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Abstract

This paper studies the influence of Casimir force on the static and dynamic characteristics of electrostatically actuated
fixed—fixed microbeam. The theoretical formulation for the study is obtained using the Euler—Bernoulli beam theory. The
formulation of governing equation includes the influence of mid-plane stretching of microbeam, fringing field and Casimir
force incorporating correction for finite conductivity. The governing differential equation is solved using the Galerkin dis-
cretisation method and reduced order model technique. The results of the methodology implemented in current work are
validated through comparison with reported numerical and experimental results. Subsequently, the effect of the Casimir force
incorporating correction for the finite conductivity on the pull-in voltage and natural frequency is investigated in the presence
of the residual stresses in a microbeam. The investigation shows that neglect of the Casimir force significantly overestimates
the pull-in voltage; however, inclusion of corrections for the finite conductivity to the Casimir force indicates reduction in
amount of overestimation in the pull-in voltage. The linear free vibration characteristics depict that microbeam with high
mid-plane stretching parameter in the presence of the compressive residual stress offers tuning of natural frequency for more
than two times. Further, the microbeam with high mid-plane stretching parameters provides resonant frequency stability
characteristics at high voltage parameters though there is variation in the residual stress due to temperature variation during
application. The present work also shows that these frequency tunability and stability characteristics are significantly influ-
enced by the Casimir force. The results of the current work are expected to be valuable for the design of microbeam devices.

Introduction various shapes are commonly used for the electrodes [9-11].

The applied voltage between the two electrodes leads to elec-

Micro-electro-mechanical systems (MEMS) due to their
fast technological progress, remarkable performance, less
power consumption, and accuracy are important devices for
investigation to researchers. These devices owing to their
ample potential significantly used in many applications such
as resonators [1-3], switches [4, 5], actuators [6, 7] and sen-
sors [8].

These devices typically consist of two electrodes of con-
ducting materials: one is movable and the other is fixed.
Structural members like micro/nanobeams and plates of
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trostatic force due to induced electrostatic charge. Moreover,
when the gap between the electrodes is in submicron scale,
the Casimir force in addition to the electrostatic force also
contributes to the deflection of the movable electrode [12].
The deflection is resisted by restoring force (elastic force)
from the movable electrode (structural members like micro-
beams, plates etc.). Apparently, the interaction between the
electrostatic, Casimir and elastic forces determines the equi-
librium/deflection of the beam. The natural frequencies of
the microbeam are influenced by the deflected state of the
beam [6, 13, 14]. Further, when the cumulative effort due to
electrostatic and Casimir forces exceeds the resisting elas-
tic force and reaches to a critical value, the movable elec-
trode snaps down to the fixed electrode. The critical value of
potential difference when the moveable electrodes collapse
is known as the pull-in voltage [15, 16].

The deflection of electrostatically actuated microbeam
frequently leads to mid-plane stretching in the beam, which
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results into axial load in the fixed—fixed microbeam [13].
This axial load can significantly change the pull-in voltage
and natural frequencies, and thus, it is necessary to study
the effect of mid-plane stretching (geometric non-linearity)
while investigating the pull-in voltage and the free vibration
characteristics of microbeam. The importance of consider-
ing the mid-plane stretching effect in order to investigate the
performance of devices such as switches and resonators is
also described in several literatures [13, 14, 17].

The micro-machining processes leads to existence of the
residual stress in fixed—fixed microbeam of electrostatically
actuated devices. The difference in coefficient of thermal
expansion of beam and the other elements of MEMS devices
is the main source for the residual stress [18]. It can signifi-
cantly affect the pull-in voltage and frequency characteris-
tics of the devices [19] and thus accurate information for
the residual stress is important for the appropriate design of
electrostatically actuated devices [20]. Various approaches
are available in published work for the residual stress com-
putation in micro-beam. For instance, the residual stress is
evaluated based on natural frequency measurement of some
lower mode shapes [21], from the data of frequency shift
with variation in DC voltage [22] and using an analytical
model fitted based on the measured deflection [23].

Several researchers investigated pull-in voltage and
free vibration characteristics (dynamic characteristics)
of microbeams considering the effects of residual stress.
Abdel-Rahman et al. [13] investigated the pull-in voltage
and free vibration characteristics of microbeam and depicted
importance of the axial load due to mid-plane stretching and
residual stress while estimating the pull-in voltage and for
tuning the natural frequencies. Kuang and Chen [6] studied
the free vibration characteristics of the shaped microbeam
at deflected position in static equilibrium including the axial
load due to residual stress. Jia et al. [24] and Jia et al. [14]
conducted parametric study for micro-switches to display
significant effect of the mid-plane stretching, residual stress
and Casimir force on the pull-in voltage and natural frequen-
cies. De Pasquale and Soma [22] experimentally obtained
the dynamic characterisation of electrostatically actuated
micro-structures with specific focus on the frequency shift
due to residual stress. Further, the variation in temperature
when the devices are in use also leads to axial stress in
beams and in turn alters the frequency characteristics. The
micro-resonators are considerably influenced by the tem-
perature change during operation. Tilmans and Legtenberg
[25] experimentally studied the influence of temperature on
the resonance frequency of micro-resonators. Various tech-
niques are proposed in published literature for reducing the
temperature sensitivity of fixed—fixed beam resonators [26,
27].

