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Abstract
This paper provides the dynamic model of an angular-contact ball bearing–elastic rotor system to study its dynamic charac-
teristics when an asymmetric support mode is used. After defining global and local coordinate systems, necessary vectors 
(such as position, velocity, force and moment vector) are calculated according to the geometric relationship between each part 
(ball, cage and ring) of the bearing. The interactive forces between each part are obtained based on lubrication theory and 
Hertz contact theory. A typical rotor is discretized by finite element method (FEM) and each node of the rotor has 5 degrees 
of freedom (DOFs). Some constraint equations are built to form a coupled dynamic model of angular-contact ball bear-
ing–elastic rotor system. The validity of this coupled model is verified by comparing the numerical results and experimental 
data. After analyzing the coupled model, it is found that the vibration spectrum of rotor includes the VC (varying compli-
ance) frequencies of two bearings, the bending resonance frequency of rotor and the rotating frequency when the system has 
asymmetric ball bearings. Moreover, when the preloading forces of bearings increase, the support stiffness becomes larger 
and the rotor displacement decreases; moreover, the motions of balls and cage become more stable. Generally, the presented 
coupled model can be applied to analyze the vibration features of all parts in any ball bearing–rotor system comprehensively.

Keywords Ball bearing–rotor system · Coupled dynamic model · Vibration · Asymmetric support · Frequency

Introduction

Ball bearing–rotor system has been widely applied in the 
modern rotating machineries such as automobile, high-speed 
train, precision machine tool, wind power, aero-engine and 
so on. It is usually regarded as a kind of core component 
which have many advantages of high efficiency, reliable 
construction, convenient lubrication, high precision and 
excellent load capacity. The dynamic characteristics of ball 
bearing–rotor system directly decide the operational status, 
working life and security of the equipment.

The ball bearing–rotor system is basically a typical non-
linear multi-body dynamic system and there are coupling 
effects between the ball bearings and elastic rotor inevita-
bly. Therefore, the essential mechanism of many phenomena 
such as the abnormal vibration of rotor and the premature 
failure of ball bearing has not been revealed. It is hard to 
distinguish whether rotor vibration causes bearing failure, 
or bearing failure causes the abnormal vibration of rotor. 
As a result, the research on the dynamic features of the ball 
bearing–rotor system especially on the coupling effects of 
the system is very important.

Based on the static and quasi-static theory, Perret [1] 
and Meldau [2] introduced the assumption of component 
rigidity and built the static model of deep groove ball bear-
ing to discuss the varying compliance vibration (called VC 
vibration) of bearings with variable stiffness. Fukata et al. 
[3] established a nonlinear spring model of rolling bearings 
and discussed the sub-harmonic, super-harmonic and cha-
otic effects of the system. Based on this 2-DOFs nonlinear 
spring model, a large number of researchers have deeply 
studied the influences of rotation speed [4, 5], unbalanced 
force [6, 7], rolling body size [8] and other factors on the 
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nonlinear behavior of the system. Subsequently, Akturk et al. 
[9–11] took the axial motion of rotor into account, estab-
lished a 3-DOFs model and studied the effects of preload, 
roller number and surface ripple. A 5-DOFs model, which 
includes the rotating angles, was proposed by Aini et al. [12] 
and applied to study the precise electric spindle system.

The model is improved by considering the gyroscopic 
motion, centrifugal force and other factors of rolling body. 
Sunnersjo [13] studied the inertia and damping effect of roll-
ing body and the flexible vibration of bearing on the basis 
of the quasi-statics supporting model. Based on the Jones 
model, DeMul et al. [14] assembled the stiffness matrix of 
rolling bearing and rotor stiffness matrix to achieve coupling 
state. Cao and Altintas [15] not only established the finite 
element model of machine tool spindle using Timoshenko 
beam element with 5-DOFs but also built the dynamic 
model of machine tool spindle-bearing system which com-
bined with the equivalent stiffness matrix of deep groove 

ball bearing. In these models, the inertia forces of cage and 
components are not included in the quasi-static model of 
rolling bearing, so the vibration characteristics of multiple 
components of the bearing are not considered, and the com-
plex interaction force relations and motion characteristics 
between components cannot be truly reflected.

In recent years, it is a focus to build coupling system 
by combining the dynamic model of rolling bearing and 
rotor. Wensing [16] used finite elements to establish flex-
ible rotor, rings and bearing housing after ignoring the cage. 
The interaction relationship between rolling body and inner 
ring was treated using linear spring which form the cou-
pling dynamic model of deep groove ball bearing–rotor sys-
tem to analyze the natural frequencies, modes and bearing 
vibration. Fritzson et al. [17] realized the motorized spindle 
system coupling dynamic model based on the transmission 
line principle (TLM). Among them, the elastic rotor model 
is established using finite element software and the rolling 

Fig. 1  Structure of classic ball 
bearing–elastic rotor system

Fig. 2  Coordinate systems of 
ball bearing
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bearing model is built by multi-body dynamics analysis 
software. A certain time delay is introduced between the 
different components, resulting in a certain time difference 
between the component response of the rolling bearing and 
the rotor component response. Ashtekar [18] combined the 
finite element method and the discrete element method to 
establish a simulation model of squeeze film damper-angu-
lar-contact ball bearing-flexible rotor turbocharger, and car-
ried out experimental verification.

