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Abstract
Multi-DOF flexible space robots play a significant role in the on-orbit service. The flexibility of the robots is mainly caused 
by the flexible links and some flexible drive elements in joints. The vibration generated by the component flexibility can affect 
the accuracy of control. In this paper, the dynamics and control issues of flexible-link flexible-joint (FLFJ) space robots con-
sidering joint friction are studied. Firstly, the Spong’s model is employed to depict flexible joints, and the Coulomb friction 
model is adopted to describe joint friction. Then based on the single direction recursive construction method and velocity 
variation principle, dynamic equations of the system are derived. Secondly, a trajectory of joint motion is given and a trajec-
tory tracking controller with friction compensation is designed with the computed torque method. Finally, several numerical 
simulations are carried out to verify the accuracy of the dynamic model and illustrate the effect of joint friction and joint 
flexibility on the dynamic characteristics of space robots. Besides, simulation results suggest that the controller designed 
in this paper could effectively achieve the trajectory tracking control for the 6-DOF FLFJ space robot with joint friction.

Keywords  FLFJ space robot · Dynamic model · Trajectory tracking control · Joint friction · Joint flexibility

1  Introduction

Nowadays, with the increasing demand for the on-orbit ser-
vice, such as spacecraft docking, removal of space debris, 
flexible space robots with light material have received more 
attention. Lighter and larger robots have the merits of wider 
operation range and fast operation speed. However, utilizing 
long lightweight links and transmission belts or reduction 
elements with a high reduction ratio, such as the Harmonic 
Drive™, could bring a side effect of component flexibility 
[1]. The coupling of the link flexibility and joint flexibility 
may lead to the elastic deformation and vibration of systems, 
which not only affects the accuracy of trajectory tracking 
but also accelerates fatigue damage of flexible components. 
Besides, while space robots are moving at low speed, the 

strongly coupled characteristics between joint friction and 
component flexibility will be amplified, so the nonlinear 
characteristics of joint friction are more obvious. Further-
more, this will also cause that space robots can’t be effec-
tively controlled. Therefore, the dynamics modeling and 
control for flexible-link flexible-joint (FLFJ) space robots 
with joint friction should get a further investigation.

Heretofore, among the existing investigations about space 
robots with flexible joints mostly focus on dynamics mode-
ling and control issues. On the one hand, for dynamics mod-
eling, Spong [2] firstly proposed that a flexible joint could be 
simplified as a linearly elastic spring. On the basis, Bridges 
and Dawson [3] developed a flexible joint model with non-
linear elasticity and friction. Based on the Euler–Lagrange 
equation and Lagrange 2nd kind equation, Zavrazhina and 
Zavrazhina [4] established the dynamic equations of a rigid 
space manipulator considering the flexibility and friction of 
joints, and analyzed the influence of elastic and friction of 
joints on the robot motion. Xu and Sun [5] modeled a 3-DOF 
rigid robot with flexible joints by the Lagrange method, and 
analyze the effect of nonlinear stiffness flexible joints on the 
robot control. The two-mass model [6] was adopted to estab-
lish a dynamic model of rigid space robots connected with 
flexible joints by Zhang and Liu [7]. Xia et al. [8] utilized 

 *	 Xiaofeng Liu 
	 peterliuxiaofeng@163.com

 *	 Guoping Cai 
	 caigp@sjtu.edu.cn

1	 State Key Laboratory of Ocean Engineering, Department 
of Engineering Mechanics, Shanghai Jiaotong University, 
800 Dongchuan Road, Minhang District, Shanghai 200240, 
China

http://orcid.org/0000-0003-1248-3700
http://crossmark.crossref.org/dialog/?doi=10.1007/s42405-020-00294-3&domain=pdf


416	 International Journal of Aeronautical and Space Sciences (2021) 22:415–432

1 3

the virtual decomposition-based (VD-based) method to 
established a dynamic model of a rigid space robot with 
flexible joints. The experiment results suggest this model 
can well describe the dynamic characteristics of robots in 
practice. Additionally, all of the simulation results in the 
above researches suggest that the dynamic characteristics 
of robots can be more precisely described by the dynamic 
model considering joint flexibility. Hence, joint flexibility is 
an important factor to establish an accurate robot dynamic 
model. However, the number of state variables will increase 
for introducing the flexible joint model, which decrease the 
computation efficiency. Thereby, Buondonno and De Luca 
[10] developed a computation method to solve the inverse 
dynamics of robots with flexible joints. This can signifi-
cantly avert the complicated symbolic Lagrange modeling 
and customization. Xia et al. [8] proposed a virtual decom-
position-based method, which can decouple flexible joint 
dynamics and improve computation efficiency compared 
to conventional approaches. However, among the existing 
researches on the dynamics model of space robots, such 
as Refs. [9–11], researchers usually consider the flexibil-
ity of robot links but neglect joint flexibility, or consider 
joint flexibility but neglect link flexibility. The researches 
on modeling and control of multi-DOF robots considering 
both joint flexibility and link flexibility are not integrated 
enough, because the coupling characteristics of both rigid-
flexible and flexible–flexible is complicated. Besides, the 
contribution of joint friction to the dynamic properties of 
the robots with both flexible links and flexible joints is not 
grossly clear.