The ability to tune the resonant frequency of electro-
statically actuated devices is an important property for
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performance improvement of the devices such as microme-
chanical filters [28], mass sensor [29], temperature sensors
[30] and so on. The frequency tuning is often implemented
to enhance operational regime of the devices [31]. Vari-
ous approaches for frequency tuning such as based on the
adjustment in length of microstructure [32], deliberate
introduction of axial stress by means of resistive heating
of microstructure [1] and change of vibrating mass [33]
are reported in published literature.

The significant decrease in gap size between the
deformable electrode and fixed electrode needs consid-
eration of fluctuation induced electromagnetic force for
evaluating performance of the electrostatically actuated
devices [34]. Based on the gap size in the device, the force
is named as van der Waals (vdW) force or Casimir force
in different operational regime [35, 36]. The origin of the
vdW and Casimir force is related to a common source
of current fluctuation in interacting macroscopic bodies
[37]. The interaction results into the existence of electro-
magnetic field. The force resulting from the interaction is
named as vdW force when retardation of electromagnetic
interaction can be neglected owing to the gap size of the
order of few nanometers, whereas the same interaction
force when the retardation becomes substantial due to
large gap size named as Casimir force [38]. These forces
signify the same physical phenomenon in different opera-
tion regime and hence they can’t be taken into account at
the same time for the design and analysis of the devices
[39].

In some previous studies, pull-in voltage and free vibra-
tion characteristics of microbeam are investigated consid-
ering the effect of Casimir force [14, 24, 40]. Lin and Zhao
[41] investigated non-linear behaviour of nanoscale elec-
trostatic actuator incorporating influence of the Casimir
force. It is to be noted that majority of reported works
of MEMS devices on pull-in voltage and free vibration
characteristics calculate the Casimir force based on the
approximation of ideal conductor, which results into over-
estimation of the force. The results of Lifshitz [37] work
specified the strong dependence of Casimir force on mate-
rial properties. Further, the reported works on free vibra-
tion characteristics of MEMS devices incorporating the
effect of the Casimir force do not addresses the tuning and
stability characteristics of natural frequencies at deflected
position of microbeam. These research gaps motivated
the present work, wherein comprehensive investigations
on the pull-in voltage and free vibration characteristics at
deflected position of microbeam is presented incorporat-
ing the finite conductivity correction to the Casimir force.
Furthermore, the free vibration characteristic for MEMS
devices studied in present work provides detailed frame-
work for the tuning and stability characteristics of micro-
beam at deflected position.
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Theoretical Formulation

A fixed—fixed microbeam of length L suspended above a gate
electrode with an initial separation distance g (initial gap) is
shown in Fig. 1. The microbeam is assumed to be of pris-
matic cross section and hence the beam has cross-sectional
area A = bh and moment of inertia | = L@'};{ where b and &
denote the width and thickness of the beam. An applied driv-
ing voltage V between the microbeam and gate electrode (fixed
electrode) initiates an attractive electrostatic force IA*"E. The
combined action of the electrostatic force f? and Casimir force
F Casimip overns the deflected position of the microbeam. The
forces F and F, Casimir ar€ non-linear function of gap between
the deflected state of the beam and the gate electrode. The
transverse deflection 7 (%, 7) of the microbeam under the effect
of electrostatic force induced by driving voltage V and Casimir
force can be stated based on Euler—Bernoulli beam equation
as follows [42, 43]:

A 2

0 | a0 | A0 EA/(diZ) N

EI—+ pAZE f o |22 [ (& X +N|— +F, + Feimis

w a 2L ) ox X2 G
ey
with the boundary conditions
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where ¥ and 7 represents the position along the microbeam
length and time, respectively. The effective modulus and
density of the beam are E and p , respectively. For narrow
beams (?a\ < 52), the E equals to Young’s modulus of the
beam material £, whereas for wide beams (29\ > Sﬁ), the E
is approximated to plate modulus E/(1 — v?) [20], where v

Fig.1 A Schematic drawing of
fixed—fixed microbeam actuated
by electrostatic force

s3]

signifies the Poisson’s ratio. The manufacturing method of
microbeam that is micro-fabrication process originates the
residual stresses in fixed—fixed beam. The existence of resid-
ual stress yields axial force N in microbeam. Moreover, the
microbeam is subjected to stretching (mid-plane stretching)
owing to small finite deflection. The stretching also produces
axial force, which is represented by integral term in right-
hand side of (1). The microbeam vibrates in medium with
viscous damping coefficient ¢. The present work investigates
the arrangement wherein the length and width of microbeam
and fixed electrode are finite, however, substantially larger
than gap between them. Therefore, even during pull-in, the
ratio of microbeam deflection and length of the microbeam
is very small (slope of the microbeam is very small). Hence,
it confirms validity of the Euler—Bernoulli beam equation.

For parallel beam arrangement as shown in Fig. 1, the elec-
trostatic force F' (accounting for fringing field correction) per
unit length of the beam is as follows [44]:

o N a2
ﬁ,e:g()b(VDC-"VACCZS(wft)) <1+O65(g )) 2
2 — i)

where the vacuum perm1tt1v1ty £,=8.854x 10712C>N~! m~
The driving voltage 1% comprising of DC component VDC
(polarisation voltage) and a small harmonic AC component
Vac cos (@7), where, V¢ and &, represent amplitude and
driving frequency of the AC component.

