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Abstract
Purpose This paper presents a back-stepping sliding mode control method for vehicle suspension system with magnetorheo-
logical damper to obtain both the true nominal optimal suspension performance and better robustness. Through the study of 
control method, the acceleration of sprung mass is reduced, that is, the vertical vibration of vehicle is suppressed.
Methods A back-stepping sliding mode controller based on the establishment of the quarter-body MR suspension dynamic 
model, and it used the approximateskyhook-damping system as the reference model. The error dynamic equation is obtained 
through the MR suspension model and the reference model, and the error dynamic component is used as the back-stepping 
control parameter. On the premise of ensuring the system is asymptotically stable, adding the sliding mode surface to the 
dynamic equation of the third error subsystem can complete design of the back-stepping sliding mode controller. By con-
structing a magnetorheological damper experimental platform and then collecting the measured data, the improving hyper-
bolic tangent model of MR damper is presented. Furthermore, the Particle Swarm Optimization (PSO) method is proposed 
to find the improving hyperbolic tangent model’s optimal parameters to get the MR damper models.
Results The proposed semi-active suspension control system is rigorously proven to be input-to-state stable by virtue of 
Lyapunov stability theory. Through the simulation and experimental verification, it is proved that back-stepping sliding mode 
controller can reduce the acceleration of the sprung mass, that is, suppress the vertical vibration of the vehicle. At the same 
time, it is proved that the forward and inverse model of MR damper is effective, and can be applied to the hardware in the 
loop control experiment.
Conclusion The back-stepping sliding mode proposed in this paper is better than the seat suspension under other control 
and passive systems, which proves that the back-stepping sliding mode controller is effective. It also shows that the forward 
and inverse model of MR damper is effective.

Keywords Vehicle suspension system · Improving hyperbolic tangent model · Back-stepping sliding mode control · 
Hardware in the loop · Error dynamics · Stability

Introduction

In recent years, the demand for the improvement of ride 
comfort has motivated much research. Nowadays, using 
the control strategy to study the vibration damping per-
formance of the suspension system has become a hot topic 
among scholars [1–3]. According to different methods of 
implementing control, it divides the suspension system with 
control function into an active control suspension system 
and semi-active control suspension system, thus breaking 
the damper mode of a passive suspension system [4–6]. 
The semi-active control suspension does not require active 
input energy compared to a fully active control suspension. 
It only needs to adjust the damping or spring stiffness of the 
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suspension system according to the driving condition of the 
vehicle. It is safe, reliable, and easy to implement. It has 
promotion and the value of the application.

The magnetorheological (MR) damper is utilized exten-
sively as a nonlinear component in semi-active suspension 
systems because of its excellent damping effect [7]. Seat 
MR suspension is an important part of the vehicle vibration 
damping system. It can avoid passengers from high-inten-
sity vibration, especially heavy-duty vehicles, agricultural 
vehicles and construction vehicles at poor working envi-
ronment, and the heavy load. Through the improvement of 
vehicle suspension structure, the damping effect is not ideal, 
but through the research of control method, improving the 
damping performance of seat MR suspension has the advan-
tages of convenience, short cycle, and quick effect.

Owing to the complex dynamic constitutive relationship 
of MR fluids, it is difficult to establish a MR damper model 
and an effective control method for MR suspensions. For 
the MR suspension control system, the forward and reverse 
models of the MR damper to be study, mainly to make the 
MR damper model in the suspension control modeling sys-
tem closer to the dynamics of the real MR damper character-
istics, the suspension control simulation system will replace 
the actual system and achieve the purpose of experiment 
and research. Therefore, accurately establishing the MR 
damper model is essential to get a satisfactory control effect. 
However, it has very few reverse models suitable for practi-
cal control applications. Most of them resort to the inverse 
dynamics model of the Bingham model, and it rarely consid-
ers the influence of acceleration excitation on the damper 
characteristics in the existing MR damper dynamics model.

In the semi-active’s control seat suspension, different control 
strategies are adopted, and the damping effect that the suspen-
sion can achieve is also very different, so the control method 
is actually the core of the semi-active suspension. The study 
of variable structure control (VSC) began in the 1950s when 
former Soviet Scholar Emelyanov et al. proposed the concept 
of variable structure control [8, 9]. Subsequently, Utkin, Itkis, 
and other scholars summarized and developed the sliding mode 
variable structure control theory, which laid the theoretical foun-
dation of sliding mode variable structure control [10–12]. The 
sliding mode control method has strong robustness and anti-
interference in the active’s control suspension [13]. The Lya-
punov type adaptive law usually uses as back-stepping [14, 15], 
the method integrates the control law and the adaptive law to 
achieve the goal of dynamic performance and static performance 
of the entire closed-loop system. With the emergence of many 
control methods, the research of intelligent control problems has 
gradually changed into the direction of combining intelligent 
control methods with modern control methods, the combina-
tion of control methods has further changed the performance 
of semi-active suspensions to improve the smoothness. The 
combination of back-stepping and other control methods has 

been successful in many successful applications in control sys-
tems, such as automatic underwater vehicles [16], air-breathing 
hypersonic vehicles [17], electric vehicles [18], and permanent 
magnet synchronous generator [19].