On the other hand, for the control problem of FLFJ 
robots, since flexible joints or flexible links may gener-
ate vibration, it is necessary to suppress the vibration to 
ensure the operation accuracy and the attitude stability of 
robots. Recently, the vibration can be suppressed from two 
aspects. One is to design a proper trajectory of point–point 
motion. The existing trajectory planning schemes can be 
classified into two categories [12]. The first one is direct 
method, in which trajectory planning problems can be 
transferred to parameter optimal problems after defining 
trajectories as specific functions. For example, Cui et al. 
[13] developed a trajectory planning method to suppress 
the vibration of spatial flexible manipulators. The second 
trajectory planning method is named as indirect method. 
For indirect method, trajectory planning problems is con-
verted to optimal control problems. In [14], after establish-
ing the dynamic model of a planar flexible robot, an opti-
mal trajectory is generated by the indirect method. Another 
aspect to achieve vibration suppression is to devise an 
effective controller which can eliminate the intense vibra-
tion of flexible mechanisms. Hitherto, many methods were 
proposed, such as PD control [15, 16], robust control [17, 
18], fuzzy control [19, 20], self-adaptive control [21], 

singular perturbation [22]. Moreover, some research-
ers improve the above methods to achieve more precise 
tracking control. For instance, a fuzzy controller for a 
single-link robot is designed by combining the adaptive 
backstepping design with dynamic surface control in the 
Ref. [23]. By this approach, the servo control of robots can 
be realized needless to the velocity variable feedback. Li 
et al. [24] combines the input shaping with the ADRC to 
realize the vibration control and trajectory tracking con-
trol. Jia [25] designed a dynamic surface controller based 
on a state observer. The simulation shows that the residual 
vibration of flexible joints gets effectively suppressed with 
this method. Since considering flexible joints increases 
the control complexity of robot systems, the control effi-
ciency may decrease. For this matter, Giusti et al. [26] pro-
posed a composite controller based on inverse-dynamics 
and passivity-based control of flexible-joint robots, which 
can improve the tracking efficiency and possesses strong 
robustness against disturbance and parameter uncertainty. 
Although trajectory tracking and vibration suppression of 
the low-DOF space robots with only flexible links or only 
flexible joints can be well achieved through the above con-
trol laws, the control approaches for the multi-DOF FLFJ 
space robots with joint friction are still few. Considering 
that flexible joints and flexible links can generate two dif-
ferent types of vibration, and joint friction may affect the 
efficiency of tracking, which make it difficult to realize 
the trajectory tracking control and vibration suppression 
quickly and precisely.

In this paper, the Jourdain’s velocity variation principle 
and the single direction recursive construction method are 
adopted to establish the dynamic model of a space robot 
with a 6-DOF FLFJ manipulator with joint friction. This 
can simplify the dynamic equations and improve the com-
putation efficiency compared to the Lagrange method and 
the New-Euler method. In the dynamic model, the flex-
ible joint is simplified as a spring-damping system and the 
friction can be described by the Coulomb friction model. 
Besides, to achieve trajectory tracking and vibration sup-
pression for robots, a trajectory of joint motion is given 
and a controller with friction compensation is designed 
based on the computed torque method.

The paper is organized as follows: Sect. 2 concisely 
describes the process of modeling, including that the kin-
ematic and dynamic model of single flexible bodies, estab-
lishing a flexible-joint model, the kinematical recursive 
relations of the system, the calculation of joint friction, 
and assembling the dynamic equations of the system. Sec-
tion 3 gives a trajectory planning method and illustrates 
the controller design for trajectory tracking. Simulations 
and comparable analysis for a space robot are given in 
Sect. 4. In the end, Sect. 5 presents conclusions.
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2 � Dynamics Modeling of the System

In this paper, a 6-DOF flexible space robot shown in Fig. 1 
is studied. The robot is composed of a rigid spacecraft Base, 
two rigid links Links 1 and 2, and two flexible links Links 3 
and 4. Lv 1 and Lv 2 are two massless bodies. Link 1 is con-
nected to Base by a Cardan joint, and the θ1 and θ2 are the 
joint angles along Axes 1 and 2 respectively. Two revolute 
joints respectively connected Links 1 and 2, and Links 2 
and 3, with θ3 and θ4 to be the joint angle along Axes 3 and 
4. Besides, Link 4 is attached to Link 3 by a Cardan joint 
whose joint angle along the Axes 5 and 6 are θ5 and θ6. In 
this section, the dynamic equations are established with the 
single direction construction method and Jourdain’s velocity 
variation principle. The absolute reference frame O-XYZ is 
fixed on the origin O. The body-fixed frame O-XYZ, which 
parallels to the absolute reference frame, is fixed on body 
base, where the origin O is the mass center of base. The 
floating frame O1-X1Y1Z1, O2-X2Y2Z2, O3-X3Y3Z4, O4-X4Y4Z4 
are fixed on Links 1–4, respectively, and the origins O1, O2, 
O3, and O4 are on the mass centers of the four links.