However, it must also be recognized that there are still 
some limitations in the existing models. Therefore, it is a 
necessary way for the rolling bearing supporting rotor sys-
tem mechanical model to get closer to the reality that estab-
lishes a fully dynamic rolling bearing supporting model 
combined with the dynamic response of flexible rotor 
and constitutes a system synchronous simulation analysis 
platform.

To study the comprehensive vibration features of all parts 
in any ball bearing system, this paper presents a feasible 
way to provide a coupled dynamic model of an angular-
contact ball bearing–elastic rotor system which has the abil-
ity to investigate the dynamic characteristics of system when 
asymmetric bearings are used.

Coupled Dynamic Model of Angular‑Contact 
Ball Bearing–Elastic Rotor System

Figure 1 depicts a classic ball bearing–rotor system. The 
rotor is composed of an elastic shaft and a rotating disk ‘c’. 
The rotor is supported by two angular-contact ball bearings 
(‘a’ and ‘b’). Every part of the ball bearings (balls, cages 
and rings) are all considered in dynamic analysis. Actually, 
the inner ring and shaft journal have interference fit. There-
fore, the inner ring and rotor are assumed to be consolidated. 
The outer ring is immobilized and does not have any DOF. 
Two bearings can be identical or asymmetric ones. The basic 
parameters of structure, operation and load can be different. 
This ball bearing–elastic rotor system is a basic model and 
can be used in widespread conditions.

Dynamic Model of Angular‑Contact Ball Bearing

Coordinate Systems and Basic Parameters

In a ball bearing, the relative position and sliding speed of 
each part (including ball, ring and cage) are the basis for 
obtaining their interactive force. Therefore, it is necessary 
to establish different coordinate systems (Fig. 2) to express 
multiple motion state and mutual forces for each part con-
veniently and accurately:

(1) Inertial coordinate system: origin O is set at the mass 
center of outer ring which is stationary when the angu-
lar-contact ball bearings are working; axis X coincides 
with the central axis of bearing; axis Z is the opposite 

Fig. 3  Geometric relationship between ball and raceway

Fig. 4  Geometric relationship between ball and cage pocket
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direction of gravity; axis Y is determined according to 
the right hand rule.

(2) Body-fixed coordinate systems: BXbYbZb, RXrYrZr and 
CXcYcZc are the body-fixed coordinate systems for ball, 
inner ring and cage; B, R and C are the origins which 
are fixed on the mass center of each part; each axis 
directions coincide with the coordinate axis of inertial 
coordinate system, and then they are translated and 
rotated together with the corresponding part bodies.

(3) Other coordinate systems: BXabYabZab, RXarYarZar and 
CXacYacZac are the azimuth coordinate system of ball, 
ring and cage which describes the circumferential and 
radial position of each part; PXcYcZc is the contact 
coordinate system which is used to analyze the contact 
state; DXdYdZd is the pocket coordinate system which 
is applied to calculate the collision force between ball 
and pocket.

Tm_n is the transformation matrix from ‘m’ coordinate 
system to ‘n’ coordinate system. Subscript ‘m’ and ‘n’ can 
stand for inertial coordinate system (‘i’), body-fixed coordi-
nate systems (‘b’, ‘r’, ‘c’ for each part), azimuth coordinate 
systems (‘a’), contact coordinate system(‘p’), pocket coor-
dinate systems (‘d’) and other defined coordinate systems in 
use. T−1

m_n
 represents the inverse transformation.

In a certain coordinate system ‘m’, parameters �m
d_e

 and 
�m
d_e

 are the position and velocity vector from part ‘d’ to part 
‘e’ (subscript ‘d’ and ‘e’ can be ‘b’, ‘r’, ‘c’ for each part). If 
a part is in the inertial coordinate system, �m

d_e
 and �m

d_e
 can 

be simply described as rd
i and vd

i. Parameters ωb
b, ωc

c, ωr
r 

represent the rotation speed vector of each part in the cor-
responding body-fixed coordinate system.

Interactive Force Between Ball and Ring

The relative geometric position between the ball and ring 
raceway is shown in Fig. 3. In the body-fixed coordinate 
system of ring, the azimuth angle of ball is θbr and the posi-
tion vector of the raceway curvature center in the direction 
of ball is expressed as

where rf is the radius of curvature center locus circle of 
raceway.

In the azimuth coordinate system of ball, the position vec-
tor of ball center to curvature center of raceway is written as

Then, the actual contact angle is written as

with subscripts ‘1’, ‘2’, ‘3’ meaning the projection of �a
b_cv

 
in the direction of X, Y and Z axes.

Then, the transformation matrix from the azimuth coor-
dinate system of ball to the contact coordinate system is 
Tap = T(αc1, αc2, 0), and the contact deformation between ball 
and ring raceway can be expressed as:

where fr is the radius coefficient of groove curvature; db is 
the ball diameter.

(1)�r
cv_r

=
(
0 −rf sin �br rf cos �br

)T
,

(2)�a
b_cv

= Ti_aT
−1
i_r

(
�r
b_r

− �r
cv_r

)
.

