conditions at the crack locations and any one set of end con-
ditions for the boundary supports.

Power Series Solution

The power series solution [41] is a semi-analytical tech-
nique. In this technique, a power series is considered as a 
solution of the function. Therefore, the differential equa-
tion transforms into a set of algebraic equations. Linear, 
and nonlinear differential equations can be solved using 
the power series solution technique. Let us consider a 
series for the deflection of the beam as

Similarly, derivatives of deflection can be written as
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Substituting above derivatives into Eq. (33) as follows:

Shifting the power of � , Eq. (39) can be written as

Equating the coefficients of �k can be expressed as

Simplifying Eq. (41) can be written as

Using the above relation (42), one can calculate the series 
coefficients as follows:
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Applying the series coefficients, the solution for the each 
segment of the beam can be written as

where i = 1, ..., n + 1 . Using the simply supported boundary 
conditions and intermediate conditions for cracks, one can 
eliminate constant coefficients ( Ai,k ) and solve these equa-
tions to form matrix as follows:

The value of natural frequency for multi-cracked nanobeams 
can be determined by solving the above matrix. In this paper, 
single, double, and triple cracked nanobeams are analyzed.

Numerical Results and Discussion

In this section, parametric analysis is performed to scru-
tinize their impacts on the natural frequency of axially 
graded multi-cracked nanobeams in a thermal environ-
ment. First of all, the efficiency of the solution technique 
is measured by comparing the obtained results with the 
results of relevant papers in the existing literature. In addi-
tion, the influences of crack position on the various modes 
of natural frequency for several values of the gradient 
parameter are studied and presented graphically. Moreo-
ver, the effects of temperature and nonhomogeneity on the 
frequency ratio of intact and cracked nanobeams are illus-
trated. Furthermore, the effects of temperature, nonhomo-
geneity, and nonlocal parameter on the natural frequency 
are presented in tabular forms. Finally, the mode shapes 
are depicted to investigate the axially graded multi-cracked 
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nanobeam with different support conditions, and to study 
the effects of nonhomogeneity, temperature, and a number 
of cracks on the transverse deflection.

Comparison of Results

In this section, the outcomes of the study are compared with 
the outcomes of some benchmark studies in the existing 
literature. This comparison is performed by investigating 
the effects of nonlocal parameter (�) , thermal load (n), and 
crack severity on different modes of natural frequency. In 
Table 1, the first mode of natural frequency (square root) for 
simply supported and fully clamped nanobeam is presented. 
The effect of crack is not considered as well as the beam 
is considered uniform and homogeneous in this section of 
calculation. Different values of nonlocal parameter (�) and 
thermal load (n) are considered. It is understandable from 
these tabular data that natural frequency decreases for the 
increase of the nonlocal parameter. Therefore, the natural 
frequency increases for the decrease of temperature. Out-
comes are verified with the results of Esen et al. [33] and 
Aria et al. [32] where they analyzed the cracked nanobeam 
on elastic matrix with temperature. During this compari-
son, specific results are selected from their paper where 
those data ignore the effects of crack and elastic matrix. 
Similarly, in Table 2, different modes of natural frequency 
(square root) for simply supported single cracked nanobeam 
are demonstrated. Nonhomogeneity of nanobeam is ignored 
in this section of calculation. Different values of crack posi-
tions (a), crack severity (K), and nonlocal parameter (�) are 
also considered. It is comprehensible from these tabular 
data that the natural frequency decreases for the increase 
of crack severity. Frequency shows the lower value at the 
crack position of a = 0.5 than a = 0.25 . This table data also 
matched with the results of Esen et al. [33] and Aria et al. 
[32]. However, specific tabular data are selected from their 
paper where these data ignore the effect of elastic matrix and 
temperature. These evaluations show a good understanding 
of these outcomes. In Table 3, different modes of natural 
frequency for a double-cracked beam with different values 
of the nonlocal parameter and crack severity are studied. 
Two cracks in the beam are located at a1 = 0.3 and a2 = 0.7 , 
respectively. It is obvious from these tabular data that fre-
quency decreases with the increases of the nonlocal parame-
ter. The crack severity and boundary supports also influence 
the values of frequency. These table data also compare with 
the results of Roostai and Haghpanahi [30]. This comparison 
shows a close match among these results.   