Consequently, in this paper, it focuses on designing a 
back-stepping sliding mode controller for seat suspension 
systems with the MR damper. First, by constructing a MR 
damper experimental platform, it collects the measured 
data, then put the data into the particle swarm optimiza-
tion training system to get the MR damper models. Sec-
ond, to improve the ride comfort of the seat MR suspension 
based on the establishment and analysis of the quarter-body 
MR suspension dynamic model, the controller will use the 
approximate skyhook-damping system as the reference 
model. The error dynamic equation is obtained through 
the MR suspension model and the reference model, and 
the error dynamic component is used as the back-stepping 
control parameter. On the premise of ensuring the system 
is asymptotically stable, adding the sliding mode surface 
to the dynamic equation of the third error subsystem can 
complete design of the back-stepping sliding mode control-
ler. Finally, it adds the obtained MR damper model to the 
control simulation model, to verify the effectiveness of the 
proposed back-stepping sliding mode controller.

Formulation

Structural Motion Equation

The vehicle system is a complex multi-degree-of-freedom non-
linear system. To analyze the dynamic characteristics of the sus-
pension system, it needs to be simplified. Suspension dynamics 
models include single degree of freedom model, two-degree-of-
freedom model, half-car model, and complete vehicle model.

The vehicle suspension system model is shown in Fig. 1. 
It is a three-dimensional model that regards the body mass of 
a car as a rigid body. The sprung (body) mass of a car is m . 
It is composed of the body, frame, and parts. It is connected 
to the axle and wheels through shock absorbers and suspen-
sion springs. The unsprung (wheel) masses composed of 
wheels and axles are m1 , m2 , m3 , and m4 , and the wheels are 

Fig. 1  The vehicle suspension system model
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supported on uneven roads through tires with certain elastic-
ity and damping. When discussing driving comfort, the body 
quality of this three-dimensional model mainly considers 
three degrees of freedom: vertical, pitch, and roll, and the 
four-wheel masses are four vertical degrees of freedom, for 
a total of seven degrees of freedom.

When a car is symmetrical on its longitudinal axis and has 
the same left and right rut unevenness, the vertical vibration 
and pitching vibration of the vehicle have the greatest impact 
on the ride comfort. Therefore, the vehicle suspension vibra-
tion system is simplified to a half-vehicle model with four 
degrees of freedom as shown in Fig. 2.

In the model shown in Fig. 2, because the damping of 
the tires is small and negligible, the body with mass m and 
moment of inertia Iy is decomposed into the front axle, the 
rear axle, and the center of mass C according to the dynamic 
equivalent adjustment. The three concentrated masses are 
mq , mh and mc . These three masses are connected by mass-
less rigid rods, and their size is determined by the following 
three conditions:

(1) The total mass remains unchanged:

(2) The position of the center of mass remains unchanged:

(3) The value of the moment of inertia remains 
unchanged:

where �y is the radius of gyration around the horizontal axis 
y; l1 and l2 are the distances from the center of mass of the 
car body to the front and rear axles.

(1)mq + mh + mc = m.

(2)mql1 − mhl2 = 0

(3)Iy = m�2
y
= mql

2
1
+ mhl

2
2
,

The three quality values are:

Generally, let � =
�2
y

ab
 be called the sprung mass distribu-

tion coefficient. When the sprung mass distribution coef-
ficient is � = 1 , the contact mass is mc = 0 . According to 
statistics, the � = 0.8–1.2 of most cars is close to 1. In the 
case of � = 1 and the following assumptions are made: (1) 
the body is rigid and symmetrical to the vertical plane; 
(2) the left and right wheels are stimulated by the same 
unevenness of the road surface; (3) when the vehicle is 
running in a straight line at a constant speed, the tires are 
always in contact with the ground and there is no jump; 
(4) the road surface is not smooth and the vehicle does 
not vibrate much; (5) vehicle suspension stiffness and tire 
stiffness are linear functions of displacement, suspension 
damping and tire damping are relative velocities linear 
function of degrees; (6) the pavement displacement input 
function acts on the center of the contact point between 
the tire and the pavement; (t) tire-road contact is consid-
ered point contact. The mass of the body part above the 
front and rear axles is concentrated in the vertical direc-
tion of mq and mh , and the body movement above the front 
and rear axles is independent of each other, in this case, 
the front wheel encounters uneven road surface when the 
vibration is caused, the mass mq moves, but the mass mh 
does not move. The same is true when the rear wheels 
encounter uneven road surfaces. Therefore, when the sys-
tem is in this special situation, the two-degree-of-freedom 
vibration model of the two-mass system composed of the 
front and rear wheels can be discussed separately.

Figure 3 shows the structural model of a quarter-vehicle-
seat suspension. We base it on the following assumptions: 
(1) the human body and the seat are treated; (2) the human 
seat mass, suspension mass, and unsprung mass are consid-
ered rigid bodies; (3) it simplifies the chair and suspension to 
only consider stiffness and damped components; (4) the tire 
has linear stiffness which ignoring tire damping on vibra-
tion and the road input is at the point of contact between the 
tire and the road surface. In the figure ms,mv , and mt are the 
masses of the seat suspension (including the human body), 
quarter body, and tire quality, respectively. zs , zv , and zt are 
their corresponding displacements, respectively. ks,kv , kt , and 
cs , cv are the stiffness coefficient and damping coefficient of 
the corresponding system. Fd is the variable damping force 
of the damper, z0 is the displacement excitation of the exter-
nal road surface to the system.

