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Abstract

Purpose The motion of three degrees-of-freedom (DOF) of an automatic parametric pendulum attached with a damped
system has been investigated. The kinematics equations of this system have been derived employing Lagrange’s equations
in accordance to it’s the generalized coordinates.

Methods The method of multiple scales (MMS) has been used to obtain the solutions of the controlling equations up to the
third-order of approximation. The solvability criteria and modulation equations for primary external resonance have been
explored simultaneously.

Results The non-linear stability approach has been used to analyze the stability of the considered system according to its
different parameters. Time histories of the amplitudes and the phases of this system have been graphed to characterize the
motion of the system at any given occurrence.

Conclusions The different zones of stability and instability of this study have been checked and examined, in which the

system's behavior has been revealed to be stable for various values of its variables.

Keywords Non-linear vibrations - Resonance - Auto-parametric vibration - Perturbation techniques

Introduction

The development of vibrating systems is seen as one of the
critical developments in mechanics, because of its different
applications for the duration of regular daily existence, for
example, building structures, rotor dynamics, rotor compo-
nents, pumps, sieves, the motion of ships, compressors, and
transportation devices [1-3].
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Auto-parametric system is one of the essential systems that
at least consists of two non-linearly subsystems. The first can
be excited by an external harmonic force attached to a second
one called an absorber. In this manner, one can get the essen-
tial parametric resonance of other subsystems (auto-parametric
interaction) by decreasing the reaction of the first one [4-10].
The non-linear damping response 2DOF dynamical system
connected with spring is investigated in [7]. In [8], the authors
studied a dynamical oscillatory system with 4DOF compris-
ing an auto-parametric pendulum and attached to a rigid body.
Nonetheless, the auto-parametric system's behavior under the
effect of kinematic excitation is studied numerically and illus-
trated experimentally in [9]. The authors examined whether the
motion was regular or not through specific plots. In [10], the
authors investigated an auto-parametric system's behavior con-
sisting of a pendulum absorber connected to a damped vibrated
system. The resonance case is obtained by using the technique
for harmonic balance [5]. The MMS is utilized in [11] to acquire
the auto-parametric states of a damped Duffing system linked
with a pendulum. By uprightness of this method, a two coupled
mass spring response is gotten in [12]. The author explained new
excitation conditions within the sight of auto-parametric reso-
nance. This resonance of an oscillatory system in the existence
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of a non-linear coupling term of third-order is discussed in
[13]. The stability and the system’s bifurcation under external
harmonic forces are explored [14, 15]. Besides, the MMS is
used to get an autonomous framework up to the third order for a
spring-suspended motion on a circular path [16]. The response
of 2DOF for a non-linear dynamical system characterized by a
damped elastic pendulum in an inviscid fluid flow is examined
in [17]. The fourth-order Runge—Kautta calculation of the ode45
solver [18] is utilized in [19] to get the numerical solution of
the state of an oscillatory rigid body using the Matlab program.
The author showed the achieved results, which are consistent
with the previous works. The harmonic damped spring pendu-
lum's behavior is explored in [20] when the hanged point follows
an elliptic route with stationary angular velocity. The MMS is
used to obtain resonance cases and get the modulation equation
that decides all possible steady-state solutions. The impersonal-
ized of this model is introduced in [21] where a rigid body is
attached to a spring in the existence of a harmonic force along
the spring’s arm adding two moments, the first at the point of
the body with the spring and the second at the auto-parametric
pendulum suspending point of the pendulum. The resonances
cases are explored and the solvability conditions are studied. The
comparison between both the numerical solutions and approxi-
mate ones explain the high consistency between them.

Then the vibrational systems must be controlled in our applica-
tions through absorbers' existence to avoid disturbance and dev-
astation of the structures or the studied systems. There are a lot
of works studied such motions, for example [20-25]. Recently,
the movement of a damped pendulum’s of rigid body with 3DOF
is explored in [26] and [27] for the cases of linear and non-linear
Stiffness, respectively. In [24], the authors researched a dynamical
system consisting of a pendulum and absorber along the pendulum
arm. The system is exposed to an active control, for example, the
velocity with a negative value and angular displacement or the
squares or cubic values. The approximate solutions are obtained
using the MMS. The influences of absorbers on the system's
behavior and the stability of the system and are considered. The
response of non-linear spring pendulum 2DOF is studied in [25] at
different resonance cases and in the presence of control.

