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Abstract
In this article, axisymmetric vibrations of a non-uniform functionally graded circular plate subjected to uniform in-plane 
peripheral loading and non-linear temperature rise across the thickness have been analyzed on the basis of classical theory of 
plates. The thickness of the plate is assumed to vary exponentially along the radial direction. The plate material is graded in 
thickness direction using a power-law model and its mechanical properties are temperature-dependent. Keeping the uniform 
thermal environment over the top and bottom surfaces, the equations for thermoelastic equilibrium and axisymmetric motion 
for such a plate model have been derived by Hamilton’s energy principle. Employing generalized differential quadrature 
method, the frequency equations for clamped and simply supported plates have been obtained and solved numerically using 
MATLAB. The lowest three roots have been retained as the frequencies for the first three modes of vibration. The influence 
of various parameters, such as power-law index, in-plane force parameter and temperature difference with varying values of 
thickness parameter, has been analyzed on the vibration characteristics of the plate. By allowing the frequency to approach 
zero, the critical buckling loads with varying values of other parameters have been computed. The benchmark results for 
linear as well as uniform temperature rise have also been computed. The validity of the present technique is verified by 
comparing the results with the published work.

Keywords  Functionally graded circular plates · Vibration · Temperature-dependent material · Variable thickness · Non-
linear temperature distribution · Differential quadrature method

Introduction

In recent years, the study on fundamental characteristics 
of functionally graded materials (FGMs) has attracted the 
attention of engineers and industrialists due to their wide 
applications in modern science and technology, particularly, 
in energy conservation devices, spacecraft heat shields, 
power transmission shafts, nuclear energy rectors, plasma 
facing for fusion reactors, oil sucker rods used in lifting 
underground oil, high-power electrical components, sen-
sors, biomaterial electronics, robotics, armor protection for 

military applications [1, 2], to mention a few. Usually, FGMs 
are tailored by mixing two or more materials in a systematic 
manner to achieve the desired mechanical properties in one 
or more directions. Beyond this, they also provide the attrac-
tive features of light weight, high strength, and low thermal 
conductivity. These advancements in properties of FGMs 
help the designer in improving the performance of a struc-
ture. The classic ceramic/metal FGMs are prepared by mix-
ing ceramics and metals using Powder metallurgy technique. 
In the literature, either Power-law function/Mori–Tanaka 
scheme/Sigmoidal function/Exponential function [3–6] is 
being used to examine their mechanical properties. Among 
these homogenization schemes, the Power-law model has 
been extensively used to analyze the mechanical/thermal 
behavior of functionally graded (FG) plate type struc-
tural elements in a variety of experimental and theoretical 
problems of practical importance [7–10]. The appropriate 
variations in their thickness further enhance significantly 
greater efficiency for vibration as compared to the uniform 
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thickness. This consideration fulfils the requirement of 
desired shapes as per physical situations together with addi-
tional advantage of material saving, weight reduction, stiff-
ness enhancing, and high strength in various technological 
situations, particularly, in space and missile technology. In 
view of this, a significant number of investigations dealing 
with different types of thickness variations, such as linear 
[11, 12], bi-linear [13], double linear [14], nonlinear [11, 12, 
15], exponential [16], stepped [17], arbitrary [18], polyno-
mial [19], general [20], etc., have been reported in the litera-
ture. In many engineering and industrial applications, such 
as in photographic facilities, driven plate of friction clutch, 
hydraulic structures, bridges, satellite thermal shields, ther-
mal barrier coatings used in gas turbines blades and rocket 
nozzles, heat exchanger tubes, etc. [21], these plates may 
be subjected to a variety of mechanical or / and thermal 
stresses. A review of recent researchers since 1998–2012, 
dealing with thermoelastic effect on static, vibration and sta-
bility analysis of such plates has been presented by Jha et al. 
[22]. The later work up to 2016 on developments, applica-
tions, various mathematical idealization of materials, tem-
perature profiles, modelling techniques and solution methods 
for the thermal analysis has been compiled by Swaminathan 
and Sangeetha [6]. Recently, Nikbakht et al. [7] presented 
a comprehensive review for the majority of publications 
on optimal design of FG structures, such as beams, plates, 
shells, tubes, implants, rotating disks, sports instruments, 
etc. with key outputs of each article in 2018.

In the literature, the studies on FGM plates have been car-
ried out with the two suppositions: whether the mechanical 
properties are temperature-independent (TI) or temperature-
dependent (TD). Confining the present discussion on static 
/ dynamic behavior of circular / annular FG plates with 
TI mechanical properties, the recent researches have been 
reported in references [5, 6, 9–11, 17–24], to mention a few. 
Out of these, Hosseini-Hashemi et al. [17] used separation 
of variables method and Bessel functions approach for the 
free vibration analysis of circular and annular FG plates on 
the basis of first-order shear deformation theory (FSDT). 
Shariyat and Alipour [23] employed differential transform 
method (DTM) to study the free vibrational behavior of FG 
circular plates on the basis of FSDT while Lal and Ahlawat 
[24] used classical plate theory for the buckling analysis. 
The spectral Ritz method has been presented by Hyderi 
et al. [11] for the buckling analysis of elastically supported 
FG plates subjected to unifrom radial compression. The 
thermoelastic solution for elastically supported FG circu-
lar plates has been obtained by Behravan [15, 16] employ-
ing state-space and differential quadrature (DQ) method in 
transverse and radial directions, respectively. Using FSDT 
and Laplace transformation together with Galerkin finite 
element method, the thermoelastic response of FG annular 
plate has been presented by Jafarinezhad and Eslami [25]. 