(3)

⎧⎪⎪⎨⎪⎪⎩

�c1 = arctan
�
ra
b_r1

∕ra
b_r3

�

�c2 = arctan

�
−ra

b_r2
∕

��
ra
b_r1

�2

+
�
ra
b_r3

�2

�
,

(4)�br =
|||�

a
b_cv

||| −
(
fr − 0.5

)
db,

Fig. 5  Geometric relationship between outer ring and cage

Fig. 6  Timoshenko beam element
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After the contact deformation is obtained, the elliptical 
contact area will appear at the contact between ball and race-
way which is shown in Fig. 3. Hertz point contact theory 
is used to calculate the long half axis ap, short half axis 
bp and contact stress ph. When the ellipse contact area is 
divided into several narrow strips, the position vector of 
contact point (on the narrow strip) relative to ball center is 
obtained as

where R is the curvature radius of contact compression sur-
face between ball and raceway; xc is the coordinate value of 
contact point in x direction.

In the inertial coordinate system, the position vector of 
contact point relative to ring center is described as

In the contact coordinate system, the sliding velocity vec-
tor of raceway relative to ball is

After introducing �p
r_b

 into the formula of traction coef-
ficients [19], the vector of traction coefficients is

(5)

�
p

p_b
=

(
xc, 0,

√
R
2
− x2

c
−

√
R
2
− a2

p
+
√

0.25d2
b
− a2

p

)T

,

(6)� i
p_r

= T−1
ia
T−1
ap
�
p

p_b
+ � i

b_r
.

(7)

�
p

r_b
=Ta_pTi_a

⎧
⎪⎨⎪⎩
�i
r
+

⎡⎢⎢⎣

⎛⎜⎜⎝
T−1
i_r
�r

r
−

⎛⎜⎜⎝

�̇�b
0

0

⎞⎟⎟⎠

⎞⎟⎟⎠
× ri

p_r

⎤⎥⎥⎦

⎫⎪⎬⎪⎭

−Ta_p

⎡⎢⎢⎣

⎛⎜⎜⎝

ẋb
0

ṙb

⎞⎟⎟⎠
+
�
Ti_aT

−1
i_b
�b

b

�
×
�
T−1
a_p

�
p

p_b

�⎤⎥⎥⎦
.

In the contact coordinate system, the vector of force and 
moment acting on contact point of ball is shown as

The vector of force and moment acting on contact point 
of raceway is shown as

The force and torque vector of raceway acting on the ball 
are obtained by the integration around every contact strips

(8)�
p

b_r
= T−1

xc_p

(
kb_r1 kb_r2 0

)T
.

(9)

⎧⎪⎨⎪⎩

d�
p

xc_b
= phapbp

�
a2
p
− x2

c

�
�
p

b_r
− (0, 0, 1)T

�
dxc

d�
p

xc_b
= �

p

xc_b
× d�

p

xc_b

.

(10)

⎧⎪⎨⎪⎩

d�p
xc_r

= −d�
p

xc_b

d�p
xc_r

=
�
Ta_pT

−1
i_a
� i
xc_r

�
× d�p

xc_r

.

Fig. 7  The coupled dynamic model of ball bearing–rotor system
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Fig. 8  The process to solve coupled dynamic equations
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The force and torque vector of ball acting on the ring are 
obtained as

where nb is the number of balls.

(11)

⎧
⎪⎪⎨⎪⎪⎩

�a
b_r

= T−1
a_p

�
∫ d�

p

xc_b

�

�a
b_r

= T−1
a_p

�
∫ d�

p

xc_b

� .

(12)

⎧
⎪⎪⎨⎪⎪⎩

�i
b_r

=

nb�
i=1

�
T−1
i_a
T−1
a_p

�
∫ d�p

xc_r

��

�r
b_r

=

nb�
i=1

�
Ti_rT

−1
i_a
T−1
a_c

�
∫ d�p

xc_r

�� ,

Fig. 9  Ball bearing–rotor sys-
tem test rig and the correspond-
ing structure in the reference 
[22]. a Test rig and b structure 
of ball bearing–rotor system

Table 1  System parameters of ball bearing–rotor system

Item Parameter Value

Ball bearing Number of balls 9
Contact angle 25°
Pitch diameter 20.45 mm
Ball diameter 4.74 mm
Inner race clearance 0.001 mm
Outer race clearance 0.002 mm
Inner diameter of cage 21 mm
Outer diameter of cage 17 mm
Pocket clearance 0.2 mm

Rotor L 177.5 mm
D 10 mm
Outer diameter 72 mm
Length of disk 25.7 mm
Rotor density 7950 

kg  m−3

Modulus of elasticity 211 GPa
Disk eccentricity 32 μm
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Interactive Force Between Ball and Cage

The relative geometric position between the ball and cage 
pocket is shown in Fig. 4. In the pocket coordinate system, 
the position vector of the ball center relative to pocket center 
is expressed as

Then, the minimum clearance between ball and pocket 
wall is shown as

(13)�d
b_d

= Tc_d

(
Ti_c�

i
b_c

− �c
d_c

)
.

where Bd is the width of pocket.
In the contact (between ball and pocket) coordinate sys-

tem, the position vector of cage center is

The relative velocity vector between ball and cage is

Taking the comprehensive roughness σbd between the ball 
and pocket surface as a reference, when hbd ≥ σbd, there is 

(14)hbd = 0.5Bd −

√(
rd
b_d1

)2

+
(
rd
b_d2

)2

,

(15)

{
�
p

p_b
=
(
0 0.5db 0

)T

�p
p_c

= �
p

p_b
+ Td_p�

d
b_d

+ Td_pTc_d�
c
d_c

.

