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Abstract

Purpose In this paper, an analytical investigation of the nonlinear dynamic response and vibrational behavior of stiffened
and unstiffened FGM shell panels of different geometries under thermo-mechanical loading is presented.

Methods The kinematic relations considered for shell panels are in accordance with the first-order shear deformation theory
along with von Kdrman geometrical nonlinearities, and the contribution of stiffeners is considered based on smeared stiff-
ener technique. The nonlinear governing equations of motion for eccentrically stiffened FGM shell panels are derived using
Hamilton’s principle. Navier’s functions are assumed to satisfy the prescribed boundary conditions, whereas Galerkin and
fourth-order Runge—Kutta methods are employed to attain nonlinear dynamic responses.

Results After establishing the accuracy of the present analytical formulation by comparing the results with the existing
literature, various numerical studies are conducted to divulge the impact of parameters such as shell geometries, stiffeners,
material inhomogeneity, and temperature difference on the nonlinear dynamic response and vibrational behavior of simply-
supported FGM shell panels.

Conclusions It is revealed that among the un-stiffened as well as stiffened FGM shell panels, the spherical shell panel exhibits
the highest natural frequency with the lowest vibration amplitude, whereas the lowest natural frequency with the highest
amplitude is depicted by the hyperbolic-paraboloidal shell panel. Moreover, the effects of the increase in the temperature
difference across the thickness and the power law index are to reduce the natural frequency and to increase the amplitude of
dynamic response, irrespective of the geometry of shell panels. Further, the effect of damping on the dynamic behavior of
the FGM shell panel is initially indistinguishable; however, after a few time periods the damping is found to have a consid-
erable effect on its dynamic response.

Keywords Functionally graded material (FGM) - Nonlinear dynamic response - Stiffened shallow shell panels - Galerkin
method - Thermo-mechanical
Introduction

Out of the many basic structural elements like beam, plate,
and shell, thin-walled curved shells are being used in many
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the shell thickness. Nevertheless, the dynamic behavior of
these structures is quite complex due to which there is an
overwhelming research interest pertaining to the linear and
nonlinear vibration analysis of stiffened shell structures. In
the early exploratory attempts, Miller [2] used the energy
method to calculate natural frequencies and mode shapes of
a circular cylindrical shell uniformly stiffened with closely
spaced stiffeners and frames, and Hoppmann [3] described
the experimental method and verified the existing theoretical
results experimentally for orthogonally stiffened cylindrical
shells. The free vibration of ring stiffened conical shell based
on linear shell theory was presented by Weingarten [4].
The effects of eccentrically placed stiffeners over the
dynamic response of plate and shell structures were inves-
tigated by McElman et al. [5]. In all these studies [2-5],
and reviewed in [6], on free vibration response of isotropic
shells, equidistant closely spaced stiffeners were simplified
by uniformly averaging the effect of stiffeners over the entire
shell surface. Thereafter, the effects of shell geometry, the
position of multi-directional stiffeners, and the boundary
conditions on the free vibration behavior of stiffened iso-
tropic shells were also revealed in many subsequent studies
[6]. Later on, Nayak and Bandyopadhyay [7]analyzed the
free vibration of doubly curved shallow shells using a finite
element method with the eight-/nine-node doubly curved
iso-parametric thin shallow shell element and the three-node
curved iso-parametric beam element. Free vibration of vari-
ous types of shallow and deep stiffened shell structures was
studied using a new stiffened shell element by Samanta et al.
[8], and thereafter, Qu et al. [9] presented a modified vari-
ational approach to analyse vibration of ring-stiffened coni-
cal-cylindrical shells with different boundary conditions.
In addition to the aforementioned studies on isotropic
shells, the increased uses of composite materials in many
engineering applications generated the interest of research-
ers in composite structures, including composite shells.
Attributable to the wide applicability, free vibration and
dynamic behavior of composite shells have drawn over-
whelming research interest of researchers over the last four
decades[10, 11]. Very recently, Tran et al. [12] implemented
FSDT for the static and free vibration analysis of stiffened
cross-ply laminated composite doubly-curved shallow shells.
TSDT based finite element analysis of free vibration of dou-
bly curved laminated composite shells with cutout was pre-
sented by Chaubey et al. [13]. Guo et al. [14] performed free
and forced vibration analysis of composite laminated dou-
bly-curved shells, based on FSDT using a domain decom-
position method. Ni et al. [15] proposed FSDT based semi-
analytical approach to investigate free vibration of stiffened
composite laminated shells of revolution with classical and
elastic boundaries. In the study, of the nonlinear vibration
of fiber-reinforced polymer composite cylindrical shells Li
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et al. [16] employed Love’s shell theory including geometric
nonlinearities and thermal effect.

Despite the many preferable properties of laminated com-
posites, the abrupt change in material composition at the
interface provoke high interfacial stresses leading delamina-
tion, matrix cracking, and adhesive bond separation failure,
under critical loading conditions at elevated temperature.
While looking to overcome the limitations of traditional
composite materials, a new class of composites, namely
Functionally Graded Materials (FGMs) were developed by
the Japanese material Scientists in 1984 [17]. FGMs are
inhomogeneous composite materials with the composition of
constituting materials varying smoothly and continuously in
one or more spatial directions according to some mathemati-
cal function, and hence, eliminating any problem at interface
caused by properties mismatch. Usually, FGMs have ceramic
and metal constituents, and the preferable material proper-
ties at a particular location is tailored and achieved by con-
trolling the volume fractions of these constituent materials.
It is found in many investigations that functionally graded
structures show much better structural performance as com-
pared to homogenous materials under thermo-mechanical
loading conditions [17-19]. Further, the FGMs shells are
most suitable for important engineering structures such as
thermal protection systems in space vehicles, thrust chamber
of aero-structures, rocket engine components, turbine blades,
etc. [20-22]. As reported by Punera and Kant [23] in their
recently published review article that in the last 2-3 decades,
many investigations have been carried out to study vibration
and dynamics responses of FGM shells (i.e., plate, circular/
elliptical cylindrical, spherical, hyperbolic-paraboloidal)
without and with stiffeners using different shell theories (i.e.,
Love shell theory/CST, shear deformation theories, normal/
higher-order theories) with different analytical and numeri-
cal techniques.