In this section, a dynamic model of a 6-DOF FLFJ space 
robot with joint friction is established. Section 2.1 depicts 
the model of a single flexible body with the assumption 
modal method. Then in Sect. 2.2, the Spong model [2] is 
adopted to simplify flexible joints. The kinematical recur-
sive relation of the system is demonstrated with the single 
direction recursive construction method in Sect. 2.3. Sec-
tions 2.4 and 2.5 illustrate the calculation procedure of joint 
friction. In Sect. 2.6, the dynamic equations of the system 
are obtained by the Jourdain’s velocity variation principle.

2.1 � Kinematic and Dynamic Equations of a Single 
Flexible Body

For the system composed of N bodies, the flexible body Bi 
(i = 1, 2, …, N) can be divided into li elements, as shown in 
Fig. 2. The mass matrix of the kth node can be expressed as 

Mk
i
=

[
mk

i
�

� Jk
i

]
∈ ℜ6×6 , k = 1 ,… , ln , where mk

i
∈ ℜ3×3 is 

the translational mass matrix and Jk
i
∈ ℜ3×3 is the matrix of 

inertia moment of the kth node, ln is the number of nodes of 
body Bi.

As shown in Fig. 2, the floating frame ⃗ei is established at the 
point Ci, which is the mass center of the flexible body Bi. In 
addition, the vector 𝜌k0

i
 and 𝜌k

i
 respectively represent the rela-

tive position of the node k before the deformation and after the 
deformation. The absolute position vector of the mass center 
Ci and the node k are ⃗ri and ⃗rk

i
 , respectively. The vectors ⃗uk and 

𝜑⃗k are the translational and rotational deformation vectors of 
node k, respectively. By the modal coordinates, they can be 
depicted as

where �⃗
k

i
 and �⃗

k

i
 are the translational and rotational 

modal vector matrix of the node k, respectively; ai is the 
modal coordinate vector of body Bi. Here assuming that s 
modes of body Bi are adopted, there is �⃗

k

i
= [𝜙k

1
,… ,𝜙k

s
] , 

�⃗
k

i
= [𝜓⃗k

1
,… , 𝜓⃗k

s
] , and ai = [a1,… , as]

T . The coordinate 
matrices of �⃗

k

i
 and �⃗

k

i
 in the absolute reference frame can 

be expressed as

(1)u⃗k
i
= �⃗

k

i
ai, 𝜑⃗k

i
= �⃗

k

i
ai,

(2)�k
i
= �i�

�k
i
, � k

i
= Ai�

�k
i
,

Fig. 1   6-DOF flexible space 
robot model
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where Ai is the direction cosine matrix relating the floating 
frame e⃗i and the absolute reference frame; �⃗

′k

i
 and �⃗

′k

1
 are 

the coordinate matrices of 𝛷⃗k
i
 and 𝛹⃗ k

i
 in the floating frame 

e⃗
i , which are both constant matrices.

As depicted in Fig. 2, the relation of relative vector and 
deformation of the kth node can be expressed as

The Eq. (3) can be expressed by the coordinate matrices in 
the floating frame as

and in the absolute frame as

The velocity and acceleration of the kth node in the floating 
frame are expressed as

Also, the absolute position vector of the kth node can be 
depicted as

The absolute velocity and acceleration of the kth node can 
be expressed as

where 𝜔⃗ and ̇⃗𝜔 are the angular velocity and acceleration 
vectors of the floating frame e⃗i concerning the absolute ref-
erence frame, respectively; 𝜐⃗k

r
 and ̇⃗𝜐k

r
 are the translational 

velocity and acceleration vectors of the node k in the float-
ing frame e⃗i . Considering Eq. (5), the coordinate vectors of 
Eqs. (7)–(9) in the absolute reference frame can be expressed 
as

where �̃i can be defined as

(3)𝜌k
i
= 𝜌

k0
i
+ u⃗k

i
.

(4)��k
i
= �

�k0
i

+��k
i
ai,

(5)�k
i
= �

k0
i
+�k

i
ai.

(6)𝝊�k
ir
= 𝜱�k

i
ȧi, 𝝊�k

ir
= 𝜱�k

i
äi.

(7)r⃗k
i
= r⃗i + 𝜌k

i
.