An improved Fourier series method in conjunction with 
Rayleigh–Ritz approach has been used by Lyu et al. [26] to 
study the free in-plane vibrations of elastically restrained FG 
plate. Very recently, the radial vibration analysis of FG discs 
has been presented by Yildirim and Tutuncu [12] employing 
fifth-order Runge–Kutta method, and complementary func-
tions method. Finite annular prism method-based Reissner’s 
mixed variational theorem has been developed by Wu and 
Yu [27] for the static analysis of two-directional FG circular 
plates. The axisymmetric vibrations of FG circular plates 
have been analyzed by Zur employing quasi-Green’s func-
tion method [28] and Neumann series method [29] on the 
basis of classical theory of plates. Using harmonic differ-
ential quadrature (HDQ) and discrete singular convolution 
method, the free vibration analysis of FGM annular sector 
plates has been presented by Civalek and Baltacioglu [30] 
using FSDT. For TD mechanical properties, the available 
articles on FG circular plates are listed in references [25–31], 
to mention a few. In these references, the static / dynamic 
behavior of FG circular / annular plates has been presented 
using DQ method by Malekzadeh and his co-workers [31, 
32], conventional multi-term Ritz-method together with 
hybrid iterative Newton–Raphson–Newmark scheme by 
Kiani and Eslami [33], and Fourier expansion through the 
circumferential direction and generalized differential quad-
rature (GDQ) method through radial direction by Bagheri 
et al. [34], on the basis of FSDT. The effect of thermal envi-
ronment on the free vibration behavior of FG sector plates 
has been analyzed by Mirtalaie [35] on the basis of classical 
plate theory. Very recently, Javani et al. [36] analyzed the 
thermally induced vibrations of annular FG plate using GDQ 
method on the basis of von Karman assumptions and FSDT, 
and Saini and Lal [37–43] presented the vibration analysis 
of thin and thick circular plates without and with hydrostatic 
peripheral loading employing quadrature method.

The work reported in this paper comprises the deriva-
tion of the frequency equations for clamped and simply 
supported functionally graded circular plates of variable 
thickness subjected to uniform in-plane peripheral loading 
and non-linear temperature rise in the thickness direction 
using GDQ [44] method. The mechanical properties of the 
plate materials are taken temperature-dependent and vary 
as a power-law function across the thickness. In the analy-
sis, Hamilton’s energy principle has been used to obtain the 
equations for thermoelastic equilibrium and axisymmetric 
motion for a plate of exponentially varying thickness in the 
radial direction using classical plate theory. The frequency 
equations have been solved for their roots using MATLAB 
and the lowest three are retained as the frequencies for the 
first three modes of vibration. The parametric varying stud-
ies are performed to analyze the effect of taper parameter, 
power-law index, in-plane force parameter and temperature 
difference on the non-dimensional frequencies and critical 
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buckling load. A study for the plates with temperature-
independent material properties has also been performed. 
The results have been compared with published literature. 
Three-dimensional plate configurations have been shown.

Geometrical Description and Formulation

Consider an FG circular plate of radius a , variable thickness 
h(R) , density � , subjected to uniform tensile in-plane force 
N0 and referred to a cylindrical co-ordinate system (R, �, z) , 
z = 0 being the middle plane. The line R = 0 is the axis of 
the plate. The top surface z = +h∕2 is taken as ceramic-rich 
while the bottom z = −h∕2 as metal-rich. The plate is sub-
jected to the variable temperature T(z) distributed across the 
thickness (Fig. 1).

The typical effective material properties P(z,T) of fab-
ricated FG plate are related with the material properties of 
metal Pm(T) and ceramic Pc(T) according to a Power-law 
model [31], i.e.,

where, Vc(z) describes the volume fraction of ceramic at any 
point z and defined as,

the power-law index g(≥ 0) represents the shape of the vol-
ume fraction Vc(z) . For better understanding of the distribu-
tion, the graphs for plate thickness versus volume fraction of 

(1)P(z,T) = Pm(T) +
[
Pc(T) − Pm(T)

]
Vc(z),

Vc(z) =
(
2z + h

2h

)g

,

ceramic for different values of power-law index g are shown 
in Fig. 2. The portion below to each line represents the 
amount of ceramic in FG plate while above portion for the 
metal component. Figure 2a, b and c represent the distribu-
tion at the center of the plate, thicker towards the boundary 
(� = 0.5) and thinner towards the boundary (� = −0.5) of the 
plate, respectively.

