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Abstract
Purpose  The purpose of this study is to investigate the effect of piezoelectric actuator patch size and material on the active 
vibration control of wind turbine blades.
Methods  This work builds on a recently developed numerical technique to reduce vibrations in wind turbine blades. Control 
action is achieved by bonding a piezoelectric actuator on the upper surface of the blade and a similar piezoelectric sensor 
on the blade’s lower surface. An approximate analytical method is used to solve the governing equations to obtain dynamic 
characteristics of the smart blade. Modal coordinates are used to obtain the model in state space form, then a linear quadratic 
regulator controller is used to provide active control.
Results  The system is solved for different piezoelectric patch sizes and materials. Results show that increasing the values of 
piezoelectric stress/charge ( e

31
 ) increases both the maximum blade displacement and required actuation force.

Conclusions  Using piezoelectric patches with reduced ( e
31

 ) can effectively decrease blade vibrations.

Keywords  Active vibration control · Wind turbine blade · Piezoelectric patches · Smart materials · Approximate analytical 
methods

Introduction

Wind has long been one of the most important, sustainable, 
and economical sources of renewable energy. Because no 
fossil fuel is used in them, wind turbine power stations pro-
vide a competitive supply of electrical energy while occupy-
ing less space than conventional power stations. According 
to the International Renewable Energy Agency, global wind 
energy capacity increased 130% between 2009 and 2014. In 
many countries, wind energy can play a major role toward 
reducing demand of fossil fuel, especially in remote loca-
tions with abundant wind. Wind turbine blades are the main 

wind turbine components that introduce vibrations into the 
system. These vibrations can cause catastrophic damage 
due to structural fatigue and progressive failure of the light 
weight structure, resulting in unscheduled maintenance, 
reduced efficiency, and shortened lifetime.

To improve reliability of such light-weight struc-
tures, several techniques were conducted experimentally 
and numerically either to limit or to change the vibration 
response of such systems. With recent developments in sen-
sor/actuator technologies and in smart materials, especially 
piezoelectric materials, active vibration control has been uti-
lized for vibration suppression. The dynamic characteristics 
of the structure are needed before designing an active con-
troller. In their work, Achawakorn and Jearsiripongkul [1] 
determined the vibration properties of both uniform and a 
nonuniform cantilever beams using an approximate analyti-
cal method, whereas Bazoune and Khulief [2] developed a 
finite beam element for vibration characteristics of a tapered 
rotating Timoshenko beam. The work was specified to tur-
bine blades in subsequent research work. Gireesh Kumar 
and Sjatha [3] studied both the free and forced response of 
these blades using a combination of measurement results and 
the finite-element method. A considerable body of research 
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was directed to investigate vibration suppression using 
piezoelectric materials. Crawley and De Luis [4] showed 
introduced, analytically and experimentally, piezoelectric 
materials as actuators and sensors embedded within smart 
beams. Han et al. [5] used Ritz solution of the governing 
equation and the classical laminated plate theory to model 
the active vibration control of smart composite cantilever 
beams and plates.

Several types of controllers were considered in the lit-
erature for active vibration suppression. The work of Zhang 
et al. [6, 7] studied the effect of linear quadratic regulator 
(LQR), LQG, and robust control H∞ for vibration reduction, 
whereas the studies of Manjunath and Bandyopadhyay [8, 9] 
considered the design of a periodic output feedback (POF). 
More recently, artificial neural network (ANN) simulation 
and evolutionary algorithms were considered for modeling, 
analysis, and predicting structural response. They can be 
used for determining both the optimal size and location of 
the sensors and actuators on the structure, and for designing 
the optimal control. For example, Roy and Chakraborty [10] 
combined a LQR with a genetic algorithm (GA) to opti-
mize controller parameters. Kumar and Chhabra [11] used 
ANN to better design a LQR. Zoric et al. [12] used both 
fuzzy optimization and particle swarm optimization (PSO) 
algorithm to develop optimal control parameters. Recently, 
Abdelmaksoud et al. [13] suggested a model for active vibra-
tion control using PD and LQR controllers.

In this study, active vibration control method is conducted 
numerically for vibration suppression of a wind turbine 
blade model, using a piezoelectric sensor and actuator. APD 
controller and LQR optimal control are designed to provide 
the control input to the actuator. After that, the effects of 

piezoelectric size and piezoelectric material properties on 
vibration response are investigated.

