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Abstract
In this study, a modified He’s energy balance method (MEBM) was applied to solve strong nonlinear oscillators characterized 
by generalizations of Liénard equation. The complete MEBM solution procedure for this oscillator equation is presented. 
For the illustration of the effectiveness and convenience of the MEBM, different cases of Liénard oscillator with different 
parameters of a

i
 and initial conditions were compared with the numerical solution. We found that the solutions obtained 

show an improvement over the approaches using other two methods considered here. The results show that the MEBM is 
very convenient and precise, therefore it can be widely applicable in engineering and other sciences.

Keywords Energy balance method (EBM) · Hamiltonian approach · Nonlinear oscillators · Liénard equations

Introduction

The Liénard equations have been extensively studied in 
many contexts of science and engineering, mainly due to 
the existence of oscillatory phenomena involving a perturba-
tion model with high non-linearities in many applications in 
mechanical and electrical systems. The Liénard equation is 
closely connected with the Rayleigh equation, for example, 
the Van der Pol equation is an special case of it.

In the field of physics, it has been used for example 
related to the solitary traveling wave solution of the non-
linear Schrödinger equation [1], or with the development 
of the Van der Pol equation in the consolidation of oscil-
lators that reproduce irregular heart rate, asystole, certain 
types of heart block, in an electrical model of the heart con-
sidered as a relaxed oscillator [2, 3]. The Duffing equation 
which is a spatial case of this type of Lienard equations is 
also widely used and representative in mechanical systems 
describing the motion of a body subjected to a nonlinear 
spring power, linear sticky damping and periodic powering 

[4]. Oscillations of mechanical systems under the action of a 
periodic external force can be revealed given by using Duff-
ing equation. For example in [5, 6] and therein references, 
Duffing oscillator application studies are presented to extract 
the characteristics of the early mechanical failure signal.

The exact solution of this type of nonlinear equations is 
important in determining the properties and behavior of physi-
cal systems. For example, in the case of the Duffing oscillator 
with softening non-linearity have been reported solutions using 
perturbation theory for predict instability regions of a damped 
Duffing oscillator with an external sinusoidal excitation in a 
parameter space composed of the frequency and amplitude of 
the excitation, assuming that the system parameters are small 
[7–10]. Also, chaotic dynamics of a particular non-linear oscil-
lator having Dulling type stiffness, van der Pol damping and 
dry friction have been examined using averaging technique 
to obtain informations regarding the bifurcation behavior of 
the vibrating system [11, 12]. Andrianov and Awrejcewicz 
[13, 14] developed an asymptotic approach for the analysis 
of strongly nonlinear dynamic systems and compared the 
approximated results with those obtained by the fourth-order 
Runge–Kutta method. However, due to its high non-linearity 
the possibility of finding exact solutions is quite limited. Apart 
from the analytic methods that have been developed so far, 
approximate methods can also be used to find a solution quite 
close to the numerical or exact value. The general idea is to 
provide results that are as close as possible to real solutions 
to be able to study the behavior of the systems with accurate 
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approximations. Some of the methods that are available in the 
literature include the perturbation method [15, 16], the asym-
metric homotopy method [17–20], iterative method [21–23], 
optimal homotopy asypmtotic methods [24–29], the harmonic 
balance [30–32], the iterative homotopic harmonic method 
[33], the energy balance method [34–37] and the frequency-
Amplitude method (FAM) [38].

In recent years Molla et. al. [39] have presented an modi-
fied method to find approximate solutions using the original 
Energy Balance Method [34] as a basis for constructing a 
methodology that ensures very accurate approximate solu-
tions that converge with a minimum cost of calculations. 
This proposed methodology is applicable to resolve highly 
non-linear antisymmetric oscillators like ẍ + f (x) = 0 with 
f (−x) = −f (x) . The results obtained by this method prove to 
be much better than those obtained using other similar meth-
ods. Also, the solutions by the method proposed are in agree-
ment with the numerical solution, the general classical EBM 
and other existing methods explained here.