In this work, the 3DOF dynamical motion of an auto-para-
metric system consists of mass M connected with two massless
springs with linear stiffness is investigated. The studied motion is
examined under the influence of external harmonic forces. The
equations of motion (EOM) are investigated applying Lagrange's
equations. The MMS is used to obtain the equations' solutions
up to the third approximation and discuss the system's resonance
cases. Also, the phase and amplitude variables are discussed to
investigate these solutions at the steady-state in line with the sta-
bility requirements. The domain of stability and instability areas
is studied and analyzed. The variations of the obtained solutions
are plotted for different parameters to show the influence of the
applied external forces and moments on the behavior of the sys-
tem under consideration.

@ Springer

Problem Formulation

Let us consider a dynamic system consisting of a mass M* con-
nected to two massless springs of stiffness k; and k, with linear
stiffness k,r and k,x respectively. These springs are attached
with linear damper with damping coefficients ¢, ¢,, and c;.
It worthy to mention that, the first spring is a pendulum with
length £ and the other one is horizontally directed with length
¢’ as shown in Fig. 1. Consider a moment M(7) = M|, cos(ws;t)
that acts at the point z besides two external harmonic forces;
the first one F,(f) = F; cos(w,?) acts on the mass m along the
pendulum arm and the other one is F,(¢) = F, cos(w,t) acts on
the horizontal direction of X-axis in which w,, w,, and w; are
the frequencies of the external forces and moment. Therefore,
the motion of the mechanical system can be described by the
generalized coordinates x(¢) (translation M), r(¢) (elongation of
the spring pendulum), and 6(¢) (link rotation).

Let L = T — V indicates Lagrangian, where T and V rep-
resent kinetic and potential energies of the considered sys-
tem that have the forms

T= %(mﬁ +2m sin @ i x + (m + M*)i*

+2m cos 0 (£ + i 0 + m(Z + r)*6?) (1)
V= %kliz + %kzx2 +mg(Z + r)(1 — cos0),

where g is the acceleration of gravity and dots denote to
the time differentiation of the variables r, x, and 6.

It is known that the potential energy V is the sum of
the energies due to the elongation of the two springs and
the gravitational force of the connector. Consequently,
Lagrange's equations have in the form

A
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Fig. 1 Description of the auto-parametric system
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i(%) — <0_L> = F, cos(wt) — ¢, I,

dt \ ori or

d (oL\ (oL ~

d_t($> _ <$) = F, cos(w,t) — ¢, )
d (oL oL ;

a(%) = (55) = Mo costem) —cs.

Here (i, x, 0) refer to the generalized velocities.
Substituting (1) into (2), we get the EOM as follows:

2 . .
m’f+k1r=mg<1 - %) +mr6? —mg +mt6*

ja 3)

0\ ; 63
(m+M*)x+k2x=m(f+r)<9— E)ez —m'f(G— —>

6
2
—2mi"9<1 — 6—>
2

2
—m(l - %)(zf + 1) — c,x + F, cos(wm,t),

Here, € is known as the small parameter affecting the
coupling between the pendulum absorber and the damping,
external force, and nonlinearities of the system. Its important
influence appears in current non-linear frequency analysis
at the desired approximation. To simplify the notation, the
sign ~ (tilde) is omitted below.

The Proposed Method

The MMS is an analytical method that used to determine
approximate solutions with high accuracy of non-linear differ-
ential equations for which exact solutions cannot be obtained. It
can be used to demonstrate, predict and describe phenomena in
vibrating systems that caused by non-linear effects. Moreover,
it can be applied to non-linear and linear systems with variable
coefficients or complex boundary conditions, where the exact
closed-form solution is unknown. Therefore, this method is uti-
lized to solve the system of Eqs. (7) up to the third approxima-
tion. Therefore, we need three timescales, which has the forms
T,="T(n=0, 1, 2) where T, T, and 7, are various time
scales. According to the method of the MS perturbation, the

(4)  solutions r, x, and  can be sought in the powers of £ as [28, 29]
3 2
mf2§+mg(zf’+r)<€—%>:—2mzf’r€i—mfjé<l—%>—mr(f+r) 3
, r=) en(Ty, Ty, T) + O™,
—2mff9—2111rf9—mrx<l - %) — ¢30 + M, cos(w31). k=1
3
5
O k= Y T, Ty Ty + 0, ®)
It is obvious that the last three equations represent sec- k=1
ond-order non-linear differential equations in terms of r, x, 3
and 6. 0=y 06.T,, T,, T,) + O(e").
Considering the following dimensionless variables k=1
~ . F - k
£=£7, —=€X, 0=¢€0, t=4/—1, —1_631, ﬁ—el, a)zz—l,
4 g mg 4 m
w w w; ¢
C()% = é, Wl = _l, W2 = _2, W = _3 _l f = 8251,
8 () ) W, my§ (6)
Gy 25 F 2 2 2
\ g =€, ef,, B=ugl, =— =¢eJ, Q' =ww;,
(m + M*) & 2 (m+ Mg h2 He 1 12
c M k,?
_3 l = £°C3, = m s _0 = 53f3, h= mfzg, Q% 2
m \ 3g m+M* mgl (m+ M*)g

to convert (3-5) into the following dimensionless form:

