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Abstract
Objective  Due to its characteristics of being light and flexible, membrane has been widely used in long-span stadiums and other 
buildings. However, under the effect of external loads, it will produce relatively large deformation. Therefore, the large deflection 
vibration of membrane has been of concern to researchers.
Methods  To obtain the efficient and accurate solution of the nonlinear vibration problem of membrane, the governing equations 
of strongly nonlinear vibration of orthotropic membrane structures are derived based on the Von Karman large deflection theory 
and Galerkin method, then its analytical solution is gained by employing the homotopy perturbation method and the improved 
homotopy perturbation method, respectively.
Results  The vibration characteristics of strongly nonlinear vibration of orthotropic membranes under displacement excitation 
were investigated, in which parameters considered in the analysis were vibration amplitude, thickness, surface density, and 
geometric.
Conclusion  In addition, the results are compared with those obtained by the existing methods, which shows that the 
improved homotopy perturbation method is more accurate and suitable than the studied methods, and has good application 
ability in the strong nonlinear vibration of orthotropic membranes.

Keywords  Membrane · Orthotropic · Strongly nonlinear · Improved homotopy perturbation

Introduction

The membrane is widely used in building structures. As its 
weight, thickness and stiffness are less, the sensitivity of the 
membrane structure to external excitation is great. Under the 
external excitation, the vibration amplitude of the membrane 
structure is much larger than its thickness, which makes the 
vibration problem of membrane structures have strongly 
geometric nonlinearity. Meanwhile, the membrane materi-
als used in construction field are woven by fibres in the two 
orthogonal directions. Its elastic modulus in two orthogonal 
directions is different compared with that of isotropic mate-
rials, which means the membranes are orthotropic [1–4].

In recent years, a large number of studies on the dynamic 
problems of membranes have been performed. Pan and Gu 
[5, 6] established the discrete square tensioned membrane's 

nonlinear vibration equations using D'Alembert's principle, 
and deduced the free oscillating system's equivalent funda-
mental frequency. The effects of membrane's prestrain, size, 
elastic ratio, density, relative amplitude and dead load of 
square tensioned membrane on the structure's nonlinearity 
were also studied. Zheng et al. [7] obtained the governing 
equations of orthotropic membrane using the large deflec-
tion theory, and got the power series formula of nonlinear 
vibration frequency of a rectangular membrane with four 
edges fixed. Liu et al. [8] took an orthotropic membrane with 
four edges fixed as the research object, got the approximate 
solution of the frequency of nonlinear vibration of the mem-
brane and its displacement function by employing the L–P 
perturbation method. Liu et al. [9] calculated the frequency 
of the nonlinear vibration of a simply supported rectangular 
membrane using the assumed mode method and the finite 
element method, and compared the two methods. The results 
indicated that the natural frequency obtained by the finite 
element method is larger than that obtained by the assumed 
mode method. Li et al. [10] proposed the modified multi-
scale method based on the traditional multi-scale method, 
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and used this method to solve the approximate solution of 
the strong nonlinear vibration frequency and displacement 
of clamped membrane structures. The method was verified 
by experiments. Lu et al. [11] gave the approximate solu-
tion and theoretical solution of the nonlinear frequency of 
the membrane during the study of the nonlinear vibration 
control of membrane structures. Song et al. [12] solved the 
strongly nonlinear vibration of orthotropic membrane using 
the improved multi-scale method. The results showed that 
its accuracy is higher than that of the traditional perturbation 
methods. Zhang [13, 14] calculated the vibration frequencies 
of rectangular membrane and strip membrane when studying 
the equivalent principle of them. Although there are many 
reports in the literature on the outcome of vibration of the 
membrane, most are restricted to the small deflection theory 
and traditional perturbation method, which is not suitable 
for large amplitude vibration of the membrane. When the 
amplitude of the membrane increases to a certain extent, 
the strong nonlinearity of the membrane emerges, and the 
error of the calculation results of these previous methods 
exceeds the allowable range of engineering, which cannot 
be used. Meanwhile, some scholars assumed that the mem-
brane is an isotropic material, which ignored the influence of 
the orthogonal anisotropy of the membrane on its dynamic 
characteristics to facilitate the calculation.