It is noteworthy that in the classical shell theories, rotary
inertia and transverse shear effects are disregarded as a con-
sequence of which these theories overestimate the natural
frequencies for moderately thick shells, therefore the results
from CST can’t be relied on much, especially for thick shells.
Thereby to consider the transverse shear effects and to pre-
dict the free vibration response of moderately thick FGM
shell structures, many researchers adopted FSDT (first-order
shear deformation theory). Kim [24] analyzed free vibra-
tion characteristics of oblique-edged FGM cylindrical shell
using the Rayleigh—Ritz method. Khayat et al. [25] used the
semi-analytical finite strip method along with different shell
theories to examine the free vibration response of stiffened
FGM cylindrical shells. Free vibration characteristics of
FG porous spherical shell were determined by Li et al. [26]
using the energy method utilizing FSDT. Kumar et al. [27]
presented a mathematical model based on FSDT to inves-
tigate the free vibration of eccentrically stiffened doubly
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curved functionally graded shallow shells with simply sup-
ported boundary conditions and subjected to the thermo-
mechanical loading.

It is well known that the linear free vibration analysis
is restricted to the small displacements and just provides a
first approximation of the actual behavior; however, the thin
FGM structures with material complexity may exhibit large
amplitude vibration response especially under the effects
of external excitations. Therefore it becomes imperative to
incorporate the nonlinearity in the dynamic analysis of FGM
structures and being reflected in a number of studies, for
instance, Alijani et al. [28] presented primary and sub-har-
monic responses of FGM doubly curved thin shallow-shells
using Donnell’s nonlinear kinematic relationships. A pertur-
bation-based solution methodology was presented to inves-
tigate the nonlinear thermos-mechanical vibration response
of FGM shell structures by Shen et al. [29, 30]. In addition
to the analytical methodology, FEM is also applied by Kar
and Pandya [31, 32] to compute nonlinear free mechanical
and thermal vibration responses of doubly curved shallow
shells. Recently, Hashemi et al. [33]implemented the Lind-
stedt-Poincare technique to obtain an analytical solution for
nonlinear vibrations of the functionally graded plate.

It is observed that the works pertaining to the nonlin-
ear vibration of stiffened FGM shells are comparatively
less [34-37]. Further, it is also revealed that the nonlinear
dynamic analysis of stiffened FGM shells is mostly carried
out by using Volmir’s assumption and the rotary inertia
effects are ignored. However, the present analysis is carried
out by solving all five simultaneous equations, while consid-
ering the effects of both rotary inertia and transverse shear
deformations. Hence, the present method can provide more
accurate results as compared to the aforementioned studies.
A further advantage of the present generalized method is its
simplicity that can be adopted to analyze thin to moderately
thick shell panels of different geometries.

Contemplating the aforementioned facts, the present
work is intended to explore analytically the free and forced
vibration characteristics of FGM shell panels to divulge
the impact of geometrical nonlinearity, rotary inertia, shell
geometries, stiffeners orientation, thermal environment, tem-
perature-dependent material properties, and other geometri-
cal as well as material parameters on the natural frequency,
frequency-amplitude relations, and force-amplitude curves.

Analytical Formulation

Nomenclatures
x, yand z Cartesian co-ordinate axes.
t Time

a,band h

E.E,, and E,

Pes P> and pg

Qa

co

O

K,

C’Km

€ v Eyy

Yy Vazo and Yyz

Ushell, Gshell
XX Yy
Tshell’ Tshell and
Xy Xz
Tshell
yz
stx o SIY
xx? ny
Ny, Ny,

ny, 0,., and Qyz

M

XX

M)’y

M

xy

Length, width and thickness of the shell,
respectively

Radius of principal curvatures in xz and
vz planes, respectively

Height of stiffeners along x and y direc-
tions, respectively

Width of stiffeners along x and y direc-
tions, respectively

Number of stiffeners along x and y direc-
tions, respectively

Area of cross-sections of stiffeners along
x and y directions, respectively
Eccentricity of stiffeners along x and y
directions, respectively

Area moment of inertia of stiffeners
along x and y direction, respectively
Temperature in K

Young’s moduli of ceramic, metal and
stiffeners materials, respectively

Mass densities of ceramic, metal and
stiffeners materials, respectively
Thermal expansion coefficients of
ceramic and metal, respectively
Thermal conductivity of ceramic and
metal, respectively

Poisson ratio

Volume fractions of ceramic and metal,
respectively

Power law index

Displacements corresponding to x, y and
z directions, respectively

Rotations with respect to y and x axes,
respectively

Half wave number

Normal strain components in shell in x
and y directions, respectively

Shear strain components in shell in xy,
xz and yz planes, respectively

Normal stress components in shell in x
and y directions, respectively

Shear stress components in shell in xy,

xz and yz planes, respectively

Normal stress components in stiffeners
along x and y directions, respectively
Normal force resultants in x and y direc-
tions, respectively

Shear force resultants in xy, xz and yz
planes, respectively

Normal moment resultants in x and y
directions, respectively.

Moment resultant in xy plane
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0} Natural frequency

@y Nonlinear natural frequency

q Intensity of uniformly distributed
pressure

Q Angular frequency of distributed
pressure

Temperature-Dependent Material Properties of FGM

In the present study, any thermo-elastic material properties P
(i.e., the modulus of elasticity E and the thermal expansion
coefficient a) of the constituting materials (i.e., ceramic and
metal)of the FGM are considered to be temperature-depend-
ent and are evaluated by cubic fit equation of the form [38]:
P(T)=Py(P_,T™" + 1+ P\T + P,T* + P;T?), T >300K,

ey
where Py, P_,, P,, P, and P;are material-specific constants and
their values, given in Table 1, are evaluated experimentally [39].

It is assumed that the doubly-curved shallow shell is made
up of FGM, a non-homogeneous combination of metal and
ceramic, and the gradient of material properties is taken only
in the thickness direction (i.e., z-direction). It is assumed that
the top surface (z=~h/2) is ceramic and the bottom one (z=
— h/2) is metal surface.

It is to mention here that in the present study the Young’s
Modulus and thermal expansion coefficient of FGM shell are
assumed to be temperature-dependent and calculated using
the rule of the mixture as follows:

respectively; whereas, the material density of ceramic and
metal constituents are considered to be p. =3000 kg/m> and
P, =4429 kg/m®, respectively.