92

€F + Q2eF = —€2(2- — 07 + 30 + &) + [76% + ], cos(W, )],

2!

X+ Q%eic = ue3020 — pe?i0 — 270(1 + €¥) — £2¢,% — 2ueif + £3f, cos(W,7),

= ~ ~ = . 62 o~ o~ I
€0 + €0 = —€270 + €270 — €21 3(1 — 62%) —26%F0 — 263770 — 2 r¥(1 — 52%)

—e7F(1 + 6?)5 - 62635 + €3, cos(W;1).
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The derivatives in terms of the new time scales in (8) are 0%, 0%6, 0%, 0%6,
. — + = — — —
expressed as follows [5]: dTg 3 dle OT,0T, OT,0T,
d 0 0 2 0 9%0 00
— =ttt —, 0, — 1 !
dr ~ oT,  oT, ~ dT, 110, =120, +2ry oTor, T o7
2 2 2 2 2 2 2 2 2
L9 1o v L 422 ) o). Lm0 0% o 3%,
dar aTO 0T,0T, aTl 0T,0T, 0T,0T, aTg oT,0T, 0T,0T, aTg
- | | ® L, I PO, O
.Substltutlng (8) and (9) 1.nto (7) a.nd collecting the coef- 1 aTg 0T§ 9T,T,
ficients of equal powers of € in both sides leads to the follow- 20 30
ing S}{stem containing the following nine partial differential -7 21 _— aTl + £, cos(W5T).
equations. a7, 0
Order (g) (18)
Py Equations (10-12) are mutually independent homogene-
r] 2 . . .
—+Qr, =0, 10 ous equations. Thus, the polar forms of their solutions are
T2 11 (10)
0 as follows:
2x ry = AT}, T)e ™™ + AT}, T)e T, (19)
72 +Q2)c1 =0, (11)
’ X, = Ay(Ty, TN 4+ Ay(T,, Ty)e o, (20)
9%, R —
ot HO= (12) 6, = Ay(T). Tye'™ + Ay(T). Ty)e™™, 21
2 where A;,A,, and A3 are complex functions that can
Order of (¢7) be determined later and A,,A,, and A, are their complex
0%r, X o*r 1, 29, 2 ox, conjugate.
o7 +Qiry=-2 7T 591 + o1 ) ~ o It is obvious that the solutions of (13—18) depend on the
0 v 0 0 3 solutions of (10-12) significantly. Therefore, substituting the
(13) solutions (19-21) into (13-15) and removing terms that lead
%x, s 5 0%x, 0*r, 9%, 5 or, 96, to the secular ones, we can get the second approximation in
oT? 22 aT,o1, " or2 ' " oT? 0T, 0T,  the form
(14)
9°0 0°0 0°0 0%x 0*r, 0%0 0%0
2% 0, =200 g e n Tl 20 0000 00 (1)
T3 TyoT, oT> 012 T oT2 T2 ' OT2
Order of (¢3)
’ry 0%r, 0%r, 0%r, 00, \*> 0,
2 1B3="75 =2 = 0,0, +ri( 5= 2%
oT; oT; 0T,0T, 0T,0T, 0T, o7, (16)
00, 00, 0’x, 0’x, or,
+2—— _ 1 _01 —Cl_ +‘f1 COS(W]T()),
0T, dT, 0T,0T; oT; 0T,
0%x, O = 0%x, 0%x, ) 0%x, (% 20 0%r, o2 0%r, o
o12 " T T T Taner, ~ “otger, T M\ot, ) T o2 T Haryer, ! -
10201 9%, 0x, 00, 4 or, 06, £, cos(W,T)
—J— ———— - J— -4y—— cos ,
or2 ' " Yot~ Por, “orz  MoT,er, TR
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_ 342 . A, 1+ )T, A, 12T,
ry 1 ALA 3 Q2T 4 Q§A3 > 2 + = 2 +c.c,
Q- (1+ Q,)? Q—(1- Q,)?