The material properties Pm and Pc for the constituents of 
the FG plate are assumed to be temperature-dependent [31] 
as follows:

where subscripts m and c refer to metal and ceramic, respec-
tively, and T(= T(z)) be the temperature at any point of the 
plate. The constituent materials of the plate are taken as 
Titanium alloy (TC4 ∶ rTi − 6Al − 4V) for metal and Zir-
conia 

(
ZrO2

)
 for ceramic. The experimental values of the 

coefficients Pi(i = −1, 0, 1, 2, 3) are taken from the refer-
ence [31]. The symbol ‘ P ’ has been used for the material 
properties, such as Young’s modulus E , Poisson’s ratio � , 
mass density � , thermal expansion coefficient � and thermal 
conductivityk.

Thermal Stress Analysis

Following [3], most of the two-dimensional thermoelastic 
studies have been carried out using one-dimensional heat 
conduction equation [9, 25–31], to mention a few. This is due 
to the assumption of material homogeneity in the plane of 
the plate and varies only in the thickness direction. Accord-
ingly, the effect of non-linear variation of temperature which 

(2)
Pb(T) = P0(P−1T

−1 + 1 + P1T + P2T
2 + P3T

3), b = m, c

Fig. 1   3D geometry, top view and cross section of the tapered circular FG plate;
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arises from the solution of static one-dimensional heat equa-
tion with zero heat flux [40],

subject to the boundary conditions: T = Tm at z = −h∕2 and 
T = Tc at z = +h∕2.

Following [40], the solution of Eq. (3) is:

where kcm = kc − km,ΔT = Tc − Tm,C
∗ =

N∑
i=0

(−1)i
ki
cm

(ig+1)ki
m

, 

and N represents the number of terms in the binomial expan-
sion occurring in the integral during the integration of 
Eq. (3) for T(z).

(3)
d

dz

(
k(z)

dT

dz

)
= 0,

(4)T(z) = Tm +
ΔT

C∗

N∑
i=0

(−1)i
ki
cm

(ig + 1)ki
m

(
2z + h

2h

)ig+1

,

The thermal strains and stresses at an arbitrary point 
(R, �, z) on the mid-plane of the plate are as follows [40]:

w h e r e  E(z,T) =
E(z,T)

(1−�2)
 ,  TE = �(z,T)ΔT(z)(1 + �)  , 

ΔT(z) = T(z) − T0 , T0 being the reference temperature at 
which the plate is stress-free and wT (R) is the transverse 
displacement arisen due to the axisymmetric temperature 
distribution over the surfaces of the plate.

(5)

eTRR = −z
d2wT

dR2
, eT�� = −

z

R

dwT

dR
, eTR� = eTzz = eT�z = eTRz = 0,

�TRR = −E(z,T)

�
z

�
d2wT

dR2
+

�

R

dwT

dR

�
+ TE

�
,

�T�� = −E(z,T)

�
z

�
�
d2wT

dR2
+

1

R

dwT

dR

�
+ TE

�
,

�TR� = �Tzz = �T�z = �TRz = 0,

⎫⎪⎪⎪⎬⎪⎪⎪⎭

Fig. 2   Variation of the volume fraction of ceramic through the thickness for various values of g and (a) at the center of the plate (r = 0) ; b the 
boundary of the plate (r = 1) , for γ = 0.5; c the boundary of the plate (r = 1) , for γ = − 0.5
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Following [40], the thermoelastic equilibrium equation is 
obtained by Hamilton’s energy principle and given by

together with the boundary conditions:

(i)	 Clamped (C) plate ∶
{
wT

}
R=a

= 0,
{

dwT

dR

}
R=a

= 0,

	 (ii)	
Simply Supported (S) plate ∶ {w

T
}
R=a = 0,{

D1

d
2
w
T

dR2
+ m

T
+

D2

R

dw
T

dR

}

R=a

= 0,

where, 
[
D1,D2

]
=

h∕2

∫
−h∕2

z2E(z,T)[1, �]dz are the flexural  

rigidities of the plate and mT =
h∕2

∫
−h∕2

{
zTEE(z,T)

}
dz.