In view of the limitations of the traditional perturbation 
method, He [14–17] proposed the homotopy perturbation 
method. It has been proved that it is applicable to strongly 
nonlinear vibration problems by applied in many actual engi-
neering problems. Ganji et al. [18] applied the homotopy 
perturbation method to solve nonlinear partial differential 
equations of fractional orders. Andrianov et al. [19] pro-
posed an analytical solution of the problem of free in-plane 
vibration of rectangular plates with complicated boundary 
conditions using the homotopy perturbation method. Shakeri 
and Dehghan [20] presented the solution of a delay differen-
tial equation by means of the homotopy perturbation method 
and listed some numerical illustrations. Ozturk et al. [21] 
applied the homotopy perturbation method for free vibration 
analysis of a beam with an elastic foundation. Liu et al. [22] 
investigated the geometric nonlinear vibrations of preten-
sioned orthotropic membrane with four edges fixed via the 
homotopy perturbation. However, its solution that has to be 
squared twice is too complex to use.

In this paper, the strongly nonlinear vibration of the 
orthotropic membrane under displacement excitation is 
investigated using the homotopy perturbation method and 
the improved homotopy perturbation method, respectively. 
The results compared with other traditional perturbation 
methods are also shown. The results reveal that the improved 
homotopy perturbation method has an amount of capabil-
ity to apply in strongly nonlinear vibration of orthotropic 
membranes. The form of the solution is simpler and more 

convenient to use in engineering. In addition, the dynamic 
characteristics of membrane structures are also studied para-
metrically. This research is beneficial to the vibration control 
and dynamic design of membrane structures.

Solution of Nonlinear Transverse Vibration 
of Orthotropic Membrane

Governing Equations

The cross section of a membrane is shown in Fig. 1. The 
length and width of the shown cross section in the main 
directions of the coordinates x and y are indicated with two 
parameters a and b, respectively. The initial tensile stresses 
in the main directions of the coordinates x and y are N0x and 
N0y, respectively.

According to the Von Karman large deflection theory 
and D’Alembert’s principle, the vibration partial differen-
tial equations for strongly nonlinear vibration of orthotropic 
membranes will be

where ρ is aerial density of membrane. h denotes mem-
brane thickness. E1 and E2 suggest the Young’s modulus 
in the X and Y directions, respectively. σ0x and σ0y represent 
the normal stress in the X and Y directions, respectively. 
φ = φ(x,y,t) denotes the stress function, and w = w(x,y,t) 
denotes deflection.

The corresponding boundary conditions of a rectangle 
membrane with four immovable edges simply supported are 
as follows [23]:
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Fig. 1   Rectangle membrane with four edges simply supported
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Functions that satisfy the boundary conditions (3) and (4) 
are expressed as follows:

where Wmn(x,y) is the mode shape function, φ(x,y,t), umn(t) 
and Φ(x,y) are the unknown functions.

By assuming the mode function is an orthogonal trigono-
metric function [24], then

where m and n are positive integers, which denote the sinu-
soid half wave number.

By substituting Eqs. (5), (6) and (7) into (2), yields:

The form of the construction solution of Eq. (8) can be 
assumed as

By substituting Eq. (9) into (8) and (4), yields

(3)

⎧
⎪⎨⎪⎩
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(6)�(x, y, t) = u2
mn
(t)Φmn(x, y),

(7)Wmn(x, y) = sin
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a
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b
,
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Substituting Eqs. (5), (6) and (10) into (1) and simplified, 
we gain Eq. (11) by the Galerkin method:

where

Take the ZZF membrane as an illustration, which com-
monly used in China, its aerial density is 0.95 kg/m2; the 
thickness is 0.72 mm, the Young’s modulus in the X and 
Y directions are E1 = 1590 MPa, E2 = 1360 MPa, respec-
tively; the length and width of the membrane are a = 5 m, 
b = 5 m, respectively.