For perfectly conducting parallel plates of infinitely long
length and separated by distance g — #, the Casimir force per
unit length can be expressed as [35, 45]
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where 1 and ¢ denote the Planck’s constant divided by 2n
and the speed of the light, respectively. For such configura-
tions wherein the length and width of microbeam and fixed
electrode are finite, however, substantially larger than gap
between them, the microbeam and fixed electrode can be
approximated as plates of infinite length and hence Eq. (3)
is suitable for calculating the Casimir force [12]. In addi-
tion, it is stated that correction for finite size of plates is
insignificant [46]. Further, the expression for calculating the
Casimir force is suitable for 20 nm or larger gap between
the parallel plates [47]. For more realistic value of Casimir
force, the Eq. (3) is corrected for accounting effect of the
finite conductivity, temperature and surface roughness of
interacting plate materials. Further, a common equation is
unavailable which accounts for all the correction simultane-
ously [48].

The correction factor in terms of separation distance
(2 — u) between two parallel plates for accounting the finite
conductivity of metal while computing the Casimir force
is [49]

¢ 16 6 5

% 640 7
n=1-=—"— 4242 ——<1——)
3 [g—u] [g;_ﬁ]z 7 210 [:g\_ﬁr

2800 ( _ 163;:2) 3
'~  ~14
9 7350 [g _ u]

+

“
where 6, indicates the relative penetration depth of the
electrﬁ)magnetic zero-point oscillations into the metal. And
oy = ﬁ where 4, denotes the effective plasma frequency of
electrons. Bezerra et al. [50] investigated the applicability
of Eq. (4) for three materials [aluminium (Al), gold (Au),
copper (Cu)] and concluded that the Eq. (4) can be con-
sistently used for separation distance (g — %) between two
parallel plates more than 4,,. Further, The variation in optical
data available from various sources yields small variation in
magnitude of ﬂp. However, the small variation in /lp leads to
change in magnitude of estimated Casimir force by less than
one percentage [49].

The approximate expression for roughness correction
factor to the Casimir force with consideration of stochastic
roughness of plates is [51]

2 4
nr=1+20<AAA> +420<AAA) ©)
g-1u g-u

The dispersion and RMS (root mean square) values for
the stochastic distribution of roughness are A and % ,
respectively. The Eq. (5) states that with the increase in
separation distance (g — %) between two parallel plates and

decrease in RMS value of surface roughness, the correction
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factor to Casimir force decreases rapidly. The RMS value of
1.5 nm to 10.1 nm for silicon wafers with gold coating and
from 2.6 to 10.3 nm for polysilicon microbeam is reported
in published literatures [52, 53]. This confirms the possibil-
ity for attaining roughness value of the order of few nanom-
eters through micro-fabrication processes. It is experimen-
tally observed that maximum surface roughness correction
to the Casimir force with gap spacing of 160 nm is 0.65%
[46]. Moreover, maximum correction to the Casimir force
for accounting the temperature effect is limited to 0.2% at
temperature of 300°K with gap spacing less than 1 pm [12].
Thus, for theoretical formulation of MEMS, it is suitable to
account only for the finite conductivity correction as a first
approximation.

The expression for the Casimir force incorporating finite
conductivity correction takes the following form:

o=y ©)

For representing (1) in suitable form following non-dimen-
sional variables are implemented,
PALS
ET
Implementing the above variables along with expressions of
the electrostatic force (2) and Casimir force (6) into governing
Eq. (1), the following equation is obtained:

. . " . N
u= %’ X = ;:Candt = =, where time constant, 7' =
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N= ’\%‘,Ac = %, f=065%V="Vpc+ Vaccos(w;t) and
wp = &T.

The partial derivatives with respect to spatial coordinate x
and time ¢ in Eq. (7) are symbolised with superscript prime
(") and dot above (). The parameters a (mid-plane stretching),
¥ casimiy (Casimir force), N (axial load due to residual stress), f
(fringing field) and 6 (finite conductivity) appearing in Eq. (7)
are in non-dimensional form. However, in Eq. (7), the DC
component V- (polarisation voltage) and V, (amplitude of
ac component) of driving voltage are preserved in dimensional
form.
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Solution Using ROM
ROM for Static Analysis

The combined effect of the electrostatic force and Casimir
force causes transverse deflection u(x,t) of fixed—fixed
microbeam. The deflection can be approximated as follows:

u(x, 1) = uy(x) + ug(x, 1) ®)

where u (x) and u,(x, t) signify the static and dynamic com-
ponents of the deflection, respectively. The u (x) and u,(x, t)
are induced by the DC and AC components of the driving
voltage, respectively. All time-dependent and dynamic forc-
ing terms of Eq. (7) are equated to zero and substituting (8)
into (7) yields the following expression to determine the
static response of microbeam:

1

BV3 pV;
u//// — a/us/zdx+N ”s” + DC +f DC
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The Eq. (9) represents two-point boundary value problem
(BVP), where the voltage parameter in dimensionless form
is represented by the term ﬂV]%C. The Galerkin discretisa-
tion technique is adopted in the present work for attaining
ROM, to find the static component u(x). Hence, the trial
solution for static component of the transverse deflection is
approximated as,

m

u(x) = ) a,0,(x) (10)

i=1

where the scalar constant denoted by g; is to be evaluated.
In Eq. (10), the spatial basis function designated by @;(x) is
the beam mode shapes. The mode shapes of the microbeam
are normalised such that / (l]qol.zdx and determined by solving
the following expression [54]