In the following sections, we turn to the issue of finding 
very accurate approximate solutions using a generalization of 
the EBM for antisymmetric systems for a generalized type of 
Liénard equations. In Sect. 2, we present the method that has 
been used, detailing its application on the general field of dif-
ferential equations. In Sect. 3, we present the general system to 
be solved and some results of the application of the method for 
some particular cases comparing our results with others used 
in the literature and also with the corresponding numerical 
solutions of the system. In Sect. 4, the discussion focuses on 
the measurement of errors compared with the errors of other 
methods and determining a great improvement in the solu-
tions. Finally in Sect. 5, some final conclusions are presented.

Energy Balance Method and Modified 
Version

Considering a general non-linear oscillator in the form:

with initial conditions x(0) = A and ẋ(0) = 0 , where a dot 
denotes derivative over the independent variable (time for 
example) and f(x) is a general non-linear term, it’s possible 
(in major of cases) to find a Hamiltonian conservative equa-
tion that describes the solution of the differential Eq. (1)

where primitive F(x) = ∫ f (x)dx . The correspondent residual 
equation for this Hamiltonian is written correspondingly as

(1)ẍ + f (x) = 0,

(2)H(x) =
1

2
ẋ2 + F(x) = F(A),

(3)R(t) =
1

2
ẋ2 + F(x) − F(A) = 0.

In accordance with the original idea of the Energy Balance 
Method (EBM) [34], so called He’s method, a trial solution 
is possible to be defined as

in such a way that when this solution is used in the residual 
(3), we can conveniently and carefully evaluate this equa-
tion by fixing wt = �∕4 to determine a solution for angular 
frequency. In the general case substituting (4) into (3)

and

In Refs. [39, 40], the authors propose a new method based 
on the EBM idea. In this case it is possible to define a bet-
ter solution approximation, which means the generalization

Thus, residual (3) can be written as

Note that if we put wt = �∕4 , the previous equation reduces 
to (6). In the general case, residual (8) contains two unknown 
parameters: angular frequency (w) and � ; and another one A 
fixed by the initial condition for solution x. In order to deter-
mine these unknown parameters, two algebraic equations are 
required. Both can be obtained from the constraint equation:

where k = 1, 2 and the period is T = 2�∕w . By solving these 
two equations simultaneously, we obtain w and �.

In a similar way, it is possible to consider the third approxi-
mate solution as in the following form

In this case, the residual function contains three unknown 
parameters w, � and � . To determine these constants, we 
need three algebraic equations which are obtained from 
Eq. (3) for n = 1 , 2 and 3 respectively. Solving these equa-
tions simultaneously, we obtain w, � and � . All these rela-
tions are valid for x ≥ 0.

(4)x1(t) = A coswt,

(5)R(t) = −
1

2
A2w2 sin

2 wt + F(A coswt) − F(A) = 0,

(6)R(t)��wt=�∕4 → w =
2

A

����F(A) − F

�√
2A

2

�
.

(7)x2(t) = A((1 − �) coswt + � cos 3wt).

(8)
R(t) = −

1

2

[
A2w2(1 − �) sinwt + 3� sin 3wt

]2

+ F(A((1 − �) coswt + � cos 3wt))

− F(A) = 0.

(9)∫
T∕4

0

R(t) cos(2k − 2)wt

sin
2 wt

dt = 0,

(10)x3(t) = A((1 − � − �) coswt + � cos 3wt + � cos 5wt).
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Application on Strongly Non‑linear 
Oscillators

Inspired by the success of the Liénard and Duffing equa-
tions [41],

the following generalized Liénard equations with nonlinear 
terms of any order were investigated. By considering that the 
above nonlinear oscillator which is governed by the follow-
ing differential equation with initial conditions

with initial conditions x(0) = A , ẋ(0) = 0 and where an , for 
n = 0, 1, 2,… , are constant coefficients and p = 1, 2, 3,… . A 
Duffing equation, for example, corresponds to the N = 1 and 
p = 2 case of the generalized Liénard equation. For some 
particular cases, exact solutions of the generalized Liénard 
equation (12) and their applications have been reported (see, 
for example refs [42–45]).

By considering the first integral, the multiplication of 
the previous equation by ẋ and making by-part integra-
tion allow the following conservative Hamiltonian of this 
equation

and the residual can be written as

In this section, we present two examples to illustrate the 
usefulness and effectiveness of the technique proposed.

Case: N = 2 and p = 2

In this case the Eq. (12) takes the form

and the residual is

Actually this case is a more general nonlinear system with 
quintic restoring force [46–49].

