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Abstract

Purpose Rotating components such as rotating beams and plates are working in complex physical environments subjected
to nonuniform distribution of their own materials, vibration caused by external excitation may result in work instability,
structural fatigue and the like, so the dynamic analysis of rotating structures is of great significance.

Methods Based on the nonlocal elasticity theory and Timoshenko beam model, the vibration of a rotating functionally
graded piezoelectric nanobeam is investigated. First, the dynamic governing equations and corresponding boundary condi-
tions are derived by the Hamiltonian principle. Then, the governing equations and boundary conditions are discretized by
the differential quadrature method. Subsequently, the vibration characteristics of nanobeams are analyzed after detailed
numerical calculations.

Results The effects of various parameters including rotational velocity, nonlocal parameter, functional gradient index,
length—height geometry ratio and external voltage on the vibration characteristics under different boundary conditions are
examined. Finally, the numerical results show that these parameters have non-negligible effects on the natural frequencies
and modal shapes.

Conclusions The dynamics of rotating functionally graded nanobeams are affected by both external kinematic and voltage
factors and inherent scale factor and their coupling effects. In particular, a nonlinear small-scale effect is observed for a
rotating functionally graded piezoelectric nanobeam, which may be useful to the design and optimization of the nano-electro-
mechanical system including the rotating structures.

Keywords Nonlocal elasticity - Functionally graded material - Piezoelectric nanobeam - Timoshenko beam - Free
vibration - Rotation

Introduction

In recent years, due to the superior performance of nanotech-
nology, it plays an important role in the field of machinery,
and has been widely concerned by researchers [1-7]. With
the rapid development of current nanotechnology, some
new mechanical devices are used in the fields of biology,
medicine, engineering, etc., such as wireless sensors, transis-
tors, biological probes, micro-motors and other mechanical
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structures. However, some nano-mechanical structures are
affected by complex chemical and physical environments
during work, which causes difficulties such as work failure
and structural fatigue. Therefore, studying the mechani-
cal behavior of nano-machines is crucial to the design of
nanodevices.

Studies have shown that the mechanical properties of
objects at a small scale are very different from those at a
macro-scale, or even completely opposite. Since the classical
elastic theory at the macro-scale cannot explain the micro-
scopic phenomena when dealing with small-scale problems,
various new constitutive relations have been constructed,
such as nonlocal theory [8], strain gradient theory [9] and
nonlocal strain gradient theory [10]. The nonlocal theory is
obtained by introducing a nonlocal parameter and writing
the internal forces as nonlocal expressions to replace the
relevant variables in the traditional continuum medium. In
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1972, Eringen and Edelen pointed out that the theory of
nonlocal continuum mechanics is to explain the small-scale
effect by the stress at a given point depending on the strain
at all points. The strain gradient theory is based on accurate
energy variation method, it regards the object as a coordi-
nated continuum of deformation composed of macroscopic
and microscopic matter, and treats each material point in the
continuum as a cell containing high-order strain. However,
some different or even completely opposite conclusions have
been obtained in applications of these theories. Li and his
collaborators [11-17] resolved those puzzling problems.
The nonlocal strain gradient theory considers both nonlocal
effects and strain gradient effects, and resolves the confusion
and controversy caused by other theories. When studying the
mechanical behaviors at the micro/nanoscale, some physical
phenomena also need to be considered. This is because the
physical phenomena play significant roles in the physical
parameters and deformation potential of the structure. Such
as surface effects, flexoelectric effects and so on. The sur-
face effects, containing the surface energy, the surface ten-
sion, and the surface relaxation, should not be ignored where
the overall elastic attributes of nanostructures are studied.
The surface energy plays an important role due to the high
surface-to-volume ratio. In the surface energy theory, the
energy saved in the surfaces is due to the surface elasticity,
the surface stress, and the surface density. The flexoelectric
effect has a major role on responses of piezoelectric materi-
als when their dimensions become submicron. The flexo-
electricity is associated with a specific electrical-mechanical
coupling phenomena among polarizations and strains gradi-
ents. Actually, inflicting the strain gradients to a dielectric
may exert special electric polarizations via changing the
inversion symmetries. This paper is based on the nonlocal
theory to study the micro-nano-mechanical behavior, which
is a modified classical elastic theory. In the classical local
continuous medium mechanics, it is assumed that the stress
state at a point depends only on the strain at that point. In
1972, Eringen and Edelen pointed out that the theory of
nonlocal continuum mechanics is to explain the small-scale
effect by the stress at a given point depending on the strain
at all points. Applying the nonlocal elastic theory to study
the deformation, buckling and vibration of nanostructures
have attracted a lot of research interest [18-24]. Yang [25]
proposed a new analytical solution for free vibration of
thick nanostructures based on the nonlocal elastic stress
field theory and the Timoshenko shear deformable nano-
beam model, and studied the effects of nonlocal parameter
on vibration frequencies. Rahmani [26] et al. studied the
torsional vibration of cracked nanobeam based on nonlocal
elasticity theory. Li [27] et al. analyzed the free vibration
of circular cross-section nanocone and solved the problem
of how to determine the values of small-scale parameter.
Lim et al. [28-35] have reported plenty of research work in
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the fields of the nonlocal theory and nano-mechanics, and
obtained many meaningful results.