Introducing the  non-dimensional  var iables 
WT = wT∕a, Z = z∕a , r = R∕a and h = h∕a , together with the 
exponential thickness variation h = h0exp(�r) , where � is the 
taper constant and h0 = {h}r=0 is the non-dimensional thick-

ness, Eq. (6) and the boundary conditions reduce to

where Q1 =
1

r3

(
Q4 − r

dQ4

dr
+ r

2 d
2
D

∗
2

dr2
− r

2
N

∗
)
,Q2 = −

1

r2{
Q4 − r

(
2
dQ4

dr
+

dD
∗
2

dr

)
− r

2 d
2
Q4

dr2
+ r

2
N

∗
}
, Q3 =

2

r

(
Q4 + r

dQ4

dr

)
,

Q4 = D
∗
1
,D1 = D

∗
D

∗
1
,D2 = D

∗
D

∗
2
,m∗

T
=

am
T

D∗
,N∗ =

a
2
N0

D∗
,D∗ =

E0h
3

0

12(1−�2)

(6)
D1

d4wT

dR4
+

2

R

(
D1 + R

dD1

dR

)
d3wT

dR3
−

1

R2

{
D1 − 2R

(
dD1

dR
+

dD2

dR

)
− R2

d2D1

dR2
+ R2N0

}
d2wT

dR2
+

1

R3

(
D1 − R

dD1

dR
+ R2

d2D2

dR2
− R2N0

)
dwT

dR
+

1

R

(
dmT

dR
+ R

d2mT

dR2

)
= 0,

(7)
4∑
i=1

Qi

diWT

dri
= −

1

r

(
dm∗

T

dr
+ r

d2m∗
T

dr2

)
,

(8a, b){
WT

}
r=1

=

{
dWT

dr

}

r=1

= 0,
{
WT

}
r=1

=
1

r

{
r

(
Q4

d2WT

dr2
+ m∗

T

)
+ D∗

2

dWT

dr

}

r=1

= 0,

[
D1,D2

]
=

ah0exp(�r)∕2

∫
−ah0exp(�r)∕2

z
2
E(z,T)[1, �]dz,

m
T
=

ah0exp(�r)∕2

∫
−ah0exp(�r)∕2

{
zT

E
E(z,T)

}
dz,

and E0 = Ec at T = 0 from Eq. (2).

Vibration Analysis

Following [40], the non-dimensional form of the equation of 
motion and the boundary conditions for the plate with expo-
nentially varying thickness are as follows:

w h e r e  S0 = −SΩ2, S1 =
1

r3D∗

{
S
T�� − r

dS
T��

dr
− (a.r)2N

T��

+D∗
(
Q4 − r

dQ4

dr
+ r

2 d
2
D

∗
2

dr2

)
− r

2
N

∗
}
,

w∕a = W(r)exp(i�t) for harmonic solution, W(r) is the 
non-dimensional transverse deflection, � is the radian fre-
quency and �0 = �c at T = 0 from Eq. (2). Being the variable 
coefficients in governing differential Eqs. (7) and (9), their 
closed-form solutions are not possible, except for certain 

(9)
4∑
i=0

Si
diW

dri
= 0,

(10a, b)

{W}r=1 =
{
dW

dr

}
r=1

= 0, {W}r=1 =

{
D∗

1

d2W

dr2
+

D∗
2

r

dW

dr

}

r=1

= 0,

S2 =
−1

r2D∗

[
ST�� − r

dST��

dr
+ (a.r)2NTRR + D∗

{
Q4 − r

(
2
dQ4

dr
+

dD∗
2

dr

)
− r2

d2Q4

dr2

}
+ r2N∗

]
,

S3 =
2

r

(
Q4 +

S
T��

D∗
+ r

dQ4

dr

)
, S4 = Q4 +

S
TRR

D∗
, S =

A1

h0�0
,

A1 =
ah0exp(�r)∕2

∫
−ah0exp(�r)∕2

�(z,T)dz,Ω2 =
�0a

4
h0

D∗
�2,

[
S
TRR

, S
T��

]
=

ah0exp(�r)∕2

∫
−ah0exp(�r)∕2

z
2[�

TRR
, �

T��]dz,

[N
TRR

, N
T�� =

ah0exp(�r)∕2

∫
−ah0exp(�r)∕2

[
�
TRR

, �
T��

]
dz,
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values of various parameters. Hence, the approximate solu-
tion has been obtained using GDQ method.

Solution Procedure

Thermal Stress Analysis

Using GDQ method, discretizing Eq. (7) rat ith internal nodal 
point ri, i = 2, 3,… , (n − 2) , rafter substituting the values for 
derivatives of WT , by putting WT for W , one gets

where the superscript T  rover Wj i.e. WT
j

 represents the inde-
pendent variables W1,W2,… ,Wn−1,Wn for thermal displace-
ments as WT

1
,WT

2
,… ,WT

n−1
,WT

n
.

The satisfaction of Eq. (11) at internal nodal points together 
with regularity condition 

{
dWT∕dr

}
r=0

= 0 and two boundary 
conditions (8a, b) provides a set of n equations in n unknowns 
WT

j
, j = 1, 2, 3,… , n . For a C-plate (8a), the matrix form of 

the resulting non-homogeneous equations is given by:

where A,Ac are matrices of order (n − 3) × n , 3 × n , and 
F,FC are column vectors of order (n − 3) × 1, 3 × 1 , respec-
tively, while X =

{
WT

1
,WT

2
,… ,WT

n

}�

.
Similarly, for S-plate (8b), the matrix form of the system of 

equations can be written as

Equat ions  (12a,  b)  have been solved for 
WT

1
,WT

2
,… ,WT

n−1
,WT

n
 using the computer software 

MATLAB.
The thermal stresses raised in the plate due to temperature 

field have been obtained as follows:
Step 1: Equation (5) has been discretized using equation 

GDQ method,

(11)

[
n∑
j=1

{(
Q4

)
ri
E4
ij
+
(
Q3

)
ri
E3
ij
+
(
Q2

)
ri
E2
ij
+
(
Q1

)
ri
E1
ij

}
WT

j

]
= −

{
1

r

(
dm∗

T

dr
+ r

d2m∗
T

dr2

)}

ri

(12a)
[
A

AC

]
[X] =

[
F

FC

]
,

(12b)
[
A

AS

]
[X] =

[
F

FS

]
.