According to Newton’s second law, it establishes the cor-
responding dynamic equation:

(4)

mq = m
�2
y

l2(l1 + l2)
, mh = m

�2
y

l1(l1 + l2)
, mc = m

(
1 −

�2
y

l1l2

)
.

Fig. 2  Half-vehicle suspension system model
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I t  s e l ec t s  t he  sys tem s t a t e  va r i ab le  i s 
Z =

[
zs, żs, zv, żv, zt, żt

]T  ,  t he  ou tpu t  va r i ab le  i s 
Y =

[
żs, z̈s, żv, zv − zt, zs

]T , and then the system state equation 
corresponding to Eq. (5) is:

This paper considers the influence of acceleration excitation 
on the damper characteristics based on the hyperbolic tangent 

(5)

⎧⎪⎨⎪⎩

msz̈s = −cs(żs − żv) − ks(zs − zv) − Fd

mvz̈v = cs(żs − żv) + ks(zs − zv) + Fd − cv(żv − żt) − kv(zv − zt)

mtz̈t = cv(żv − żt) + kv(zv − zt) − kt(zt − z0).

(6)

{
Ż = AZ + BU

Y = CZ + DU
,

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
−ks

ms

−cs

ms

ks

ms

cs

ms

0 0

0 0 0 1 0 0
ks

mv

cs

mv

−(ks+kv)

mv

−(cs+cv)

mv

kv

mv

cv

mv

0 0 0 0 0 1

0 0
kv

mt

cv

mt

−(kt+kv)

mt

−cv

mt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0
−1

ms

0

0 0
1

mv

0

0 0

0
kt

mt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

C =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
−ks

ms

−cs

ms

ks

ms

cs

ms

0 0

0 0 0 1 0 0

0 0 1 0 −1 0

1 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

, � =

⎡
⎢⎢⎢⎢⎢⎣

0 0
−1

ms

0

0 0

0 0

0 0

⎤
⎥⎥⎥⎥⎥⎦

, U =

�
Fd

z0

�
.

model. A modified hyperbolic tangent model is proposed. The 
formula for the improving hyperbolic tangent MR damper is:

where kd is the stiffness element, cpo is the post-yield damp-
ing, fy is the yielding force, mf is the fluid inertia, x is the 
damper body displacement zv − zs , f0 is the force offset, and 
Fd is the force generated by the MR damper.

Reference Design

The idea of approximate skyhook-damping control is to install a 
skyhook damper between the body and the imaginary "skyhook". 
When the damping coefficient reaches a certain value, a specified 
damping effect can be obtained. Although the ceiling damping 
control is a hypothetical model, it has a suitable damping effect. 
The approximate skyhook-damping system is shown in Fig. 4.

The dynamic equation for this reference model is:

where zrs,żrs,zrv,żrv , zrt , and żrt are the reference displacement 
and speed corresponding to the seat suspension (including 
the human body), the body and the tire, respectively; csh is 
the damping coefficient of the skyhook damper.

It selects state variable Zr =
[
zrs, żrs, zrv, żrv, zrt, żrt

]T , out-

put variable Yr =
[
zrs, żrs, zrv, żrv

]T . The system state equation 
corresponding to Eq. (8) is:

(7)
Fd = f0 + kdx + cpoẋ + mfẍ + fy tan sig

(
(ẋ + 𝜆1sgn(ẍ))𝜆2

)
,

(8)

⎧⎪⎨⎪⎩

msz̈rs = −cs(żrs − żrv) − ks(zrs − zrv) − cshżrs

mvz̈rv = cs(żrs − żrv) + ks(zrs − zrv) − cv(żrv − żrt) − kv(zrv − zrt)

mtz̈rt = cv(żrv − żrt) + kv(zrv − zrt) − kt(zrt − z0)

,

(9)csh =

{
csky

0

żrs(żrs − żrv) ≥ 0

żrs(żrs − żrv) < 0
,

(10)

{
�̇�r = 𝐀r𝐙r + 𝐁rur

𝐘r = 𝐂r𝐙r + 𝐃rur
,

Fig. 3  Quarter-vehicle-seat structural model

Fig. 4  Reference model

ms

mv

mt

cshzrs

zrv

zrt

z0 kt

kv cv

ks cs
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Controller Design

The controller takes the approximate skyhook-damping 
system as the reference model, and introduces the accelera-
tion component of the generalized state tracking error vec-
tor between the actual system and the reference model into 
the back-stepping sliding mode control. First, the system is 
decomposed into subsystems that do not exceed the order of 
the system. Then, the intermediate virtual control rate �1 is 
designed to make the system stable. Finally, sliding mode 
control is added to make the actual control system track the 
reference model effectively and stably. The acceleration of 
the seat will be reduced and the comfort will be improved.