With the demand and development of intelligentization,
miniaturization and nanometerization, it has been a develop-
ment trend to shrink rotating mechanical parts to microm-
eter or even nanoscale [36—41], therefore, many researchers
have conducted research on rotating nanodevices. Azimi
[42] et al. analyzed the vibration behavior of rotating func-
tionally graded nano-Timoshenko beam in a thermal envi-
ronment and explored the effect of changes in rotational
angular velocity on vibration characteristics. Mahinzare
[43] et al. studied the free vibration of a rotating smart cir-
cular nanoplate made of bidirectional functionally gradient
piezoelectric materials, and explored the effect of voltage
and angular velocity on the natural frequencies. Ghadiri M
[44] et al. studied the free vibration of a nano-turbine blade
based on the Kirchhoff plate theory, and explored the effect
of small-scale parameter and angular velocity on the natural
frequencies. Farzad E [45] et al. studied wave propagation
responses of smart rotating magneto-electro-elastic graded
nanoscale plates.

There have been few reports on the vibration behavior of
rotating piezoelectric nanobeams by referring to the data.
In this paper, the free vibration behaviors of the nanosheets
are studied using the rotating functional gradient piezoelec-
tric nanobeam as a model. To more accurately predict the
mechanical behavior of the beam, this paper analyzes the
free vibration behavior of the rotating functionally graded
piezoelectric nanobeam based on the nonlocal elastic theory
and the Timoshenko beam model. The influence of rota-
tional velocity, nonlocal parameter, gradient index, aspect
ratio and external voltage on the vibration frequencies were
investigated.

Rotating Piezoelectric Nano-Model

Consider a rotating functionally graded piezoelectric nano-
beam with rectangular cross-section. The length, width and
height of the beam are L,k and b, respectively. The beam is
fixed on a rigid rotor of radius r and rotates around the z axis
at an angular velocity w, as shown in Fig. 1. The materials of
the beam are composed of piezoelectric materials. Assum-
ing that the material properties are distributed in a gradient
along the thickness direction, which can be expressed as [46]

k
P@ =Ps+ (Pi=P5) (3 +2) )
where P, and P5represent material properties of the bottom
surface and top surface of the beam, respectively, and the k
is gradient index of the material.
Taking the end of the beam fixing point as the coordi-
nate origin o, the x and y coordinates are established in the
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Fig.1 A rotating piezoelectric nanobeam

physical midplane of the beam and along the length and
width directions, and the z coordinate is perpendicular to the
physical midplane of the beam, as shown in Fig. 1. Assum-
ing that the physical midplane of the beam is at z = g,
according to the concept of the physical midplane proposed
in [47], the calculation formula is

)2
—h/2 2P(z)dz _ (Epzr-4y — Epzr—5))kh

20 = = ’
U S P 2@+ R E ez + KEpzrs)

@

where Epzr_4) andEpyr_s), respectively, represent the
elastic modulus of the PZT — 4 material and the PZT — 5
material.

Since the thickness and width of the beam are much
smaller than its length, only considering the movements of
the beam in the x — z plane, the nonlocal elastic constitutive
relationship can be approximated as a one-dimensional form,
which can be expressed as follows [48]:

2 azo-x

o, — (epa) e Ciie,—e3E, )
) GZO'XZ

O-XZ - (600) W = C44J/xz —€15Ly (4)
) ()ZD)C _

Dx - (eOa) axz = €15V, + 1Ly (5)
2 azDZ —

D, — (eya) 6_22 = ez, + EgE,, 6)

where o, represent nonlocal stress and strain in the x
direction; o,,, 7,, represent nonlocal shear stress and shear
strain in the cross-section; D,, D, are the nonlocal electrical
displacement in the x and z directions, respectively;E,, E,
are the electric field in the x and z directions;C,,, C,, are
the elastic constants;es;, e,5 are the piezoelectric constants;

Physical medium

E,1, 243 are the dielectric constants, ¢ is the nonlocal con-
stant of material, and a is the internal characteristic scale.
In all the size-dependent mechanical behavior studies based
on the nonlocal elastic method, researchers explored the
effects of small-scale parameter on the mechanical behav-
iors of the research objects by changing the values of eya.
It is worth mentioning that there is a critical size for decid-
ing whether to take the nonlocal effect into account or not.
It can be determined by molecular dynamics simulations,
theoretical analyses and experiments. However, this is not
the point of the present work. Moreover, previous literature
(e.g., [49]) has presented useful analysis and discussion on
such an aspect, including the critical internal sizes in one-
dimensional and two-dimensional nanostructural dynamics.
The present work is concerned on the free vibration of one-
dimensional nanostructures. Hence, the critical value range
of eya, generally 0~2.5 nm can be adopted directly.