Il
Q)
— o
(%)
W

|

[\*]
— T

A, el @i+DT, A, ¢l @-DT, A .
3 3 3 eTo 4 c.c,

2 2+ 2 2 J 2
Q@ +12 Q- -1 Q-1

X, = puA(Q + 2)(
2

iQ,

e

A, ¢ @H1T, A_Sei(Q,—DTo) QA1 To
+c.c.,

0, =(3-200A,( = + +
: T\ @220, @-209 ) 1-Q2

(22)

(23)

(24)

where c.c. are the complex conjugate of the previous
terms. This symbol benefits from providing long terms that
we use frequently.

Substituting the solutions (19-24) into Egs. (16—18) and
using the elimination conditions of secular terms. So, one
gets the third-order approximations in the forms

_ G- 200)A,A2 ST _ 6iA> i Q2A A1 ¢ 1+0To
(@2 +2Q))(4 +4Q)) (Q2 — 47 (@2 = DR - (1 + 9,2
. ( (3 -202) ) ARy oo BAAT O
Q- 2Q)) (4Q, -4 (1 - Q)IQT = (@, — 1)]
Al_A%gi(Q,mTO QA7 ehlo + (3 = 2QDQA Ay Ay e Bt Rt T
4Q, +4 (1-9H)(Q, —4Q)) (2 +2Q)[Q% — (Q, +Q, + 1)2]
QiAA, 1 .\ JA2eHTy .\ H(Q +2)(Q + 1)%4,A2
(1-Q)Q2  (1-Q)(Q -4  [Q- (@ +1712Q, +2)

r3

i(Q+2)T,

(3 = 2Q2)Q2A | AyA; €@+ 1Ty JAA, (3 = 20)Q2A | A,A; €@+ DTy

+ + +
(@ —20)[Q - (Q +Q, - 1)2]  (1-Q)Q (@2 +2Q)[Q> — (@ —Q, + 1)?]

(3 — 2Q2)Q2A A, A; el =11y fi
+ +
(@ -20)[Q2 - (Q, -Q,— 1] Q-W?

Mo 4 ¢,

— . . —2 . .
pAA el pA ST (3 - 2Q0)uQ A Ayi 02T A A gei@HDT,y

BT eo) T @-9 ¥ (@2 +2Q)[Q2 - (1 - 2Q,)?] ¥ [Q2 — (@ + 1)2]

(3 -20DuQATAi I 0 QU A BT 4 A e Ty

(Q2% +2Q)[Q2 — (1 +29)?] * (1-Q)H[Q2 - (Q, —Q)?] * Q2 —(Q, — 1)?]
1 DJELS 1 )15 2 1 2 1

_ U QA Ay QT ety (Q, + 1A, Azi @+
(1 - Q)[R — (Q, +Q,)] P @ 20192 - (@, + 1]

.\ (Q — DA Asi e®~DT0 b
(@ -20)[Q2 — (@, -1 [ Q@ -W?

'™l 4 coc,

(25)

(26)
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(3 - 2QDATA,i 1200 Q2A A, BT 3A3¢3 0
93 = - -
(@ +2Q)@Q2 +4Q) (1 -1 —(Q, +Q)? 8(Q—4)
| QAT (3= 20DATA,i P
(1-QDM - (- Q)] (QF-2Q))(4Q, —4Q))
B Q2A2A, i+ )Ty 2 AALA eI
[Qf — (1 +9)%)(1 -2+ Qz)z) [Q] - (1 - Q,)21(1 +Q3)
QATA; 00T 303A%A4, W 3Q2ATA, (0
1-Q2Q, -1 2@ -1 -C+Q)2] 2L -H[1-Q2-Q)] on
.\ Q2A;AA, e 0T . Q2A3ALA, e 0T 343
2 -1 -2+ [ -(1-21(1+9) 2Qi-4)
Q4A A et(l 2Q,)T,, Q2A2A gl(2+97)T0
[92 — (1 = Q)21 = (1 -2Q))?] [92 — (1 + Q)21 = (1 +,)]
QZAZA 61(2 )T, Q4A2A et(l+2§22)TO
[92 — (1 = Q)21 - (2 -] [QZ — (1 + Q)21 = (1 +2Q,)?]
+ e el 4 c.c
1-w?
2
Thus, the required approximate solutions can be easily 220 0A3 G -2Q) A AR —icA
obtained if we substitute (19-27) into (8). o, (@+20) "R
- QiA,ALA
- — QA AR+ 31
Stability of the System -+ 1)
QiA,AA, P
In this section, we examine the system’s stability of - =f3%"1 =0.