(16)

�
p

b_c
= Td_pTc_dTi_c�

i
c
+
(
Td_pTc_d�

c
c

)
× �

p
p_c

−
(
Td_pTc_dTi_c�

i
b
+
(
Td_pTc_dTi_cT

−1
i_b

�
b
b

)
× �

p

p_b

)
.

Fig. 10  The vibration diagram of disk from this paper and the refer-
ence [22]. a Vibration diagram from this paper and b vibration dia-
gram from the reference [22]

Fig. 11  The vibration waterfall diagram of disk vibration during the 
speed range from 5400 to 8400 rpm and a waterfall diagram in this 
paper and b waterfall diagram from the reference [22]
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hydrodynamic pressure between the ball and cage pocket 
and the contact force is calculated by Brewe formula [20].

When hbd < σbd, the contact force is obtained according to 
the contact deformation between ball and pocket.

 where Kbd is Hertz contact stiffness; cn is contact damping; 
μbc is traction coefficient; Fμ is traction force.

The force and torque vector of cage acting on the ball 
are obtained

(17)

{
Fbd =Kbd

(
�bd − hbd

)1.5
− cnv

p

b_c2

F� =�bc
||Fbd

||
,

with φν = arctan(−vp
b_c1

∕v
p

b_c3
 ) being the angle between 

relative velocity vector and Zp axis; Fv = (Fμsinφv, −Fbd, 
Fμcosφv).

The force and torque vector of ball acting on the cage are 
shown as

Interactive Force Between Ring and Cage

Figure 5 describes the relative geometric position between 
outer ring and cage. In general, the cage is guided by outer 

(18)

{
�a
c_b

=Ti_aT
−1
i_c
T−1
c_d

T−1
d_p

�v

�a
c_b

=Ti_aT
−1
i_c
T−1
c_d

T−1
d_p

�
p

p_b
× �v

,

(19)

⎧⎪⎪⎨⎪⎪⎩

�i
b_c

=

nb�
i=1

�
−T−1

i_c
T−1
c_d

T−1
d_p

�v

�

�c
b_c

=

nb�
i=1

�
−T−1

c_d
T−1
d_p

�p
p_c

× �v

� .

Fig. 12  The vibration diagram of disk at 6400  rpm from this paper 
and the reference [22]. a Vibration diagram from this paper and b 
vibration diagram from the reference [22]

Table 2  The variables of structure, material and lubrication about the 
asymmetric system

Item Variables Value

Left bearing Right bearing

Bearing Diameter of pitch circle 65.004 mm 70.004 mm
Bearing width 20 mm 20 mm
The number of balls 12 15
Initial contact angle 15° 15°
The ball diameter 12.3 mm 12.3 mm
Width of cage 17 mm 17 mm
Inner diameter of cage 61 mm 66 mm
Outer diameter of cage 72 mm 77 mm
Guide clearance of cage 0.4 mm 0.4 mm
Pocket clearance 0.2 mm 0.2 mm

Rotor Rotor diameter 50 mm
Rotor length 500 mm
Outer diameter of disk 100 mm
Disk thickness 60 mm
Bearing span 400 mm
Mass eccentricity 5 μm

Material Elastic modulus 208 GPa
Poisson’s ratio 0.30
Density of ball, ring and 

rotor
7800 kg·m−3

Density of cage 1250 kg·m−3

Oil Operating temperature 25°
Oil lubrication density 980 kg·m−3

Dynamic viscosity of oil 0.033 Pa·s
Coefficient of viscosity 1.28 ×  10–8  Pa−1
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ring for high-speed ball bearing. Therefore, this section only 
analyzes the interaction between cage and outer ring, but 
the analysis process is also applicable to bearing guided by 
inner ring.

It is assumed that Pc is the closest point on the cage to the 
surface of outer ring, and Pr is the corresponding point on 
the outer ring. If there is no contact between cage and outer 
ring (Pc and Pr do not coincide), the hydrodynamic effect 
between the two parts can be calculated according to the 
short sliding bearing theory [20].

If there is contact between the outer ring and cage, Pc and 
Pr will meet together and the coincidence point is recorded 

as P. In the body-fixed coordinate system of cage, the posi-
tion vector from point Pc to cage center is written as

where Bc and Dc are the width and diameter of cage guide 
surface; θc is the azimuth angle of point Pc in the body-fixed 
coordinate system of cage.

In the body-fixed coordinate system of outer ring, the 
position vector from point Pr to ring center is expressed as

(20)�c
p_c

=
(

Bc

2
−

Dc

2
sin �c

Dc

2
cos �c

)T

,

(21)�r
p_r

= Ti_r
(
� i
c
− � i

r

)
+ Ti_rT

−1
i_c
�c
p_c

.