Step 2. Substitution of the numerical values for 
WT

1
,WT

2
,… ,WT

n−1
,WT

n
 (obtained from solving Eqs. (12a, b) 

in Eq. (13) provide the thermal stresses for C and S-plates, 
respectively.

Vibration Analysis

For the vibration analysis, Eq. (9) has been discretized using 
GDQ method for various order derivatives of W at ith internal 
nodal point ri , it leads to

Now, the satisfaction of Eq. (14) at internal nodal points 
together with regularity condition and two boundary con-
ditions (10a, b), gives a complete set of n equations in n 
unknowns. For a C-plate (10a), the matrix form of these n 
homogeneous equations is given by

where B , BC are the matrices of order (n − 3) × n , 3 × n , 
respectively, and Y =

{
W1,W2,… ,Wn

}�

.
The non-trivial solution of Eq. (15) exists if the determi-

nant vanishes and hence

Similarly, for a S-plate (10b), the determinant can be writ-
ten as

(13)

�TRR = −E(z,T)

�
z

�
n�
j=1

�
E
(2)

ij
+

�

ri
E
(1)

ij

�
WT

j

�
+ TE

�
,

�T�� = −E(z,T)

�
z

�
n�
j=1

�
�E

(2)

ij
+

1

ri
E
(1)

ij

�
WT

j

�
+ TE

�
,

�TRz = �TR� = �T�z = �TRz = 0,

⎫
⎪⎪⎪⎬⎪⎪⎪⎭

(14)
[

n∑
j=1

{(
S4
)
ri
E4
ij
+
(
S3
)
ri
E3
ij
+
(
S2
)
ri
E2
ij
+
(
S1
)
ri
E1
ij

}
Wj

]
+
(
S0
)
ri
Wi = 0.

(15)
[
B

BC

]
[Y] = [0],

(16a)
|||||
B

BC

|||||
= 0.
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Numerical Results

The frequency Eqs. (16 a, b) have been solved using MAT-
LAB and the lowest three roots of these equations have been 
retained as the frequency parameter Ω for the first three 
modes of vibration. The values for critical buckling load N∗

cr
 

have been obtained by Bisection method. The influence of 
thickness variation, in-plane force and thermal environment 
together with power-law index has been analyzed on Ω for C 
and S-plates. The values of various parameters are taken as:

taper parameter � = −0.5, − 0.3, − 0.1, 0, 0.1, 0.3, 0.5,

power − law index g = 0, 1, 2, 3, 4, 5,

in-plane force parameter N∗ = −10, 0, 10, 20, 30,

(16b)
|||||
B

BS

|||||
= 0.

Fig. 3   Percentage error vs number of nodal points n 

Table 1   Comparison of 
frequency parameter Ω in the 
absence of thermal environment

a DTM [24]
b Quasi-Green’s function approach [28]
c Neumann series method [29]
d Rayleigh-Ritz method [45]

g →  0 1 5

Modes →  I II III I II III I II III

C-plate 10.2158 39.7711 89.1041 8.4988 33.0865 74.1277 7.5738 29.4854 66.0598
10.2158a 39.7711a 89.1041a 8.4988a 33.0865a 74.1277a 7.5738a 29.4854a 66.0598a

10.215b, c 39.771b,c 89.104b,c 8.498b,c 33.086b,c 74.127b,c 7.573b,c 29.485b,c 66.059b,c

10.216d 39.773d – 8.500d 33.093d – 7.576d 29.496d –
S-plate 4.9351 29.7200 74.1561 4.1057 24.7247 61.6921 3.6588 22.0338 54.9777

4.9351a 29.72a 74.1561a 4.1057a 24.7247a 61.6921a 3.6588a 22.0338a 54.9777a

4.935b 29.720b 74.156b 4.105b,c 24.724b,c 61.692b,c 3.658b,c 22.033b,c 54.977b,c

4.935d 29.736d – 4.106d 24.742d – 3.659d 22.052d –

Table 2   Comparison of frequency parameter Ω in the presence of thermal environment, ΔT = 400K

 * Value doesn’t exist
a GDQ Rule [40]

g→ 0 1 3

Modes→  N
∗ ↓ I II III I II III I II III

C-plate − 10 0.0551 29.3845 73.2103 * 27.3203 68.2601 * 25.8785 65.1064
0.0551a 29.3845a 73.2103a * 27.3203a 68.2601a * 25.8785a 65.1064a