Substituting those parameters into the nonlinear term 
in Eq. (11), we gain the following results:

The formula shows that the coefficient of the nonlinear 
term in Eq. (11) is much larger than 1. It is easy to see that 
Eq. (11) is a strongly nonlinear differential equation with 
respect to u(t).

At the initial moment, the out-of-plane displacement of 
the membrane surface is 0. The membrane surface begins 
to vibrate under the displacement excitation after an initial 
displacement is applied to the center point of the mem-
brane surface as shown in Fig. 2. The following initial 
conditions can be applied.

(11)d2u(t)

dt2
+ �u(t) + �u3(t) = 0,
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×
(
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)
= 65.20 ≫ 1.

(12)u(0) = a0, u
�(t) = 0.

Fig. 2   Initial condition of mem-
brane’s vibration
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In reference [11], Lu has given the power series fre-
quency solution of the strongly nonlinear vibration of the 
orthotropic membrane with large amplitude as follows:

The Homotopy Perturbation Solution for Vibration 
Governing Equations

According to the homotopy perturbation method, we 
obtain:

where L(u) = d2u

dt2
+ �u.

The solution of formula (11) can be rewritten as 
follows:

By substituting Eq. (15) into (14) and comparing the 
coefficients of p1 and p2, yields

By assuming the solution of formula (16), yields

From Eqs. (16), (17) and (18), we can obtain

Obviously, Eq. (20) is a linear differential equation, and 
its solution is

Here we set the coefficient of cos
√
�t to zero to elimi-

nate the secular term which may occur in the next iteration
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We can get

Thus, the homotopy perturbation ((hereinafter, HPM for 
short)) solution of the vibration frequency of the membrane 
can be obtained as

The Improved Homotopy Perturbation Solution 
for Vibration Governing Equations

We construct a homotopy as follows for Eq. (11):

where p ∈ (0,1), when p = 0, Eq. (25) is a linear differential 
equation; when p = 1, Eq. (25) is equal to Eq. (11).

Then we expand u(t) and λ into a power series [25]:

Substituting Eq. (26) into (27) and comparing the coeffi-
cients of p1 and p2, yields

We assume the initial approximation of Eq. (28) has the 
form

Substituting Eq. (30) into (29), yields

Setting the coefficient of cos
√
�t to zero to eliminate the 

secular term, we can get
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Omitting the higher order term, we can get from Eq. (27)

From Eqs. (32) and (33), we can obtain

It is the improved homotopy perturbation (hereinafter, 
IHPM for short) solution of the vibration frequency for 
strongly nonlinear vibration of orthotropic membranes.

Example Analysis

To verify the strength of the improved homotopy perturba-
tion method, the orthotropic membrane applied in engineer-
ing is investigated. Simplified sketch is shown in Fig. 1. Its 
material properties under consideration are the aerial density 
is ρ = 1.7 kg/m2; the thickness is h = 1.0 mm; the pretension 
is σ0x = σ0y = 5 × 103 KN/m2, the length and width are a = 1 m 
and b = 1 m; the Young’s modulus in the X and Y directions 
are E1 = 1.4 × 106 KN/m2 and E2 = 0.9 × 106 KN/m2.

(32)�1 = −
3�a2

0

4
.

(33)� = �2 + �1.

(34)� =

√
� +

3�a2
0

4
.

Comparison with the Two Power Series Solutions

In reference [7], Zheng has given the power series solution 
of nonlinear vibration of prestressed orthotropic membranes 
as follows:

where M =
h�2

�

(
m2

a2
�0x +

n2

b2
�0y

)
,N =

h�4

16�

(
E1m

4

a4
+

E2n
4

b4

)
.

The formula of the vibration of rectangular orthotropic 
membranes in small deflection (hereinafter, SL for short) is

The first-order frequencies of the membranes under dif-
ferent displacement excitations are obtained by Eqs. (13) and 
(35), which are listed in Table 1. The results are also illustrated 
in Fig. 3.

As it can be seen, the frequency grows with the displace-
ment excitation increasing. The frequency of Lu’s method 
grows faster than that of Zheng’s method. The difference 
between Lu’s method and Zheng’s method is minuscule when 
the displacement excitation is small. When the displacement 
excitation grows, Zheng’s method displays a profound error. 