Mathematical Model

The mathematical model is presented in detail in [13]. It 
is summarized here for clarity. The smart wind turbine 
blade is modeled as a tapered cantilever beam with one 
sensor bonded to the middle of the lower surface, and one 
actuator bonded to the middle of the upper surface, as 
shown in Fig. 1.

Several types of airfoils have been used for blade cross 
section. These include the symmetric NACA0012 airfoil, 
and cambered NACA 4415 and NACA 63(2)-215 airfoils 
[14]. In this study, a NACA 0012 airfoil with a thickness 
ratio of 12% is used [15], as shown in Fig. 2.

The formula of thickness distribution is required to 
obtain the cross section and second moment of area. For 
this family of airfoils, NACA 4-digit series, the symmetri-
cal thickness distribution is given by [13]:

w h e r e  a1 = 0.2969  ,  a2 = −0.126  ,  a3 = −0.3516  , 
a4 = 0.2843 , and a5 = −0.1015

Blade cross section area can be simply obtained by inte-
gration. Second moment of area of the blade cross section 
is expressed as:

Throughout this study, the blade is assumed to be made 
of a commonly used Aluminum alloy, namely Al-6061. 
This material has and elastic modulus E = 69 GPa and 
density  = 2705 kg/m3. The damping constants, and , are 
selected to be 0.001 and 0.0001, respectively. The length 
of the wind turbine blade model used is 200 cm. The root 
and tip chord of the wind turbine blade model are 25 and 

(1)

y =
Tc

0.2

[
a1

√
z

c
+ a2

z

c
+ a3

(
z

c

)2

+ a4

(
z

c

)3

+ a5

(
z

c

)4
]
,

(2)Ixx = ∫ y2
t
dA =

c

∫
0

y

∫
0

y2
t
dydz.

Actuator 

Sensor 

Fig. 1   Model of smart wind turbine blade with a single piezoelectric 
sensor and actuator

Fig. 2   Wind turbine blade 
NACA 0012 airfoil section
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10 cm, respectively. The thickness to chord ratio is 12%. 
Material properties of the basic piezoelectric (PZT) sen-
sor/actuator patches used are given in Table 1.

The partial differential equation of motion for 
Euler–Bernoulli tapered beam where the transverse deflec-
tion w(x, t) and for free vibration can be expressed as

where E represents Young’s modulus, whereas A(x) is the 
cross section area and I(x) represent the moment of inertia of 
the tapered beam, respectively. is the mass density.

The displacement solution w(x, t) can be expanded in 
the form

where �1 , �2,…,�n are the generalized coordinates, and ∅1
(x), ∅1(x),…, ∅n(x) are the shape functions that depend on 
the boundary condition. Several families of shape functions 
that satisfy boundary conditions can be used with different 
levels of modeling accuracy.

Piezoelectric Sensors and Actuators

Here, we assume that the electric field and the elastic 
field of the piezoelectric actuators and sensors are linearly 
coupled. Accordingly, the constitutive equations relating 
mechanical and electrical properties of the smart material 
take the form

Here, � and � are the mechanical stress and strain, 
respectively, Ef and Di are the electric field and dielectric 

(3)�A(x)
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]
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(4)w(x, t) =

n∑
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�i(x)�i(t),

(5)Di = d� + eTEf

(6)� = SE� + dEf.

displacement, respectively, whereas d , SE , and eT are the 
piezoelectric strain/charge coefficient, elastic compliance, 
and electric permittivity, respectively.

Sensor Equation

Piezoelectric sensors utilize the direct piezoelectric effect. This 
means that generated stresses within the material generates an 
electric field, and an accompanying charge distribution. The 
total charge of the sensor is obtained by integrating the charge 
density on the patch length.

The electric displacement D(x, t) is expressed as

where e31 is the piezoelectric stress/charge constant and 
�c(x, t) is the mechanical strain in the piezoelectric sensor.

The total charge on this sensor is obtained by integration 
of charge distribution, as

Here bs and tP are the width and thickness of the sensor 
patch, whereas tb and w(x, t) are blade thickness and lateral 
displacement, respectively.

The equation relating input and output of the sensor is 
given by

where Vs(t) and y(t) are the sensor voltage, and the output 
voltage of the system, respectively, and PT is a constant vec-
tor that depends on the sensor material and spanwise posi-
tion on the blade structure.