N/I N(p/l +CU (p (11)
with the boundary conditions

@lieo = @ley = @'| g = @2y =0

For evaluating u (x), ROM is found by substituting the
trial solution (10) into (9), using Eq. (11) and orthogonal-
ity condition of ¢;, the resulting outcome is further multi-
plied by ¢,, and integrated between interval x = 0 to 1. The

obtained ROM to evaluate u,(x), which represents set of non-
linear algebraic equation, is as follows:
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12)
where n =1, 2...m. The equation for mode shape @, required
for solving the Eq. (12) can be found from Eq. (11) is:

@; = (coshy; x — cos &;x)
cos&;; —cosh §y; . .
.sinh &, .x — &,. .
[531‘ sinh ¢y; — &; sinh &3, (8 sinh &5 = £y sin )
13)

The analytical solution of Eq. (11) yields characteristics
equation as follows:

@ — wcos&;coshé) + % sing;sinh&; =0 (14)

where &, = \/\/sz+w2+§and§3= \/Nf +w2—%’.

The natural frequencies at undeflected position of
microbeam denoted by w; including the influence of
axial load can be obtained by solving the transcendental
Eq. (14). The various integral terms consisting of ¢; in
Eq. (12) are evaluated numerically using trapezoidal inte-
gration method. The static deflection u(x) is computed by
solving the set of algebraic non-linear Eq. (12).

ROM for Free Vibration Characteristics
The linear free vibration characteristics at statically

deflected position of microbeam are studied by establish-
ing ROM. The natural frequencies at various deflected
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position of the beam vary owing to non-linearities ema-
nated through electrostatic force, Casimir force and mid-
plane stretching. The equation for analysing the free
vibration of microbeam at deflected position is found by
substituting Eq. (8) into (7), expanding forcing terms pre-
sent in Eq. (7) about u,(x,¢) = 0, using Eq. (9) of static
deflection, ignoring damping and higher order terms and
retaining only linear terms of u,. The obtained expression
for undamped free vibration of microbeam is,

1 1
/”’+u =|a W?dx+ N u;’ 2a Wi dx Ju”
o s o sd K

1 1
+2pVE —(1 )3 g +fPVie

—u, (1 —ux)2

4 166 B
+ ¥ Casimir [m - <T>m
2 6 n2 '\ [ 6405° 7
+(246 )m - <1 - m) (T)W

L1 _ 16327 (28005 8 |,
7350 O J(1-u) ¢
15

The separation of variables method is used for solving
Eq. (15). For this, u,(x, ¢) is taken as,

Uug(xX, 1) = ttg (1)@ 4 (x) (16)

The Eq. (16) of u,(x, 1) is substituted in (15) and rear-
rangement results into two uncoupled ordinary differential
equation. The uncouple differential equation in terms of
spatial coordinate, which is also known as characteristic
equation, provides natural frequencies and mode shapes at
deflected position of microbeam. The equation is as follows:

1 1
(p;;f/ _ (a/ udx + N) o <2a/ u;(p’dfdx> u’
0 ' 0

1 1
- Zﬁvécl_—ywdf —fﬁVécl_—us)z(Pdf
4 165\ 5 6
~ YCasimir |: 5 <_>—6 + (245 )—7
(1-u,) 37 (1-u,) (1-u,)
64

( ) () iy

16372 280054 8 .
~ 7350 1-u)’ Por ~ Py =

a7

where natural frequencies and mode shapes at deflected
state are denoted by w,, and @, , respectively. The approxi-
mate solution to find ROM for studying the free vibration of
microbeam is taken as,

@ Springer

Par = Z bip; (18)
i=1

Substituting Eq. (18) into (17), making use of orthogonal-
ity relation of mode shapes, multiplying the outcome by ¢,
and integrating over beam length (between the interval x = 0
and x = 1) yields expression of the ROM as

m

b’ — b,(/ ’zdx/qxrpndx+2a/ u(p’dx/uq)n )
1
< 1 1
=Y b| 282 / —— 0,0,dx + BV}, / —wicpndx)
X ( "o (1-u) o(1-u)’
! 4 165 5 ) 6
i yﬂilmll’ - = + 245 D —
P <C /[(1_%)5 (3)(1_%)6 (245%)
_ 1_71'_ 6405° 7
210 7 (l—u)x

(1-u,)
16372 [ 28005* 8 o,
) () )
(19)

where n =1, 2...m. The Eq. (19) is solved using MATLAB
software, which provides natural frequencies at various
deflected position of microbeam.

|
S

Numerical Results and Discussion
Convergence Study and Validation

The convergence study for solution of the ROM up to five
modes is depicted in Fig. 2. The geometric and material
properties of microbeam used for the convergence study is
given in Table 1 [14]. The Fig. 2 depicts normalised deflec-
tion at the mid-point (u,,,,) of the fixed—fixed beam versus
Vpe- It can be observed from Fig. 2a that the results obtained
for one and higher modes in ROM entirely overlaps, which
signifies that one-mode ROM offers fully converged results
for the microbeam. Gutschmidt [55] also concluded that sin-
gle-mode approximation with the Galerkin method for dis-
cretisation of the BVP problem is adequate for predicting the
pull-in voltage of microbeam device. The BVP problem of
microbeam devices represented by Eq. (9) is evaluated using
bvp4c solver of the MATLAB software [56] The solver
requires a precise guess value for determining solution of
the BVP. The results found from the single-mode ROM are
supplied as the guess value for solving the BVP [19]. The
Fig. 2a depicts that result of the BVP closely agrees with
that of ROM results.