Fig. 13  The vibration diagram 
and waterfall spectrum of disk 
for both symmetric and asym-
metric support. a Vibration dia-
gram and b waterfall spectrum
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It is supposed that the contact area of cage is divided into 
several n narrow strips, the position vector from k-th strip to 
cage center is obtained as

In the contact coordinate system between cage and outer 
ring, the relative sliding velocity between k-th strip on cage 
guide surface and ring guide surface is written as

In the body-fixed coordinate system of outer ring, the 
position vector from k-th strip on the cage contact area to 
outer ring center is as the following formula

Then, the minimum clearance between k-th strip on the 
cage guide surface and outer ring guide surface is shown as

Therefore, the discriminant to judge whether the contact 
between cage and ring appears is shown as

with Rcr being the radius of guide surface of the cage or 
ring.

When δcr ≤ 0, k-th strip on the cage has no contact with 
the outer ring. Meanwhile, the fluid lubrication force on the 
k-th strip can be calculated according to short sliding bear-
ing theory.

When δcr > 0, it shows that k-th strip on the cage contacts 
with the outer ring. The normal and tangential force can be 
obtained using the line contact formula.

where Kk stands for the Hertz contact coefficient of k-th 
strip; μcr is boundary friction factor.

Then, the force and torque vector of outer ring acting on 
the k-th strip of cage guide surface is shown as

(22)�c
p_k

=

(
Bc −

(k − 0.5)Bc

n
,−

Dc

2
sin �c,

Dc

2
cos �c

)T

.

(23)
vp
c_r

= Tr_pTi_rv
i
r
+ Tr_p

(
�r

r
× �r

p_r

)

−
[
Tr_pTi_rv

i
c
+ Tr_pTi_rT

−1
i_c

(
�c

c
× �c

p_k

)]
.

(24)�r
p_r

= Ti_r�
i
c_r

+ Ti_rT
−1
i_c
�c
p_k

.

(25)Ccrk =

(
Dc

2
−

√(
�r
p_r2

)2

+
(
�r
p_r3

)2

)
.

(26)�cr = Rcr − Ccrk,

(27)

{
Fck_n =Kk

(
�cr

) 10

9

Fck_f =�crFck_n

,

(28)

{
�
p

r_ck
=
(
Fck_f sin �cr Fck_f cos �cr Fck_n

)T
�

p

r_ck
= �

p

r_ck
× �

p

r_ck

.

Fig. 14  The vibration diagram of rotor disk under asymmetric sup-
port in 3 directions. a Horizontal vibration, b vertical vibration and c 
axial vibration
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In the body-fixed coordinate system of cage, the total 
force and moment of the outer ring guide surface on the 
cage guide surface are written as

(29)

⎧⎪⎪⎨⎪⎪⎩

�i
r_c

=

m�
k=1

�
Tr_iTp_r�

p

r_ck

�

�i
r_c

=

m�
k=1

�
Tr_i�

r
p_r

× Ti_r�
i
r_ck

� .

Dynamic Equations of Ball Bearing

According to Newton–Euler motion theory, the correspond-
ing translational and rotational equations of mass center can 
be established for each part.

In the inertial Cartesian coordinate system, the transla-
tional equations of ring and cage are shown as

(30)
{

mrẍr = Frx,mrÿr = Fry,mrz̈r = Frz

mcẍc = Fcx,mcÿc = Fcy,mcz̈c = Fcz

.

Fig. 15  The dynamic characteristics of rotor disk under different preload forces. a Axial displacement of ball, b frequency components in the 
vertical direction and c frequency components in the axial direction
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In the inertial cylindrical coordinate system, the transla-
tion equations of balls are described as follows:

In the body-fixed coordinate systems, the rotational equa-
tions of ring are unified.

(31)

⎧⎪⎨⎪⎩

mbẍb = Fbx

mbr̈b − mbrb�̇�
2
b
= Fbr

mbrb�̈�b + 2mbṙb�̇�b = Fb𝜃

.

Fig. 16  The dynamic features of ball for the asymmetric bearings. a Axial displacements, b radial displacement, c internal contact angle, d 
external contact angle, e sliding speed between ball and inner race and f sliding speed between ball and outer race
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with I standing for moment of inertia; the equations of 
ball and cage can also use Eq. (32) to analyze the dynamic 
behavior of ball bearings.

(32)

⎧⎪⎨⎪⎩

Irx�̇�rx −
�
Iry − Irz

�
𝜔ry𝜔rz = Mrx

Iry�̇�ry −
�
Irz − Irx

�
𝜔rz𝜔rx = Mry

Irz�̇�rz −
�
Irx − Iry

�
𝜔rx𝜔ry = Mrz

.

The disk is treated as a rigid disk which is simplified as 
lumped parameter element and incorporated into the shaft 
segment matrix according to Hamilton principle. Finally, the 
equations of rotor are formed.

where MS, GS and KS are the mass, gyroscopic moment 
and stiffness matrix of shaft segments; MD and GD 
are the mass and gyroscopic moment matrix of rigid 
disk; the vectors of bearing force FB can be expressed 
as  FB = (0 ,…, FBx_1,FBy_1,FBz_1,MBψ_1,FBφ_1,…
,FBx_1,FBy_1,FBz_1,MBψ_1,FBφ_1,…,0)T with subscripts ‘1’ 
and ‘2’ meaning the first and second ball bearing; FQ and 
FG are the vectors of unbalance force and gravity; uR is the 
displacement vector of rotor;  ns is the number of nodes for 
the shaft.