(8)̇⃗rk
i
= ̇⃗ri +

̇⃗𝜌k
i
= ̇⃗ri + 𝜔⃗i × 𝜌k

i
+ 𝜐⃗k

ir
,

(9)
̈⃗rk
i
= ̈⃗ri +

̈⃗𝜌k
i
= ̈⃗ri +

̇⃗𝜔i × 𝜌k
i
+ ̇⃗𝜐k

ir
+ 2 × 𝜔⃗i × 𝜐⃗k

ir
+ 𝜔⃗i × (𝜔⃗i × 𝜌k

i
),

(10)rk
i
= ri + �k

i
= ri + �

k0
i
+�k

i
ai,

(11)ṙk
i
= ṙi + �̇k

i
= ṙi − �̃k

i
�i +�k

i
ȧi,

(12)r̈k
i
= r̈i + 𝝆̈k

i
= r̈i − 𝝆̃k

i
𝝎̇i +𝜱k

i
äi + 2𝝎̃i𝜱

k
i
ȧi + 𝝎̃i𝝎̃i𝝆

k
i
,

The Eqs. (11) and (12) can be written in a matrix form as

where

The �iB defined in Eq. (14) comprises the absolute veloc-
ity, the absolute acceleration and the modal velocity of body 
Bi in the floating coordinate. If the �iB is ascertained, the 
velocity of nodes on body Bi can be obtained. And the accel-
eration of nodes can be solved when �iB and �̇iB are known. 
Then the rotational coordinate vectors relation between the 
kth and body Bi is derived.

The absolute angular velocity and acceleration of the kth 
node are

where 𝜔⃗k
ir
 and ̇⃗𝜔k

ir
 are the angular velocity and acceleration 

vectors of the kth node concerning the floating frame e⃗i , 
and their coordinate matrices in the absolute frame can be 
expressed as

Substituting Eqs. (20) into (18) and (19) the coordinate 
vectors in the absolute reference frame can be given by

The above two equations can be rewritten in a matrix 
form as

where Rk
i
= [ � I3 � k

i
] ∈ ℜ3×(6+s) , �k

i
= �̃i�

k
i
ȧi ∈ ℜ3×1 . 

Equations (23) are the rotational coordinate velocity and 
acceleration relation between the kth node and body Bi. 
From Eqs. (14) and (23), we can obtain the relation between 

(13)

�̃i = −�̃T
i
=

⎡
⎢⎢⎣

0 −𝜔i3 𝜔i2

𝜔i3 0 −𝜔i1

−𝜔i2 𝜔i1 0

⎤
⎥⎥⎦
∈ ℜ

3×3, �i =

⎡
⎢⎢⎣

𝜔i1

𝜔i2

𝜔i3

⎤
⎥⎥⎦
.

(14)ṙk
i
= Bk

i
𝝊iB, r̈k

i
= Bk

i
𝝊̇iB + 𝝎k

i
,

(15)Bk
i
= [ I3 −�̃k

i
�k

i
] ∈ ℜ

3×(6+s),

(16)�k
i
= 2�̃i�

k
i
ȧi + �̃i�̃i�

k
i
∈ ℜ

3×1,

(17)�iB = [ ṙT
i
�T
i
ȧT
i
]T ∈ ℜ

(6+s)×1.

(18)𝜔⃗k
i
=

⇀

𝜔i + 𝜔⃗k
ir
,

(19)̇⃗𝜔k
i
=

⇀̇

𝜔i +
̇⃗𝜔k
ir
+

⇀

𝜔i × 𝜔⃗k
ir
,

(20)𝝎k
ir
= 𝜳 k

i
ȧi, 𝝎̇k

ir
= 𝜳 k

i
äi.

(21)�k
i
= �i + � k

i
ȧi,

(22)𝝎̇k
i
= 𝝎̇i + 𝜳 k

i
äi + 𝝎̃𝜳 käi.

(23)�k
i
= Rk

i
�iB, �̇k

i
= Rk

i
�̇iB + �k

i
,
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the generalized velocity of the nodes and the generalized 
velocity of body Bi, which can be expressed as

where �k
i
= [ ṙkT

i
�kT
i
]T ∈ ℜ6×1 , � k

i
=

[
Bk
i

Rk
i

]
∈ ℜ6×(6+s) . 

Thus, the kinematic relation of a single flexible body has 
been demonstrated. Here according to the Jourdain’s velocity 
variation principle, the dynamic equation of body Bi can be 
written as

where Fk
i
 are the resultant external force and resultant exter-

nal torque on the kth node; �k
i
 and �k

i
 are the strain and stress 

of the node k, respectively. 𝛿�̇kT
i
�k
i
 is the virtual power of 

node stress of the kth node. The sum of virtual power of 
node stress of body Bi can be calculated by

where Ca ∈ ℜs×s is the modal damping, and Ka ∈ ℜs×s is 
the stiffness matrix of body Bi.

Substituting Eqs. (24) (25) and (27) into (26), we can obtain

where

(24)�k
i
= � k

i
�iB,

(25)�̇k
i
= � k

i
�̇iB +

[
�k
i

�k
i

]
,

(26)
ln∑
k=1

𝛿�kT
i

(
Mk

i
�̇k
i
+ Fk

i

)
− 𝛿�̇kT

i
�k
i
= 0,

(27)
ln∑
k=1

𝛿�̇kT
i
�k
i
= 𝛿ȧT

i
(Caȧi + Kaai),

(28)�𝝊T
iB
(−M𝝊̇iB − f�

i
+ f o

i
− f u

i
) = 0,

(29)Mi =

ln∑
k=1

� kT
i
Mk

i
� k

i
∈ ℜ

(6+s)×(6+s),

where Mi , f
�
i
 , f o

i
 and f u

i
 are the generalized mass, the gen-

eralized inertia force, the generalized external force and the 
generalized elastic force of body Bi.