Further, in the Eqgs. (2) and (3), V, and V,, represent the
volume fractions of ceramic and metal constituents of FGM
shell, respectively, and are calculated across the shell-thick-
ness as per the following power law:

V() = <% + %)k, V.(@) =1-V.(z) where —h/2 <z < h/2.
)
where k is power law index which is used to control the FGM
gradation profile and the subscripts ‘c’ and ‘m’ refer to the
metallic and ceramic constituents of the FGM, respectively.
Based on the very small difference in the values of Pois-
son’s ratio of the FGM constituents (i.e., ceramic and metal),
the Poisson’s ratio of the FGM is assumed to be the same
as that of the constituents (i.e., 0.28) and it is taken to be
constant across the thickness of FGM shell.
It is assumed that the temperature varies nonlinearly in
the thickness direction, and its distribution is obtained by
solving the following steady-state heat transfer equation:

_4 K(z)d—T =0, T=T, atz=-h/2, T=T, at z=h/2.
dz dz
Q)

The aforementioned equation along with the boundary
conditions can be solved by means of power series as [40]

T)=T,+ (T.—T,)A®), 6
E4(z,T) = E(T)V,(2) + Ep(T)V,u(2), o @ =Ty + (T, = Ty A2) (6)
Az, T) = a (T)V (2) + o, (T)V,(2). ) where,
The material coefficients to evaluate these temperature- A@) = 1 <2z + h) _ Kem (21 +h >k+1
dependent material properties of the constituents of FGM H 2h (k+ Dk, \ 2h
ie., E(T), E(T), a,(T) and a,,(T) are given in Table 1. K2 2z + 7\ 2!
The thermal conductivity x(z) and material density p(z) -+ 2k +cn11)K2 < o >
of FGM are assumed to be temperature-independent and are s m
calculated using: o Kem ( 2z+h >3k+1
Bk + D3 2h
K 7 @ ) 3) 4 ) 4ht1
K 2z+h
P(2) = p.Ve(2) + py Vin(2)- -+ = < >
e e 4k + Dx* \ 2k
The respective values of thermal conductivity of ceramic P 9z 4 Sk
and metal are taken as k,=1.0 W/mK and «,,=1.7 W/mK, - om < Z+ )
(5k + x> 2h 7
m (7
Table1 Material coefficients to Material Properties to  Material coefficients
evaluate temperature-dependent be evaluated
material properties of the P, P, P, P, P
constituents of FGM [38]
7r0, E (Pa) 24427x10° 00 —1371x107°  1.214x10° -3.681x107'°
a (1/K) 1276610 0.0  —1491x10°  1.006x10° -6.778x 107!
Ti-6Ali-4V  E (Pa) 122.56 % 10° 0.0 —4.586%x107 0.0 0.0
a (1/K) 7.5788x 107 0.0 6.638x10™*  -3.147x10° 0.0

@ Springer



Journal of Vibration Engineering & Technologies (2021) 9:2047-2071

2051

where, H and «;,, are

H=1-— Kem + Kczm _ Kgm
(k4 Dk, Qk+Dr2 Gk+ D3
K4 K‘S
= = nd k., =k, — Kp-

+ - )
@+ Dt Gk + e

Geometrical Model

A doubly curved shallow FGM shell possessing length,
width and thickness as a, b and A, respectively, and having
radii of curvature R, and R, along x-and y-directions is con-
sidered, as shown in Fig. 1. The Cartesian coordinate sys-
tem, as shown in Fig. 1, is fixed at the mid-plane i.e., at z=0
of the shell. In the present analysis, generalized formulation
is proposed for different types of shell geometries by setting
the different combinations of curvatures as given in Table 2.
Stiffeners, as shown in Fig. 1, are used, along x and y
direction, to reinforce the skin of the shell and are assumed
to be made of the same isotropic and homogeneous mate-
rial (ceramic or metal, as determined at 7 = — h/2 by the
power law defined in Eq. 4) as that of the shell surface to
avoid the material discontinuity. Geometrical parameters as
presented in Fig. 1 for the stiffeners are defined as follows.
I, and [ are equal spacing between the stiffeners along x
and y directions, respectively; e, and e, represent eccentric-
ity of stiffeners along x and y directions, respectively, and
they are defined as: e,=(h+h,)/2 and e,= (h +hy)/2, wherein
h, and h, are the height of stiffeners in x and y directions,
respectively; b, and b, denote the breadth of stiffeners along
x and y directions, respectively, and; A, and Ay stand for

(a)

Table 2 Different curvatures to obtain different geometries of doubly-
curved shell

Shell geometry Principal curvatures of the
shell
G G
Plate 0 0
Cylindrical 1/R, 0
Spherical 1/R, LR,
Hyperbolic-paraboloidal 1/R, -UR,

areas of cross section of stiffeners along x and y direction,
respectively.

First-Order Shear Deformation Theory (FSDT)

According to the FSDT, the displacement components u,
v, and w along x, y and z-direction, respectively, of an arbi-
trary point in the FGM shell can be evaluated using the
corresponding displacement components u, v, W, at mid-
surface of the shell (i.e., at z=0) and the slopes (¢,, ¢,) of
the transverse normal about the x- and y-axes, respectively,
as follows [41]:

u(x, y,z, 1) ug(x, y, 1) b,
V(-x7 y’ 2, t) = VO(-x7 y’ t) + Z ¢y . (8)
W(x’yv 2, t) W(]('x7y9 t) 0

Incorporating the geometrical nonlinearity in von Kar-
man’s sense (i.e., small strains and moderate rotations) in
the FSDT, the strain components for doubly curved shallow
shell can be written in the following form:

Springer
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9 1(0 0
ﬁ+C1W0+-(ﬁ> ¢X
E oy ox 2\ ox 5 d%;)(
=1 0 1(0 2
£, &“‘Czwo““(&) +7
ay 2\ oay P ag,
yxy Oy v aw, 0w, = 4 X 9
i Sl ay | ox ®
dy ox ox dy

- [y] _ o+ G-
Yyz ¢y + _yo - C2VO
Here, C, and C, are principal curvatures of the shell, as
defined in Table 2.
The thermo-mechanical constitutive relations within the
skin of the doubly-curved shallow shell can be expressed as:

a(z,

o] [ene. 0 0 o ffe] [1
Oyy 0y 0 O 0 0 Eyy 1
el i=1 0 0 KQy 0 0 Yye =30
gohell 0 0 0 KOs O Ve 0
ool 00 0 0 Ol 0

In the present study, the FGM shell is reinforced by rectan-
gular stiffeners along both x and y directions and the contri-
bution of stiffeners is considered based on smeared stiffener
technique. As per this technique, if the stiffeners are placed
closely and equally-spaced then the skin-stiffener interaction
effect can be treated adequately by averaging the stiffening
effects over the shell surface [43]. Moreover, it is assumed
that the stiffeners are stressed uni-axially along their length
only and hence, do not provide any shear resistance because
of a large length-to-depth ratio. Further, the stiffeners are
assumed to be perfectly connected to the shell and the normal

DAT(z, T) |, (10)

where, 0, = 0,, = ZED, 0, = 0, =10, and 0y = 0y = Qe = 520 K
the shear correction factor and its value is taken equal to 5/6
[42].