Egs. (16-18) and investigate the simultaneous three primary
external resonances case. Therefore, the following detuning
parameters o; (G = 1,2,3) are considered [30]

W, =Q +eo;, W,=Q,+¢e0,, W;=1+e06;5. (28)

Substituting (28) into (13-18) and removing the secular
terms, the following solvability requirements for the third-
order approximation are obtained

_2ig, 2 (3_29%)AAZ (3_29%)AAZ +24,AA

o Yicin SO s L oo

YT, (@ -20) "7 (@420 PR
@ —1)?

A [ 1 ioy Ty —
_mA1A3A3 —ic|QA, - Efle T o,
(29)
4
0A, Q5 JIA,

. 1 g
-2iQ - — i, QA, — =121 =0, 30
26T2 (1_95) 28294, 2f2 (30)

@ Springer
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Q—(1-Q,) 27

These equations can be analyzed through expressing
Aj ( = 1,2,3) in the polar forms [31] as follows:

a(Ty)
A= T 4= ez, (32)

where &; and §; are the amplitudes of the generalized

coordinates r, x, and 8 and their corresponding phases

oA,  _0A,
O _ 2%
or ~ © or, (33)

0T, T,) = T;6;, — y(T,). 34)

Substituting (32-34) into (29-31) and then matching the
real and imaginary parts in both sides to gain the next modu-
lation equations for amplitudes and phases
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L doy _aa ( Lo, )6—%¥MM§+QG do,, 1 Q- 1)
15 = 5 19 apy— = — -
ar — 4Q; \Q2-20, Q@ +29 8Q, 0 gr 49, 8Q,(Q2—(Q, - 1)?)
(Q, - D?a,a?
e Bl SR (RS | | (3 -2
8Q(Q - (@ - 1?) 2 -| = + = X
QF —2Q,  Qf +2Q, 8Q,
da = i sing, — 441 )
aT ~ 29, D (ay,a5, + 2a,pa3,a3)
3
Y PP . S — L in0,,0, +ayo
Yar 20, 7 21— Y 20, 10011 + a0,
da2 fz . a,Cy dall fl apcy
2 0, — 22, =L _un
dT 292 S 2 dT ZQI COSGIO 611 2 s
L4995 _ Qaa; (- 200aa] 12, 2 do,, A Jlay @3
AT T 8@ -(1+9Q)) 8@ +20) 2 ! Gy —pr = 9103 = 5 5= SN0y Oy — ———5,
‘a2 2 21 - ) (37)
Q; asa; 5
+—8§22 T ov +a30'3+zcost93, %—f—zcosﬂ 0 a0
) f( 1~ (I =Q)%) ar 20, 20 %21 5
as 3 asC3
—= ="=sinf, — —=. do
dar 2 3 2 a30d_]3_‘0 =%Sln03o 031 +a3103
35
. . _ (33) (3 -29Q%) 1
Examining the behavior of modest deviations from the = 4 _Q%)(azlafo +2a,0a,,a3)
steady-state solutions is an intriguing way to evaluate the 8(9% +2Q) 2 )

stability requirements. Therefore, we take into account the
following aspects of substitutions [32] when pursuing this
goal

ay=ayp+ay, 60,=0,+0,,
ay =ayy+ay, 0, =0+0,, (36)
as =azy+as, 03 =05 +0;,

where aj and Gjo (j =1,2,3) are the unperturbed solu-
tions which corresponds to the steady-state solutions of (35),
while a;; and 6, are their corresponding perturbations which
should be small relative to its predecessors.

Substitution (36) into Eq. (35) yields

Q] 1 1
+ =2 +
8 (Q? - (1-92,)% (Qf - (1+Q)%)
(6131‘150 + 2a,0a,,a3)s
day,  fs az|C3

It must be remembered that the perturbation terms a;; and
6, are unknown functions and we can express their solutions
in the exponential form cke”; in which ¢, (k=1,2,....,6)
are constants and A represents the eigenvalue congruent to
the unknown perturbations that can be obtained from the
real parts of the roots. If the steady-state solutions a;, and
0 are considered to be stable asymptotically, then the real
components of the roots of the below characteristic equation

must be negative [33]
BT B+ A + T+ T2 + T A+ T = 0, (38)
where

The previous coefficients I'; (k =1,2,...,6) depend on
some parameters such as a;y, 6, ¢, and f; j = 1,2, 3). Based
on the Routh-Hurwitz criterion [16, 34],