2.2 � Flexible Revolute Joint Model

Previously, joints are regarded as rigid bodies to simplify 
the dynamic model. However, when the robot has multi-
degrees of freedom, neglecting joint flexibility could affect 
the accuracy of simulation results inevitably. Therefore, to 
get a precise flexible space robot dynamic model, joint flex-
ibility is considered in this paper.

Spong [2] firstly proposed a flexible joint model, which 
efficiently described joint flexibility. According to Spong’s 
model, the elasticity of the ith joint is described by a lin-
ear torsional spring with the stiffness ki and the damping ci. 
And, the additional degrees of freedom are introduced by 
the elastic coupling of the motor shaft to the links. A sim-
plified model of a flexible joint is shown in Fig. 3a, b. The 
rotor of each actuator is a fictitious body, which is regarded 
as an additional rigid body with the equivalent moment of 
inertia after deceleration in the system. Thereby, the degrees 
of freedom of the robot increases. The angle of the joint con-
nected Rotor i and body Bi−1 is �−

i
 , while the angle of the 

joint connected Rotor i and body Bi is �+
i
 , which are along 

the same rotational axis. So the angle of the ith flexible joint 
can be expressed as

(30)f�
i
=

ln∑
k=1

� kT
i
Mk

i

[
�k
i

�k
i

]
∈ ℜ

(6+s)×1,

(31)f o
i
=

ln∑
k=1

� kT
i
Fk
i
∈ ℜ

(6+s)×1,

(32)f u
i
= [ �T �T (Caȧ + Kaa)

T ]T ∈ ℜ
(6+s)×1,

Fig. 3   Joint model: a rigid joint 
model; b flexible joint model
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Similarly, corresponding generalized coordinate q also 
can be divided into 2 parts as q2i−1 and q2i (i = 1, 2, …, N), 
which respectively represent �−

i
 and �+

i
 . q̇2i−1 and q̇2i . respec-

tively represents 𝜃̇−
i
 and 𝜃̇+

i
 . Therefore, the elastic torque of 

the ith joint can be expressed by the generalized coordinates 
as

where ki and ci is the equivalent stiffness and damping of 
the ith joint, respectively. f s

2i
 is the generalized force related 

to generalized coordinate q2i, so the virtual power of elastic 
torque acting on the system can be obtained

For the space robot shown in Fig. 1, body B1 is the base. 
So q1 ∼ q3 and q4 ∼ q6 respectively represent the transla-
tion coordinates and the rotational coordinates of the base. 
Considering the joint flexibility, 6 rotors are added into 
the system compared to the original model, as shown in 
Fig. 4. The ith axis, the ith rotor and the ith spring con-
verge at the ith point, which represents the ith flexible joint. 
Thereby, the degrees of freedom of the manipulator increase 
to 12. The rotational coordinates of the flexible joints in 
the robot are respectively q7 ∼ q18 . It can be obtained that 
q = [q1,… , q18]

T..

(33)�
i
= �−

i
+ �+

i
(i = 1, 2,… ,N).

(34)f s
i
= kiq2i + ciq̇2i (i = 1, 2,… ,N),

(35)ΔPs =

N∑
i=1

Δq̇2if
s
2i
= Δq̇T f ey

s
.

2.3 � Kinematical Recursive Relations

It can be seen from Fig. 4 that the space robot system con-
sists of 13 bodies, where Base, Link 3, Link 4, Rotor 1–6, 
Lv 1 and Lv 2 are rigid, and Link 1 and Link 2 are flexible. 
In this section, the kinematical relation of two adjacent bod-
ies is derived. We concisely demonstrate the relation of a 
flexible body and a rigid body. Once neglecting the flexible 
items in the relation of a rigid body and a flexible body 
derived before, the relation of two adjacent rigid bodies can 
be obtained.

The schematic diagram of a rigid body and a flexible 
body is shown in Fig. 5. Firstly, the coordinate frames of this 
paper are introduced as follows. As shown in Fig. 5, body Bj 
is rigid and body Bi is flexible. The absolute reference frame 
O-XYZ is established on body B0 and O is the origin. The 
floating frame e⃗i is established on the mass center Ci of Bi 
before the deformation. The body fixed frame e⃗j is estab-
lished on the mass center Cj of Bj. The number of bodies and 
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Fig. 4   6-DOF FLFJ space robot model
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Fig. 5   Schematic diagram of a rigid body and a flexible body
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joints are regularly labeled [27], in other words, body Bi 
connects its inboard body Bj by the ith joint, as shown in 
Fig. 5, where Qi and Pi are the definition points of the ith 
joint on body Bj and body Bi. The point Pi0 is the joint defini-
tion point before the deformation. The local coordinate 
frame e⃗i