10 11.8288 39.1411 83.3829 11.1873 36.7666 78.1146 10.7064 35.2025 74.8054
11.8288a 39.1411a 83.3829a 11.1873a 36.7666a 78.1146a 10.7064a 35.2025a 74.8054a

S-plate − 10 * 18.5612 59.0025 * 17.163 54.9766 * 16.0134 52.3345
* 18.5612a 59.0025a * 17.163a 54.9766a * 16.0134a 52.3345a

10 8.2215 30.8711 70.5475 7.8559 29.0852 66.1637 7.5111 27.839 63.3524
8.2215a 30.8711a 70.5475a 7.8559a 29.0852a 66.1637a 7.5111a 27.839a 63.3524a
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t e m p e r a t u r e  T0 = 300kelvin(K),T
m
= 300K, 300K

≤ T
c
≤ 700K.

The value of Poisson’s ratio is assumed to remain almost 
same all over the plate and taken as 0.3 while h0 as 0.1.

Convergence and Comparison Study

To choose an appropriate value of the grid points, a com-
puter program developed to evaluate the frequency 

Table 3   Comparison of critical 
buckling load N∗

cr
 in the 

absence / presence of thermal 
environment

a DTM [24]
b GDQ Rule [40]

Plate↓ In the absence of thermal environment 
� = T = 0

In the presence of thermal environment 
� ≠ 0,ΔT = 400 K

g→ 0 1 5 0 1 5

C 14.6820 8.6933 6.1267 10.0003 9.7724 9.2488
14.6820a 8.6933a 6.1267a 10.0003b 9.7724b 9.2488b

S 4.1978 2.4855 1.7517 1.6550 1.7523 1.4191
4.1978a 2.4855a 1.7517a 1.6550b 1.7523b 1.4191b

Fig. 4   Frequency parameter Ω vs power-law index g, for N∗ = 0 , ΔT = 0 , 400 K , γ = − 0.5, 0, 0.5;

Fig. 5   Ω vs taper parameter γ for N∗ = 0, 10, g = 0, 1, 5, ΔT = 400 K
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parameter Ω was run for varying values of g , � and Tc keep-
ing Tm = 300K taking n = 8, 9, 10,… , 20 , nd observe that |||Ωi

n+1
− Ωi

n

||| ≤ 0.00005 , for all the three modes i = 1, 2, 3 . In 
the present study, the number of grid points n has been fixed 

as 18.  Figure  3 shows the percentage er ror 
||1 − Ωn∕Ω18

|| × 100 with varying values of n , for the first 
three modes of a specific plate g = 5 , � = −0.5 , 
T0 = Tm = 300K , and Tc = 700K , as maximum deviations 
were obtained for this data. The rate of convergence with 
number of nodal points n was comparatively slow for S-plate 
as compared to the C-plate. For the accuracy of four deci-
mals, the number of terms N in the Eq. (4) has been taken 
as 20.

A comparison of non-dimensional frequencies for FG 
plates of uniform thickness (� = 0) has been presented in 
Tables 1 and 2. Table 1 presents the values in absence of 
thermal environment i.e., � = 0 , T = 0 , with those obtained 
by DTM [24], Quasi-Green’s function approach [28], Neu-
mann series method [29], and Rayleigh–Ritz method [45] 
while Table 2 in presence of thermal environment with only 
available by GDQ rule [40]. By allowing the frequency 
to approach zero, the value of critical buckling load N∗

cr
 

has been compared with DTM [24] and GDQ rule [40] in 
Table 3 for both the cases. A close agreement of results 
shows the versatility of the present technique.  

Parametric Discussion

For the parametric study of various parameters, a huge 
amount of results was obtained. For selected data, these are 
presented in Figs. 4, 5, 6, 7, 8, 9, 10 and Table 4. The results 
show that the values of frequency parameter Ω for C-plate 
are higher than those for the corresponding S-plate. Further, 
the value of Ω is found to decrease with the increase in the 
value of temperature difference ΔT .       

In Fig. 4, the behavior of Ω with varying values of 
power-law index g for � = −0.5, 0, 0.5 , ΔT = 0, 400K , 
and N∗ = 0 , has been presented. The value of Ω decreases 
with the increasing values of g   for both the plates in 

Fig. 6   Ω vs in-plane force N∗ , γ = -0.5, 0, 0.5, g = 0, 5, ΔT = 400 K

Fig. 7   a N∗
cr

 for C-plate,� = − 0.5, 0, 0.5, g = 0, 5, ΔT = 400 K . b N∗
cr

 
for S-plate, γ = − 0.5, 0, 0.5, g = 0, 5, ΔT = 400
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all the three modes except for S-plate vibrating in the 
first mode when the thickness of the plate is either uni-
form or decreases towards the boundary of the plate and 
ΔT = 400K . In this case, there is a point of maxima in 
the vicinity of g = 0.2 and shifts towards to g = 0.4 as � 
changes from 0 to 0.5. The rate of change for g ≤ 1 is much 
higher as compared to g > 1 whatever be the values of ther 
parameters.