Effect of Crack Locations

The crack location is also crucial like crack severity for ana-
lyzing the cracked beam. In Figs. (2, 3, 4 and 5), different 
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modes of frequency and two different support systems such 
as simply supported and fully clamped nanobeam are dem-
onstrated. Thermal load is ignored in this section of the cal-
culation. The frequency ratio is calculated by the frequency 
at any point with nonhomogeneity and the frequency at 
the initial point without considering nonhomogeneity. In 
this section, nonlocal parameter � = 0.1 and crack severity 
K = 0.35 are applied. It is evident from these figures that 
in the case of simply supported and the first mode of fre-
quency, the frequency ratio slightly decreases for the pres-
ence of nonhomogeneity. However, in other cases, frequency 
increases with the presence of nonhomogeneity. It is very 
important in these curves that the frequency ratio is not 
affected by the positive or negative sign of nonhomogene-
ity. The effect of crack location is also influenced by the end 
support systems.  

Frequency for Axially Graded Intact and Cracked 
Nanobeams Under Thermal Load

In Table 4, the natural frequency for a triple cracked beam 
with several values of the nonlocal parameter and crack 
severity is demonstrated. Three specific cracks are con-
sidered at the position of a1 = 0.3 , a2 = 0.5 , and a3 = 0.7 , 
respectively. The effects of nonhomogeneity and temperature 
are not considered. It is understandable in these tabular data 
that the frequency decreases for the increase of the value of 
the nonlocal parameter and crack severity. In this section, 
Table 5 and Table 6 represent the effect of temperature on 
natural frequency for axially graded intact or cracked nano-
beam, respectively. The interactions between temperature, 
nonhomogeneity, nonlocal parameter, end supports, and dif-
ferent modes of frequency of intact and cracked nanobeam 

Fig. 2  Frequency ratio versus crack position (SS, 1st Mode)

Fig. 3  Frequency ratio versus crack position (SS, 2nd Mode)

Fig. 4  Frequency ratio versus crack position (CC, 1st Mode)

Fig. 5  Frequency ratio versus crack position (CC, 2nd Mode)
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Table 1  Natural frequency 
(square root) for varying 
nonlocal parameter, thermal 
load, and different end supports

SS � = 0 � = 0.1 � = 0.2

n Present [33] [32] Present [33] [32] Present [33] [32]

3 2.8699 2.8696 2.8694 2.7725 2.7718 2.7714 2.5192 2.5182 2.5179
2 2.9688 2.9672 2.9680 2.8815 2.8810 2.8800 2.6606 2.6601 2.6599
1 3.0589 3.0575 3.0563 2.9793 2.9791 2.9787 2.7829 2.7825 2.7823
0 3.1416 3.1416 3.1415 3.0684 3.0683 3.0680 2.8908 2.8906 2.8903
− 1 3.2184 3.2173 3.2180 3.1505 3.1504 3.1501 2.9880 2.9880 2.9875
− 2 3.2901 3.2896 3.2894 3.2268 3.2266 3.2262 3.0765 3.0763 3.0759
− 3 3.3574 3.3570 3.3562 3.2978 3.2975 3.2973 3.1581 3.1575 3.1574
CC
3 4.6404 4.6401 4.6397 4.4697 4.4698 4.4689 4.0511 4.0511 4.050
2 4.6706 4.6704 4.6696 4.5124 4.5126 4.5117 4.1303 4.1302 4.1296
1 4.7006 4.7003 4.6993 4.5541 4.5536 4.5532 4.2053 4.2051 4.2047
0 4.7300 4.7301 4.7292 4.5943 4.5941 4.5936 4.2767 4.2763 4.2759
− 1 4.7588 4.7575 4.7582 4.6336 4.6336 4.633 4.3444 4.344 4.3436
− 2 4.7871 4.7868 4.7861 4.6723 4.6718 4.6713 4.4091 4.4091 4.4084
− 3 4.8147 4.8145 4.814 4.7097 4.7091 4.7087 4.4710 4.4708 4.4703

Table 2  Natural frequency 
(square root) for simply 
supported cracked nanobeams 
in different modes with varying 
nonlocal parameter

a K mode � = 0.0 � = 0.2

Present [33] [32] Present [33] [32]

0.5 0 1 3.1416 3.1413 3.1409 2.8908 2.8907 2.8907
2 6.2833 6.2830 6.2818 4.9582 4.9580 4.9578
3 9.4236 9.4235 9.4228 6.4520 6.4520 6.4517