In Fig. 2a, the results of the u;4 versus Vp, are displayed
for the microbeam with different values of tensile and com-
pressive axial load due to the residual stress. The results
for the case when N= 0 are compared with the results of
Jia et al. [14]. The results of the present work agrees well
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Fig.2 Variation of normal-

ised transverse deflection at
mid-point (umid) with change in
DC voltage (V) for different
magnitudes of axial force due to
residual stress N for mid-plane
stretching parameter (a) a @ =
37133 and ba =24

Table 1 Geometric and material
properties of micro-beam

a o7

& BVP solution

- Single mode ROM
- - - - Three mode ROM
06 =—------ Five Mode ROM
 Jiaetal[14]

10
b os "
<& BVP solution
-1 Single mode ROM 065
- - --Three mode ROM
07 ... Five mode ROM / 0.60
1 §/ 0.55
— e
06 7 N 050 2 2 % %
/ s o
7 ¥ Y
7 ¥ ) &
0.5 — & y A N &
o @ J ¢ ¥
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] ) 4
. e &
=5 04 — o ¥ & 4 4
4 2 % & y
T % 2 z
2 4, g & & %
— &
0.3 » , S # > 2 & &5 2
| ehs W & Ned < 2
SR & . & ¢ % o
&5 &
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410 100 1.5 1.18 151 0.3
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Fig. 3 Validation of results of 80
current work for the pull-in

voltage considering the effect of

Casimir force 70 -

2
DC )PI

BV

- X - Present work
—&— Mousavi et al.[57]
- - Present work
—&— Mousavi et al.[57]

with the results of Jia et al. [14]. The results in Fig. 2a are
plotted for properties of the microbeam shown in Table 1,
which gives mid-plane stretching parameter a = 3.713.
Further, Similar analysis is performed using the same
microbeam properties, however, with the § = 3 um, which
gives mid-plane stretching parameter @ = 24. The result
of the analysis with large value of mid-plane stretching
parameter (a = 24) is shown in Fig. 2b. The investigation
with @ = 24 yields noteworthy results that, it is essential to
take at least three modes in ROM for obtaining completely
converged solution. Specifically, the combination of high
mid-plane stretching and compressive residual stresses in
microbeam demands for higher mode in ROM to find con-
verged solution for pull-in voltage. In contrast for micro-
beam with low mid-plane stretching parameter, it can be
observed from Fig. 2a that single mode offers sufficiently
converged results irrespective of magnitude and nature of
axial load.

Figure 3 shows comparison of results obtained in present
work for the pull-in voltage through ROM considering the
effect of Casimir force with results of Mousavi et al. [57].
In Fig. 3, validation is shown for both scenarios of with and
without consideration of fringing field effect. The various
dimensionless parameters used for the validation are also
stated in the figure. Further comparison are depicted in
Fig. 4 for validating the free vibration analysis of microbeam
presented in current work. Figure 4a shows the compari-
son of the ratio of non-linear frequency at deformed state to

@ Springer

50

YCasimir

that at undeformed state of the microbeam. The comparison
of the results of current work with reported numerical and
experimental results is depicted in Fig. 4a. Moreover, the
comparison of the dimensional frequency at deformed state
of the beam with the results of Jia et al. [24] incorporating
the effect of Casimir force is depicted in Fig. 4b. It can be
observed from validation study depicted in Figs. 3 and 4 that
the results of present work closely agrees with the published
experimental and numerical results [13, 14, 24, 25, 57]. This
indicates the robustness of the solution obtained in the pre-
sent work for pull-in voltage and frequencies of microbeam
using the ROM.

Static Pull-in Instability Analysis

The mid-point deflection (u,;4) of clamped—clamped micro-
beam subjected to combined effect of the electrostatic and
Casimir force is investigated till the beam collapses to the
fixed electrode (pull-in point). The results of (u;4) versus
non-dimensional voltage parameter (ﬁVéC) are depicted in
Fig. 5 for sole effect of the electrostatic force and for com-
bined effect of the electrostatic and Casimir force. These
results are plotted for tensile as well as compressive val-
ues of axial load due to residual stress. Moghimi Zand and
Ahmadian [42] obtained identical relationship between the
Upig and ﬂVf)C while investigating the static characteristics
of electrostatically actuated microbeam incorporating the
effect of Casimir force. The results of the current work for
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Fig.4 Validation of results a 12

of current work for the linear
free vibration of microbeam 4
depicted in a by comparing the
ratio of non-linear frequency

at deformed state to that at
undeformed state of the micro-
beam with reported numerical
and experimental results and

b through comparison with
published numerical results for
the dimensional frequency at
deformed state of the beam with
and without consideration of the
effect of Casimir force

¥ Jiaetal. [24]
Present work
O Timans and Legtenberg [25]

b

., (kHz)
N
o
]

df

20 -

With Casimir force

—e— Jiaetal.[24]
—¥— Present work

Without Casimir force

0.00 0.05

one of the case when N = 0 is compared with the finite ele-
ment method-based results of Moghimi Zand and Ahmadian
[42]. The results of current work show good agreement with
the reported results.