It is to mention that to consider the effect of tempera-
ture on the dynamic response of stiffened FGM shell, the
top of FGM shell (i.e., ceramic side) is retained at elevated
temperature whereas ambient temperature is assumed at the
bottom of FGM shell (i.e., metallic side). The non-uniform
temperature difference across the thickness is obtained using

Eq. (6).

eth, [2
by stx
I / Uxx dZ
e.—h, / 2
- B e, +h, / 2
o B shell R v
N Oy = f 0';; dz
N h shell Ly
yy /2 y% . ey—hy/Z
N,, e 0
]\/[» = xzhell dz + " /2 and sz
e
xx 20, b . QYZ
My, |y | 2o = [ zoldz
M, zpshell Ye=h, /2
C T LY e,+h, /2
by Sty d
7 / 20yy dz
" e,—h, /2
0

strain components of stiffeners are similar to those of the
shell. Based on the above assumptions, the relations between
stress—strain for the stiffeners can be expressed as:

[ch? 6;_? ] = EO[EXX 5)9']

an

E, is the modulus of elasticity of material of the shell skin
on which stiffeners are attached. The superscripts ‘szx” and
‘sty’ are referring to the stiffeners in x and y directions,
respectively.

The stress (both normal and shear) and moment result-
ants of the eccentrically stiffened shell can be expressed as:

12)
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From Egs. (9)-(12), the expressions for stress resultants
in expanded forms can be written as:

coupling and bending stiffnesses, respectively; and the ther-
mal stress and moment resultants are defined as:

EOAx aMO 1 aWO 2 E()Axex ¢x
N,=(A;+— ) — +Cwy+ = — + | By, +
= ( T ){ ox 1o 2< ox nTTT T ) ox
(13a)
v, 1 (0w, : o,
+A, a_y+C2WO+§ E +Bl2a—y,
EyA, v, 1 { dwy 2 EpA e, \ 0o,
, (13b)
ou 1/ dwg 0, r
+A +Cwy+ = — B -N_,
12{ "o 2< ox > } 1275 y
N —A Juy dvy  dwy ow, 0, b,
w0\ gy Cooax  ox 9 \ay " ox )
(13¢)
E)A e ou 1 0w, 2 Eyl EAe? \ og
M, =B, +—— )< —+Cwy+ = — +| D+ ——+ = =
= < n >{ ox o 2( ox nr Ty I, ) ox
(13d)
v, 1 /(0w : o, T
+B12 a—y+C2W0+ 5 E +D126—y Mx’
EOAyey avo 1 aWO 2 EOva EOAyei a(py
My=(Bp+—") —+Cowy+=(— +| Dp+—=+ —
» < 22 I, > { dy Mo 5 < dy > 2 L, I, dy
) (13e)
ouy 1/ ow, 09, T
+B12{E+C1WO+E<E> }+D12 ax —My,
duy vy Ow, dw op, 09,
M, =Bg| — + — + —— | + Dgs[ ==+ == ),
v 66< dy Ox  Ox 0y 6\ oy ox
(13f)
ow, W,
O = KAlss( b+ == = Ciug | and Q. = KAy &, + o " Cyvy ) (13g)

where I, and I, are the area moment of inertia of stiffeners

along x and y direction, respectively, and
n

{Aij’ By, Dij} = f {1, Z zz}Qij dz are the extensional,
My,
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21 EgeT 20 paer
Nel Z 2D g4(z, TIAT(2) e and | 5] — 21D g 0z, THAT(R) . 1
NT E4(z.T) Z; an M E3T) Z.
Wl )| M et DATQ yy P48 g (2, HIAT(R)
-n )
To obtain the governing equations for vibration analysis w, = / gwydA, (19)
of the FGM shell panels carrying stiffeners using variational 4

approach under thermal environment, the total strain energy
(U,pra) and kinetic energy (K, of the system are written
as:

otal

where ¢g=Q sin Qf, and Q is the angular frequency of har-
monic distributed pressure.

1 shell v hell 1y
Utotal = E / I:(O-;(; e + ngxx)gxx + (O-S <t + Uiy >£yy + Txyyxy + szyxz + 7’-yzyyz

14

= (o4 + 68 a2, TIATG )| dV

1

A

1 1
5 / [(NXX - N,Z-) (uoyx + CIWO + Ewg’x> + <Nyy - N}T> (Vo’y + C2W0 + EW(Z)”V)

s)

+ N, (g, + Vo, +wowo,) + (Mo — M), + (Myy - MyT>¢y,y
+ Mxy("’x,y + ¢y,x) + Qyz(¢y + WO,y - CZVO) + Qyz(d)x + Wox — Cl“O) + N*] dA

h

/0] In the present study, the internal damping is assumed only
where, N* = f %afﬁ(& T)AT?(z) dz. in the transverse direction and the energy dissipated due to
-y damping is given as [44]:
For the total kinetic energy,
1 . . . 1 . . . s e ; ;
Kiow = 5 / Peg @ (i + V2 +3?)dV = 3 / [IO(M(% + g+ wo) + 1 (it + Vo, ) + 12(¢§ + ¢§)]dA, (16)
v A

where, () indicates partial differentiation with respect to
time (i.e., 0()/0r).

A A,
peq=p(z)+p0<ﬁ+ﬁ>’ a7
X y

where p,=the mass density of the material of stiffeners;

h/2
and, I, = / pe(@ddz, (=0, 1, 2). (18)
ty,

In the present work, it is considered that the FGM shell is
subjected to transverse harmonic distributed pressure (i.e.,
q), and the work done by this distributed pressure is writ-
ten as:

@ Springer

D=1 / W dA, (20)
A

where is damping coefficient.
Governing Differential Equations

For nonlinear vibration analysis, the governing differen-
tial equations for FGM doubly curved shallow shell, with
stiffeners and temperature gradient across the thickness, are
derived by employing the extended Hamilton’s principle for
the non-conservative system with the following variational
principle:

t

/ (6Ktotal - 5Utotal - 5Wq - 5D> dr=0. (21)
0
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Use integration-by-parts after inserting for U,
K otars Wq, and D from Egs. (15), (16), (19), and (20), in
Eq. (21), respectively; and then, collecting the coefficients
of duy, 6vy, 6w, 6¢, and 5<;by leads, respectively, to the fol-
lowing governing differential equations.