Assuming that the displacements of the nanobeam along
the x, y, and z directions are u;, u, and u;, the expressions
obtained by Timoshenko beam theory are

u(x,z,1) = up(x)+ (Z - ZO)(p(x, 1)
uz(x, z,)=0 , (7)
us(x,z, ) = wix, 1)

where i represents the axial displacement of the nanobeam
caused by the centrifugal force and external static voltage in
the process of constant speed rotation, regardless of the time
t. @(x, ) is the angular displacement of the cross-section of
the nanobeam, and w(x, f) is the lateral displacement of the
nanobeam.

From the geometric relationship, the relationships
between the strain and displacement of the piezoelectric
nanobeam are

o 9%
E. = » +(Z Z()) ()X, (8)
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The rotating nanobeam has the characteristics of electro-
mechanical coupling during the movements, and its potential
distribution meets Maxwell formula, and can be set as a
combination of cosine function and linear variable, and its
specific expression is [50]

D(x,z,1) = — cos(f2)p(x, 1) + %,

7 10)

where f = %, ¢(x, 1) is the potential distribution in the x
direction, and V, is the external static voltage applied to the
top and bottom surfaces of the beam. According to the rela-
tionships between the electric potential and the electrostatic
field, the electrostatic fields in the x and z directions are
obtained from Eq. (10):

) 2
=;/;/Ap(z>[<d—W) +("‘—‘f+<Z—Zo>i—‘f) +w2<uo+<z-10>¢>2]d““‘x

Ny =N, +N,. (15)

The centrifugal force N, at each point along the direction
of the x-axis is

N, = / / PR + rdAdC = Iy (L — x)<L rx 2r>,
r+x
(16)

where [, = /A p(2)dA.
The axial force N, generated by the external voltage V, is

e31 Vo Vob k12
N,= A dA = - e31(2)dz. a7
A —h/2

During the rotation of the piezoelectric nanobeam at a
constant velocity w, it vibrates freely in the xoz plane, and
its kinetic energy is

(18)
1 rL ow duy duy dg 0
b ag where the equivalent mass /; is expressed as
E, = -~ =cos(p)=-
. an = / URY .
7L p(2)(z—zy)dA, (i=1,2). (19)
E =" =Fsin(f)p - - A (2-2)

From Egs. (8), (9) and (11), the deformation energy of the
piezoelectric nanobeam is

L
= l/‘ /(66 +O—zYx DJ\EJC_DZEZ)dAd'x

/ [N_+M_+Q(_+¢)]dx+
—/ / -D cos(ﬁz)—¢+D ﬁsin(ﬁz)¢+& dAa
2 Jo Ja ! 0x : h ’

12)
where the nonlocal axial force N, bending moment M and
shear force Q are expressed as

Nz/odi,Mz/ax(z—zo)dA , Qz/axsz.
A A A
13)

The potential energy of the axial tension N is

Uy = %/0 [(‘Z;”) NF]dx (14)

where the axial force N received at each point on the beam
is composed of the centrifugal force N, generated by the
beam due to the rotation and the axial force N, generated by
the external voltage
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According to the Hamilton principle, the variation of the
total energy is zero, that is

1
/ o(U, + U —T)dt = 0. (20)
0
Substituting Eqgs. (12), (14) and (18) into Eq. (20), the
governing equations of the rotating piezoelectric nanobeam

are

w00 2( 0w>
0x

092~ ox Fox
L) oM
4 Iz_dtz = l,0*uy + Lo’ + Fre 0 1)

. oD,
/ <Dzﬂ sin(fz) 3 >dA =0
A X

and the mechanical boundary conditions are
Hinged end

w=M=0 22)
Clamped end

w=¢=0 (23)
Free end
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M= *M Oty op
0=M=0 (24) M—(eoa)zW =Ano- +A12a +Fy0+M, (26
as well as the electrical boundary conditions are
h/2 ,0°0 ow o
/ D, cos(fz)dz =0o0rp =0 x =0, L. (25) Q = (eoa) o2 KSA44<§ + qo) - KSE15E’ 27
—h/2
Integrating the expressions (3, 4, 5, 6) one can get 9*D, P} o
(28)
) 0D, ou 0@
D, — (eqa) psin(fz) |dA = T3, — 0 4 Fy— = X530 -V,, (29)
A 0x2 0x ox

where K is the shear correction factor, which depends on  value of the K| is 5/6, and other coefficients are expressed
the cross-sectional shape of the beam. In this paper, the  as follows:

-

Ay = / Ci@)(z—zp)dA , Ay = / Cu@dA A = / €11z = z9)*dA
A A A
E15 = /315(1)005(.51)(114 s F31 = /631(2),3 Sin(ﬂz)(z_z())dA’ X11 = /511(Z)Cosz(ﬂz)dA
- 0
X553 = /_33(2)[[3 sin(f2)°dA Ty, = /e3l(z)ﬂ sin(fz)dA , M, = / T
A A
Vo .
V.= 7-—33(2)[ﬂ sin(fz)]dA
L A
Equations (21), (26) and (27) can be used to derive nonlo-
cal bending moment and nonlocal shear force expressions:
ouy, o of . Pw Pp , 0y 26(,0 0 ow
M =A”E + A12$+F31¢+Me+(eoa) Iy— 7 +1za 7 -0’ = ~ho' = - a<NF$) , €2y
ow o 5 Pw 0? ow
—KA (— ) K.E <N —) . 32
O=KAulo ¥ 1555 He g o ~ 52 Ve, 42

Substituting the nonlocal bending moment and shear  Egs. (28) and (29) can derive the equations of motion of the
force into the governing Eqgs. (21) and parallel vertical  rotating functional gradient piezoelectric nanobeam:
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0*w 0w  0p 0*¢p of, o'w P ow 0 (1 Ow
L, 2Y = +22) —kE 22+ ——<N—) +—<N—)
058 <a 2t ox ) KBt hgass ~ 5m NVrge )| T ar (Ve ax
0> 0%u 0> 0
LLL — Lot + Lotug+ A, 0 44,20 4 7, 2P KA44(6—W+¢)
or 0x2 x> ox ox (33)
I¢ o[, e 2 Puy 0% '
+ KSElSE + (60(1) [[2 axzdtz - Ila) a_xz - 12 ﬁ
Ouy *w  dg o 0’¢
TME'F <ﬁ+ o +F3la +X11a X33¢ V =0
Ay = Cyypzr-4ybh, we define the following dimensionless

To make the Eq. (33) have universal applicabilities, -
they can be transformed into a non-dimensional form. Let ~ SXPressions as

=X p=W gt S ot L s_1r 7 _An g Ae
L’ n 0 n Q=@, U .’ n n I 11 Aloh s A A10h2
_ Ay = N — ML — VeL2 — X330p21-4)
A44=_’NF=_’ . = 2’Ve= ’¢=¢ - -
Ao Ao Ajoh h? A0 X33p771-4) A 34
1< X = X33 = Eis = Fy = T3 . O9
Xj=——— Xy3y=—>— | Es=—— > Fyy=——> T, = 3
=y 2B T Y > Bys A > 1131 A > 13
33(PZT-4) 33(PZT-4) A10X330021-4) 10X33(PZT —4) 10X33(PZT —4)
TN IA Y Iy I, I, ). o= t Ay 0(PZT—4) / O(PZT 4
lopzr-4y Mlopzr-s) h210(PZT—4) L\ Iypzr_s

Accordingly, the governing equations can be transformed

into dimensionless forms

P 0} (= ow 0 ow — — %) - s o'w
KsA44T2—/4273< F_—> _—<NF_—> + KAyn— — KEs— =1ly— — i’ )
ox p) ox /) oJx\ = ox 0 o1 0x” 0t
- 20%u, — 0%uy, - @° — _ =2\ 325
w0y, 7 7} d w ¢
—I i — _20 +Ay _20 +1 — K Aun <A12 I, 2) ) <F31’1+K’1E15>
) n ox X ox (35)
—2 2 4—
7 - ? _ 2, g
+ <12_ KYA44’12> =h—-nu =
n 7 ! oRar
= diy = Pw o + Pb_ - =
Tayn— +Es— + <E15’7+F31’7> +X1— —Xup-V,=0
L ox 0x 0x

{
N
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The boundary conditions of the hinged end, the fixed end
and the free end are expressed in dimensionless forms as

Table 1 Properties of materials

Properties PZT —4 PZT -4
follows:
Hinged end Elastic constant (GPa) Cy 81.3 60.6
L Cu 25.6 23.0
w=M=¢=0 (36) Piezoelectric constant (C/m?) e3, - 10 —16.604
al dend ers 403248 44.9046
amped en Dielectric constant (C/Vm) &, 6.712x10° 15.02x10°°
W=p=¢=0 (37) By 1027x 107 25.54x107°
Density (Kg/m?) P 7500 7500
Free end
0=M=3=0 (38)
The nonlocal expressions of the bending moment M and
shear force Q at the free end can be derived from Eqgs. (31) _ , _ _ —
and (32), respectively, as follows: KA446—W - ,ﬂa— N, LA KA1 — KEjs— %% _ =—u?l, oW
ox o2\ Fox ox oxo%t
— ou, W@ di, , ONgow 5 W 9 (40)
Wox o ox K="~ WnNy ;4_ 12°5% To study the characteristics of the free vibration of the
W0 ol 07 2 5% nanobeam, the differential equations can be obtained from
2 7 2 7,2 .
- +F +M,=—-plyn—s — the Eqgs. (35) as follows:
2 ox 3N e HoLogn 972 oM o2 gs. (35)
(39
([ _ 2% 3/ aw — 90 — b - 3w - %
KsA44aTv2V - /42% <N 0w> + i <Npaw> + KsA44’1—(—p - KsEIST(f = 1007 - aQW_Z
ox ox 0x 0x 0x ox ox ot 0% ot
= 0w (= 79 (@ 7 o _ P9 - 9%
4 —KSA44;1£ + (A12 2]2 5 )—2 + (I ~KAun® |o+ <F31n +KE1517) = =hL— - ’I, — 41)
n=/ ox n ot 0x°0
0? - = \0p 0*¢p
Eis— <E15’1+F31’1>_+X11 — Xy’ =0
\ ox* 0x ox