Because the controller designed in this paper is to make 
the actual control system of the seat suspension track the 
movement of the reference model, and use the back-stepping 
sliding mode method to control the error dynamic system. 
According to the aforementioned dynamic model of the seat 
and reference model, the integral of the seat suspension dis-
placement error, the seat suspension displacement error and 
its velocity error are defined as generalized errors vector e:

The error dynamics equation is further organized into a 
matrix form:

where

Ar =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
−ks

ms

−(cs+csh)

ms

ks

ms

cs

ms

0 0

0 0 0 1 0 0
ks

mv

cs

mv

−(ks+kv)

mv

−(cs+cv)

mv

kv

mv

cv

mv

0 0 0 0 0 1

0 0
kv

mt

cv

mt

−(kt+kv)

mt

−cv

mt

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,Cr =

⎡
⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

⎤
⎥⎥⎥⎦
.

Br =
�
0 0 0 0 0

kt

mt

�T
,Dr =

�
0 0 0 0

�T
, ur =

�
z0
�
.

(11)e =
[
e1 e2 e3

]T
=
[
∫ (zs − zrs)dt zs − zrs żs − żrs

]T
, ė =

[
zs − zrs żs − żrs z̈s − z̈rs

]T
.

(12)ė = E� + Fu + G� + H�r

E =

⎡⎢⎢⎢⎣

0 1 0

0 0 1

0
−ks

ms

−cs

ms

⎤⎥⎥⎥⎦
,G =

⎡⎢⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0
ks

ms

cs

ms

0 0

⎤⎥⎥⎥⎦
,H =

⎡⎢⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0
csh

ms

−ks

ms

−cs

ms

0 0

⎤⎥⎥⎥⎦
,F =

�
0 0

−1

ms

�T
, u =

�
Fd

�
.

The equation of state for the vehicle seat suspension to 
establish a control system is:

(1) First, it defines the following two error variables:

where: �1 is virtual control and needs to be further 
determined.

(13)

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x
1
= e

1

x
2
= ẋ

1
= e

2

x
3
= ẋ

2
= e

3

ẋ
3
= −

ks

ms

x
2
−

cs

ms

x
3
−

1

ms

Fd +
csh

ms

żrs

+
ks

ms

(zv − zrv) +
cs

ms

(żv − żrv)

.

(14)

{
z1 = x1

z2 = x2 − �1

(2) For the first error subsystem, the virtual control quan-
tity �1 = −z1 and the energy function V1 =

1

2
z2
1
 are designed. 

The dynamic equation of the error system is:
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and V̇1 is:

(3) It lets s = ż2 + c1z2 + z1 and the energy function is 
V2 =

1

2
z2
2
+ V1

where c1 > 0.
It lets:

Then:

It lets: V3 = V2 +
1

2
s2.

Then:

(15)ż1 = x2 = z2 + 𝛼1 = z2 − z1,

(16)V̇1 = z1ż1 = z1(z2 − z1) = −z2
1
+ z1z2.

(17)

V̇
2
= V̇

1
+ z

2
ż
2
= −z2

1
+ z

1
z
2
+ z

2
ż
2

= −z2
1
+ z

1
z
2
+ z

2
(s − c

1
z
2
− z

1
)

= −c
1
z
2

2
− z

2

1
+ z

2
s,

(18)

ṡ = z̈2 + c1ż2 + ż1 = −
ks

ms

e2 −
cs

ms

e3 −
1

ms

Fd +
csh

ms

żrs +
ks

ms

(zv − zrv) +
cs

ms

(żv − żrv) − �̈�1 + c1ż2 + ż1,

= −
ks

ms

e2 −
cs

ms

e3 −
1

ms

Fd +
csh

ms

żrs +
ks

ms

(zv − zrv) +
cs

ms

(żv − żrv) + z̈1 + c1ż2 + ż1,

= −
ks

ms

e2 −
cs

ms

e3 −
1

ms

Fd +
csh

ms

żrs +
ks

ms

(zv − zrv) +
cs

ms

(żv − żrv) + ż2 − ż1 + c1ż2 + ż1,

= −
ks

ms

e2 −
cs

ms

e3 −
1

ms

Fd +
csh

ms

żrs +
ks

ms

(zv − zrv) +
cs

ms

(żv − żrv) +
(
c1 + 1

)
ż2,

(19)
Fd = −kse2 − cse3 + cshżrs + ks(zv − zrv) + cs(żv − żrv)

+
(
c1 + 1

)
ż2ms + ms𝜂sgn(s) + z2ms.

(20)ṡ = −𝜂sgn(s) − z2.