@ Springer
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(@ r — 1 =0.002 (b) r — 01 =0.002 = ¢; = (.02 — C1=0.2
0.15

0.10

-0.05

—0.10]

-0.15

Fig.2 The slight effect of ¢, on the behavior of the solution » when ¢; = (0.002,0.02,0.2): aatT € [0, 1000], b at T € [0, 100]

(a) x —_—=0.002— ¢ =0.02— =02 (b)) X — 1 =0.002— ¢, =0.02 — C1=0.2

|

| |
0.06 [ | 0.06 ” ﬂ
0.04 0.04

0.02 0.02

™

=

(@) —oa=0002 (b) O — 1 =0.002 — ¢; =0.02 = C1=0.2
— =002 0.3 n

—_—C1=0.2
0.2

0.1

-0.1

=0.2 -0.2

I

Fig.4 The effect of ¢, on the behavior of the solution § when ¢; = (0.002,0.02,0.2): aatT € [0, 1000], b at T € [0, 100]

e
|
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(a) x — =0.002——2=0.02 —2=02 (h) X —_— 3=0.002 = C3=0.02 =—— C3=0.2
ool od | TN
0.04] ‘ it 004 | ] |
0.02 [ 0.02

0 6( B0 1bo
-0.02
-0.04 W
IR
~0.06 U w U u U U

Fig.6 The slight effect of ¢, on the behavior of the solution x when ¢, = (0.002,0.02,0.2): aatT € [0, 1000], b at T € [0, 100]

(a) 0 —020.002— 220.02 — ;=02 (D) O — 3=0.002 — €2=0.02 — ¢;=0.2
0.3 0.3
0.2 0.2 ﬂ n H n n
0.1 0.1
r 2p i 0 T
-0.1 -0.1
-0.2 -0.2 U U “ u u u

-0.3 -0.3

Fig.7 The slight effect of ¢, on the behavior of the solution # when ¢, = (0.002,0.02,0.2): aat 7T € [0, 1000], b at T € [0, 100]

(a) r — €3=0.001 — ¢3=0.01 —— ¢3=0.1 (b) ¥ — C3=0.001 = ¢3=0.01 — C3=0.1
0.15 0.15
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Fig.8 The slight effect of c; on the behavior of the solution » when ¢; = (0.001,0.01,0.1): aat 7T € [0, 10001, b at T € [0, 100]
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Fig.9 The effect of c; on the behavior of the solution x when ¢; = (0.001,0.01,0.1): aat T € [0, 1000], b at T € [0, 100]
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Fig. 10 The slight effect of c; on the behavior of the solution § when c; = (0.001,0.01,0.1): a at T € [0, 1000], b at T € [0, 100]
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Fig. 11 The effect of Q, on the behavior of the solution r when Q; = (0.65,0.9,1.65): aatT € [0, 1000], b at T € [0, 100]
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Fig. 12 The slight effect of Q, on the behavior of the solution x when ; = (0.65,0.9,1.65): aatT € [0, 1000], b at T € [0, 100]
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Fig. 13 The slight effect of Q, on the behavior of the solution § when Q, = (0.65,0.9,1.65): a atT € [0, 1000], b at T € [0, 100]
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Fig. 15 The slight effect of Q, on the behavior of the solution x when Q, = (0.2,0.8,1.2): aat T € [0, 1000], (b) at T € [0, 100]
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we can write the stability conditions of the steady-state
solutions in the following form:

r, 1
r, >0, Det( ! >>0
! <F3r2
ro1 o r,y100
| A O PR
Dety I'; I', I', | >0, Det >0,
rILT, s, T, 0,
> 0 I 5T,
r1000 ryby10000
r,r,r, 1 00
LG 1O I, 00,0 1
Det| [ T, T3, T[>0, Detf > * 32 1 > 0.
0T[5, 5T,
0 Ty TsT, T,
00 0L T 0 0 0TgIsT,
653 0000 0Ty
(40)

Simulation of the Results

Now, we are going to investigate the influence of the param-
eters ¢y, ¢, C3, 2, and , on the motion of the system under
investigation taking into the following value of different
parameters:

¢; = (0.002,0.02,0.2), f, =0.003, &, =001, c,=0.02,
c; =0001, Q =065 o0,=002, m=05kg M*=lkg
W, =02, W,=01, Q,=12, f =0001, f =0.002,
W, =03, &=0.001.