Pi0
 is built on the point Pi0 , which parallels e⃗i . The 

frames e⃗i
Pi

 and e⃗i
Qi

 are the local frames of the points Pi and 
Qi . The local frames of the ith joint are represented by e⃗i

h
 and 

e⃗
i

h0
 , which are fixed on the bodies Bi and Bj, and the origins 

of the two frames are Pi and Qi , respectively.
As shown in Fig.  5, h⃗i = �������⃗QiPi  describes the relative 

translation of the ith joint, and 𝜔⃗ri will be used to describe 
the relative revolution of the ith joint. As shown in Fig. 5, 
the absolute position of the mass center of body Bi can be 
expressed as

Taking the first derivative of Eq. (36) and considering 
Eq. (11), we have

where �Pi

i
 are the translation modal vector matrix of the 

point Pi in the absolute reference frame, respectively; �Pi

i
 are 

the rotational modal vector matrices; ȧi is the first derivative 
of modal coordinate vectors of Bi qi is the vector of joint 
coordinates; H�T

i
 and HhT

i
 denote the rotational and trans-

lational kinematics relations of the ith joint, and those can 
be expressed as [27]

where Ah0
i

 is the direction cosine matrix of e⃗i
h0

 concerning 
the absolute reference frame, H′�T

i
 is the matrix whose non-

zero columns are composed of the joint rotational axis vec-
tors, H′hT

i
 is the matrix whose nonzero columns are com-

posed of the joint translational axis vectors.
The relation of angular velocities of Bi and Bi is

where �ri = H𝛺T
i

q̇i is the joint angular velocity; [27] �Pi

ri
 is 

the angular velocities of the point Pi caused by the deforma-
tion, which can be expressed as

Considering Eqs. (40), (39) can be rewritten as

(36)ri = rj + �
Qi

j
+ hi − �

Pi

i
.

(37)

ṙi = ṙj + (−�̃
Qi

j
− h̃i + �̃

Pi

i
)�j + (HhT

i

+ �̃
Pi

i
H𝛺T

i
)q̇i + (−�

Pi

i
− �̃

Pi

i
�

Pi

i
)ȧi,

(38)H�T
i

= A
h0
i
H��T

i
, HhT

i
= A

h0
i
H�hT

i
,

(39)�i = �j + �ri − �
Pi

ri
,

(40)�
Pi

ri
= �

Pi

i
ȧi.

(41)�i = �j +H𝛺T
i

q̇i − �
Pi

i
ȧi.

In the absolute reference frame, we define the coordinate 
vector of the configuration velocity of the two bodies as

and redefine the generalized coordinate vector of body Bi as 
yi = [ qT aT ]T

i
 , where yi ∈ ℜ�i+si , �i is the degree of freedom 

of the ith joint, �i ≤ 6 , and si is the number of modal coor-
dinates of body Bi. From Eqs. (37) and (41), the recursive 
relation of configuration velocity between body Bi and body 
Bj can be expressed as

where

Taking the derivation of Eq. (41), we have

where

where �i = H𝛺T
i

q̇i [27].
By taking the derivative of Eq.  (37) and considering 

Eq. (12), one can obtain

where

where, �Pi

ri
= �

Pi

i
ȧi.

From Eqs. (43) (46) and (48), the recursive relation of 
generalized acceleration between the two bodies can be writ-
ten as

where � i = [ �T
i1
�T
i2
�T ]T ∈ ℜ(6+si)×1.

As deduced above, we obtain the kinematical recursive 
relations of generalized velocity and generalized accel-
eration of a rigid body and a flexible body. Similarly, the 

(42)�i = [ ṙT
i
�T
i
ȧT
i
]T, �j = [ ṙTj �T

j ]
T,

(43)�i = Tij�j + Uiẏi, j = L(i), i = 1,… , N,

(44)Tij =

⎡
⎢⎢⎣

I3 −�̃
Qi

j
− h̃i + �̃

Pi

i

� I3
� �

⎤
⎥⎥⎦
∈ ℜ

(6+si)×6,

(45)

Ui =

⎡⎢⎢⎣

HhT
i

+ �̃
Pi

i
H𝛺T

i
−�

Pi

i
− �̃

Pi

i
�

Pi

i

H𝛺T
i

−�
Pi

i

� Isi

⎤⎥⎥⎦
∈ ℜ

(6+si)×(𝛿i+si).