Figure 5 describes the effect of taper parameter � on Ω for 
g = 0, 1, 5 , N∗ = 0, 10 , ΔT = 400K and all the three modes. 
The value of Ω is found to increase with the increasing val-
ues of � for both the plates except for S-plate vibrating in the 
first mode when N∗ = 10 . In this case, there exist a point of 
minima in the neighborhood of � = 0.1 for g = 0, 1, 5 . It is 
also found that when � ≤ −0.2 for S-plate the value of Ω is 

higher for g = 1 as compared to g = 0 . The rate of change in 
the value of Ω is higher for C-plate as compared to S-plate 
and increases with the increase in the number of modes.

The graphs of Ω versus in-plane force parameter N∗ for 
different values of � = −0.5, 0, 0.5 , and ΔT = 400K for fully 
ceramic (g = 0) and FG (g = 5) plates are shown in Fig. 6. 
It is found that the value of Ω increases with the increase in 
the values of N∗ , keeping other parameters fixed. The rate 
of increase for fully ceramic plate is higher than that for 
FG ones. From the graphs, it is evident that the effect of N∗ 
decreases as the thickness of the plate increases towards the 
boundary of the plate. This effect increases with the increase 
in the number of modes.

Figure  7a, b depicts the behavior of critical buck-
ling load N∗

cr
 for C , S-plate, respectively, for g = 0, 1, 5 , 

Fig. 8   Ω vs temperature difference ΔT  for UTR, LTR and NTR, γ = − 0.5, 0, 0.5, N∗ = 10, g = 5

Fig. 9   Ω vs. ΔT for TI and TD material properties; γ = − 0.5, 0, 0.5, N∗ = 10, g = 5
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� = −0.5, 0, 0.5 , and ΔT = 400K  when the plate is 
vibrating in first mode. For a C-plate, the values of 
N∗
cr

 for g = 1 are less than those for g = 0 but greater 
than those for g = 5 , i.e., while this order becomes 
N∗
cr
(g = 1) > N∗

cr
(g = 0) > N∗

cr
(g = 5) , for S-plate, keeping 

other parameters fixed.
A study for uniform temperature rise (UTR): 

T(z) = Tm + ΔT  ,  l inear temperature r ise (LTR): 
T(z) = Tm + (ΔT(2z + h)∕2hC∗) and non-linear temperature 
rise (NTR) in equation N∗

cr
(g = 0) > N∗

cr
(g = 1) > N∗

cr
(g = 5)

(5) has been made and the corresponding numerical results 
with varying values of ΔT  have been plotted in Fig. 8, for 
� = −0.5, 0, 0.5 , g = 5 , and N∗ = 10 . It has been noticed that 
Ω decreases with the increase in the values of ΔT  for all the 
three types of temperature distributions. The rate of decay 
for UTR is much higher as compared to LTR as well as 

NTR for the same set of the values of other parameters. With 
respect to taper parameter � , this rate of decay decreases as 
the plate becomes thicker and thicker towards the center of 
the plate and more pronounced in case of C-plate as com-
pared to S-plate, keeping other parameters fixed.

Further, the effect of ΔT  on Ω for TI and TD plate mate-
rials for � = −0.5, 0, 0.5 , N∗ = 10 , g = 5 , and NTR has 
been shown in Fig. 9. It can be seen that the values of Ω 
for TD materials are less than those for corresponding TI 
materials. This effect is more pronounced for C-plate as 
compared to S-plate and increases with the increase in the 
number of modes. It has been noticed that the rate of decay 
in the value of Ω increases as the plate becomes thicker and 
thicker towards the boundary of the plate for TI materials 
while decreases for TD materials for the fixed values of other 

Fig. 10   Three-dimensional mode shapes for γ = − 0.5, g = 5, N∗ = 10, ΔT = 400 K

Table 4   Values of N∗
cr

 with 
varying values of g for both the 
plates and � = − 0.5, 0.5, ΔT = 
0, 400 K

C-Plate S-Plate

ΔT  → 0 K 400 K 0 K 400 K

� → − 0.5 0.5 − 0.5 0.5 − 0.5 0.5 − 0.5 0.5

g↓
 0 5.331 30.1767 3.376 25.8901 1.6915 8.1008 0.2133 5.0709
 1 5.0875 28.7984 3.384 24.8651 1.6143 7.7307 0.3303 5.1309
 2 5.0388 28.5227 3.2829 24.4926 1.5988 7.6567 0.2666 4.9908
 3 5.0144 28.3849 3.1935 24.2674 1.5911 7.6197 0.2013 4.8557
 4 4.997 28.2864 3.1193 24.0974 1.5856 7.5933 0.1459 4.7405
 5 4.9831 28.2076 3.0581 23.9607 1.5812 7.5721 0.1001 4.6445
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parameters. This rate of decay increases with the increase in 
the number of modes.