Actuator Equation

Piezoelectric actuators utilize the reverse piezoelectric 
effect. Here, an applied voltage on the actuation patch results 
in a mechanical strain of both the patch and adjacent struc-
ture. The value of this mechanical strain that results from an 
applied electric field Ef can be written as

where ta and Va(t) are the piezoelectric patch thickness and 
actuator input voltage, respectively, and d31 is the piezoelec-
tric strain constant.

The resulting mechanical strain results in the following 
stress in the piezoelectric patch:

(7)D(x, t) = e31�c(x, t),

(8)

Q(t) = −bs

x2

∫
x1

q(x, t)dx = −bs

(
tP +

tb

2

)(
e31

)�2w(x, t)
�x2

.

(9)Vs(t) = PTq̇ = y(t),

(10)�A = d31Ef = d31
Va(t)

ta
,

(11)�A = EPd31
Va(t)

ta
,

Table 1   Material properties of piezoelectric sensor/actuator (PZT)

Properties Units Sensor Actuator

L (length) cm 11.3 11.3
W (width) cm 10.7 10.7
t (thickness) mm 0.5 0.5
d
31

 (piezo strain constant) m/V − 125 × 10−12 − 125 × 10−12

g
31

 (voltage constant) mV/N − 1.16 × 10−2 − 1.16 × 10−2

e
31

 (piezoelectric stress/
charge)

C/m2 − 10.62 − 10.62

K
31

 (coupling coefficient) – 0.35 0.35
E (Young’s modulus) GPa 63 63
� (density) kg/m3 7600 7600
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where EP is the modulus of elasticity of the piezoelectric 
material.

Due to its position on side of the structure, wind turbine 
blade in this case, this stress distribution results in the fol-
lowing applied MA on the blade beam model

where the moment arm z is calculated as z = (tb∕2 + tP).
With regards to the controlled response, the expression 

foe the control force generated by the actuator can be writ-
ten in the form

where Kctrl is the controller gain and h is the actuator con-
stant, which varies with actuator type and spanwise position 
on the blade structure.

Dynamic Equation of a Smart Structure

The governing equation of the smart structure is obtained 
as

Here, M and K are the global mass and stiffness matrices, 
respectively, whereas fext and fctrl are the vectors represent-
ing external force and actuation control force, respectively.

The governing equation can be transformed into modal 
coordinates using the relationship

where T  is the modal transformation matrix.
Finally, the dynamic equation in generalized coordinates 

can be obtained by pre-multiplying both sides of the trans-
formed form of Eq. (14) by TT to get

In this equation, M∗ and K∗ are the generalized mass and 
stiffness matrices, whereas f ∗

ext
 and f ∗

ctrl
 are the generalized 

vectors of external force and actuation force, respectively. 
The generalized matrices and vectors are given as

Finally, damping in the system is assumed to be propor-
tional, in the form of Rayleigh damping. It is expressed as:

where C∗ is the generalized proportional damping matrix, 
whereas �and� are the structural damping constants.

Introducing this damping into the smart structure 
dynamic equation gives

(12)MA = EPd31zV
a(t),

(13)fctrl = hVa(t) = hKctrlV
s(t),

(14)Mq̈(t) + Kq(t) = fext + fctrl.

(15)q = T�,

(16)M∗q̈(t) + K∗q(t) = f ∗
ext

+ f ∗
ctrl
.

M∗ = TTMT;K∗ = TTKT;f ∗
ext

= TTfext;f
∗
ctrl

= TTfctrl.

(17)C∗ = �M∗ + �K∗,

(18)M∗𝜂̈(t) + C∗𝜂̇(t) + K∗𝜂(t) = f ∗
ext

+ f ∗
ctrl

(19)f ∗
ext

= TT fr(t)

Here, r(t) is the external force input (for example impulse 
disturbance), u(t) is the control input, f is the external force 
coefficient vector, and hi is the actuator constant, which var-
ies with actuator type and spanwise position on the blade 
structure.

State Space Model

The governing equation is written in state space form and 
is given as

Here, A,B,C, and D are the system (n × n) matrix, the 
control or input (n × p) matrix, the output (q × n) matrix, 
and the transmission (q × p) matrix, respectively. Also, 
x(t), u(t), y(t), and r(t) are the state vector, the control input, 
the system output, and the external force input, respectively.