0.065 1 3.0469 3.0467 3.0466 2.8032 2.8030 2.8030
2 6.2833 6.2824 6.2818 4.9582 4.9580 4.9578
3 9.1673 9.1657 9.1652 6.2603 6.2603 6.2601

0.35 1 2.7496 2.7493 2.7489 2.5232 2.5232 2.5232
2 6.2833 6.2825 6.2819 4.9582 4.9580 4.9578
3 8.6129 8.6121 8.6114 5.7891 5.7890 5.7889

2 1 2.0960 2.0959 2.0958 1.9099 1.9098 1.9098
2 6.2833 6.2825 6.2818 4.9582 4.958 4.9578
3 8.0732 8.0726 8.0715 5.3416 5.3415 5.3413

0.25 0 1 3.1416 3.1416 3.1409 2.8908 2.8908 2.8908
2 6.2833 6.2825 6.2818 4.9582 4.9580 4.9580
3 9.4244 9.4235 9.4228 6.4520 6.4520 6.4519

0.065 1 3.0921 3.0921 3.0925 2.8447 2.8446 2.8446
2 6.1028 6.1026 6.1019 4.8102 4.8100 4.8100
3 9.3018 9.3019 9.3005 6.3636 6.3638 6.3637

0.35 1 2.9072 2.9068 2.9064 2.6646 2.6645 2.6645
2 5.6491 5.6486 5.6484 4.4168 4.4169 4.4168
3 9.0765 9.0756 9.0752 6.1924 6.1923 6.1923

2 1 2.3493 2.3487 2.3465 2.1134 2.1134 2.1134
2 5.1046 5.1045 5.1042 3.9906 3.9906 3.9906
3 8.9009 8.9005 8.8993 6.0691 6.0691 6.0691
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are very diverse. Table 5 represents the relationship between 
the nonlocal parameter, thermal load, and nonhomogeneity 
in absence of crack. In this section, three different values of 
the nonlocal parameter, thermal load from − 2 to 2, and non-
homogeneity − 2 to 2 are considered. The effect of crack is 
ignored in this part of the calculation. It is very clear that the 
frequency decreases for the increase of the nonlocal param-
eter. On the other hand, frequency increases for the decrease 
of temperature. The relationship between thermal load, non-
homogeneity, and natural frequency is very fluctuating for 
the mode of frequency and end supports. Table 6 represents 
the relationship between the nonlocal parameter, thermal 
load, and nonhomogeneity in the presence of a crack. In this 
section, different values of the nonlocal parameter, thermal 
load, and nonhomogeneity are considered as like in Table 4. 
In addition, a crack is considered at crack location a = 0.25 
with the crack severity K = 0.35 . The relationship between 
thermal load, nonhomogeneity, and natural frequency 
becomes more changeable in the presence of crack for vari-
ous modes of frequency and various support systems.

Mode Shape Illustration

Mode shape is one of the very important characteristics that 
explain the vibration of structural components. It describes 
the transverse displacement from the beam axis during 
vibration. It is a very significant measure that exhibits the 
pattern of vibration. In this section, the effects of nonho-
mogeneity, thermal load, and the number of cracks on the 
mode shape of cracked nanobeam are illustrated for different 
support systems. To understand the dynamic behavior of 
cracked nanobeam, mode shape analysis is necessary. In this 
section, three different sets of mode shape diagrams are pre-
sented for different values of nonhomogeneity and thermal 

Table 3  Natural frequency for 
double-cracked beams with 
different values of nonlocal 
parameter and crack severity

SS CC

K = 0.0325 K = 0.075 K = 0.0325 K = 0.075

� Mode [30] Present [30] Present [30] Present [30] Present

0 1 9.474 9.475 9.023 9.023 22.173 22.174 21.952 21.951
2 37.335 37.338 34.986 34.986 58.51 58.504 55.228 55.223
3 88.313 86.383 87.741 85.883 118.63 108.242 116.184 103.508

0.5 1 5.087 5.086 4.84 4.839 10.914 10.915 10.822 10.821
2 11.306 11.306 10.542 10.542 16.246 16.247 15.139 15.138
3 18.324 18.323 18.172 18.171 23.413 23.401 22.325 22.326

1 1 2.873 2.873 2.732 2.732 6.018 6.018 5.97 5.97
2 5.858 5.858 5.46 5.459 8.362 8.363 7.786 7.786
3 9.313 9.313 9.236 9.236 11.948 11.923 11.356 11.354