(21)

V̇3 = V̇2 + sṡ = −c1z
2
2
− z2

1
+ z2s + sṡ = −c1z

2
2
− z2

1
+ s(ṡ + z2)

= −c1z
2
2
− z2

1
+ s(−𝜂sgn(s) − z2 + z2) = −c1z

2
2
− z2

1
− 𝜂|s| ≤ 0.

where � = 3.
In summary, the expected damping force under the back-

stepping sliding mode control is:

where Ffb required force for the calculated MR damper.
To understand the difference between sliding mode, fuzzy 

sliding mode, skyhook back-stepping, and the back-stepping 
sliding mode control in the later simulation, the control 
forces are listed as follows:

(22)Fback−steppingsliding =

{
Fd żs(żs − żv) ≥ 0

0 żs(żs − żv) < 0
,

Fig. 5  MR damper test and in-loop simulation system Fig. 6  MR damper experimental platform

(23)

Fsliding =(c1ms − ks)e2 + (c2ms − cs)e3

+ ks(xv − xrv) + cs(ẋv − ẋrv)

+ cshẋrs + 𝜀mssgn(s) ⋅ 𝜀 = 3,

(24)

F_sliding_fuzzy =(c1ms − ks)e2 + (c2ms − cs)e3

+ ks(xv − xrv) + cs(ẋv − ẋrv)

+ cshẋrs + 𝜀fuzzymssgn(s),

(25)

Fskyhook back−stepping = − kse2 − cse3 + cshẋrs

+ ks(xv − xrv) + cs(ẋv − ẋrv)

+ 3z3ms − 2z1ms − z2ms.
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MR Damper Model

(1) Experimental setup

The MR damper test and in-loop simulation system is shown 
in Fig. 5. The construction of the MR damper experimental 
platform is shown in Fig. 6, which realizes the experiment 
of MR damper modeling.

Model Identification Experiment of MR 
Damper

In this paper, the PSO algorithm is used to solve the 
parameters. The parameter least-squares method is used 
for parameter fitting. The nonlinear least-squares method 
is used to estimate parameters of the nonlinear model 
according to the minimum criterion of the gap. It deter-
mines the objective function as Eq. (26).

where � is a vector of parameters kd, cpo,mf, fy, �1, �2, f0 to 
be determined.

The gap function for each particle in the definition for-
mula (26) is the square of the difference between the force 
calculated by the current parameter of each particle and 
the experimental force obtained by the Eq. (7).

Figure 7 is a comparison of the velocity-force and dis-
placement-force of the experimental MR damper and the 
modified hyperbolic tangent model. It can be seen from the 
figure that the modified hyperbolic tangent model obtained 
by PSO parameter training can basically match the experi-
mental results. Since the above parameters are obtained 
under a specific voltage, to obtain the variation of each 
parameter with voltage, in the following sub-section, the 
quadratic equations are fitted to each parameter to obtain 
the quadratic coefficient, the primary coefficient and the 
constant of each parameter under different voltages, so as 

(26)

min
𝜃

e = min
𝜃

n∑
i=1

[
yi − f (xi, ẋi, ẍi, kd, cpo,mf, fy, 𝜆1, 𝜆2, f0)

]2
,

(a) The input voltage is 0.25V

(b) The input voltage is 2.5V

Fig. 7  The comparison displacement speeds of experimental data and modified model at various input voltages
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to obtain a hyperbolic tangent positive model under dif-
ferent voltages.

(3) Determine the reverse and positive model of the MR 
damper

Since the changes of �1 and f0 are not obvious under dif-
ferent voltages, it can be considered as a constant value. It 
sets �1 to 0.000016 and f0 to 0.08. To get the fitting results of 
parameters kd , cpo , mf , fy , and �2 , it makes the following set-
tings, where �̂� is the voltage:

The fitting coefficients of each parameter are shown in 
Table 1. Through the above analysis, the voltage function 
of the modified hyperbolic tangent model at different volt-
ages can be obtained. It substitutes the formulas (27), (28), 
(29), (30), and (31) into the formula (7), and then it can be 
obtained:

Therefore, the force, fitting coefficients and damper state of 
the modified hyperbolic tangent model can be expressed as:

When the control force is used to obtain the desired control 
force of the MR damper, the voltage corresponding to this 
force is obtained, and the Eqs. (27), (28), (29), (30) and (31) 
are substituted into (7), and is obtained:

(27)kd = kd,2�̂�
2 + kd,1�̂� + kd,0,

(28)cpo = cpo,2�̂�
2 + cpo,1�̂� + cp,0,

(29)mf = mf,2�̂�
2 + mf,1�̂� + mf,0,

(30)fy = fy,2�̂�
2 + fy,1�̂� + fy,0,

(31)𝜆2 = 𝜆2,2�̂�
2 + 𝜆2,1�̂� + 𝜆2,0.

(32)
f = f0 + kdx + cpoẋ + mfẍ + fy tan sig

(
(ẋ + 𝜆1sgn(ẍ))𝜆2

)

= f0 +
(
kd,2�̂�

2 + kd,1�̂� + kd,0
)
x +

(
cpo,2�̂�

2 + cpo,1�̂� + cp,0
)
ẋ +

(
mf,2�̂�

2 + mf,1�̂� + mf,0

)
ẍ

+
(
fy,2�̂�

2 + fy,1�̂� + fy,0
)
tan sig

((
ẋ + 𝜆1sgn(ẍ)

)(
𝜆2,2�̂�

2 + 𝜆2,1�̂� + 𝜆2,0
))
.