Therefore, the governing equations and boundary condi-
tions of the mechanical model are derived from the Hamilton
principle. The partial differential equations can be converted
into linear algebraic equations by a differential quadrature
method, and then calculated and analyzed in detail.

Characteristic Equations

In this paper, the differential quadrature method is used to
transform the governing Eqs. (41) into a set of algebraic
equations. The differential quadrature method is a common
numerical method to solve partial differential equations.
According to the differential quadrature method, the coef-
ficients of the interpolation points are calculated, so that the
governing Eqgs. (41) are transformed into
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Table 2 Comparison of the (C—C) (C-H)

results of natural frequencies for -
piezoelectric nanobeam U Literature [35] This paper  Literature [35] This paper  Literature [35] This paper
0 127.9195 1253233 94.1333 93.8233 22.5362 20.0565
0.05  123.6655 122.3345 925002 89.8842 22.1186 20.1143
0.1 114.9765 113.6933  89.1289 85.7941 23.4370 21.3601
0.15  107.5552 103.2279  83.8672 80.5100 23.4981 21.4182
0.2 101.1840 993012  77.8242 74.4306 23.6592 22.0981
Table 3 The effect of small- Mode k=0 (PZT — 4) k=1 k=3 k=7 k = 0o (PZT — 5)
scale parameter and gradient
index on dimensionless natural 0
frequencies (C-C) 1 0.2251 0211 0.2072 0.2336 0.2304
2 0.6165 0.5781 0.5678 0.6351 0.6309
3 1.1973 1.1234 1.1034 1.2073 1.2250
0.1
1 0.2124 0.1991 0.1955 0.2209 0.2175
2 0.5098 0.4780 0.4695 0.5268 0.5218
3 0.8490 0.7966 0.7825 0.8577 0.8689
0.2
1 0.1841 0.1725 0.1695 0.1922 0.1885
2 0.3643 0.3416 0.3355 0.3778 0.3730
3 0.5399 0.5066 0.4976 0.5451 0.5526
Table 4 The effect of small- u Mode k=0 (PZT — 4) k=1 k=3 k=7 k = 0o (PZT — 5)
scale parameter and gradient
index on dimensionless natural 0 1 0.1558 0.1460 0.1434 0.1695 0.1596
frequencies (C-H) 2 0.5023 0.4708 0.4625 0.5361 0.5145
3 1.0388 0.9743 0.9572 1.0754 1.0637
0.1 1 0.1476 0.1382 0.1358 0.1607 0.1512
2 0.4202 0.3939 0.3870 0.4493 0.4305
3 0.7460 0.6997 0.6874 0.7731 0.7641
0.2 1 0.1289 0.1207 0.1186 0.1408 0.1320
2 0.3051 0.2860 0.2809 0.3267 0.3126
3 0.4773 0.4477 0.4398 0.4945 0.4889
Table 5 The effect of small- Mode k = O(PZT — 4) k=1 k=3 k=1 k = co(PZT — 5)
scale parameter and gradient
index on dimensionless natural 0 1 0.0360 0.0342 0.0336 0.0332 0.0374
frequencies (C-F) 2 0.2224 0.2089 0.2050 0.2023 0.2273
3 0.6220 0.5854 0.5746 0.5674 0.6377
0.1 1 0.0362 0.0343 0.0338 0.0334 0.0376
2 0.2088 0.1961 0.1925 0.1900 0.2135
3 0.5154 0.4854 0.4764 0.4705 0.5289
0.2 1 0.0367 0.0349 0.0343 0.0339 0.0382
2 0.1776 0.1669 0.1638 0.1617 0.1817
3 0.3723 0.3510 0.3446 0.3404 0.3828
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;igihieggﬁgi rc;isl(;:;r(l)sfi:)}rlleless g S S S
natural frequencies of the two Mode Euler Timoshenko Euler Timoshenko Euler Timoshenko
nanobeam models (@ = 1,
7=025u=01k=0,V,=0) 6 1 1.1671 1.0853 0.8359 0.8023 0.2978 0.2924
2 2.7299 2.3966 2.2264 2.0671 1.1939 1.1162
3 45113 3.7218 3.9667 3.4071 2.7608 2.4364
8 1 0.8781 0.8384 0.6281 0.6123 0.2235 0.2209
2 2.0543 1.8901 1.7028 1.6085 0.8969 0.8605
3 3.3397 2.9939 2.9856 2.7083 2.0757 1.9186
16 1 0.4413 0.4345 0.3149 0.3122 0.1119 0.1114
2 1.0327 1.006 0.8542 0.8397 0.4496 0.4436
3 1.7095 1.6421 1.4998 1.4559 1.0415 1.0165
30 1 0.2359 0.2345 0.1682 0.1676 0.0597 0.0597
2 0.5522 0.5471 0.4562 0.4536 0.2401 0.2385
3 0.9143 0.9021 0.8013 0.7936 0.5563 0.5521
- < *N, < 0N, ON; —
KﬁMZ%@_M<éﬁﬁZﬁ@+3_4 5j+$;- W, + Np ﬁ@)
“~ o x5 x Jy
aN 9VF = < N 1— = N 27 _ 7S 2N S 2=
0 W +NFZ ~+KSA44aniJ.(pj—KSEISch](l)j:IOwi—M NFZCUW]
J= J= J=
(42)