1.5 1 1.966 1.966 1.87 1.869 4.094 4.094 4.062 4.062
2 3.932 3.932 3.665 3.665 5.606 5.606 5.219 5.218
3 6.228 6.228 6.176 6.1762 7.999 7.998 7.597 7.597

Fig. 6  Mode shape for different values of gradient parameter (1st 
mode, SS)

Fig. 7  Mode shape for different values of gradient parameter (1st 
mode, CC)
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Fig. 8  Mode shape for different values of gradient parameter (2nd 
mode, SS)

Fig. 9  Mode shape for different values of gradient parameter (2nd 
mode, CC)

Fig. 10  Mode shape for different values of thermal load (1st mode, 
SS)

Fig. 11  Mode shape for different values of thermal load (1st mode, 
CC)

Fig. 12  Mode shape for different values of thermal load (2nd mode, 
SS)

Fig. 13  Mode shape for different values of thermal load (2nd mode, 
CC)
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load. In Figs. (6, 7, 8, 9, 10, 11, 12 and 13), different sup-
port conditions of the nanobeam are demonstrated where the 
location of crack a = 0.25L , value of the nonlocal parameter 
� = 0.1 , and crack severity K = 0.35 are considered. Fig-
ures (6, 7, 8 and 9) represent mode shapes of axially graded 
cracked nanobeam for different values of nonhomogeneity. 
In this section of calculation, thermal load n = 1 is consid-
ered. Different values of nonhomogeneity � = 2 , � = 0 , and 
� = −2 are applied. It is comprehensible from these figures 
that mode shapes of cracked nanobeam are considerably 
changed by the nonhomogeneity. Variation changes with 
the change of the value of nonhomogeneity. This variation 
also increases in the higher mode of frequency. Figures (9, 
10, 11, 12 and 13) represent mode shapes of axially graded 

Fig. 14  Mode shape for double cracks and different values of crack 
severity (1st mode, SS)

Fig. 15  Mode shape for double cracks and different values of crack 
severity (1st mode, CC)

Fig. 16  Mode shape for double cracks and different values of crack 
severity (2nd mode, SS)

Fig. 17  Mode shape for double cracks and different values of crack 
severity (2nd mode, CC)

Fig. 18  Mode shape for triple cracks and different values of crack 
severity (1st mode, SS)
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Fig. 19  Mode shape for triple cracks and different values of crack 
severity (1st mode, CC)

Fig. 20  Mode shape for triple cracks and different values of crack 
severity (2nd mode, SS)

Fig. 21  Mode shape for triple cracks and different values of crack 
severity (2nd mode, CC)

Fig. 22  Mode shape for double cracks and different values of nonho-
mogeneity (1st mode, SS)

Fig. 23  Mode shape for double cracks and different values of nonho-
mogeneity (1st mode, CC)

Fig. 24  Mode shape for double cracks and different values of nonho-
mogeneity (2nd mode, SS)
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cracked nanobeam for various values of thermal load. In 
this section of calculation, nonhomogeneity � = 1 is con-
sidered. Three different values of thermal load n = 2 , n = 0 , 
and n = −2 are applied. It is very clear from these figures 
that mode shapes are slightly influenced by the thermal 
load. It can be concluded that the nonhomogeneity is more 
effective on mode shape than the thermal load. Figures (14, 
15, 16, 17, 18, 19, 20 and 21) represent the mode shapes 
of double and triple cracked nanobeam with fully clamped 
and simply supported boundary conditions. The nonhomo-
geneity and thermal effect are not considered. Three specific 
values of crack severity K = 0 , K = 0.3 , K = 0.7 are used. 
Figures (14, 15, 16 and 17) describe the mode shape for 
double-cracked nanobeam. Two similar cracks at a = 0.3 

and a = 0.7 are considered. Similarly, Figs. (18, 19, 20 and 
21) reveal the mode shape for triple cracked nanobeam. 
Three similar cracks at a = 0.2 , a = 0.4 , and a = 0.7 are 
considered, respectively. From these figures, it is seen that 
the number of cracks significantly changes the mode shape 
diagram. Figures (22, 23, 24 and 25) reveal the mode shapes 
of double-cracked nanobeam with various nonhomogeneity. 
In these figures, crack severity K = 0.35 , crack locations 
a = 0.3, b = 0.7 , nonlocal parameter � = 0.1 , and thermal 
load n = 0 are considered. Three different values of non-
homogeneity are used in this analysis. It is evident that the 
mode shape is significantly affected by the nonhomogeneity 
of the beam.