(35)� =

�
M + (N∕2)a2

0

∞∑
p=0

(−1)p
�
(2p−1)!!

(2p)!!

�2� Na2
0

2M+Na2
0

�P
,

(36)� = �

√
h

�
.

√
�0xm

2

a2
+

�0yn
2

b2
.

Table 1   Series solution of 
vibration frequency of the 
membranes under different 
displacement excitations

a0(m) 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

ω11
(rad/s)

Lu 244.76 255.80 273.09 295.45 321.76 351.11 382.79 416.28 451.15 487.10
Zheng 242.23 246.01 252.18 260.54 270.86 282.91 296.47 311.32 327.30 344.23
SL 240.9492

Fig. 3   Series solution of vibra-
tion frequency of the mem-
branes under different displace-
ment excitations
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The reason leading to the phenomenon will be talked about. 
In reference [7], Zheng assumed the stress function as follows:

Compared with Eq. (9), this function has not the polyno-
mial terms of x and y. It leads to the coefficient of the nonlin-
ear term of the governing equations is different, which means 
that ε is 3 times as much as N. Thus, the solution of Zheng’s 
method is closer to the solution of small deflection theory. The 
lack of polynomials of x and y weakens the nonlinearity of 
Zheng’s method and enhances its linearity. Because formula 
(13) is more accurate than formula (35) in theory, this paper 
will discuss formula (13) as the theoretical solution.

Comparisons with Other Methods

The results of Eqs.  (24), (34) and the L–P perturbation 
method solution are compared in this section for verifying 
the improved homotopy perturbation method. In reference 
[8], Liu has given the L–P perturbation method solution of 
nonlinear vibration of a prestressed orthotropic membrane 
with large amplitude as follows:

Φ(x, y) = � cos
2m�x

a
+ � cos

2n�y

b
.

(37)� =
√
� +

3�a2
0

8
√
�
.

It should be noted in particular that the coefficients of the 
nonlinear term governing equation of the membrane are the 
same as reference [7], which is smaller. Herein, the coef-
ficients in formula (11) are used in this equation.

The frequencies of the membrane under different dis-
placement excitations and orders obtained by various meth-
ods are displayed in Table 2, and the curves are also shown 
in Fig. 4.

As shown in Table 2, the results calculated by various 
methods are almost same as the results obtained by the 
small deflection theory when the displacement excitation 
is close to 0. With the displacement excitation increasing, 
the frequency grows and the high-order frequency grows 
faster than low-order frequency. However, the results 
obtained by the small deflection theory do not change with 
displacement excitation. The reasons for this situation are 
also discussed. From the view of formula construction, 
the formulas obtained by large deflection theory include 
pretension and displacement excitation, that is, the results 
obtained by large deflection theory are influenced by pre-
tension and displacement excitation, while the formula 
obtained by small deflection theory only contains preten-
sion, which is not affected by displacement excitation. 
From the view of theory, the large deflection theory takes 
into account the strong nonlinearity of the membrane. The 
displacement excitation of the membrane affects the inter-
nal stress of the membrane. The greater the displacement 
excitation, the greater the internal stress of the membrane, 

Table 2   The results calculated by various methods

a0(m) 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

ω11
(rad/s)

Theoretical 244.76 255.80 273.09 295.45 321.76 351.11 382.79 416.28 451.15 487.10
HPM 244.77 255.94 273.66 296.84 324.36 355.22 388.63 423.97 460.80 498.79
IHPM 244.76 255.87 273.38 296.16 323.09 353.23 385.83 420.32 456.26 493.34
LP 244.79 256.33 275.56 302.48 337.09 379.40 429.39 487.08 552.46 625.53
SL 240.95

ω12
(rad/s)

Theoretical 397.28 442.17 507.55 586.37 673.89 767.06 863.93 963.26 1064.20 1166.40
HPM 397.39 443.40 511.60 594.56 686.93 785.36 887.81 993.03 1100.20 1208.80
IHPM 397.33 442.79 509.63 590.63 680.75 776.83 876.91 979.77 1084.60 1190.90
LP 397.68 447.81 531.35 648.31 798.69 982.49 1199.70 1450.30 1734.40 2051.90
SL 380.97