The majority of the published works on microbeam esti-
mates the Casimir force with the assumption of perfectly
conducting parallel plates, hence results into overestima-
tion of the force. It is important to note that in the present
work, the Casimir force is estimated precisely by incor-
porating the correction for the finite conductivity. The

| | | |
0.10 0.15 0.20 0.25 0.30

VoY)

DCc

results of (u,,4) versus non-dimensional voltage param-
eter (ﬁV%C) are plotted for both the cases in Fig. 5. It can
be observed from Fig. 5 that consideration of the finite
conductivity correction to the Casimir force results in sig-
nificant increase in pull-in voltage and mid-point deflec-
tion at pull-in compared to that with the approximation of
perfect conductor for calculating the Casimir. The increase
in the pull-in voltage is due to decrease in interaction force
with consideration of correction for the finite conductivity
while estimating the Casimir force.
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Fig.5 mid-point deflection
(U,,;4) versus non-dimensional
voltage parameter (ﬁVlz)C) for
sole effect of electrostatic force
and for combined effect of elec-
trostatic and Casimir force

Fig.6 The effect of Casimir
force on voltage parameter at
pull-in (8V}.),,, depicted with
filled symbols includes the
effect of finite conductivity
correction and with unfilled
symbols neglects the finite
conductivity correction while
estimating the Casimir force

The voltage parameter at pull-in (ﬂV]%C)PI versus
Casimir force parameter y,qimi; depicted in Fig. 6 describes
effect of the Casimir force. The results with filled symbols
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include the effect of the finite conductivity correction and
with unfilled symbols neglect the finite conductivity cor-
rection while estimating the Casimir force. Fig. 6 shows
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Fig.7 The voltage parameter at
pull-in (B V[Z)C) py Versus Casimir
force parameter y i, for f =
0 (neglecting fringing field
effect) and f = 0.65 (accounting
for fringing field effect)

Fig.8 Conversion study for free
vibration analysis of electrostat-
ically actuated microbeam

that with the increase in yc,gmir » the (8 V]%C) p; decreases.
The decrease in pull-in voltage is due to increases in the
interaction force (Casimir force) with the increase in
VEISUS Ycgueimir 10 Fig. 6

Y Casimir *

The results of (BV2

2

160

)PI
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are plotted for three values of axial load based on ten-
sile and compressive nature of the residual stress. It can
be observed from Fig. 6 that presence of tensile residual
stress in microbeam results in high magnitude of pull-
in voltage compared to beam with compressive residual
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Fig. 9 The variation of w,, a v

versus f V[z)c for distinct condi- a=6 —*—N=-35
tion, first neglecting influence of o ¥ casimie =6 =N f'zo
he Casimir force (y,,;,,.. = 0) 3=0.1 —e—N=0
the Casimir force (y,,gmir 35 =201 ——N=20
shown with open symbols and ) ——N=35

second incorporating influence E
of the Casimir force (¥, 4gmir =
6) shown with solid symbols
for two different magnitudes of
mid-plane stretching parameter
(®)aa=6andba=24

140

—+—N=-35
—8—N=-20

5= a=24
Y Casimr = 0
1 5=01
f=0.1
0 — T 1
0 20 40

stress. The capability of structures (microbeams) to resist
external forces increases owing to the presence of tensile
axial load and hence the pull-in voltage increases.

The fringing field parameter f = 0.65%, which signifies

that the effect of the fringing field mainly depends on gap

@ Springer
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between the deformable microbeam and fixed electrode (g)
as well as on the width of microbeam (b). Hence, when
g< <b that is f ~ 0, the effect of fringing field can be
ignored. However, when gap between the deformable elec-
trode and fixed electrode is nearly equal to width of the
microbeam, the effect of fringing field becomes significant
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owing to the value of £ ~ 1. The substantial effect of the
fringing field leads to decrease in pull-in voltage. The volt-
age parameter at pull-in (ﬁVéC)PI versus Casimir force
parameter ¥c,qmir » @S presented in Fig. 7, plotted for f =0
(neglecting fringing field effect) and f = 0.65 (accounting
for fringing field effect) clearly explains the influence of
the fringing field for electrostatically actuated
microbeams.

Free Vibration Characteristics

Free vibration characteristics of the microbeam at statically
deflected state are studied to find the behaviour of first natu-
ral frequency with applied voltage. ROM (19) is solved using
different modes for studying the free vibration characteris-
tics. BVP solution for linear free vibrations is also obtained
by solving Eq. (17), for confirming the results of ROM. The
results of the ROM and BVP solution are shown in Fig. 8.
It can be observed from the figure that at least three modes
are required for fully converged solution for the microbeam
with high mid-plane stretching parameter in a similar man-
ner to that of static analysis. Figure 8 shows variation of non-
dimensional first natural frequency at deflected state (@)
normalised with non-dimensional first natural frequency at
undeformed state of the beam (w,) versus V- for two differ-
ent cases. The result of the first case with a=3.7131 is also
compared with the results of Jia et al. [24] and Tilmans and
Legtenberg [25]. The comparison shows good agreement
between the results of present work and the reported results.