(11)ẍ + f1(y)ẋ + f2(x) = g(t),

(12)

𝛯(x, t) = ẍ + a0x + a1x
p+1 + a2x

2p+1 + a3x
3p+1 + ⋅ ⋅ ⋅

= ẍ +

N∑
n=0

anx
np+1 = 0,

(13)H(x) =
1

2
ẋ2 +

N∑
n=0

an

np + 2
xnp+2 =

N∑
n=0

an

np + 2
Anp+2,

(14)R(t) =
1

2
ẋ2 +

N∑
n=0

an

np + 2
xnp+2 −

N∑
n=0

an

np + 2
Anp+2 = 0.

(15)ẍ + a0x + a1x
3 + a2x

5, x(0) = A, ẋ(0) = 0,

(16)

R(t) =
1

2
ẋ2 +

a0x
2

2
+

a1x
4

4
+

a2x
6

6
−

a0A
2

2
−

a1A
4

4
−

a2A
6

6
.

The next step is to use the ansatz solution (7) and (10) 
into the residual (16) and solving the integral in (9) for 
n = 1, 2, 3 respectively, to obtain a system of algebraic 
equations that can be solved simultaneously by analytic 
methods to find the values of � , � and w for different val-
ues of the initial condition A, despite the strong non-line-
arities of the equation.

Fig. 1  Comparison of the MEBM solution with the numerical solu-
tion for Eq. (15) for some values of the initial conditions and param-
eters

Table 1  Values for � , � and w for case N = 2 and p = 2 for some val-
ues of parameters and initial conditions

Initial cond. Params. x
2
(t) x

3
(t)

A = 3.0 , a
0
= 1.0 � 0.074292425 0.059368243

a
1
= 1.0 , a

2
= 1.0 � – 0.009239968

w 7.238439347 7.267885646
A = 10.0 , a

0
= 5.0 � 0.079236901 0.062032774

a
1
= 3.0 , a

2
= 1.0 � – 0.010399091

w 75.77535022 76.15868800
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The results of this application are illustrated in the Fig. 1. 
The values for this solutions are shown in Table 1. The equa-
tions for generating these solutions can be seen in A.

Case: N = 3 and p = 2

In this case the Eq. (12) takes the form

and the residual is

Following a similar procedure, as in the previous case, we 
calculate the integral (9) using the ansatz solution (7) and 
(10) to solve the system of corresponding algebraic equa-
tions. The results are shown in Fig. 2, and the values for 

(17)ẍ + a0x + a1x
3 + a2x

5 + a3x
7, x(0) = A, ẋ(0) = 0,

(18)
R(t) =

1

2
ẋ2 +

a0x
2

2
+

a1x
4

4
+

a2x
6

6
+

a3x
8

8
−

a0A
2

2

−
a1A

4

4
−

a2A
6

6
−

a3A
8

8
.

these solutions are presented in Table 2. The equations for 
generating these solutions can be seen in B.

Discussion

In order to compare and measure the effectiveness of our 
solution, we compare our results with those obtained in 
previous references and with the corresponding numerical 

Fig. 2  Comparison of the MEBM solution with the numerical solu-
tion for Eq. (17) for some values of the initial conditions and param-
eters

Table 2  Values for � , � and w for case N = 3 and p = 2 for some val-
ues of parameters and initial conditions

Initial cond. Params. x
2
(t) x

3
(t)

A = 2.0 , a
0
= 3.0 � 0.113576546 0.072088263

a
1
= −7.0 , a

2
= 2.0 � – 0.022105008

a
3
= 10.0 w 16.81061055 17.06465940

A = 7.0 , a
0
= 2.0 � 0.111293414 0.071511716

a
1
= 1.0 , a

2
= 3.0 � – 0.021363164

a
3
= 5.0 w 513.5660937 520.8911156

Fig. 3  Comparison of relative error (%) respect to the numerical solu-
tion for the MEBM solution, EBM and the FAM [50] for Eq.  (15). 
Vertical axis is in logarithmic scale
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solutions. We compare with the values obtained by the EBM 
and the FAM [50] in Figs. 3 and 4 which for this particular 
case, using the ansatz function (4) results (for N = 3 and 
p = 2)

and the estimation for N = 3 and p = 2 is the same putting 
a3 = 0.