The size of h and PT depend on the number of elements 
used in the modeling as follows:

where EP and d31 are the modulus of elasticity and strain 
constant of the piezoelectric patch, respectively, whereas b 
is the width of the piezoelectric patch, z̄ = (tb + tP∕2) is the 
distance between the beam neutral axis and the piezoelectric 
patch centerline, Gc is the gain of the signal conditioning 
device, and e31 is the piezoelectric stress/charge constant.
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Controller Design

Several types of controllers can be used to reduce vibra-
tions of wind turbine blades. In an earlier work [13], a PD 
controller was designed. Here, it is required to design a LQR 
controller. The control force is applied using piezoelectric 
patches of different sizes and materials. The LQR perfor-
mance is defined by:

where J is the control objective function, x is the state vec-
tor, u is the control input vector, Q and R are the state vari-
ables weight matrix, and the control input weight matrix, 
respectively [16].

The control voltage can be obtained as

where G is the controller gain, calculated from

In Eq. (29), P is the positive definite matrix obtained 
by solving the algebraic Riccati equation

Results

The model described above is validated in [13]. Here, 
to study the effect of actuator patch size and material, 
an external aerodynamic force is applied to the smart 
structure. The shape of the distributed load is assumed to 
have the cosine distribution [ cos (�x∕2L) ]. The external 
Aerodynamic force (impulse disturbance r(t) ) is 10 N for 
duration 40 ms. The Simulink block diagram of closed-
loop system is shown in Fig. 3.

The uncontrolled and controlled responses of the sys-
tem to the disturbing external force are shown in Fig. 4. It 
is important to examine both controllability and observ-
ability of the state space model. Toward this end, it is 

(27)J =
1

2

∞

∫
0

(
xT (t)Qx(t) + uT (t)Ru(t)

)
dt,

(28)u = −Gx,

(29)G = R−1BTP.

(30)PA + ATP + Q − PBR−1BTP = 0.

observed that the both the observability matrix and the 
controllability matrix have the same rank, 4, which is the 
same as the order of the system. Accordingly, the system 
is both controllable and observable. Several iterations are 
used to determine LQR weighting coefficients. Results of 

Fig. 3   Simulink block diagram 
of closed-loop system with add-
ing external force

External 
force 

Reference 
Input 
signal 

Sensor 
Voltage 

System 

Fig. 4   Closed-loop sensor voltage with no controller of wind turbine 
blade

Fig. 5   Comparison of uncontrolled and controlled sensor output of 
wind turbine blade model
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this case were obtained using the numerical values of the 
LQR weighing coefficients: = 250, andR = 0.001.

Figure 5 illustrates a comparison between the uncon-
trolled, PD controlled [13], and LQR controlled response 
of the system. The considerable improvement achieved 
using LQR controller over the earlier PD controller is 
evident. A summary of the numerical values of response 
parameters for these three cases is presented in Table 2. 

Effect of Piezoelectric Size

Dimensions of piezoelectric patches, namely width and 
thickness, determine the load application capability of these 
patches, and significantly affect vibration suppression of the 
smart structure. Using the developed LQR controlled model, 
the size effect of the piezoelectric actuator is investigated. 
To study effects of patch width, four values for patch width 
are used: 0.10, 0.15, 0.20, and 0.25 m, while maintaining 
a constant patch thickness of ½ mm. Table 3 summarizes 
the parameters of the closed-loop blade system response for 
these four cases. To study the effect of patch thickness, four 
values, with different orders of magnitude, for the thick-
ness are investigated: 0.01, 0.1, 1.0, and 12.0 cm, while 

maintaining a constant width of 0.107 m. All patch material 
properties, such as electro-mechanical properties are main-
tained unchanged. Table 4 lists the parameters of the closed-
loop blade system response for these four cases.