ω21
(rad/s)

Theoretical 404.75 468.15 557.04 661.01 773.91 892.15 1013.60 1137.20 1262.10 1388.10
HPM 404.97 470.40 563.64 673.33 792.61 917.69 1046.50 1177.70 1310.70 1444.90
IHPM 404.87 469.30 560.46 667.48 783.90 906.10 1032.00 1160.50 1290.70 1422.20
LP 405.61 479.53 602.74 775.22 996.98 1268.00 1588.30 1957.90 2376.80 2845.00
SL 380.97

ω22
(rad/s)

Theoretical 511.60 590.90 702.21 832.55 974.19 1122.60 1275.10 1430.30 1587.30 1745.50
HPM 511.88 593.68 710.44 847.94 997.57 1154.60 1316.20 1481.10 1648.10 1816.70
IHPM 511.74 592.31 706.47 840.63 986.68 1140.10 1298.20 1459.40 1623.00 1788.10
LP 512.66 604.96 758.80 974.16 1251.10 1589.50 1989.40 2450.90 2974.00 3558.50
SL 481.90
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Fig. 4   Vibration frequencies of 
the membranes under different 
displacement excitations
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the higher lateral stiffness of the membrane and the higher 
the vibration frequency. However, the small deflection 
theory ignores the nonlinearity of the membrane. No mat-
ter how the displacement excitation changes, the internal 
stress of the membrane is equal to the initial pretension, 
so the frequency of the small deflection formula is only 
related to the pretension, but not to the displacement exci-
tation. This confirms that the strong nonlinearity of the 
membrane cannot be ignored in practical engineering.

It can be seen that the frequency increases with the 
order growing from Table 2. It is worth noting that when 
m = 1, n = 2 and m = 2, n = 1, the frequency calculated by 
the small deflection formula is the same, while the fre-
quency calculated by the large deflection formula is differ-
ent. m and n represent the half wave numbers of displace-
ment functions in X and Y directions of the membrane, 
respectively. In the small deflection formula, the positions 
of m and n are symmetrical, and the participation degree in 
calculation is the same. In the large deflection formula, m 
and n have different weights. This proves that the influence 
of orthogonal anisotropy of the membrane on its mechani-
cal properties cannot be ignored. This is also the reason 
for the different calculation results after exchange m and n.

It can be seen that the results obtained by HPM and 
IHPM are almost same as the theoretical solution from 
Fig. 4. What’s more, the discrepancy between L–P solu-
tion and the theoretical solution grows with the increase 
of the order and displacement excitation. L–P method can-
not get rid of the boundedness that the traditional pertur-
bation methods can only be applied to weakly nonlinear 
equations. When the displacement excitation is small, the 
L–P solution is close to the theoretical solution and it can 
be the approximate solution of frequency of the mem-
brane under displacement excitation. However, the errors 
between the L–P solution and the theoretical solution 
become vast when the displacement excitation increases 
and the vibration of the membrane displays strong geo-
metrically nonlinearity. It is out of the accepted field in 
engineering. In view of the limitation of the traditional 
perturbation methods, He proposed the homotopy per-
turbation method [14–17]. The adaptability to strongly 
nonlinear problems of this method is strong. It can be 
observed that the homotopy solution is almost the same 
as the theoretical solution and its accuracy is better than 
L–P method. Moreover, there is a minuscule amount of 
discrepancy between the improved homotopy solution and 
the theoretical solution. It is closer to the theoretical solu-
tion than the homotopy solution.

One can observe that the improved homotopy solution 
is always a bit bigger than the theoretical solution. And the 
difference between the improved homotopy solution and 
the theoretical solution increases with the increase of the 
displacement excitation. To demonstrate the accuracy of 

the improved homotopy perturbation method, set a0 → ∞, 
and the error between the improved homotopy solution and 
the theoretical solution is as follows:

It shows that the maximum error between the improved 
homotopy solution and the theoretical solution is not more 
than 2.54%. Thus, the strength of the improved homotopy 
perturbation method is meeting the demand of the engi-
neering. The solution obtained by the improved homotopy 
perturbation method can be the approximate solution of 
frequency of the membrane under displacement excitation.