(33)f = g
(
f0, kd,2, kd,1, kd,0, cpo,2, cpo,1, cp,0,mf,2,mf,1,mf,0, fy,2, fy,1, fy,0, 𝜆1, 𝜆2,2, 𝜆2,1, 𝜆2,0, �̂�, x, ẍ, ẋ

)
.

where: a = kd,2qi + cpo,2q̇i + mf,2q̈i + fy,2 tan sig((q̇i + 𝜆1sgn(q̈i))𝜆
−
2,2
) , 

b = kd,1qi + cpo,1q̇i + mf,1q̈i + fy,1 tan sig((q̇i + 𝜆1sgn(q̈i))𝜆
−
2,1
)  , 

c = kd,0qi + cpo,0q̇i + mf,0q̈i + fy,0 tan sig((q̇i + 𝜆1sgn(q̈i))𝜆
−
2,0

) − f − f0

qi is the displacement that changes at any time during the 
experiment. �−

2,2
 , �−

2,1
 and �−

2,0
 are the parameters of the fit-

ting parameters �2,2 , �2,1 , and �2,0 after the tansig function for 
the square of the voltage, the one-time term and the constant 
term.

Then use the quadratic formula to find the command 
voltage:

This article establishes a saturation range to limit volt-
age �̂� below the maximum voltage �max available from the 
external power supply and above the actual minimum zero 
voltage. The case of �̂� < 0 usually occurs in passive damp-
ers. The damper used in this paper is a MR semi-active 
damper whose voltage is given as:

Numerical Simulation

Simulation Process

In this paper, Fig. 8 shows back-stepping sliding mode con-
trol feedback loop associated with MR dampers.

(34)0 = a�̂�2 + b�̂� + c,

(35)�̂� =
−b +

√
b2 − 4ac

2a
.

(36)�̂� =

⎧⎪⎨⎪⎩

𝜑max, �̂� > 𝜑max

0, �̂� < 0

�̂�, 0 ≤ �̂� ≤ 𝜑max

.

Table 1  Fitting coefficient of 
each parameter

Coefficient parameter Quadratic coefficient First order coefficient Constant coef-
ficient

kd (kN∕m) − 0.0682 − 1.1565 10.2367
cpo (kN s∕m) 0.1621 0.7110 0.8719
mf (kg) − 0.2071 0.4785 0.6638
fy (kN) − 0.0517 0.4397 0.1348
�2 (s∕m) − 11.6907 11.1987 137.7681
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In Fig.  8, first, the excitation is input to the vehicle 
suspension model and the reference model, and then the 
two model states are input to the controller. The control-
ler obtains the force required by the MR process in three 
steps. After that, the required force and suspension states 
are input to the inverse model of the MR damper to obtain 
the voltage. Finally, voltage and suspension states are input 
to reverse and positive MR model to implement the sliding 
mode control system with MR dampers. The forward and 
inverse models of MR damper used in the simulation are 
obtained by the above-mentioned 2.4 MR damper model 
through three steps.

Simulation Experiment with MR Damper

To verify the effect of the proposed back-stepping sliding 
mode controller, the dynamic model of the system was estab-
lished for simulation analysis. The road surface excitation 
can be expressed as: ż0 = −2𝜋f0z0 + 2𝜋n0w

√
Gn(n0)v where 

n0 = 0.1 m−1 ,  Gn(n0) = 3.2 × 10−5m3 ,  f0 = 0.011v(Hz) , 
v = 20 m∕s . The simulation parameters are set as shown in 
Table 2.

This paper to verify the control effect of the designed 
back-sliding mode controller, it is according to the dynamic 
equation of the three-degree-of-freedom seat suspension, 
reference model and error system, the experiment is carried 
out. Figure 9 shows the control system for a seat suspen-
sion system. The back-stepping sliding mode, sliding mode, 
fuzzy sliding mode and the skyhook back-stepping control 
are compared with the passive system.

Figure 10 is a three-dimensional diagram of the e1, e2, e3 
each control method coordinates, the grade of e1 is 10−7 ; the 
grade of e2 is 10−7 ; the grade of e3 is equal to the number 
of 10−6 of the back-stepping sliding mode method, and this 
method of e1, e2, e3 grades are smallest than others. It can 
be seen that the back-stepping sliding mode control method 
can best follow the approximate skyhook-damping reference 

Fig. 8  Back-stepping sliding mode control feedback loop associated with MR dampers

Table 2  MR damper and 
control parameters

Vehicle seat sus-
pension model

Parameters Magnetorheo-
logical damper

Parameters Magnetorheological 
damper and others

Parameters

ms ( kg) 80 kd,2(kN∕m) − 0.0682 fy,2(kN) − 0.0517
mv ( kg) 400 kd,1(kN∕m) − 1.1565 fy,1(kN) 0.4397
mt ( kg) 40 kd,0(kN∕m) 10.2367 fy,0(kN) 0.1348
ks ( N/m) 8000 cpo,2(kN ⋅ s∕m) 0.1621 �2,2(s∕m) − 11.6907
cs ( N/(m ⋅ s - 1)) 250 cpo,1(kN s∕m) 0.7110 �2,1(s∕m) 11.1987
csh ( N/(m s−1)) 700 cpo,0(kN s∕m) 0.8719 �2,0(s∕m) 137.7681
kv ( N/m) 15,800 mf,2(kg) − 0.2071 f0(kN) 0.08
cv ( N/(m s−1)) 1500 mf,1(kg) 0.4785 �1(s∕m) 0.000016
kt ( N/m) 158,000 mf,0(kg) 0.6638
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model compared with the sliding mode, the fuzzy sliding 
mode and skyhook back-stepping control method.