The vertical axis in Figs. 3 and 4 is in logarithmic scale to 
show that the relative errors between all solution considered 
are at least of three orders of magnitude. This demonstrates 
that our result improve the performance of the methodol-
ogy used above. In all the cases studied, it is demonstrated 
that the solutions found with the MEBM show, in several 
orders of magnitude, a better behavior than the other referred 
methods.

(19)
wEBM =

√
a0 +

3a1A
2

4
+

7a2A
4

12
+

15a3A
6

32
,

wFAM =

√
a0 +

3a1A
2

4
+

5a2A
4

8
+

35a3A
6

64
,

For example, for the case of Fig. 1a, we found average 
values of the relative errors of 0.4102%, compared which 
result from the EBM and FAM of 18.9376% and 41.134%, 
respectively (see Fig. 3a); for the case of Fig. 1b, we found 
average values of the relative errors of 0.4766%, com-
pared with the errors by the EBM and FAM of 27.021% 
and 57.286%, respectively (see Fig. 3b). As for the case of 
N = 3 , the relative errors are higher for x2(t) . This implies 
that a better approximation could required the incorporation 
of a cos 5wt term to the expansion in the solution x3(t) . How-
ever, we note that despite observation, the solutions proved 
the effectiveness of the approach used here. For example, 
for the case of Fig. 2a, we find average values of the relative 
errors of 5.3801%, compared with the errors by the EBM 
and FAM of 59.2711% and 324.1187%, respectively (see 
Fig. 4a); while for the case of Fig. 2b, we found average 
values of the relative errors of 2.1643%, compared with the 
errors by the EBM and FAM of 26.1651% and 124.8371%, 
respectively (see Fig. 4b).

Concluding Remarks

In this paper we have achieved, for the first time, an efficient 
implementation of the modified technique of Energy Bal-
ance Method to find very accurate solutions, in this case 
for highly nonlinear oscillators based on the Liénard equa-
tion. We have shown that, by using this methodology, the 
solutions are better than others reported in the literature 
reviewed, including an improvement in several orders of 
magnitude for the estimation of relative errors compared 
with the numerical solution of the system. It has also been 
shown that the solutions using the MEBM can be understood 
as a generalization, in the strict sense of the term, respect to 
the Frequency-Amplitude method. This appreciation is justi-
fied because, under the same conditions for the values of the 
parameters in the Liénard equations, our solution matches 
the relative frequency for the case of Frequency-Amplitude 
method. In order to reproduce our solutions, we have written 
the explicit form of the result in the appendix.

The solutions we have achieved here have been obtained 
using completely analytic methods without the need to make 
reductions or impositions to the conditions of the system. 
However, because of the characteristics of the highly non-
linear nature of the terms involved in differential equations, 
some truncation have been made to preserve the smallest 
possible polynomial order to obtain exact solutions, without 
significantly affecting the accuracy of the solutions.

Acknowledgements We are very grateful to the referees for their 
insightful comments and helpful suggestions. The comments and 
suggestions of two anonymous referees were invaluable and greatly 
improved this paper.

Fig. 4  Comparison of relative error (%) respect to the numerical solu-
tion for the MEBM solution, EBM and the FAM [50] for Eq.  (17). 
Vertical axis is in logarithmic scale
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Solutions for Case N = 3 and p = 2

For k = 1, 2 in (9) by using an ansatz solution (7) and keeping 
the terms of order O(�4) we have:

Eliminating w2 from last equations, we have

where C3 = −3(7182�4 − 6720�3 + 2606�2 + 204� − 47) , 
C2 = −32(400�4 − 620�3 + 302�2 + 29� − 4)  , 
C1 = 96(14�4 + 184�3 − 136�2 − 16� + 1)  ,  a n d 
C0 = 3072�(� − 1)(6�2 + 8� + 1) . The previous equation is 
of high polynomial order in � , so it has no analytic solution, 
in this case it can be solved numerically. From the solution 
previously found for � , then the value of the frequency can 
be calculated by solving (20) or (21).

It is important to note here that Eq. (20) can be solved in 
terms of the angular frequency for the case of Frequency-
Amplitude Method after calculating the value of � such that:

when � is equal to zero then the value of the frequency 
matches the value of (19).