Conclusion

In this study, the dynamic behavior of axially graded cracked 
nanobeams with thermal load is analyzed using the power 
series solution technique. Mode shapes have been illustrated 
to analyze the effects of nonhomogeneity and thermal load 
on the vibration of cracked nanobeams. The power series 
solution technique is employed to study the problem and to 
illustrate the mode shapes that analyze the natural vibration 
of multi-cracked nanobeams. Frequency is affected by the 
crack position as well as the nonhomogeneity. It is shown 
that the effects of nonhomogeneity and thermal load together 
on intact and cracked nanobeams are very diverse in differ-
ent modes of frequency and different end supports. It is evi-
dent from these mode shape studies that mode shapes of the 
single- and multi-cracked nanobeams are very fluctuating for 
the nonhomogeneity of the material. The thermal load is less 
effective on the mode shape of cracked nanobeams than the 

Fig. 25  Mode shape for double cracks and different values of nonho-
mogeneity (2nd mode, CC)

Table 4  Natural frequency 
for triple cracked nanobeams 
with several values of nonlocal 
parameter and crack severity

SS K = 0.0325 K = 0.075 K = 0.15

� 1 2 3 1 2 3 1 2 3

0 9.203 37.338 83.977 8.506 34.986 80.523 7.585 31.717 75.231
0.5 4.941 11.306 17.692 4.563 10.542 16.655 4.063 9.452 14.897
1 2.79 5.858 8.992 2.576 5.459 8.459 2.293 4.891 7.555
1.5 1.909 3.932 6.013 1.763 3.665 5.656 1.569 3.282 5.050
CC
0 21.708 58.508 107.492 21.037 55.223 102.602 20.182 50.941 94.695
0.5 10.622 16.247 22.545 10.229 15.138 20.393 9.699 13.683 17.589
1 5.846 8.363 11.522 5.622 7.786 10.405 5.310 7.029 8.977
1.5 3.975 5.606 7.704 3.821 5.218 6.966 3.606 4.709 6.011
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Table 5  Frequency for 
several values of nonlocal 
parameter, thermal load, and 
nonhomogeneity without crack

SS K = 0

� = 0 � = 0.2

n � 1 2 3 1 2 3

− 2 − 2 10.3271 40.7773 90.3672 8.9497 26.4121 43.9336
0 10.8252 40.4648 89.8203 9.4653 26.1387 43.7070
2 10.5127 40.8320 90.3984 9.1021 26.4551 43.9570

0 − 2 9.48682 39.8555 89.3984 8.1079 24.9785 41.9179
0 9.87012 39.4805 88.8203 8.3569 24.5839 41.6289
2 9.48682 39.8555 89.3984 8.1079 24.9785 41.9179

2 − 2 8.58057 38.9004 88.4297 7.1704 23.4550 39.8008
0 8.81396 38.4668 87.8203 7.0796 22.9199 39.4336
2 8.33545 38.8496 88.3984 6.9741 23.4082 39.7773

CC
− 2 − 2 23.3847 63.1211 122.5078 20.1465 38.6425 57.3867

0 22.9160 62.4179 121.7109 19.4404 38.2832 57.0117
2 23.4667 63.1523 122.5234 20.2012 38.6816 57.4023

0 − 2 22.9394 62.4258 121.7265 19.0732 36.8497 54.9414
0 22.3730 61.6757 120.9141 18.2900 36.4238 54.5195
2 22.9394 62.4258 121.7265 19.0732 36.8496 54.9570

2 − 2 22.4863 61.7148 120.9296 17.9365 34.9668 52.3789
0 21.8144 60.9179 120.0859 17.0596 34.4629 51.9258
2 22.3965 61.6836 120.9141 17.8779 34.9238 52.3711

CS
− 2 − 2 18.2393 53.3008 107.8047 15.9443 33.5566 51.3945

0 16.1475 50.8164 105.1484 13.8330 32.0215 50.1602
2 14.2178 49.4023 103.8516 12.0615 31.2363 49.4883

0 − 2 17.7197 52.5273 106.9453 14.9365 31.8886 49.1133
0 15.4189 49.9648 104.2422 12.7451 30.3379 47.8945
2 13.3447 48.5273 102.9453 11.1084 29.6777 47.3164