The variation of non-dimensional (@) versus non-
dimensional voltage parameter ﬂVf)C for two different
value of mid-plane stretching parameter @ = 6 and @ =24
is depicted in Fig. 9a and b, respectively. It is interesting
to note that, the two different values of « offer signifi-
cantly distinct free vibration characteristics. Further, the
variation of w, versus ﬁVéC in the Fig. 9 is shown for
two distinct conditions, first neglecting influence of the
Casimir force (i.e. for y,gmiy = 0) shown with open sym-
bols and second incorporating influence of the Casimir
force (i.e. for y ,imir = 6) shown with solid symbols. It
is to be noted that the Casimir force takes into account
the correction for finite conductivity. The results depicted
in Fig. 9 shows that neglect of the Casimir force results
into larger value of w,, for the beam with tensile force in
both cases (i.e. « = 6 and @ = 24). Further, Fig. 9a for a =
6 (smaller mid-plane stretching), described that, except
at very high value of compressive force, the variation
of oy is monotonously decreasing. However, in case of
a = 24 (larger mid-plane stretching), except at high value
of tensile force, the variation of @y is non-monotonous.
The tunability of w, in the presence of compressive force
increases significantly specifically for the microbeam with
large mid-plane stretching parameter. This is evident for

the case @ = 24 with N= —20 and N= —35 as shown in
Fig. 9b. The w,, for N= —35 incorporating the Casimir
force at BVZ . = 0 equals to 9.19 increases to 23.19 at SV .
= 46. However, the w, for N= — 35 ignoring the Casimir
force at BV2 . = 0 equals to 7.65 increases to 25.29 at fV3 .
= 62. This shows that the w,, for the microbeam can be
tuned for more than two times incorporating effect of the
Casimir force. Furthermore, it is interesting to note that
the tunability of w is overestimated when the effect of the
Casimir force is ignored for the microbeam in the presence
of high compressive force (refer Fig. 9a, b with N= —35).
The nature of ,, incorporating the effect of Casimir force
can be explained with one-mode ROM. The expression for
one-mode ROM can be obtained from Eq. (19) as follows:

2

1 1
wa - a)% = 3(1(/ (p/lzdx> ai - (ZﬁVéC/ (plz%dx
0 0 (1 - als(pl)

1

1
+ BV, / ¢ ———dx
0 (1 - al,r(pl)

1
4
~ YCasimir |:/ (plz—de
0 (1 - alel’l)

166 /1 5 5
(== @ —————dx
( 3 ) 0 (l _alepl)é

1
+(2452)/ . —,
0 (l_als(pl>

2 3 I
(-50) () oy
0 (1_als¢1)
2 4 1
+<1_ 163 )(28%06 >/ o8 gdx}
0 (1_a1x(pl)
(20)

jf — o7 in one-mode ROM (20) on the left
side describes the difference of square of non-dimensional
first natural frequency at deflected state and square
of first natural frequency at undeformed state of

the beam (). The first term on the right side of one-mode

2
ROM (20), 3a( /@, "dx) a2, = W, , describes rise in

natural frequency owing to stretching of the mid-plane
of the microbeam. The other two terms on the right-
hand side of ROM (20) with negative sign, that is

25V2 [lp 21 2 rloa 1 dy =

ﬂ DC/O(pl (l—ah(pl)de-i_fﬂVDC/O(pl (l_ah(pl)zdx Wﬂ
o 1 2 4 _ @ 1 25

and VCasmlr[/o(/’l —(1—ah-¢1)5dx ( 3 )/()(01 (l_all“(ﬂl)ﬁdx
) 1 2 6 _ _ i M ! 27

+(248%) [y, ey <1 210)( 7 )/0(»01 (1—a15¢|)sdx
_1632>\(28005*\ 1 2 8

+<1 7350 )( 9 )/O(pl (1—“1.y¢1)9dx

decrement in natural frequency owing to the electrostatic
force and Casimir force, respectively.

The term w

] = WCasimir indicate
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Fig. 10 variation of e 40 2
versus axial force N for dif- B V=0
. 2

ferent magnitudes of voltage —e—pV, =36
parameter SV . when a = 24 { —*pr =52
andyCaximir =6 —— ’BVZC =72
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Table 2 Non-dimensional first natural frequency for different values of axial force and dimensionless voltage parameter

Axial force N first natural frequency of beam Ignoring the effect of first natural frequency of beam Incorporating the effect

Casimir force of Casimir force

(1) (ogp) (@) (wg4)

ﬂVLZ)C= 0 ﬂVgr= 36 ﬁVgc= 52 ﬂV[2)6= 72 ﬁVlz)C= 0 ﬂVgc= 36 ﬂVéC= 52 ﬁVlz)C= 72
N=-35 7.657 22222 24.730 23.971 9.198 22.399 22.659 -
N=-20 15.847 19.389 21.957 24.044 15.437 19.738 21.959 22.039
N=0 22.373 21.732 22.209 23.298 22.054 21.539 22.050 22.907
N=20 27.274 26.124 25.808 25.597 27.011 25.846 25.518 25.269
N=35 30.386 29.221 28.767 28.262 30.150 28.953 28.479 27.936
Range of variation of first 22.729 9.832 6.81 4.964 20.992 9.512 6.52 5.897

natural frequency

In Fig. 9b, the plots for N = —35 at V3 . = 10 and 50
show that, the Wyr for both the conditions, that is, neglecting
influence of the Casimir force (open symbols) and incor-
porating influence of the Casimir force (filled symbols), is
more than @,. This is because of dominance of the first term
W,, (restoring force due to mid-plane stretching) over the
second term W, (due to electrostatic force) and the third term
Weasimir(due to Casimir force). Further, the o, at VI%C =10
incorporating the Casimir force is more than that neglecting
the Casimir force. This is owing to difference in W,, and Wy,

@ Springer

+ Weasimir 18 more than the difference in W,, and W This
signifies that the Casimir force is dominating the electro-
static force at fVZ . = 10. However, the o, at fV2 . = 50
neglecting the Casimir force is more than that incorporating
the Casimir force. This is owing to difference in W,, and W/,
is more than the difference in W,, and W + Wi, This sig-
nifies that the electrostatic force is dominating the Casimir
force at pV2 . = 50.