Figures 11, 12, and 13 are the simulation results of the 
seat suspension acceleration, velocity, and displacement of 
each control method, and Tables 3, 4, and 5 are the maxi-
mum, minimum, mean, root mean square, and RMS reduc-
tion rate of the acceleration, velocity and displacement simu-
lation results.

It can be seen from Figs. 11, 12, and 13, in terms of sus-
pension acceleration, velocity, and displacement, the back-
stepping sliding mode can best follow the reference model. 
Tables 3, 4, and 5 show that the sliding mode, fuzzy slid-
ing mode, skyhook back-stepping and back-stepping sliding 
mode control methods compared with the passive suspen-
sion, their acceleration root mean squares are reduced by 
31.0%, 44.7%, 51.0%, and 52.6%, their velocity root mean 
squares are reduced by 31.4%, 40.7%, 42.4%, and 44.4% and 
their displacement root mean squares are reduced by 26.3%, 
28.2%, 30.0%, and 30.3%, respectively. So, the back-step-
ping sliding mode control method has the greatest reduction 
in RMS acceleration, velocity, and displacement.

The power spectrum density of seat suspension accel-
eration under random road surface excitation is shown in 
Fig. 14. It can be seen from Fig. 14, the seat acceleration 
under the action of the back- stepping sliding mode control-
ler is significantly reduced in most frequency bands, which 

improve the ride comfort of the vehicle. In the frequency 
range of 4–12 Hz, the internal organs of the human body 
are most prone to resonance, so zoom in this part, it can be 
seen that the back-stepping sliding mode controller has a 
significantly lower acceleration than other control methods, 
thereby reducing vibration.

Experiment

To verify the proposed back-stepping sliding mode semi-
active control algorithm, the hardware in the loop schematic 
diagram of vehicle suspension is built, as shown in Fig. 15. 
The hardware-in-loop test bench of MR-damper is con-
structed with reference to article [20]. The control method 
is verified by hardware in the loop simulation. In the control 
model, a quarter vehicle dynamic model is established, and 
the back-stepping sliding mode control algorithm is used to 
obtain the control force provided by the MR damper and the 
dynamic deflection of the seat suspension. By establishing the 
inverse model of MR damper, the voltage is obtained, and the 
voltage is supplied to MR damper through data acquisition 
system and damper drive circuit. Through the data acquisi-
tion system and servo amplifier, the dynamic deflection of the 
seat suspension obtained from the control model is provided 
to the electro-hydraulic servo system. The electro-hydraulic 
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Fig. 10  Three-dimensional maps of e
1
, e

2
, e

3
 coordinates for each control method

Fig. 11  Acceleration of seats for 
each control and approximate 
skyhook-damping reference 
model
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Fig. 12  Velocity of seats for 
each control and approximate 
skyhook-damping reference 
model

Fig. 13  Displacement of seats 
for each control and approxi-
mate skyhook-damping refer-
ence model

Table 3  Parameters of seat suspension acceleration obtained by various control methods

Seat suspension type Maximum (m/s2) Minimum (m/s2) Mean (m/s2) RMS (m/s2) RMS 
reduction 
rate (%)

Passive seat suspension 7.0588 − 6.0228 1.5311 1.9613 0
Sliding mode control 3.9332 − 4.9388 1.0957 1.3527 31.0
Fuzzy sliding mode control 3.5951 − 3.6168 0.8910 1.0841 44.7
Skyhook back-stepping control 3.0954 − 2.6859 0.7383 0.9612 51.0
Back-stepping sliding mode 2.9341 − 2.5110 0.7160 0.9299 52.6
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servo system drives the MR damper to move according to the 
dynamic deflection and voltage required by the experiment. 
The force sensor detects the real-time force of MR damper 
and transmits it to the control model through signal adapter 
and data acquisition system, thus completing the construc-
tion of vehicle semi-active hardware in the loop suspension 
control experiment, as shown in Fig. 16. 

To verify the semi-active control algorithm, a sinusoidal 
signal with amplitude of 0.03 m and frequency of 4Pi is 

used as road excitation, and the test time is 50000 ms. Due 
to the use of magnetorheological fluid damper, the passive 
suspension takes the minimum damping as the reference. 
Figure 17 shows the road excitation signal input by hardware 
in the loop. Figure 18 shows the forces generated by the con-
trol algorithm and the forces actually generated. Figure 19 
shows the displacement produced by the hardware in the 
loop hydraulic cylinder and the displacement of the sus-
pension dynamic deflection in the control model. Figure 20 

Table 4  Parameters of seat 
suspension velocity obtained by 
various control methods

Seat suspension type Maximum (m/s) Minimum (m/s) Mean (m/s) RMS (m/s) RMS 
reduction 
rate (%)