T h re e - d i m e n s i o n a l  m o d e  s h a p e s  fo r  F G 
(g = 5, � = −0.5,ΔT = 400K,N∗ = 10) circular plates have 
been shown in Fig. 10.

Conclusion

The conclusions are as follows:

•	 The frequency of the plate increases as the contribution 
of metallic constituent in the plate increases. When g 
changes from 0 to 5 for N∗ = 0 , and ΔT = 400K , the per-
centage variations in Ω for a C-plate vibrating in the first 
mode are -12.24, -11.22 and − 10.83, for � = −0.5, 0 , and 
0.5, respectively. The corresponding values for S-plate 
are − 37.09, − 14.50 and -12.07. This effect decreases 
with the increase in the number of modes.

•	 The value of Ω increases with the increase in the values 
of � except for the first mode of S-plate when N∗ = 10 , 
there is a point of minima in the vicinity of � = 0.1 

for g = 0, 1, 5 . Further, for the S-plate, values of Ω are 
found in the order of Ωg=1 > Ωg=0 > Ωg=5 , for � ≤ −0.2 , 
N∗ = 0 , which becomes Ωg=0 > Ωg=1 > Ωg=5 , for 
𝛾 > −0.2 . The corresponding percentage increase in the 
values of Ω for the first mode is reported in Table 5.

•	 The values of frequency parameter Ω for a C-plate are 
found in the order of Ωg=0 > Ωg=1 > Ωg=5 with varying 
values of N∗ for � = −0.5, 0, 0.5 , and ΔT = 400K . For 
S-plate, this order becomes Ωg=1 > Ωg=0 > Ωg=5 , when 
N∗ < (1.0,−0.5,−4.6) , for � = (− 0.5, 0, 0.5) , respec-
tively, and Ωg=0 > Ωg=1 > Ωg=5 for the other values of 
N∗.

•	 With the increase in the values of ΔT  , value of Ω 
decreases. The order of values for Ω with UTR, LTR 
and NTR is ΩNTR ≥ ΩLTR ≥ ΩUTR , keeping other 
parameters fixed. The percentage decrease in Ω for 
g = 5 , � = −0.5, 0, 0.5 with varying value of ΔT  from 
0 to 400K are given in Table 6 and found in the order 
UTR > LTR > NTR.

•	 During a comparison made with TI materials (Table 7), 
it has been noticed that the percentage decrease in Ω 
for � = −0.5, 0, 0.5 , g = 5 , is higher for TD as com-

Table 5   Percentage decrease in 
the values of Ω

C-plate S-plate

g↓ N
∗ = 0 N

∗ = 10 N
∗ = 0 N

∗ = 10

Mode →  I II III I II III I II III I II III

0 154.20 86.73 75.11 50.76 55.10 59.06 288.87 81.38 72.20 1.91 36.43 50.82
1 150.32 86.24 74.92 49.10 54.11 58.45 214.44 80.46 71.90 2.43 35.36 50.09
5 158.30 87.24 75.31 48.91 53.96 58.35 443.55 82.18 72.45 2.87 35.12 49.95

Table 6   Percentage decrease in 
the values of Ω

�↓ UTR​ LTR NTR

Mode →  I II III I II III I II III

C-plate − 0.5 15.19 13.04 12.24 7.45 6.39 5.99 6.49 5.63 5.31
0 15.39 13.18 12.30 7.50 6.44 6.00 6.58 5.69 5.33
0.5 .15 12.72 12.06 6.89 6.20 5.88 6.07 5.50 5.23

S-plate − 0.5 15.59 13.32 12.38 7.67 6.55 6.07 6.65 5.75 5.37
0 18.34 14.04 12.61 8.95 6.87 6.17 7.77 6.05 5.47
0.5 19.74 13.61 12.34 9.59 6.65 6.03 8.34 5.88 5.36

Table 7   Percentage decrease in 
the values of Ω

�↓ C-plate S-plate

T I TD T I TD

Mode →  I II III I II III I II III I II III

-0.5 4.59 2.54 1.53 6.49 5.63 5.31 5.50 3.15 1.85 6.65 5.75 5.37
0 3.81 1.89 1.07 6.58 5.69 5.33 6.06 2.60 1.32 7.77 6.05 5.47
0.5 2.51 1.26 0.72 6.07 5.50 5.23 5.86 1.82 0.88 8.34 5.88 5.36
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pared to TI when ΔT  varies from 0 to 400K  . This may 
be attributed to the dependency of material properties 
under thermal environment which contributes in the 
thermally induced stresses, moments and gives more 
accurate results as compared to TI materials.

•	 The percentage variations studied under points 5 and 
6, decrease with the increase in the number of modes.

A design engineer dealing with circular FG plates can 
use these results in obtaining the desired frequency by 
controlling one or more parameters involved in the present 
study.
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