From the results obtained, the improved homotopy pertur-
bation method has an amount of capacity to apply in the non-
linear vibration of orthotropic membrane. It may have the 
potential to apply in other nonlinear systems such as shell.

Parametric Study

The size, the pretension, the thickness, the Young’s modulus 
and the aerial density of the membrane have leverage on the 
nonlinear vibration of orthotropic membrane. The effect of 
those parameters on the vibration of the membrane under 
different displacement excitations is analyzed in this sec-
tion. The results are obtained by the improved homotopy 
perturbation method.

Impact of Membrane Size

To analyze the impact of membrane size, three cases have 
investigated: 1. the length and width of the membrane 
increase together; 2. at fixed the length a = 1 m, the width 
b is set to vary from 1 to 5 m; 3. at fixed b = 1 m, a gain 
from 1 to 5 m. The other parameters are taken as follows: 
E1 = 1.4 × 106 KN/m2, E2 = 0.9 × 106 KN/m2, ρ = 1.7 kg/m2, 
h = 1.0 mm, σ0x = σ0y = 5 × 103 KN/m2. The results are shown 
in Fig. 5.

As shown in Fig. 5, the frequency decreases with the 
hike of membrane size under the same displacement exci-
tation. Frequency grows with the increase of the displace-
ment excitation. However, the enhancement effect on the 
frequency of the membrane declines with the escalation of 
membrane size. It is noteworthy that the frequency of a = 1 
and b = 2 and the frequency of a = 2 and b = 1 is not same. 
This also exists in other condition that a and b exchange. 
The reason resulting in the situation may be the orthogonal 
anisotropy of the membrane. If the orthogonal anisotropy 
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of the membrane is ignored, it is considered isotropic. Then 
the frequency of the membrane surface is the same after 
exchanging a and b. This once proved that the orthogonal 
anisotropy of the membrane cannot be ignored.

Impact of Membrane Thickness

To study the effect of thickness of the membrane on the 
vibration of the membrane under different displacement 
excitations, the frequencies of the membrane with different 

thicknesses are calculated. The thickness of the membrane 
varies from 1 to 5  mm. The other parameters include 
E1 = 1.4 × 106 KN/m2, E2 = 0.9 × 106 KN/m2, ρ = 1.7 kg/m2, 
a = 1.0 m and b = 1 m, σ0x = σ0y = 5 × 103 KN/m2. The results 
are displayed in Fig. 6.

It can be seen that the frequency escalates with the hike 
of the thickness of the membrane under the same displace-
ment excitation. The frequency grows nonlinearly with the 
displacement excitation gain.

Impact of Aerial Density

To research the effect of the aerial density of the mem-
brane on the vibration of the membrane under different 
displacement excitations, the frequencies of the mem-
brane with different aerial densities are calculated. The 
aerial density of the membrane changes from 1.6 to 2.0 kg/
m2. The other parameters include E1 = 1.4 × 106  KN/
m2, E2 = 0.9 × 106  KN/m2, a = 1.0  m and b = 1.0  m, 
σ0x = σ0y = 5 × 103 KN/m2. The results are shown in Fig. 7
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Fig. 5   Frequency of the membrane under different displacement exci-
tations with different membrane sizes
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As it can be seen, the frequency reduces with the esca-
lation of the thickness of the membrane under the same 
displacement excitation. The frequency grows nonlinearly 
with the displacement excitation gain.