In Fig. 9b, the plots for N = 35 at ﬁV]%C = 10 and 50
show that w,, for both the conditions, that is, neglecting



Journal of Vibration Engineering & Technologies (2020) 8:959-975

973

influence of the Casimir force (open symbols) and incorpo-
rating influence of the Casimir force (filled symbols), is less
than ;. This is because of dominance of the second term W/,
(due to electrostatic force) and the third term W ;,,;,(due to
Casimir force) over the first term W,, (restoring force due to
mid-plane stretching). The plots for N = 35 clearly indicate
that difference in @, and w, for the plot incorporating the
Casimir force is more than that neglecting the Casimir force
at ﬁVéC = 10 and 50. This is because the difference in W,
and Wy + Wi, 1s more than the difference in W, and W,
This signifies that Casimir force is dominating the electro-
static force at #V2 . = 10 and 50 for N = 35.

Frequency Stability Characteristics

Linear free vibration characteristic of microbeam at high
mid-plane stretching parameter shown in Fig. 9b pro-
vides a required property for MEMS resonators such as
frequency stability. The variation in temperature results
into change in magnitude of axial stresses in microbeam,
which alters the natural frequency. The variation of
versus axial force N for compressive and tensile nature is
shown in Fig. 10. It is important to note that the deviation
range of w,, due to variation in N at a particular value of
ﬂVéC decreases as the applied voltage increases (Fig. 10).
This signifies that impact of axial load N on w, decreases
in comparison with @, (also refer Fig. 9b). Further, the
values of non-dimensional first natural frequency for dif-
ferent values of N and ﬁV%C are given in Table 2 with
and without considering the effect of the Casimir force.
The Table 2 depicts that the variation range of first natu-
ral frequency ignoring influence of the Casimir force at
undeformed state of the beam 22.729 corresponding to
ﬁV]%C = 0 decreases to 4.964 at ﬂV]%C = 72, when the axial
force varies force N = —35 to 35. In a similar manner,
the variation range of first natural frequency incorporat-
ing influence of the Casimir force at undeformed state of
the beam 20.992 corresponding to ﬁVIZ)C = 0 decreases to
5.897 at ﬂVéC = 72, when the axial force varies force N
= —35 to 35. Similar observation can also be seen for
ﬂVéC equals to 36 and 52. This shows that impact of axial
load N on w,, decreases significantly at high value of ﬂV%C
for microbeam with high mid-plane stretching parameter.

The significantly less variation range or reduction in
sensitivity of w, with change in axial force (owing to
change in temperature) is a required property for design
of the microbeam resonators. This signifies that the micro-
beam dimensions in resonator design should be decided in
such a manner that it provides frequency stability charac-
teristics similar to that depicted in Fig. 9b. Furthermore,
the resonant frequency of the resonator should be the first
natural frequency at deflected state (w,,) instead of first
natural frequency at undeformed state of the beam (w,).

Bhushan et al. [19] reported similar conclusion while
investigating the linear free vibration characteristics of
nano-wire. However, while studying the linear free vibra-
tion characteristics, Bhushan et al. [19] neglected the
effect of Casimir force and also the characteristics were
not investigated for different values of mid-plane stretch-
ing. Fig. 9 in the present work represents the considerable
influence of the Casimir force (applying correction for
finite conductivity) as well as the effect of different val-
ues of mid-plane stretching parameter on the free vibration
characteristics. The important observation of the present
work provides useful information for the design of micro-
beam resonators.

Conclusions

In the present work, the static and dynamic characteristics
of clamped—clamped microbeam subjected to electrostatic
force and Casimir force are studied. The expressions for
the electrostatic force and Casimir force take into account
the correction for fringing field and the finite conductivity,
respectively. The Galerkin-based reduced order model tech-
nique is adopted for obtaining non-linear algebraic equation
from governing differential equations. The influence of the
Casimir force on pull-in voltage and linear free vibrations is
studied for microbeam under axial force. The current work
shows effect of the Casimir force with and without correc-
tion for the finite conductivity on the pull-in voltage. The
existence of the Casimir force leads to decrease in pull-in
voltage and the reduction in pull-in voltage is significant for
the microbeam with high axial compressive load. Further,
the reduction in the pull-in voltage decreases with the inclu-
sion of corrections for the finite conductivity to the Casimir
force.

The study of Linear free vibration characteristics in the
present work shows that microbeam with higher value of
mid-plane stretching parameter provides significant fre-
quency tunability specifically for microbeam with high
compressive force. Further, the consideration of the Casimir
force results into reduction in tunability value of resonant
frequency. The resonant frequency can be tuned by more
than two times for microbeams designed with appropriate
combination of the axial load, mid-plane stretching and
Casimir force parameters.

In case of microbeams with high mid-plane stretching
parameter, the change in resonant frequency is marginal
with variation in axial load at high voltage parameter. The
stability of resonant frequency at high voltage parameter in
microbeam is significantly affected by the Casimir force.
The stability of resonant frequency while there is variation
in axial load can be effectively applied in design of micro-
beam resonator. The results of current work on the static
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and dynamic characteristics of microbeam incorporating
the Casimir force offer important information for MEMS
designer.
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