Coupled Dynamics Model of Asymmetric Ball 
Bearing–Rotor System

Figure 7 shows the coupled dynamic model of ball bear-
ing–rotor system. The rotor in Fig. 1 has been divided into 
(ns-1) elements and ns node. Under normal conditions, the 
mass of ring is much smaller than that of rotor; as a result, 
the motion of inner ring is determined by the journal posi-
tion of rotor which is controlled by rotor dynamic equations; 
at the same time, the force and torque from other bearing 
parts (balls and cage) acting on the inner ring are transferred 
to the corresponding journal position to provide supporting 
force and moment which are determined by the dynamic 
equations of ball bearings.

According to the above coordination relationship, the fol-
lowing motion constraint equation can be established after 
transforming the DOFs of rotor in the bearing coordinate 
system.

(33)

(
𝐌S +𝐌D

)
�̈�R +

(
𝐆S +𝐆D

)
�̇�R +𝐊s𝐮R = 𝐅B + 𝐅U + 𝐅G,

Fig. 17  The dynamic features of cage for the asymmetric bearings. a 
Orbits of mass center and b the speed fluctuation diagram of cage

Dynamic Model of Elastic Rotor

The rotor in Fig. 1 is composed of a shaft and a disk. The 
shaft is discretized by several Timoshenko beam element 
(Fig. 6) which considers the moment of inertia, shear effect 
and axial force effect [21]. This element includes 3 transla-
tion DOFs (x, y, z) and 2 rotational DOFs (ψ, φ). Each ele-
ment matrix is assembled according to the relative geometric 
position to form an integral matrix of the shaft.

(34)

⎧⎪⎨⎪⎩

�Bi = (xBi, yBi, zBi, ẋBi, ẏBi, żBi, 𝜂Bi, 𝜉Bi, 𝜆Bi, �̇�Bi, �̇�Bi, �̇�Bi)
T

�Rj = (zRj,−xRj,−yRj, żRj,−ẋRj,−ẏRj,𝜔Rt,−𝜓Rj,−𝜑Rj,𝜔R,−�̇�Rj,−�̇�Rj)
T

�Bi = �Rj (i = 1, 2; j = 1,… , ns)

,

where uBi is the combined translation and rotation vector 
of ith bearing; uRj is the combined translation and rotation 
vector of jth node on the rotor corresponding to the position 
of ith bearing; ωR is the angular velocity of rotor; t is time.

Similarly, the force and torque constraint equations can 
be built in the rotor coordinate system.
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Therefore, the coupled dynamics model of angular-con-
tact ball bearing–rotor system can be obtained by combining 
bearing dynamic equations (formula 30–32), rotor dynamic 
equations (formula 33) and constraint equations (formula 
34–35).

As a result, the generalized vector q of bearing–rotor sys-
tem which includes displacement vector and velocity vector 
can be established.

where the rotor is supported by asymmetric ball bearings 
when uB1 ≠ uB2.

As a result, the total dimensions of generalized vector 
equal 10 × ns + 24 × nb + 24 × 2. It is clear that the coupled 
dynamics model of ball bearing–rotor system is much more 
complicated than simplified spring–rotor dynamic model.

Method and Process to Solve Coupled Dynamic 
Equations

Figure 8 shows the method and process to solve coupled 
dynamic equations. They are composed of 5 steps:

(1) Input the system parameters of structure, working con-
dition and lubrication.

(2) Obtain initial displacement and velocity value of rotor 
and bearings by completing spring–rotor dynamic 
calculation (ball bearings are equivalent to nonlinear 
springs) and bearing quasi-static calculation.

(3) Establish the generalized vector of bearing–rotor sys-
tem by integrating the displacement and velocity vec-
tors and applying constraint equations between rotor 
and bearings.

(35)

⎧
⎪⎨⎪⎩

�Bi =
�
−FBi_y,−FBi_z,−FBi_x,−MBi_y,−MBi_z, 0

�
�Rj =

�
FRj_x,FRj_y,FRj_z,MRj_x,MRj_y, 0

�T
�Rj = �Bi (i = 1, 2; j = 1,… , ns)

T

.

(36)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

� = (�R, �B1, �B2, �̇R, �̇B1, �̇B2)
T

�R = (xR_1, yR_1, zR_1,𝜓R_1,𝜑R_1,… ,

xR_ns ,yR_ns ,zR_ns ,𝜓R_ns
,𝜑R_ns

)T

�B1 = (xr1,yr1, zr1, 𝜂r1, 𝜉r1, 𝜆r1,

xc1, yc1, zc1, 𝜂c1, 𝜉c1, 𝜆c1,

xb1_1, rb1_1, 𝜃b1_1, 𝜂b1_1, 𝜉b1_1, 𝜆b1_1,… ,

xb1_nb , rb1_nb , 𝜃b1_nb , 𝜂b1_nb , 𝜉b1_nb , 𝜆b1_nb)
T

�B2 = (xr2, yr2, zr2, 𝜂r2, 𝜉r2, 𝜆r2,

xc2, yc2, zc2, 𝜂c2, 𝜉c2, 𝜆c2,

xb2_1, rb2_1, 𝜃b2_1, 𝜂b2_1, 𝜉b2_1, 𝜆b2_1,… ,

xb2_nb , rb2_nb , 𝜃b2_nb , 𝜂b2_nb , 𝜉b2_nb , 𝜆b2_nb)
T

�̇R =
d�R

dt
, �̇B1=

d�B1

dt
, �̇B2=

d�B2

dt

,

(4) Calculated the force and moment vectors of rotor and 
bearings according to the external loads of rotor and 
the geometry relationships of bearing parts.