+<F31’7+K5E15’7> C;j(bj
=1

u 7252 n \
- ;12 clj (pj

Jj=1
n

= 7251' - ﬂ272 Z

=

—2

Lo

(2 e
n*

2;
Cii®j

EIS ZC W +<f3]71+§157l>2 ¢/+X1120z‘2j$j_)_(33712$i=0
j=1 i=1

where i =2,...,N

— 1,N is the total number of sampling

points on the piezoelectric nanobeam, and cg. is the j-th
weighting coefficient of the k-th differential in the i equation

and the expressions of the correlation coefficients are as
follows:

okl
‘_klkl! —l—jl (G, j=1,2,.,n, i#jand2<k<n-1) ,

! (x,.—xj

(43)
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( The boundary conditions of the nanobeam clamped at
| M (xi) . S both ends are expressed as follows:
U_— (l7J_1’29""n7 l?é.])
(% =) M (x;) = o T 03
. w=¢, =¢,=0,x=0, 45)
==Y & (=12..n k=12.,n-1)
4 J=Lij ) Wy=py=¢y=0,x=1 (46)
M(xi) = H (xi - xj) i=12,...n) The boundary conditions of the clamped-hinged sup-
J=Li# ported nanobeam are expressed as follows:
B (- 1) . o _
xi—z{l—cosliﬁ:l} (l—],z,...,i’l) W1=(P1=¢]=0, )C=O, (47)
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m=1 m=1 m=1 m=1

Wy=¢y=0 , x=I

The boundary conditions of the clamped-free end nano-
beam are expressed as follows:

N - N N N
_ 9*N —
| = 2 F AW = (e
KS1444Zcij—y ?'1 ZCN]W +NFZ1 N +n(pN—KsE152ch ‘—_”IOZCN, w;
=1 = = =
N
()NF u Iza) (49)
_M271_ Z nNFZcN]w +A), 2 i@ — " ZcN](pj+F31d>N— W lynwy — 121, ZCN
j=1 j=1 j=1
dy=0, x=1.
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Define the generalized displacement vector as

- — _ T

d= {Wl’ Wy S Wh@r @ Py Py By, "7¢N} )
(50

where w;, ¢, and 5;‘» respectively, represent the vibration
lateral displacement value, rotation angle value and electric
potential value of each selected point. The governing equa-
tions and boundary conditions can be expressed as a matrix

Md+ Kd =0 31

where M and K are the equivalent mass matrix and
equivalent stiffness matrix composed of dimensionless coef-
ficients, respectively.

’
¢
S

@ Springer

Let the form of its equation solution be
d=d* eiQr (52)

where Q represents the vibration frequencies of the nano-
beam, and d* are the modal vectors. Substituting Eq. (52)
into Eq. (51), we can get

(K — Q*M)d* =0 (53)

The frequencies and modes can be obtained by solving
the matrix Eq. (53).
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Fig.6 The effect of small-scale parameter on the first two-order dimensionless natural frequencies for a beam clamped at both ends

Calculation Results and Analysis

In this paper, we use the examples in [51] to analyze the
vibration characteristics of the rotating functional gradient
piezoelectric nanobeam. When simulating the mechanics
of nanoturbine or molecular motor, the length range of the
model is described in detail in [52] and [53]. The length
L = 10nm and height 4 of the beam is changed. The material
parameters are shown in Table 1. To verify the validity of
the model in this paper and the accuracy of the calculation,
first consider the comparison between the results of the func-
tionally graded piezoelectric nanobeam and the analytical

method in [54] without rotation. The results in Table 2 show
a good agreement.

When rotating piezoelectric nanobeam vibrates freely, its
energy is mainly concentrated in the low order, so the first
three-order vibrations are mainly studied in the following
analysis.