Figures 2, 3, 4 represent the variation of the solutions r, x,
and 0 via T, respectively, when ¢; = (0.002, 0.02, 0.2) with
the same previous data, during the specified time T intervals
for each figure. Whereas Figs. 5, 6, 7 indicate the behavior of
the solutions 7, x, and 6 at ¢, = (0.002,0.02,0.2).

A look at Fig. 2 reveals that when ¢ increases from 0.002
to 0.2 with the constancy of other parameters and the num-
ber of oscillations decreases with the notable increment of
the amplitudes. This means that through variation of time
T from O to 100, the motion of the mass m is sinusoidal. On
the other hand, the amplitudes of x and 8 during the same
time interval decrease. There is decay in the variation of
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ae

Fig. 16 The slight effect of Q, on the behavior of the solution # when €,

Fig. 17 Adjustment of the mod-
ified amplitudes as a function of
the detuning parameter o,

Fig. 18 The modified ampli-
tudes’ variation for the same
case in Fig. 17, but when

¢, =0.02.
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Fig. 19 The modified ampli- 1.0 1.0
tudes vs the parameter of
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Fig.21 The modified ampli-
tudes vs the parameter of
detuning o, for the same case in
Fig. 17, but when ¢, = —0.005.

Fig.22 The trajectory of the
modulation equation’s projec-
tion on plane p,q, and the
adjusted amplitudes via time 7,

&\ Springer

1.0 1.0
0.8 - 0.8 l;
5 0.6 £ 06 i
0.4 0.4
0.2 0.2
0.0 i 0.0 i
-0 5 0 10 .10 5 0 5 10
o3 3
2.0 !
1.5
“10
0.5 :
0.0 — [~
.10 5 0 3 10
o3
0.4
0.4
02 0.2
=00 <@j 200
-0.2
— -0.2
-0.4
_/ 2.4l
04 02 00 02 04 0 50 100 150 200
p2 T,
0.4
0.2
< 0.0
-0.2
-0.4
0 50 100 150 200
75



Journal of Vibration Engineering & Technologies (2022) 10:1883-1903

1897

Fig. 23 The same system
considered in Fig. 22, but with
¢, =0.02

Fig. 24 The projection p,q,
plane and the correspond-

ing modified amplitudes with

¢3 = 0.001, and it is correspond-
ing to the first fixed point in
Fig. 19
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Fig. 25 The projection p,q,
plane and the corresponding 0.4}
modified amplitudes where 0.2}
¢3 = 0.001 corresponding to the 0.2}H
second fixed point in Fig. 19 £0.0f @)
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Fig.26 The projection of the 0.015 ; 0.035
modulation equation path on
the plane p,q, and the adjusted 0.010 0.030
amplitudes versus T, at 6; = —1, 0.005 0.025
and it is corresponding first & 0.000 N 0.020
point in Fig. 20 0.005 ’
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Fig. 27 The projection of the
equation of modulation on

the phase plane p,q, and the
adjusted amplitudes versus T, at
o; = —1, and it is corresponding
second fixed point in Fig. 20

Fig. 28 The projection of the
modulation equation trajec-
tory on the plane p,q, and the
adjusted amplitudes versus T,
at o, = —0.005, and it is cor-
responding first fixed point in
Fig. 21
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Fig.29 The modulation =

- o 0.4
equation’s projection on the 0.4
plane p,g, and the adjusted 02t
amplitudes via time 7, when ’ 0.2
6, = —0.005, and it is corre- & 00l @) ] ~
sponding second fixed point in ) = 0.0
Fig. 21 -0.2} 02

'0.4 [ \_’/ _04 ‘l

-04 -02 0.0

the amplitude to some extent; see Fig. 3 and Fig. 4. Also,
in Figs. 5, 6,7, 8, 9, 10, when ¢, and c; increases, the num-
ber of oscillations of x and 6 decreases. The time history
under the variation of Q, is reported in Figs. 11, 12, 13 for
the solutions r, x, and 6, respectively, when time intervals
T =10 :1000]and T = [0 : 100]. On the other side, we plot
the time history for the solutions r, x, and 8 under the slight
effect of Q, as shown in Figs. 14, 15, 16.

It is obvious from Fig. 11 that the behavior of the attained
waves for r varies between periodicity and decay and there
is a slight effect for x and € as in Fig. 12 and Fig. 13. On the
other side, we plot the time history for our solutions under
the variation of €, in Figs. 14, 15, 16. According to the
calculations depicted in these figures, when €, increases the
amplitude of the waves of x decreases to reach to the decay
behavior. Accordingly, we conclude that the motion of the
system under consideration is stable and free of chaos.