(46)𝝎̇i = 𝝎̇j +H𝛺Tq̈i − 𝜳
Pi

i
äi + 𝜷 i2,

(47)� i2 = �̃j�ri − �̃i�
Pi

ri
+ �i,

(48)

r̈i = r̈j + (−𝝆̃
Qi

j
− h̃i + 𝝆̃

Pi

i
)𝝎̇j + (HhT

i

+ 𝝆̃
Pi

i
H𝛺T

i
)q̈i + (−𝜱

Pi

i
− 𝝆̃

Pi

i
𝜳

Pi

i
)äi + 𝜷 i1,

(49)
� i1 = �̃j�̃j�

Qi

j
+ �̃j�̃jhi − �̃i�̃i�

Pi

i
+ 2(�̃j�ri − �̃i�

Pi

ri
) + �̃

Pi

i
� i2,

(50)𝝊̇i = Tijv̇j + Uiÿi + 𝜷 i, j = L(i), i = 1,… ,N,
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kinematical recursive relations of two adjacent rigid bod-
ies can be obtained. For this case, yk = qk , k = i, j , the 
matrices Tij , Ui and � i can be expressed as

where

Below the kinematical recursive relation of the system 
is deduced. For a multibody system with N bodies, the 
relation can be expressed as

where

In Eqs. (56) and (57), “ Bk < Bi “ means that body Bk is 
on the path from the root body B0 to body Bi.”Bk = Bi “ rep-
resents that body Bk is body Bi and “ Bk ≠< Bi “ means that 
body Bk is not on the way from the root body B0 to body Bi.

Writing Eq. (55) in a matrix form, we have

where � = [�T
1
,… , �T

N
]T is the total vector of configuration 

velocity of the system and ÎN ∈ ℜN×1 is a N-dimensional 
vector with all elements being 1. The parameters G and g 
in Eq. (58) are

(51)Tij =

[
I3 −�̃

Qi

j
− h̃i + �̃

Pi

i

� I3

]
∈ ℜ

6×6,

(52)Ui =

[
HhT

i
+ �̃

Pi

i
H𝛺T

i

H𝛺T
i

]
∈ ℜ

6×𝛿i ,

(53)� i = [ �T
i1
�T
i2
]T ∈ ℜ

6×1,

(54)
� i1 = �̃j�̃j�

Q

j
− �̃i�̃i�

P
i
+ 2�̃j�ri + �̃P

i
� i2, � i2 = �̃j�ri + �i.

(55)

⎧⎪⎨⎪⎩

𝝊i =
�

k∶Bk≤Bi

Gikẏk

𝝊̇i =
�

k∶Bk≤Bi

Gikÿk + gik

, i = 1,… , N and k ≠ 0,

(56)Gik =

⎧⎪⎨⎪⎩

TijGjk when Bk < Bi

Ui when Bk = Bi

� when Bk ≠< Bi

, (i, k = 1,… ,N),

(57)gik =

⎧⎪⎨⎪⎩

Tijgjk when Bk < Bi

� i when Bk = Bi

� when Bk ≠< Bi

, (i, k = 1,… ,N).

(58)

{
𝝊 = Gẏ

𝝊̇ = Gÿ + gÎN
,

2.4 � Revolute Joint Friction

In the on-orbit service, compared to the ground, circum-
stances of space are extremely complicated. The tempera-
ture can quickly alternate from negative several hundred 
centigrade to extremely high temperature in the space. The 
thermal expansion and contraction phenomenon of the joint 
material will aggravate the joint friction, which could affect 
the motion of space robots. So far, some space experiments 
suggest that the joint friction is more obvious in space than 
on the ground. Hence, joint friction in space robots attracts 
more attention.

In this paper, Coulomb friction model is utilized to 
describe the friction in joints. The friction force can 0. be 
denoted as

where � is the relative velocity, � is the coefficient of slid-
ing friction, FN is the normal pressure. Then the geometric 
model of a revolute joint is shown in Fig. 6, where Fx , Fy , Fz , 
Ty and Tz are the ideal constraint forces and ideal constraint 
moments at the joint coordinate frame Or − XrYrZr , respec-
tively. The coordinate vector of ideal force and joint friction 
force can be expressed as

With two adjacent bodies moving relatively, friction 
phenomenon could occur in joints. Joint friction moments 
are positively relative to the normal pressure in joints. The 
normal pressure is produced by the actions of the ideal con-
straint forces and the ideal constraint moments in joints. 
Next, calculation of joint friction is given.

(59)G =

⎡
⎢⎢⎣

G11 ⋯ G1N

⋮ ⋱ ⋮

GN1 ⋯ GNN

⎤
⎥⎥⎦
, g =

⎡
⎢⎢⎣

g11 ⋯ g1N
⋮ ⋱ ⋮

gN1 ⋯ gNN

⎤
⎥⎥⎦
.

(60)Ff = −sign(�)�FN ,

(61)
Fc
r
= [Fx, Fy, Fz, 0, Ty, Tz]

T, Ff
r
= [0, 0, 0, Tf , 0, 0]

T.