Nx,x + ny,y + Cl sz = IOi’iO + 11 (].Sx’ (223)
Ny, + Ny +C0,. = Iy, + 1, (22b)

v0=w0=¢y=0, M = N =ny=0 at x=0and x = q,

X X

S
|
s

(=]
|

B
|

e
<
I
=
I

\ y=N,=0at y=0andy=0>.
(24)

Assuming the Navier solutions for the simply-supported
FGM shell, the following admissible trigonometric displace-
ment and rotation functions, satisfying the above-mentioned
boundary conditions in Eq. (22), are introduced in the

aforementioned set of governing differential equations [i.e.,
Egs. 21(a)-(e)].

QXZ,X + Qyz,y - CINX - CzNy + NXWO,XX + NX,)(WO,X + NyWO,yy + Ny,yWO,y + 2nyWO!Xy

T T T T .. . (22¢)
+ny’XW0’y + ny’yWo’x + Cle + CzNy - Nx WO,}CX - Ny Wo’yy + q = 10W0 + 2g10W0,
M, + Mxy!y = 0., = Ly + ]zdix, (22d) uy = U(t) cos DAY sin % vy = V(#)sin MAX cos %
’ a a
. wy = W(#)sin % sin %,
and M, , + M, —Q, =1+ L, (22¢) b = X0y cos " sin Y 4 = Y(iysin™TE cos
i a b’ a b (25)

Further, using Eqs. 13(a)-(g), Eqs. 22(a)-(e) are
expanded in the following forms:

111(“0) + 112("0) + 113(W0) + ll4(¢x) + 115(¢y) +n (Wé) = Lyiiy + I, b,

Ly (ug) + L (vo) + Loz (o) + s (@) + s () + ny(wg) = Iy¥ +1,¢,,

I3 (”0) + 132(\/0) + 133 (wo) + 134(¢X) + 135(¢y) + 1y (wﬁ) + n4(w3) + 1 (uowo)

+n6(v0w0) + n7(w0¢x) + ng(wod)y) —q = lywy + 281wy,

Ly (o) + Lip (Vo) + Lz (wo) + iy (&) + Lis () + ny(wg) = Lty + L,

s, (”0) + lsz("o) + 153(W0) + ls4(¢x) + l55(¢y> + nlO(W(z)) =1,Vy + L,

It is to mention that U, V, W, X, and Y are the vibration

(23a)

(23b)

(23¢)

(23d)

(23e)

where, all linear and nonlinear operators in the set of gov-
erning differential equations Eq. (21) are represented,
respectively, by /; () and n; () symbols and, are presented in
expanded form in “Appendix A”.

Solution Methodology

The present study explores the nonlinear dynamic behavior
of simply-supported FGM shallow shell, the boundary con-
ditions at different edges of the shell are defined as:

amplitudes in the corresponding directions, whereas m and n
are half wave numbers along x and y directions, respectively.

By substituting the assumed admissible displacement and
rotation functions from Eq. (25) into Eqgs. 23(a)—(e), and
applying the Galerkin method over the shell domain, the par-
tial differential equations [i.e., Eqs. 23(a)—(e)] are converted
into the following nonlinear governing equations.

Cp U+ CpV+ CyW+ CuX + CisY + NyW? = I,U + 1,X,
(26a)
Cy U + CpyV + Cs W + Cpy X + CosY + NaW2 = [,V + 1, Y,
(26b)
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Table 3 Verification of non-

° ) k=0 k=1 k=4 k=10
dimensional natural frequency
@ = oh\/p.[E,. Plate (C, = C, = 0)

Present study 0.0577 0.0441 0.0384 0.0358
Wattanasakulpong and Chaikittiratana [22] 0.0577 0.0442 0.0382 0.0366
Matsunaga [45] 0.0577 0.0443 0.0381 0.0364

Cylindrical Panel (C; = 0.5, C, =0)
Present study 0.0623 0.0487 0.0400 0.0385
Wattanasakulpong and Chaikittiratana [22] 0.0617 0.0477 0.0407 0.0385
Matsunaga [45] 0.0622 0.0485 0.0413 0.0390
Alijani et al. [28] 0.0615 0.0476 - 0.0383

Spherical Panel (C, = C, = 0.5)

Present study 0.0820 0.0604 0.0489 0.0468
Wattanasakulpong and Chaikittiratana [22] 0.0746 0.0588 0.0491 0.0455
Matsunaga [45] 0.0751 0.0600 0.0503 0.0464
Alijani et al. [28] 0.0746 0.0589 - 0.0455

Hyperbolic-paraboloidal panel (C1 =05, G, = —0.5)
Present study 0.0565 0.0441 0.0384 0.0358
Wattanasakulpong and Chaikittiratana [22] 0.0548 0.0420 0.0363 0.0347
Matsunaga [45] 0.0563 0.0432 0.0372 0.0355

Table 4 Verification of non-dimensional natural frequency C41U + C42V + C43W + C44X + C45Y +N, W2 = IlU + IZX

@ = (wa*/h)\/ (1 = v?)py/Eny of square FGM plate with hla= 0.125 (26d)
and a/b = 1 under thermal environment
) . ..
B C51U + Cs,V + Cs3W + C,X + Css ¥ + Ny W =11V+(21é§),
In=300K, 7.=300K In the Egs. 26(a)—(e), the C;; (i, j=1,2....5) and N (i=1,
Present study 12.609 8.916 7.638 6.846 2, ...10) represent the coefficients of linear and nonlinear
Alijani et al. [46] 12528 8.622 7557 6.786 terms, respectively, and the same are specified in “Appendix
Huang and Shen [47] 12.495 8.675 7.555 6.777 B”.
Tp=300K, T,=400K The natural frequencies are calculated by solving the
Present study 12576 8.635 7565 69836 standard eigen value problem formulated by ignoring
Alijjani et al. [46] 12.332 8.468 7.414 6.649

the nonlinear and damping terms and setting g =0 in the
Egs. 226(a)—(e). Thereafter, the dynamic response of dou-
bly-curved shallow FGM shells reinforced with stiffeners