Results presented in Tables  4 and 5 show the sig-
nificance of piezoelectric actuator dimensions. As can 
be seen in Table 4, increasing patch width results in a 
decrease in actuation force and the maximum displace-
ment. The peak voltage and settling time, however, 
increase with increasing width. For the specific smart 
blade system at hand, the optimum width, for minimum 
maximum displacement, was found to be between 0.1 and 
0.2 m. Similarly, Table 5 shows that increasing actua-
tor patch thickness results in decreasing maximum blade 
displacement, as well as the actuation force. The peak 
voltage and settling time, however, increase with increas-
ing thickness. Depending on performance function, suit-
able values may be selected for patch dimensions. For the 
specific smart blade system at hand, a width between 0.1 
and 0.2 m, and thickness between 0.1 and 1 mm produce 
acceptable results.

Table 2   Comparison of response characteristics of wind turbine blade 
model with and without controller

Without control-
ler

PD controller LQR controller

Settling time (s) 16.448 2.289 0.674
Peak voltage (V) 0.0043 0.001 0.002
Actuation force 

(V)
88.48 84.61

Table 3   Comparison of closed-loop smart blade system response parameters at different values of piezoelectric patch width

Patch 1 (width = 0.1 and 
thickness = 0.0005)

Patch 2 (width = 0. 15 and 
thickness = 0.0005)

Patch 3 (width = 0.2 and 
thickness = 0.0005)

Patch 4 (width = 0.25 
and thickness = 0.0005)

Max displacement (m) 0.0017 0.0016 0.0015 0.0014
Peak voltage (V) 0.0019 0.0026 0.0032 0.0037
Actuation force (V) 87.343 64.958 49.874 39.306
Settling time (s) 0.6732 0.7372 0.8605 0.9828

Table 4   Comparison of closed-loop smart blade system response parameters at different values of piezoelectric patch thickness

Patch 5 (width = 0.107 and 
thickness = 0.0001)

Patch 6 (width = 0.107 and 
thickness = 0.001)

Patch 7 (width = 0.107 and 
thickness = 0.01)

Patch 8 (width = 0.107 
and thickness = 0.12)

Max displacement (m) 0.0017 0.0017 0.0016 0.0008
Peak voltage (V) 0.0019 0.0021 0.0034 0.0105
Actuation force (V) 85.505 83.441 63.269 13.83
Settling time (s) 0.6723 0.6752 0.8647 2.101

Table 5   Electro-mechanical properties of three piezoelectric actuator 
patch materials

Density (kg/m3) Young’s 
modulus 
(GPa)

d
31

 (m/V) e
31

 (C/m2)

BM500 7650 65 − 175 × 10−12 − 11.9
PSI-5A4E 7800 52 − 190 × 10−12 − 10.56
PSI-5H4E 7800 50 − 320 × 10−12 − 20.37
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Effect of Piezoelectric Material Properties

The electro-mechanical properties of the piezoelectric ele-
ment of any smart structure have significant impact on the 
system closed-loop response. Three of the commonly used 
piezoelectric actuator materials are considered in this study: 
BM500, PSI-5A4E, and PSI-5H4E. The relevant electro-
mechanical coefficients of these materials are listed in 
Table 5. Table 6 summarizes closed-loop response param-
eters for the case of piezoelectric patch of width 0.107 m, 
and thickness of 0.05 cm made of each of these materials.

The above results show that piezoelectric material prop-
erties are determining factors in the blade closed-loop 
response. It clearly shows the dependence of response 
parameters, such as actuation force, settling time, maximum 
displacement, and peak voltage, on piezoelectric stress/
charge constant (e31). Increasing this coupling constant 
results in increased values of both the maximum displace-
ment and actuation force. Such increase, however, results 
also in decreased values of both peak voltage and closed-
loop settling time.

Conclusions

In this work, a simulation is carried out to facilitate studying 
the size and material effects of a piezoelectric actuator and 
sensor on the dynamic response of a wind turbine blade. 
Results demonstrated the ability of approximate analytical 
methods to deal effectively with various blade cross sec-
tions. PD and LQR controllers are designed to determine 
the amount of actuation force required on the smart system. 
The simulation results show that LQR controller produces 
considerable reduction in both the settling time and the 
actuation force. Results also show that increasing the width 
or thickness of piezoelectric actuator results in a decrease 
of the maximum displacement and actuation force and an 
increase of peak voltage and settling time. Three types of 
piezoelectric actuator materials are considered. Investiga-
tion results shows that using a material with higher piezo-
electric stress/charge constant (decrease in absolute value 
of negative e31) increases both maximum displacement and 

actuation force. This also has the effect of reducing the peak 
voltage and settling time.
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