Solutions for Case N = 3 and p = 2

For k = 1, 2, 3 in (9) using an ansatz solution (10) and keeping 
the terms of order O((��)4) we have the next algebraic system:

(20)

E1 = 64(22�2 + 4� + 1)w2 + 64(2�2 − 4� − 1)a0

+ 48(2�4 − 4�3 + 4�2 − 4� − 1)A2a1

+ 40(10�4 − 8�3 + 5�2 − 4� − 1)A4a2

+ 7(100�4 − 56�3 + 28�2 − 20� − 5)A6a3 = 0,

(21)

E2 = − 4608(2� + 1)�w2 + 1536a0�

+ 96(2�4 − 6�2 + 16� + 1)A2a1

+ 32(20�3 − 30�2 + 45� + 4)A4a2 + 3(−350�4

+ 448�3 − 392�2 + 448� + 47)A6a3 = 0,

(22)C3A
6a3 + C2A

4a2 + C1A
2a1 + C0a0 = 0,

(23)
w2 = −

2�2 − 4� − 1

22�2 + 4� + 1
w2

FAM
−

3�2

2

(� − 1)2A2b

22�2 + 4� + 1

−
5�2

8

(10�2 − 8� + 3)A4c

22�2 + 4� + 1
,

(24)
⎡⎢⎢⎣

14M1 20M2 16M3 32M4 32M5

21N1 16N2 48N3 768N4 768N5

3P1 4P2 32P3 192P4 192P5

⎤⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

A6a3
A4a2
A2a1
a0
w2

⎤
⎥⎥⎥⎥⎥⎦

= 0,

where

M1 = 25�4 + (125� − 14)�3 + (300�2 − 66� + 7)�2

+ (355�3 − 123�2 + 28� − 5)� + 170�4 − 83�3

+ 31�2 − 13� −
35

28
,

M2 = 10�4 + 8(5� − 1)�3 + (90�2 − 32� + 5)�2

+ 2(50�3 − 28�2 + 9� − 2)� + 46�4 − 36�3

+ 19�2 − 10� − 1,

M3 = 3�4 + 2(4� − 3)�3 + 6(3�2 − 3� + 1)�2

+ 6(3�3 − 5�2 + 3� − 1)� + 8�4 − 18�3

+ 18�2 − 14� −
3

2
,

M4 = 2�2 + 4(� − 1)� + 4�2 − 8� − 1,

M5 = 22�2 + 4(19� + 1)� + 116�2 + 8� + 1,

N1 = − 25�4 + 4(−75� + 8)�3

+ 2(−465�2 + 114� − 14)�2

+ 4(−325�3 + 126�2 − 34� + 8)�

− 695�4 + 380�3 − 166�2 + 88� +
47

14
,

N2 = 10(−15� + 2)�3 + 30(−15�2 + 6� − 1)�2

+ 15(−42�3 + 26�2 − 10� + 3)� − 330�4 + 290�3

− 180�2 + 123� + 4,

N3 = 2�4 − 8�3� + 6(−3�2 + 4� − 1)�2

+ 4(−7�3 + 12�2 − 9� + 4)�

− 14�4 + 36�3 − 42�2 + 44� + 1,

N4 = − (� − 1)� − �2 + 3�,

N5 = − 6�2 − (37� + 3)� − 45�2 − 5�,

P1 = 525�4 + 238(10� − 1)�3

+ 2(2415�2 − 441� + 28)�2

+ 2(2380�3 − 609�2 + 49� + 28)�

+ 1855�4 − 574�3 + 184� +
5

2
,

P2 = 225�4 + 20(45� − 8)�3

+ 30(57�2 − 18� + 2)�2

+ 12(135�3 − 60�2 + 10� + 3)� + 615�4

− 340�3 + 45�2 + 132� + 1,

P3 = 6�4 + (21� − 12)�3 + 9(4�2 − 4� + 1)�2

+ (33�3 − 45�2 + 18� + 3)�

+ 12�4 − 21�3 + 9�2 + 15�,

P4 = �2 + 2�� + �2 + 2�,

P5 = − 9�2 − 50�� − 65�2 − 10�.
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Thus the system can be solved numerically to find the 
values of � , � and w. It is interesting to note that when 
� = � = a3 = 0 , then the system admits a possible solution 
for the frequency w that just coincides with wFAM in (19).
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