Huang and Shen [47] 12397  8.615 7474  6.693
T,,=300 K, T, =600 K

Pr‘f’.sen.t study L 7398 6785 can be determined by solving time-dependent nonlinear
Alijani et al. [46] 11919 8.138 7102 6.346 governing equations Eqgs. 26(a)—(e) using the fourth order
Huang and Shen [47] 11.984 8.269 7.171 6.398

Runge—Kutta method, along with the initial conditions:

C3 U + C3,V + C33W + C3u X + C35Y + NyW2 + NyW? + NgUW + NVW

16g
mZmn

(26c)

+N; WX + NgWY — =I,W +2¢1,W,

Table 5 Comparison of non-dimensional natural frequency of Al,O5/Al FGM spherical shell panels with a/b=1.0, a/lh=20, h,=h,=3 h, and
hJb,=h,/b,=5.0

Power law index (k) 0 2 4 6 8 10
Present work 2.337 1.997 1.892 1.838 1.799 1.761
Wattanasakulpong and Chaikit- 2.456 2.113 2.002 1.945 1.907 1.869

tiratana [22]
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Table 6 Comparison of non-dimensional natural frequency of Si;N,/SUS304 FGM spherical shell panels under thermal environment with

alb=1.0; a/h=20, k=0.5, h,=h,=3 h, h,/b,=h/b,=5.0

a/R, 0.5 1 1.5 2 2.5 3
Present work 1.912 2.217 2.666 2.978 3.232 3.439
Wattanasakulpong and Chaikit- 1.679 1.934 2.330 2.755 3.142 3.443

tiratana [22]

Table 7 Comparison of nonlinear-linear frequency ratios (w,/w) of
simply-supported cylindrical shell panel of FGM Si;N,/SUS304 (for
k=2 and a/h=20)

w aC,=1/5 aC, =1/2
Present work Shen and Present work Shen and

Wang [30] Wang [30]

0.20 1.021 1.020 1.009 1.012

0.40 1.087 1.069 1.043 1.045

0.60 1.193 1.149 1.106 1.100

0.80 1.330 1.253 1.198 1.173

1.00 1.487 1.373 1.313 1.259

U(0) = V(0) = W(0) = X(0) =Y(0) =03

and

U(0) = V(0) = W(0) = X(0) = Y(0) = 0. 27)

0 .i()4
t (sec)
(a)

0.06 0.08

Numerical Studies and Discussion

To carry out the present research work, a MATLAB code
based on the generalized analytical formulation for differ-
ent shell configurations was developed for conducting linear
and nonlinear vibration analysis of unstiffened- and stiff-
ened- FGM doubly-curved shallow shells. The accuracy of
developed code is established through various verification
studies conducted by comparing the results obtained with
those reported in the literature. After the verification studies,
a parametric study was conducted to investigate the linear
and nonlinear dynamic behavior of un-stiffened and stiff-
ened doubly-curved shallow Ti-6Al-4V/ZrO, FGM shells
with temperature-dependent material properties, as given in
Table 1. Numerical results are presented for free and forced
vibration analysis of different shell geometries obtained by
setting the different combinations of curvatures, as given
in Table 2.

x 10

L

i.
—
1

..................

0.5+

VN

— Present Work ——Duc et al. [49]

0 0.01 0.02 0.03 0.04
t (sec)

(b)

0.05

Fig.2 Comparison of nonlinear vibration response of a stiffened FGM spherical panel for k=1l,a/b=1, a/h=30,m=n=1, R,=R,=6 m,=¢ 0.1,
¢=>5000 sin (500¢), and b FGM plate for k=1, a/lb=1, a/lh=20, m=n=1,=0.1,¢g= 1500 sin (6007) and T=105 K
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Fig.3 Effect of the number of stiffeners on non-dimensional natural
frequency (@) of stiffened FGM (ZrO,/Ti-6Al1-4V) shell panels with
different geometries (k=1)

Verification Studies

In the first verification study, non-dimensional natural fre-
quencies (@ = wh+/p_/E, of un-stiffened, doubly-curved
FGM shallow shells (with a/b=1, a/h=10) of different
geometrical configurations (i.e., plate, cylindrical, spheri-
cal, and hyperbolic-paraboloidal) and different power law
index (i.e., 0, 1, 4, 10) are compared with the results reported
in the literature by Wattanasakulpong and Chaikittiratana
[22], Aljjani et al. [28], and Matsunaga [45]. The FGM shell
panels were assumed to be simply-supported and made up of
Al/AlL,O5 with temperature-independent material properties
(i.e., E,=70x10° N/m?, p,, =2702 kg/m?, E,=380x 10° N/
m? and p.=3800 kg/m?). Table 3 shows the comparison of
results, and it can be observed from this table that the results
obtained from the present formulation are in good concur-
rence with the results published in the literature.

In the second verification study, the non-dimensional
natural frequency @ = (wa2 / h) 1/ (1 -2 ) P / E,, of an uns-
tiffened SUS304/Si;N, FGM plate (i.e., (C; = C, = 0)) with
simply-supported boundary condition is compared with that
reported by Alijani [46] and Huang and Shen [47], for dif-
ferent power law index (i.e., 0, 0.5, 1, 2) and for different
values of temperature differences (i.e., AT=0 K, 100 K,
300 K). The material properties were considered to be tem-
perature-dependent. The results are tabulated in Table 4. It
can be ascertained from Table 4 that the present results are

@ Springer

Table 8 Non-dimensional natural frequency (@) of un-stiffened and
stiffened FGM  (ZrO,/Ti-6A1-4V) doubly-curved shallow shells
(n,=n,=15, and AT=0K)

Shell type Power law  Un-stiffened Stiffened
index
Plate 0 2.1635 5.0210
0.5 1.8572 3.6105
1 1.7395 3.5115
5 1.5597 3.3438
© 1.4851 3.3013
Cylindrical shell panel 0 22779 5.1387
0.5 1.9571 3.7024
1 1.8320 3.5993
5 1.6372 3.4237
®© 1.5598 3.3791
Spherical shell panel 0 2.6055 5.3070
0.5 2.2438 3.8387
1 2.0982 3.7287
5 1.8622 3.5395
®© 1.7755 3.4910
Hyperbolic-paraboloidal 0 2.1459 4.9775
shell panel 0.5 1.8421 3.5794
1 1.7253 3.4813
5 1.5470 3.3149
© 1.4730 3.2727

in good compliance with the published results by Alijani
[46] and Huang and Shen [47].
In addition, the non-dimensional natural frequency

(@ = 102why/ py. /E0C> of AlL,O4/Al and Si,N,/SUS304

FGM spherical shell panels containing 10 stiffeners in x and
y directions both were compared with the values presented
by Wattanasakulpong and Chaikittiratana [22]. The results
of comparison for spherical shell panels made of Al,O5/Al
are shown in Table 5 for different power law index; whereas,
for Si;N,/SUS304 FGM with temperature-dependent mate-
rial properties under thermal environment (i.e., AT=100 K),
the results are presented in Table 6 for different values of
side-to-radius of curvature ratio (i.e., a/R,). An acceptable
agreement between the results of current study and the lit-
erature can be seen in Table 5 and Table 6.