2 − 2 17.1924 51.7383 106.0859 13.8545 30.1269 46.7148
0 14.6514 49.0977 103.3359 11.5557 28.5527 45.5117
2 12.4053 47.6367 102.0234 10.0654 28.0332 45.0352

CF
− 2 − 2 5.51123 26.9238 67.0039 5.4624 21.0410 39.4961

0 2.63501 22.5332 62.4023 2.8523 18.7393 38.6426
2 – 18.7998 59.1367 1.2200 16.3994 40.4648

0 − 2 6.26221 26.5839 66.3712 5.8511 19.9512 37.6543
0 3.51587 22.0332 61.6992 3.5793 17.5752 36.8144
2 1.8405 18.1729 58.3867 2.4651 15.2314 38.7910

2 − 2 7.0054 26.2285 65.7383 6.2554 18.7822 35.7207
0 4.2922 21.5097 60.9805 4.2810 16.2998 34.8926
2 2.7434 17.5068 57.6367 3.4187 13.9228 37.0644
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Table 6  Frequency for 
several values of nonlocal 
parameter, thermal load, and 
nonhomogeneity with crack

SS K = 0.35, a = 0.25

� = 0 � = 0.2

n � 1 2 3 1 2 3

− 2 − 2 9.1362 32.1699 82.4297 7.7495 20.2324 40.2070
0 9.2583 32.7246 83.3203 7.9887 20.5723 40.1445
2 8.6909 33.9824 85.3359 7.4907 21.3496 40.6367

0 − 2 8.4341 31.4004 81.5078 7.0942 19.2588 38.4238
0 8.4517 31.9121 82.3828 7.1001 19.5088 38.3457
2 7.8081 33.1894 84.3984 6.6812 20.3730 38.9394

2 − 2 7.6694 30.6113 80.5859 6.3442 18.2119 36.5410
0 7.5503 31.0762 81.4297 6.0474 18.3486 36.4394
2 6.7993 32.3809 83.4765 5.7388 19.3057 37.1426

CC
− 2 − 2 23.2675 56.0664 107.3516 19.9434 32.5371 48.3789

0 22.7676 54.0429 109.0234 19.3349 31.1934 49.1836
2 22.4668 54.4414 112.4453 19.2568 31.5059 50.6836

0 − 2 22.7637 55.6289 106.6484 18.8388 31.6035 46.6523
0 22.2715 53.5429 108.3047 18.2373 30.2949 47.3320
2 22.0566 53.9258 111.7109 18.3467 30.5449 48.7930

2 − 2 22.2441 55.1836 105.9453 17.6709 30.5488 44.8633
0 21.7598 53.0429 107.5703 17.0518 29.2871 45.4023
2 21.6348 53.4102 110.9766 17.3545 29.4980 46.8398

CS
− 2 − 2 17.8154 49.1445 92.8828 15.3779 30.5801 42.0586

0 16.1475 45.3242 91.9922 13.8193 27.9941 41.6680
2 14.0088 43.1211 92.6797 11.9385 26.6113 41.8867

0 − 2 17.1826 48.6211 92.1641 14.3291 29.5059 40.6055
0 15.4014 44.7383 91.2109 12.7061 27.0293 40.1523
2 13.1943 42.5039 91.8828 11.0303 25.7519 40.4102

2 − 2 16.5244 48.0898 91.4297 13.2002 28.2910 39.0820
0 14.6084 44.1367 90.4141 11.4775 25.9316 38.5762
2 12.3135 41.8711 91.0703 10.0303 24.7949 38.8730

CF
− 2 − 2 4.0891 26.9238 59.1133 3.9822 21.0293 33.4121

0 1.7064 22.3066 54.1367 1.8927 18.4951 31.8887
2 – 18.0791 50.9101 – 15.3662 33.0097

0 − 2 4.8713 26.5839 58.7383 4.5183 19.9395 32.4980
0 2.7737 21.8535 53.6836 2.8093 17.4111 31.0215
2 1.4867 17.5381 50.4102 1.9977 14.3916 32.2480

2 − 2 5.6060 26.2246 58.3555 5.0298 18.7822 31.4629
0 3.5969 21.3730 53.2148 3.5745 16.2217 30.0527
2 2.4836 16.9619 49.8945 3.0383 13.2842 31.4394
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nonhomogeneity. This analysis can be used to design nano-
scale electromechanical systems.
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