Tables 3, 4 and 5 explore the effects of the nonlocal
parameter u and the functional gradient index k on the first
three dimensionless natural frequencies of the nanobeam
under the three boundary conditions without rotation. It can
be seen from the table that when the functional gradient
index is determined under three boundary conditions, as the
small-scale parameter increases, the first three dimensionless
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Fig. 8 The effect of small-scale parameter on the first two-order dimensionless natural frequencies for a cantilever beam

natural frequencies of the nanobeam gradually decrease,
which indicates that when the nanobeam does not rotate,
the increase of small-scale parameter weaken the equivalent
stiffness of nanobeam and reduce its natural frequencies. For
the cantilever beam, the increase of the small-scale param-
eter makes the fundamental frequency gradually increases,
which is opposite to the change trend of the second and
third-order frequencies. In summary, without rotation, the
influence of small-scale parameter on the fundamental

@ Springer

frequency of the nanobeam is related to the boundary con-
ditions. In addition, the data in Tables 3, 4, and 5 show that
during the gradual change of the material from pzt-4 to pzt-
5, the change trend of the first three-order dimensionless
natural frequencies of the nanobeam first decrease and then
increase. The frequencies range of change are not large,
that is, when the composition ratio of the two piezoelec-
tric materials change exponentially, the change of physical
parameters have little effect on the equivalent stiffness of
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the nanobeam. This is because the specific gravity of the
two materials is the same, and the change of other material
parameters has little effects on the stiffness.

The first three natural frequencies of the rotating nano-
beam are calculated and compared using two beam models
including Euler and Timoshenko in Table 6. It is shown that
with the increase of the aspect ratio, the numerical results
calculated by the two models gradually approach when the
model changing from a thick beam to a thin one. Since the
Timoshenko beam theory considers the effects of shear
deformation and cross-section rotation around the neutral
axis, the calculated values are less than the results of Euler
beam theory. From the numerical data, it can also be ana-
lyzed that as the parameter 7 becomes larger, the flexibility
of beam model becomes larger, resulting in a decrease in the
stiffness and the natural frequencies.

Figures 2, 3 and 4 mainly explore the influence of the
dimensionless rotational velocity @ on the first third-order
dimensionless natural frequencies of the nanobeam under
three boundary conditions. Taking, 7 = 0.25, 4 = 0.1,k = 0,
Vy = 0.When the geometric sizes of the nanobeam are deter-
mined, the first three dimensional dimensionless natural
frequencies of the nanobeam increase with the increase
of the dimensionless rotational velocity. This is due to the
centrifugal force at each point change with the increase of
the rotational velocity, and the stiffness of the beam gradu-
ally increase, which leads to the increase of dimensionless
natural frequencies. It can be seen from the figures that the
effects of the aspect ratio # on the first three dimension-
less natural frequencies of the nanobeam are independent of
the rotational velocity. As the parameter # becomes larger,
the flexibility of the beam becomes larger, resulting in a
decrease in the rigidity and the natural frequencies of the
beam.

Figure 5 shows the relationship between the first three
dimensional dimensionless natural frequencies and the
external voltage V|, when the nanobeam rotates at a con-
stant speed under three conditions. Taking w = 1, 7 = 0.25,
u =0.1,k =3,and n = 8, it can be seen from the figures that
when the voltage value V|, gradually increases, the first three-
order dimensionless natural frequencies of the nanobeam
gradually increase. From the change trend of the curve, it
can be analyzed that, under the influence of the piezoelec-
tric coefficient, the voltage leads to uniformly distributed
physical forces in the axis direction of the nanobeam, so
that each micro-segment of the beam is axially stretched,
which enhances the stiffness of beam. The enhancements of
effective stiffness increase its natural frequencies, so such a
trend becomes more obvious as the positive voltage value
increases. During the rotation of the piezoelectric nanobeam,
the effects of the external voltage value on its natural fre-
quencies are consistent with the law of change of the nano-
beam without rotation in [55]. This is because the axial force

@ Springer

generated under the actions of the voltage and the centrifugal
force during rotation is linearly superimposed, and with the
increases of the positive voltage value, the equivalent stiff-
ness of the beam is further enhanced, so the natural frequen-
cies increase. From Eq. (15), it can be seen that the axial
force is linearly superposed by the centrifugal force and the
pre-tightening force generated by the external voltage, so the
influence of the axial force on the natural frequencies can be
a linear combination of these two parts.

Figure 6 studies the change of the first two-order dimen-
sionless natural frequencies of the nanobeam clamped at
both ends under the influence of small-scale parameter. Tak-
ing, 7 = 0.25,V,, = 0, = 8, and k=3, it can be seen from
Fig. 6 that with the increases of the small-scale parameter,
the dimensionless fundamental frequencies of the nanobeam
gradually increase, and with the increase of the rotational
velocity, the influence of the small-scale parameter on the
frequencies are obviously nonlinear. When the dimension-
less velocity is low, as the small-scale parameter increase,
the second-order dimensionless natural frequencies of the
nanobeam gradually decreases, but as the velocity increases,
the increase of the small-scale parameter makes the second-
order dimensionless frequencies change obviously. In this
state, the increase of the small-scale parameter enhances
the equivalent stiffness of the beam and thus, increases
natural frequencies, which is contrary to the influence of
small-scale parameter without rotation. In fact, this is the
additional effect of the rotational motion of the nanobeam.
The dynamic responses of rotating functionally graded nano-
beams are influenced by both external kinematic factor and
internal scale effect, both of which are independent and cou-
pled with each other.