Furthermore, to verify the nonlinear formulation, the non-
linear frequency ratio w,;/w for a simply-supported Si;N,/
SUS304 FGM cylindrical shell panel obtained using the
present formulation is compared with the results reported
by Shen and Wang [30]. As evident from Table 7, the results
of the present formulation are in good accordance with the
literature [30]. However, a little difference in the values in
Table 7 can be ascribed to the use of different deformation
theories- higher-order shear deformation theory by Shen and
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Table 9 Effect of the temperature difference across thickness on the
non-dimensional natural frequency (@) of FGM (ZrO,/Ti-6Al-4V)
doubly-curved shallow shells (n,=n,=15)

Shell type Power AT=0K AT=100K AT=300K
law
index

Plate 0 5.0210  4.7371 4.2280
0.5 3.6105 3.5394 3.3546
1 35115 3.4567 3.3107
5 3.3438  3.3212 3.2604
) 33013 3.2909 3.2562

Cylindrical shell 0 5.1387  4.8502 4.3385

panel 0.5 3.7024  3.6298 3.4455

1 3.5993  3.5435 3.3983
5 3.4237  3.4010 3.3411
) 33791  3.3690 3.3350

Spherical shell panel 0 5.3070  5.0117 4.4946
0.5 3.8387  3.7647 3.5880
1 3.7287  3.6724 3.5347
5 3.5395 35170 3.4599
) 3.4910  3.4777 3.4491

Hyperbolic-parabo- 0 49775  4.6957 4.1899

loidal shell panel ¢ 5 3.5794  3.5087 3.3244

1 34813  3.4267 3.2811
5 33149  3.2923 3.2317
) 32727  3.2624 3.2277

Wang [30], and first-order shear deformation theory in the
present work.

Additionally, the accuracy of the present formulation
in predicting the nonlinear vibration response of stiffened
FGM structures is established by comparing the nonlinear
vibration response of Al/Al,O; FGM stiffened spherical
shell panel subjected to uniformly distributed pressure with
Bich et al. [48], as shown in Fig. 2a. While Fig. 2b depicts
a similar comparison of nonlinear vibration response of Al/
Al,0; FGM stiffened plate under thermal environment (i.e.,
AT =105 K) with Duc et al. [49]. The comparisons shown
in Fig. 2a, b assure the reliability of the present formula-
tion in predicting the nonlinear vibration response of FGM
stiffened shell panels under mechanical as well as thermal
loadings.

Parametric Investigation and Discussion

After verification of the present formulation, a parametric
study is conducted to explore the linear and nonlinear
dynamic behavior of un-stiffened and stiffened doubly
curved shallow Ti-6A1-4V/ZrO, FGM shells with temper-
ature-dependent material properties, as given in Table 1. It
is important to mention here that all the numerical studies
are conducted by considering: half-wave numbers m=n=1,

aspect ratio, a/b=1, and a/h =20 with different shell geom-
etries obtained by setting C;=C, =0 for plate, C;=1/5,
C,=0 for cylindrical, C;=C,=1/5 for spherical, and
C,=1/5, C,=-1/5 for hyperbolic-paraboloidal shell panels,
as mentioned in Table 2. Moreover, for stiffened shell panels
the heights (i.e., h,=h,) and widths (i.e., b,=b)) of the stiff-
eners are taken as 3 & and 3 //10 respectively, where i being
the thickness of the shell. In addition, the natural frequency
is presented in the non-dimensional form as:
@ = 10’°why/py, (1 = 0?) /Ey,.

In order to fix the number of stiffeners (i.e., n,, ny), the
effect of number of stiffeners (with n,=n,) on non-dimen-
sional natural frequency (i.e., @ = 10*wh4/ ps (1 - 1)2> / E.)
of the FGM plate and three different FGM (with k = 1) stiff-
ened shell geometries was studied and the plots obtained are
shown in Fig. 3. It is found that initially with the increase in
the number of stiffeners, the natural frequency increases up
to 15 stiffeners and thereafter, the natural frequency
decreases. This is true for the plate as well as for other con-
sidered shell geometries. It can also be observed from Fig. 3
that irrespective of the number of equal stiffeners in x and y
directions, spherical shell has the highest natural frequency,
whereas the hyperbolic-paraboloidal shell is found to have
a lowest natural frequency. Based on the finding that the
effect of 15 stiffeners (n,=n,=15) is most significant on the
natural frequency, it is to mention here that in any of the
subsequent investigations on stiffened shell panels, the num-
ber of stiffeners in x- and y-directions both is taken equal to
15.

Table 8 shows the effect of stiffeners on the non-dimen-
sional natural frequencies (@) of free vibration of FGM shell
panels of different geometries, for different values of power
law index. It can be seen that the non-dimensional natu-
ral frequency (@) of stiffened shell panels are significantly
greater than that of unstiffened ones. It can also be observed
that natural frequency decreases with the increase of power
law index, k and the effect of stiffeners is more prominent for
power law index, k=0 (i.e., ceramic) than other values of k.
This is because of the reason that for k = 0, the whole panel,
including the stiffeners, would be made of ceramic material.

Table 9 illustrates the effect of the temperature differ-
ence (i.e., AT=0 K, 100 K, 300 K) across the thickness
of stiffened FGM shell panels of different geometries on
the non-dimensional natural frequency, for different values
of power law index, k. It can be clearly seen from Table 9
that a higher temperature difference will lower the non-
dimensional natural frequency remarkably. In addition, it
can also be observed from Tables 8 and 9 that the natural
frequencies of spherical and hyperbolic-paraboloidal shell
panels are highest and lowest, respectively, among all the
shell geometries considered in the present work.
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Fig.4 Nonlinear vibration response of FGM a plate b cylindrical, ¢ spherical, and d hyperbolic-paraboloidal shell panels with and without stiff-

eners (for k=1 and ¢=1500sin(600¢))

Figure 4a—d present comparisons of the amplitude of non-
linear dynamic response of un-stiffened and stiffened (i.e.,
uni-directional stiffened and orthogonally stiffened) shell
panels of different shell geometries. It is quite evident from
these Figs that irrespective of shell geometry, shell panels
without stiffeners show a considerably large amplitude of
nonlinear forced vibration in comparison to uni-directional
stiffened and orthogonally stiffened shell panels. This is
attributed to the reason that shell panels without stiffeners
have lower stiffness.