(5) Solve the coupled dynamic equations according to 
the instantaneous integration method and acquire the 
dynamic characteristics of bearing–rotor system.

Experiment Verification on the Coupled 
Dynamic Model

To verify the validity of the coupled dynamic model, the 
experimental data in the reference [22] are used to compare 
the numerical results in this paper. Figure 9 shows the angu-
lar-contact ball bearing–rotor test rig and the corresponding 
dynamic model in these literatures. The structural param-
eters of the bearing–rotor system are shown in Table 1.

The comparison data of the vibration diagram of disk are 
shown in Fig. 10 in the range of 2000–10,000 rpm. It can be 
observed that the calculation result of the critical speed in 
this paper is 3300 rpm, which is very close to the measured 
value (3280 rpm). The value of amplitude is approximately 
360 μm which also has a high consistency with the measured 
value (about 350 μm).

During the speed range 5400–8400 rpm (90–140 Hz), 
the vibration waterfall diagram of disk from this paper and 
the reference [22] are shown in Fig. 11. It can be seen that 
the frequency components between the numerical results in 
this paper and the experimental data in the reference [22] 
are basically similar: the first frequency component (about 
54.7 Hz) is related to the first critical speed 3280  rpm; 
the second frequency component (about 106.7 Hz) corre-
sponds to the resonance frequency which is provoked when 
the working speed reaches about the double critical speed 
(6400 rpm).

Furthermore, when the operating speed equals 6400 rpm 
(mass eccentricity e = 32 μm), the spectrums of numerical 
results and experiment data have a good agreement which 
is shown in Fig. 12.

Dynamic Characteristics of Asymmetric Ball 
Bearing–Rotor System

The coupled dynamic model in Fig. 7 is applied to analyze 
the dynamic features of ball bearing–rotor system. It should 
be noted that two different ball bearings are used to sup-
port the rotor. For this asymmetric bearing–rotor system, the 
preloading is achieved by applying axial force on the inner 
rings. The shaft is divided into 10 elements and 11 nodes 
(ns = 11). The bearings are assembled on the No.2 node and 
No.10 node. Disk is located on the No.6 node. The variables 
of structure, material and oil are shown in Table 2.
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General Dynamic Features of Asymmetric Ball 
Bearing–Elastic Rotor System

Dynamic Characteristics of the Elastic Rotor

When the support modes change, the rotor will perform dif-
ferent dynamic features. Under the working conditions that 
preloading force Fpr = 1180 N, radial load Fdr = 5000 N and 
axial load Fda = 0 N, the radial vibration diagram of rotor 
disk is shown in Fig. 13 for both symmetric and asymmet-
ric support. In this way, the influence of different support 
modes on the rotor vibration in the subcritical region can 
be obtained.

In Fig. 13, it can be seen that the asymmetrically sup-
ported rotors have vibration peaks at 5200 and 4200 rpm, 
respectively; while, the symmetrically supported rotors only 
have vibration peaks at 4200 rpm. Moreover, the vibration 
amplitude of the asymmetrically supported rotor is much 
smaller than that of the symmetrically supported rotor. The 
reason can be revealed by the vibration waterfall diagram 
in the subcritical speed range. The spectrum in the hori-
zontal direction includes 5 frequency components: the VC 
frequency (the frequency which is caused due to the balls 
roll in and out of the loading area) and double VC frequency 
of the left bearing fVC1 and 2fVC1, the VC frequency of right 
bearing fVC2, the first-order bending resonance frequency fxc 
and the rotating frequency fe.

When the rotating speed is about 5400 rpm (fe1 = 90 Hz), 
fVC1 = (rm1 − R1cosα1)·nb1·fe1/dm1 = 441  Hz≈fxc in which 
rm is the radius of pitch circle; R is the ball radius; α is 
the initial contact angle; nb is the number of balls; fe is the 
rotating frequency; dm is the diameter of pitch circle. The 
first-order bending mode of the rotor is excited by the VC 
vibration of the left bearing and the resonance phenomenon 
occurs. At this time, the vibration amplitude of the disk has 
a peak value. Similarly, when the speed is about 4200 rpm 
(fe2 = 70 Hz), fVC2 = (rm2 − R2cosα2)·nb2·fe2/dm2 = 436 Hz≈
fxc, the rotor resonance appears and the vibration amplitude 
reaches a peak value.

Preload has a significant impact on the dynamic perfor-
mance of the ball bearing and rotor system. Insufficient pre-
loading force will cause smaller stiffness and higher forced 
vibration value; excessive preloading force will lead to more 
increasing wear of structure parts and lower service life.