Figure 7 studies the change law of the first two-order
dimensionless natural frequencies of the nanobeam with
the fixed-hinged boundary condition under the influence of
small-scale parameters. Figure 7a shows that during the rota-
tion of the piezoelectric nanobeam, the increase of small-
scale parameter gradually increases the dimensionless fun-
damental frequencies of the nanobeam, and with the increase
of the rotational velocity, this change law becomes more and
more obvious. Figure 7b shows that when the dimensionless
velocity is low, the increase of the small-scale parameter
reduces the second-order dimensionless natural frequen-
cies of the piezoelectric nanobeam. When the dimension-
less velocity increases to a certain extent, the increase of
small-scale parameter makes the second-order dimension-
less natural frequencies of the nanobeam larger.

Figure 8 studies the change law of the first two-order
dimensionless natural frequencies of the cantilever beam
under the influence of small-scale parameter. Figure 8a
shows that during the rotation of the piezoelectric nano-
beam, the increase of small-scale parameter gradually
increases the dimensionless fundamental frequencies of the
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nanobeam, and with the increase of the rotational velocity,
this change law becomes more and more obvious. Figure 8b
shows that the increase of small-scale parameter increases
the second-order dimensionless natural frequencies of the
nanobeam, and the change law is obvious with the increase
of the velocity.

It can be seen from Figs. 6, 7, and 8 that with the increases
of the small-scale parameter, the dimensionless fundamental
frequencies of the nanobeam gradually increase, and with
the increase of the rotational velocity, the influence of the
small-scale parameter on the frequencies are obviously non-
linear. This is because small-scale parameter has an impor-
tant influence on the inherent properties of micro-scale
structures, and this change becomes more obvious with the
increase of small-scale parameter, and it has a nonlinear cou-
pling effect with other parameters such as rotational velocity.

Figures 9, 10, and 11 depict the first three-order vibration
mode diagrams of the nanobeam with three boundary con-
ditions under the influence of different rotational velocity.
Taking ¥ =0.25, 4 = 0.1,k =3,V, =0,and n = 8, it can be
seen from the figures that the change of the dimensionless
velocity has effects on the modal shape of the nanobeam,
and the modal shape change of the piezoelectric nanobeam
with fixed-hinged boundary condition become more obvi-
ous. Under the three boundary conditions, the change of the
velocity affects the positions of the amplitude point in the
modal curves. As the dimensionless velocity increases, the
coordinate positions of the amplitude point shift to the right.

Conclusion

Based on the nonlocal theory, the free vibration behaviors
of rotating functionally graded piezoelectric nanobeams are
studied. The Timoshenko beam model is adopted, and the
governing equations and boundary conditions are derived
through the Hamilton principle. The natural frequencies
are determined by the differential quadrature method. The
influences of angular rotational velocity, nonlocal param-
eter, functional gradient index, slenderness ratio and external
voltage on the natural frequencies are examined. The effects
of rotational angular velocity on the structural modal are also
analyzed. It is concluded that: (i) during the rotation of the
piezoelectric nanobeam, the change of the rotational angular
velocity has a great influence on the natural frequencies, and
the change trend of the natural frequencies is proportional to
the change of the rotational angular velocity. Essentially, the
variation in rotational velocity changes the centrifugal forces
at the cross-section of each point on the beam, causing an
axial tensile deformation at the micro-segment of each point
of the piezoelectric nanobeam, and it affects the equivalent
stiffness of the beam. (ii) The relationship between the exter-
nal positive voltage and the natural frequencies under three

kinds of boundary conditions is not affected by the magni-
tude of the rotational angular velocity, and the axial force
generated by the positive voltage at each micro-segment of
the nanobeam is stretched and deformed, so that the rigidity
of the piezoelectric nanobeam is enhanced and the natural
frequencies increase. (iii) When the dimensionless rota-
tional angular velocity increases to a certain value during
the rotation of the piezoelectric nanobeam, the increase of
the small-scale parameter enhances the equivalent stiffness
of the nanobeam, and makes the frequencies increase. (iv)
The influence of the rotational angular velocity on the vibra-
tional mode shape is related to specific boundary conditions.
Compared with the clamped—clamped and fixed-free bound-
ary conditions, the shape of the first three vibration modes
of the nanobeam under the fixed-hinged boundary condition
is significantly affected by the rotational angular velocity.
In addition, the increase of the rotational angular velocity
shifts the amplitude point of the vibration mode to the right.
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