@ Springer

Figure 5 (a-d) depicts the effect of FGM power law index
on the nonlinear dynamic response of the stiffened shells
panels of different geometries under a harmonic force of
constant amplitude. A similar study is shown in Fig. 6a—d
at resonance condition (i.e., Q/w=1). It can be clearly seen
in Figs. 5a—d and 6a—d that with the increase of power law
index, value of the maximum amplitude of nonlinear vibra-
tion of stiffened shell panels increases. This can be attributed
to the fact that with the increase of power law index, metal
(having lower stiffness than ceramic) proportion is increased
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Fig. 5 Nonlinear vibration response of FGM a plate b cylindrical, ¢ spherical, and d hyperbolic -paraboloidal shell panels (for n,=n,=15 and

q=1500sin(600¢))

in FGM causing a decrease in the overall stiffness of the
FGM panel, and hence, the amplitude of vibration increases.
It is justifiable to mention that with the increase in power law
index natural frequency decreases and it can be seen clearly
in the case of resonance in Figs. 6 (a-d) that the time period
of vibration response increases significantly.

Effect of the temperature difference on nonlinear dynamic
responses of the stiffened shell panels at different excita-
tion frequencies (i.e., Q=600 and Q/w = 0.95) is
shown, respectively, in Figs. 7a—d and 8a—d. To achieve the

temperature difference, the metal surface is kept at a tem-
perature (7,,,) of 300 K while the ceramic surface tempera-
ture (7,) is taken as 300 K, 400 K and 600 K. As observed
from Fig. 7a—d that temperature difference rise results in
the increase of vibration amplitude, for all geometries of
shell panels. Further, as demonstrated in Fig. 8a—d, the rise
in temperature difference across the thickness of FGM shell
panels also results in an increase in the time period of the
beat phenomenon, a vibrational behaviour of engineering
structures observed when the excitation frequency is close
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Fig.6 Nonlinear vibration response of FGM (a plate b cylindrical, ¢ spherical, and d hyperbolic -paraboloidal shell panels at different values of
power law index k (for g =1500sin(Q2f) with Q/ @0 = 1, =0, and n,=n,=15)

to the natural frequency. These observations are customary
because an increase in the temperature difference across the
thickness reduces the stiffness of the shell panels.

The effect of damping on the nonlinear vibration
response of a typical stiffened spherical FGM shell panel
is studied here. Figure 9 shows the effect of damping on
nonlinear vibration response the spherical FGM shell panel
but in the absence of excitation force. The initial conditions
were taken as: W=10"" m and W = 0. It can be observed

&\ Springer

that the amplitude of vibration reduces exponentially with
time. Further, the effect of damping under the condition of
resonance (i.e., £2/w =1) shown in Fig. 10 demonstrates
that initially the impact of damping is indistinguishable and
thereafter, a substantial difference in the amplitude caused
by damping can be observed after a few initial periods of
vibration. It is also observed from Fig. 10 that the ampli-
tude of undamped nonlinear vibration response increases
linearly in an unbounded manner with time, whereas the
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Fig.7 Nonlinear vibration response of FGM a plate, b cylindrical, ¢ spherical, and d hyperbolic-paraboloidal shell panels under different tem-
perature differences AT across thickness (for k=1, n, = n,=15, and g=1500sin(6007))

amplitude of damped nonlinear vibration response is
bounded and it reduces considerably in comparison to
undamped nonlinear vibration response. Further, Fig. 11
shows that the effect of damping is not clearly observable
during the time periods of the first few beats, but the effect
in terms of reduction in the amplitude is apparent thereafter
in successive time periods.

Conclusion

In the present paper, an analytical formulation based on the
first-order shear deformation theory in conjunction with von
Karman geometric nonlinearity is utilized for the dynamic
analysis of eccentrically stiffened, simply-supported doubly-
curved FGM shallow shell panels under thermo-mechanical
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Fig.9 Exponential decay of amplitude of nonlinear vibration of
stiffened spherical panel (for k=1, ¢=0, £ = 0.5, T=100 K, and
n,=n,=15)

x10°

s . :
2’ 1002 1.0p4 1006 1008 1017 - :

0 1 2 3 4 5
t (sec)

Fig. 10 Effect of damping on nonlinear vibration response of
stiffened spherical panel (for k=1, ¢=1500sin(Qs) with / = 1,
T=100K, and n,=n,=15)

method. Based on the present study following important
observations are revealed:

e Shell geometry is found to affect the vibration behavior
prominently. Among the un-stiffened as well as stiffened
FGM shell panels, the spherical shell panel exhibits the
highest natural frequency with the lowest vibration
amplitude, whereas lowest natural frequency with the

t (sec)

Fig. 11 Effect of damping on nonlinear vibration response (i.e., beat
phenomenon) of stiffened spherical panel (for k=1, g=1500 sin ()
with Q/@ =0.95, T=100 K, and n,=n,=15)

highest amplitude is depicted by hyperbolic-paraboloidal
shell.

e [Irrespective of shell geometry, the natural frequencies of
FGM shell panels are affected by the number of stiffeners
significantly, whereas the inclusion of stiffeners reduces
the amplitude of vibration considerably.

¢ Natural frequencies and dynamic response of un-stiffened
and stiffened FGM shell panels are found to be greatly
affected by material gradation profile, and at resonance
conditions, higher amplitude of vibration is noticed for
the increased power law index.

e An increase of temperature difference across the thick-
ness of the shell panel reduces the natural frequency as
well as increases the amplitude of vibration for all FGM
shell geometries. It is attributed to the reduction of stiff-
ness of FGM shell panels with an increase in temperature
difference across the thickness of shell panel.

e Damping causes an exponential decay with time in
the amplitude of unexcited vibration of stiffened FGM
spherical shell panel. Further, at the resonance condition,
damping causes a bound on the increase in the amplitude
of stiffened FGM spherical shell panel.
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