Therefore, small, moderate and large axial preloading 
forces (250, 590 and 1180 N) are exerted on the inner rings 
of both bearings to inspect the preloading effects on the 
vibration characteristics of the system. Figure 14 shows the 
horizontal, vertical and axial vibration values of rotor disk in 
the subcritical speed zone under asymmetric support.

Figure 14a shows that the vibration amplitude in hori-
zontal direction decreases remarkably when the large axial 
preloading forces are applied on the asymmetric ball bear-
ing–rotor system. It is clear that large preload brings about 
high stiffness which can reduce vibration intensity.

In Fig. 14b, it can be observed that the increase of pre-
loading force dose not restrain the vertical vibration obvi-
ously. The main reason is that the rotor bears a radial load 
of 5000 N in the vertical direction which is far greater than 
the preloading force. As a result, the axial preload does not 
play a leading role in the vertical vibration.

Figure 14c indicates that when preload equals 250 N, 
axial vibration changes relatively slightly and there is no 
obvious peak value; when preload is 590 N, the axial vibra-
tion appears obvious peak value at 2600 and 3300 rpm, 
respectively; when preload force is 1180 N, the axial vibra-
tion presents obvious peaks at 3400 and 4400 rpm. In a 
word, when the preload becomes larger, the axial vibration 
peak will appears at a higher speed. The reason is that the 
axial natural frequency of the rotor will becomes larger as 
the preload force rises. Consequently, the rotational speed 
corresponding to the axial vibration peak will inevitably 
increase.

To demonstrate the above conclusion, more detailed 
results about the rotor disk are shown in Fig. 15 at a cer-
tain speed (10,000 rpm). It is clear that the radial and axial 
displacement of rotor disk decreases in Fig.  15a which 
reveals that the supporting stiffness of bearings increases. 
Figure 15b shows that the dominate frequency is the rotat-
ing frequency (166.7 Hz) and double frequency component 
(333.3 Hz) also appears in the vertical direction. This is 
because asymmetric ball bearings will result in different sup-
port forces which leads to an additional bending moment. In 
Fig. 15c, the axial natural frequency of the system changes 
from 226 to 540 Hz when the preload varies from 250 
to 1180 N. It is true that the increase of preloading force 
can improve the axial supporting stiffness of the rotor and 
enlarge the axial resonance frequency.

Dynamic Features of the Asymmetric Ball Bearings

To investigate the dynamic features of balls, the displace-
ment, contact angle and relatively sliding speed of corre-
sponding part are shown in Fig. 16.

When preloading force increases, some regular patterns 
can be observed in Fig. 16: (1) the displacement of balls 
becomes larger, the amplitude fluctuation becomes smaller 
and the stationarity of balls is enhanced; (2) the fluctua-
tion of the internal and external contact angles decrease 
obviously; and (3) the relative sliding speed and fluctuation 
range between ball and ring raceway are greatly reduced. 
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Therefore, it is possible to improve stationarity of balls and 
reduce slip ratio by applying an appropriate preloading force.

On the other hand, the orbits of mass center and the speed 
fluctuation diagram of cage are shown in Fig. 17 which are 
used to judge the preload influence on the stability and slip 
features of cage.

It can be seen in Fig. 17a that the motion of cage center in 
both bearings fail to form stable circumferential orbits and 
presents a narrow band-like distribution in a local area when 
preload force equals 250 and 590 N. It is due to the irregular 
collision between balls and cage. Moreover, when preload 
force reaches 1180 N, the orbits of mass center become a 
stable circumferential whirl. Thus, large preload increases 
the stationarity and limits the sliding state of ball and reduce 
the collision between ball and cage. In addition, the outer 
ring has less guiding force on the oil film of cage, so the 
movement of cage center tends to be stable.

By comparing the speed fluctuation diagram of Fig. 17b, 
it can be found that the fluctuation of cage speed becomes 
smaller when preload force gets bigger. The reason is that 
the balls become more stable and the collision force with 
the cage decreases.

Conclusions

This paper provides a dynamic model of typical angular-con-
tact ball bearing–elastic rotor system to study the dynamic 
characteristics when as asymmetric support mode is used. 
The conclusions are as follows:

(1) The interactive forces between each part (ball, cage and 
ring) of the angular-contact ball bearing are obtained 
by calculating position, velocity and force/moment vec-
tor in several founded coordinate systems.

(2) A dynamic model of angular-contact ball bearing–elas-
tic rotor system is presented based on the interactive 
forces between each part (ball, cage and ring), FEM 
method to discretize rotor and constraint equations that 
consolidate rotor and bearing.

(3) The comparison between the numerical results in this 
paper and experimental data in the corresponding ref-
erence verify the validity of the coupled ball bearing–
rotor model.

(4) When the system has asymmetric ball bearings, the 
vibration spectrum of rotor includes the VC frequen-
cies of two bearings, the first-order bending resonance 
frequency of rotor and the rotating frequency.

(5) When the preload forces of bearings increase, the sup-
port stiffness becomes larger and the rotor displace-
ment decreases; moreover, the motions of balls and 
cage become more stable.
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