Passive seat suspension 0.4705 − 0.3863 0.1333 0.1642 0
Sliding mode control 0.3253 − 0.3208 0.0857 0.1126 31.4
Fuzzy sliding mode control 0.2498 − 0.2539 0.0756 0.0973 40.7
Skyhook back-stepping control 0.2356 − 0.2053 0.0755 0.0946 42.4
Back-stepping sliding mode 0.2176 − 0.2064 0.0727 0.0913 44.4

Table 5  Parameters of seat suspension displacement obtained by various control methods

Seat suspension type Maximum (m) Minimum (m) Mean (m) RMS (m) RMS reduc-
tion rate (%)

Passive seat suspen-
sion

0.0808 − 0.0614 0.0268 0.0323 0

Sliding mode control 0.0564 − 0.0446 0.0206 0.0238 26.3
Fuzzy sliding mode 

control
0.0503 − 0.0434 0.0201 0.0232 28.2

Skyhook back-step-
ping control

0.0498 − 0.0432 0.0194 0.0226 30.0

Back-stepping sliding 
mode

0.0484 − 0.0422 0.0190 0.0225 30.3

Fig. 14  Acceleration of seats for 
each control and approximate 
skyhook-damping reference 
model
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shows the seat acceleration of passive and back-stepping 
sliding mode control of hardware in the loop system. Fig-
ure 21 shows the seat speed of passive and back-stepping 

sliding mode control of hardware in the loop system. Fig-
ure 22 is a 3D diagram e1, e2, e3 of the hardware in the loop 
back-stepping sliding mode control system. Figure 23 shows 
the sliding surface of the hardware in the loop back-stepping 
sliding mode control system.

It can be found from Fig. 18 that the force generated by 
MR damper can well follow the force required by the back-
stepping sliding mode control model, and the time lag is 
small. It shows that the forward and inverse model of MR 
damper can reproduce the hysteresis characteristics of MR 
damper, and can be applied to hardware in the loop control 
system.

In the experiment, the hydraulic cylinder will follow the 
seat dynamic deflection displacement of the control model 
to drive the MR damper, so that the MR damper receives 
the displacement input similar to the control model, and 
the required input voltage to the MR damper is obtained 
through the inverse model of the MR damper, so as to gen-
erate the required control force. Figure 19 shows that the 
displacement of the hydraulic cylinder in the hardware loop 
can well follow the seat dynamic deflection in the control 
model. From the experimental data, it can be seen that the 
root mean square of the overall displacement data provided 
by the hydraulic cylinder is 0.0021 smaller than the root 
mean square of the seat dynamic deflection provided by the 
control model, so the hydraulic cylinder can better follow the 
seat dynamic deflection of the control model in the experi-
ment. This provides an experimental basis for the research 
of hardware in the loop control experiment in the future.

It can be found from Figs. 20 and 21 that the acceleration 
and velocity of seat mass center obtained by hardware in the 
loop of back-stepping sliding mode are smaller than those 
of passive suspension. It can be seen from the experimental 
data that the root mean square of the acceleration and veloc-
ity of the center of mass of the back-stepping sliding mode 
in the ring is 0.3643 and 0.0318 smaller than that of the 
corresponding data of the passive suspension, respectively. 
It shows that the back-stepping sliding mode algorithm has 
a certain control effect.

Figures 22 and 23 are the generalized error vector and 
sliding surface of the back-stepping sliding mode. It can be 
seen that the quantity unit of the generalized error vector 
and sliding surface is relatively small, which indicates that 
the back-stepping sliding mode can follow the reference 
model well, and further illustrates the effectiveness of the 
algorithm.

Control computer

data acquisition 
system

Signal 
adapter

Hydraulic pump 
station

Damper drive circuit

Servo amplifier

Servo cylinder Magnetorheological damper

Displacement transducer force sensor

Fig. 15  The hardware in the loop schematic diagram of vehicle sus-
pension

Fig. 16  The vehicle suspension hardware in the loop experimental 
platform
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Conclusion

Based on the quarter-vehicle-seat suspension, this paper 
uses the particle swarm training algorithm to build the 
experimental platform and input the experimental data into 
the training system. Through the training of the improved 
hyperbolic tangent model parameters, the positive and 

inverse models of the improved hyperbolic tangent MR 
damper are obtained. The dynamic model of the system 
was established for simulation analysis. The semi-active 
suspension control uses sliding mode, fuzzy sliding mode, 
skyhook back-stepping, and back-stepping sliding mode 
control methods. The control results under test conditions 
are given; the data and charts are analyzed and evaluated. 

Fig. 17  The road excitation signal input by hardware in the loop

Fig. 18  The forces generated by the control algorithm and the forces actually generated
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Through the hardware in the loop experiment, the effective-
ness of forward and inverse model of MR damper is veri-
fied, and the effectiveness of back-stepping sliding mode 
control is verified. The results show that the back-stepping 
sliding mode proposed in this paper is better than the seat 

suspension under other control and passive systems, which 
proves that the back-stepping sliding mode controller is 
effective. It also shows that the forward and inverse model 
of MR damper is effective.

Fig. 19  The displacement produced by the hardware in the loop hydraulic cylinder and the displacement of the suspension dynamic deflection in 
the control model

Fig. 20  The seat acceleration of passive and back-stepping sliding mode control of hardware in the loop system
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