Impact of Pretension

To investigate the effect of the pretension of the membrane 
on the vibration of the membrane under different displace-
ment excitations, the frequencies of the membrane with dif-
ferent pretension are calculated. The pretensions of the mem-
brane are σ0x = σ0y = 1 KN/m2, 2 KN/m2, 3 KN/m2, 4 KN/m2, 
5 KN/m2. The other parameters include E1 = 1.4 × 106 KN/
m2, E2 = 0.9 × 106 KN/m2, a = 1.0 m and b = 1.0 m, h = 1 mm, 
ρ = 1.7 kg/m2. The results are shown in Fig. 8

According to Fig. 8, the frequency increases with the 
escalation of the pretension of the membrane under the same 
displacement excitation. The discrepancy between frequen-
cies with different pretension of the membrane decreases 
with the displacement excitation gain. The reason result-
ing in this condition may be that the increase of the preten-
sion of the membrane enhances the lateral stiffness of the 
membrane. When the displacement excitation is large, the 
effect of the pretension on the lateral stiffness of the mem-
brane becomes smaller with the comparison of the impact 
of the displacement excitation on the lateral stiffness of the 
membrane.

Impact of Young’s Modulus

To investigate the effect of the Young’s modulus of the 
membrane on the vibration of the membrane under different 
displacement excitations, the frequencies of the membrane 
with different pretension are calculated. This is a change in 
the ratio of E1 and E2. When E1 > E2, set E2 = 0.9 × 106 KN/
m2, when E1 < E2, set E1 = 0.9 × 106  KN/m2. The other 

parameters are a = 1.0 m and b = 1.0 m, h = 1 mm, ρ = 1.7 kg/
m2, σ0x = σ0y = 1 KN/m2. The results are shown in Fig. 9

When E1 > E2, the frequency of the membrane decreases 
with the decline of the ratio of E1 and E2, and the frequency 
of m = 2, n = 1 is greater than the frequency of m = 1, n = 2. 
When E1 < E2, the frequencies of the membrane escalate 
with the decline of the ratio of E1 and E2, and the frequency 
of m = 2, n = 1 is smaller than the frequency of m = 1, 
n = 2. The curve of m = n = 1 and m = n = 2 is symmetrical. 
Especially, when the ratio of E1 and E2 = 1, the membrane 
degenerates into an isotropic material and their frequency 
is the same. This demonstrates that the orthotropy of the 
membrane is the reason why the calculation results of large 
deflection and small deflection are different after exchange 
of m and n in “Comparisons with Other Methods”.

Conclusions

This paper draws on the homotopy method and the 
improved homotopy method to study the strongly non-
linear vibration of the orthotropic membrane under dis-
placement excitation, respectively. The result indicates 
that the improved homotopy solution is closer to the 
theoretical solution than the homotopy solution. In addi-
tion, although the error between the improved homotopy 
solution and the theoretical solution increases with the 
increase of the displacement excitation, the maximum 
error is less than 2.54%. The improved homotopy solu-
tion is simpler in form and more suitable for application 
in engineering.
The frequency of the membrane increases with the 
increase of the thickness, the pretension, the Young’s 
modulus of the membrane and the decrease of membrane 
size, aerial density. In engineering, it is recommended to 
adjust the dynamic characteristics of the membrane struc-
tures by adjusting the size and thickness of the membrane.

100
150
200
250
300
350
400
450
500
550

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

ω
11
(r
ad
/s
)

displacement excitation a0(m)

1 KN/m²
2 KN/m²
3 KN/m²
4 KN/m²
5 KN/m²

Fig. 8   Frequency of the membrane under different displacement exci-
tation with different pretensions

0 
250 
500 
750 

1,000 
1,250 
1,500 
1,750 
2,000 

2:1 1.8:1 1.5:1 1.2:1 1:1 1:1.2 1:1.5 1:1.8 1:2

ω
11

(r
ad

/s
)

E1/E2

m=1 n=1 m=1 n=2 m=2 n=1 m=2 n=2

Fig. 9   Frequency of the membrane with different Young’s modulus 
and ao = 0.1 m



1005Journal of Vibration Engineering & Technologies (2022) 10:995–1005	

1 3

The frequencies after exchanges a and b are different. In 
addition, the impact of Young’s modulus on ω12 and ω21 
is different. The results demonstrate that the orthogonal 
anisotropy and geometrical nonlinearity of the membrane 
have a great influence on the membrane vibration.
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