Non-linear Analysis

Our goal in this part is to show graphical representations
of the analytical treatment developed in this paper for reso-
nance situations of (28).

Frequency-Response Curves

In Fig. 17, the modulation amplitudes of the three resonant
modes are plotted via the parameter of detuning o5 as a

@ Springer
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control one to highlight the influence of some parameters
on the system behavior up to the third-order of non-linearity.
The physical dimensionless parameters have the next values

=02, ¢,=02, =01, f,=01, £,=02, f;=03,
Q=065 Q,=12, J=1, m=05kg, M"=1kg, h=01,
€=0.001, =05, o,=0,=0.

In the region, —10 < 65 < 10 there exists one possible
fixed point, in which it is stable in the range —0.8 < 65 < 10
while it loses its stability as —10 < 63 < —0.8. Also Fig. 18
describes the modulation amplitudes under the impact of ¢,
when ¢, = 0.02. It is self-evident that, there is only one criti-
cal fixed point in which the stable and unstable fixed point
exists in the domain 4.8 < 053 < 10 and —10 < 65 < 4.8,
respectively. In Fig. 17, the detuning parameter o, takes the
value —0.8, while in Fig. 18 has the value of 4.8. The varia-
tion of ¢;,0, and o, on the frequency response are explored
in Figs. 19, 20, 21. The range of unstable and stable fixed
points is drawn with a dashed line and a solid one, respec-
tively. At certain instances, the system exhibits a transcritical
bifurcation.

Now, we will provide the following transformation to
explore the features of the equations of the system (35) for
the non-linear amplitude. These equations will be modi-
fied by intruding the detuning parameter o, (k = 1,2,3) to
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examine the non-linear stability of this system. Therefore,
the following convenient transformations are [35]

io T,
s

A= (p +igy)e

where p, and g, are the real and imaginary parts of A,
respectively. We will have the following system:

3-202 3202

The modified amplitudes were justified with the variation
of time T), in different parametric regions and the ampli-
tudes’ properties are graphed in the phase plane curves, as
seen in Figs. 22, 23, 24, 25, 26, 27, 28, 29. In Fig. 22, the
system has the same previous physical values of the param-
eters in Fig. 17. In Fig. 23, the same system is considered in
Fig. (22), but with ¢, = 0.02. In Figs. 24, 25, The projection

(Q -1

—2Qp| +2Q,0,q, —

+2(q\03 — 4195 + 2p1P3q3) — ¢1Qp; =0,
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P»q, plane and the corresponding modified amplitudes
with ¢; = 0.001 and it is corresponding to the fixed point in
Fig. 19 in which o5 takes the values, —2.9, —0.9, respectively.
Also, Figs. 26, 27, 28, 29 show the projection p,g, plane and
the corresponding modified amplitudes but in Figs. 26, 27
when o, has the value —1 and these figures are corresponding
to the first and the second fixed point in Fig. 20 in which o,
equal —4.4 and 0.5. In Figs. 27, 28, when o6, has the value
—0.005 and these figures are corresponding to the first and
the second fixed point in Fig. 21 in which o5 has the values
—3.5,—-0.4, respectively. These figures are clearly demon-
strate that, the amplitudes diminish gradually with time and
the density of the spiral cycle rapidly declines. This means
that the system is stable under changing of parameters.

Conclusion

The motion of the auto-parametric pendulum model with
3DOF consisting of a mass M attached to two massless
springs with linear stiffness was investigated. Lagrange's
equation is used to derive the controlling equations of
motion. The approximate solutions and the resonance cases
obtained using MMS. Criterion of Routh—Hurwitz is used
to obtain the solvability condition at the steady state. The
variations of the solutions via time are graphed to have the
influence of some different parameters on the behavior of the
dynamical model. The obtained results of higher consistency
with the results in [11]. The characteristics of the non-linear
amplitudes of the system are discussed to investigate its sta-
bility. The modulation amplitudes of the resonant modes are
plotted via one of the detuning parameter as a control one to
examine the impact of some parameters on the behavior of
system. It is remarked that at certain values of this param-
eter, the system produces transcritical bifurcations. The solu-
tions of modulation equations have stable fixed points, as
shown from the solutions’ projections on the plane p,g,.
The achieved solutions are considered as a generalization
of which are obtained in [29] for the case of rigid pendulum
arm. The significance of the examined model can be seen
in its applications in a variety of domains, including ship
motion, transportation equipment, swaying buildings, and
rotor dynamics.
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