Tz

ω
Ty

Fz

Fy

Fx
Tf

Rb

Rp

Rn

Fig. 6   Revolute joint model
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The equivalent pressure by the axial constraint force is 
N1 =

||Fx
|| . The equivalent pressure by the transverse con-

straint force is N2 =
√

F2
y
+ F2

z
 . So the Coulomb frictional 

moments are

where Rn is the friction arm and Rp is the pin radius.
The equivalent pressure of the rotational joint by the con-

straint moments is N3 =
√

T2
y
+ T2

z

/
Rbwhere Rb is the 

bending reaction arm. The Coulomb frictional moment 
equivalent from the constraint moments is

From Eqs. (62) (63) and (64), the total Coulomb friction 
moment can be written as

2.5 � Virtual Power of Frictional Force in Joints

Joint friction is a function of the ideal constraint force of 
joints, which can be expressed by the Cartesian coordinates 
of systems due to the Newton–Euler theory. Depending on 
the relation of the generalized coordinates and Cartesian 
coordinates of the system, joint frictional force function 
can be denoted by the generalized coordinates. Below the 
relation between ideal constraint force and generalized coor-
dinates is derived. Then the virtual power generated by fric-
tional force is deduced, which will be introduced to assemble 
dynamic equations of the system in Sect. 2.6.

(62)T
N1

f
= �N1Rn,

(63)T
N2

f
= �N2Rp,

(64)T
N3

f
= �N3Rp.

(65)Tf = T
N1

f
+ T

N2

f
+ T

N3

f
.

Figure 7 is a topology graph of a space robot system, and 
the nth joint connects the inner body Bn − 1 and the outer body 
Bn. If body Bn is flexible, the centroid dynamic equation based 
on the Newton–Euler theory and Eq. (28) can be written as

where Fc
n
 and Ff

n
 are the ideal constraint force and the fric-

tion force of the nth joint, respectively; Fa
n
 and F�

n
 denote the 

acceleration-dependent and velocity-dependent inertia forces 
of body Bn, respectively; Fu

n
 is the elastic force of body Bn; 

Foj
n

 is the resultant constraint force of outboard joints; and 
Fo
n
 is the external force. If body Bn is rigid, the elastic force 

Fu
n
 equals a zero vector.
The ideal constraint force at the point Pn and the ideal con-

straint force at the point Qn are respectively defined as FcPn

n
 and 

FcQn

n
 , which can be expressed as

where Fc
nPn

 and Mc
nPn

 are the coordinate vector form of F⃗c
nPn

 
and M⃗c

nPn
 in the absolute reference frame as shown in Fig. 7, 

respectively; Fc
nQn

 and Mc
nQn

 are the coordinate vector form 
of F⃗c

nQn
 and M⃗c

nQn
 , respectively. The relation between FcPn

n
 and 

FcQn

n
 is

The joint friction force at the point Pn is defined as FfPn

n
 , and 

the joint friction force at the point Qn is denoted as FfQn

n
 . The 

relation of them is

Based on the Jourdain’s velocity variation principle, the 
relation of Fc

n
 , Ff

n
 , FcPn

n
 and FfPn

n
 can be expressed as

(66)Fc
n
+ Ff

n
= Fa

n
+ F�

n
− Fo

n
+ Fu

n
− Foj

n
,

(67)
FcPn

n
= [F

cT
nPn

McT
nPn

]T ∈ ℜ
6×1, FcQn

n
= [F

cT
nQn

McT
nQn

]T ∈ ℜ
6×1,

(68)FcPn

n
= −FcQn

n
.

(69)FcPn

n
= −FcQn

n
.

Fig. 7   The topology structure of 
the space robot system
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where ΔPPn

n  represents the sum of virtual power of the ideal 
constraint force and joint friction of the joint n, �n is the 
velocity of the mass center Cn of body Bn in the absolute 
reference frame, �Pn

n  is the velocity of the point Pn in the 
absolute reference frame.

From Fig. 7, we have

Taking the derivative of rPn

n  , one can obtain

Equations (72) and (73) can be denoted as

where

Substitute Eqs. (74) into (70) to obtain

where F′cPn

n
 and F′fPn

n
 are the coordinate matrices of �cPn

n  and 
�
fPn

n  in frame e⃗n
h
 , and APn

n
 is the direction cosine matrix of e⃗n

h
 

concerning the absolute reference frame O-XYZ.
Substituting Eqs. (76) into (66), one can be obtained

where (YPn

n
APn

n
)+ is the Moore–Penrose pseudo-inverse 

matrix of YPn

n
APn

n
 . Equation (67) is the dynamic equation of 

body Bn about the joint point Pn in the e⃗n
h
 frame. Considering 

the joint is a revolute joint in this paper and using Eq. (61), 
we have

where FcPn

nx  , FcPn

ny  , FcPn

nz  , TcPn

ny  and TcPn

nz  are the items of F′cPn

n
 

in three axes of the frame e⃗n
h
 , and TfPn

n  is the joint friction 
torque.

Due to Eq. (77), the dynamic equation of body Bn − 1 can 
be given as

(70)ΔPPn

n
= Δ�T

n
(Fc

n
+ Ff

n
) = Δ�PnT

n
(FcPn

n
+ FfPn

n
),

(71)rPn

n
= rn + �Pn

n
,

(72)�Pn

n
= �n + �

Pn

ri
+ �Pn

n
ȧn.

(73)ṙPn

n
= ṙn + �̇Pn

n
= ṙn + �̃Pn

n
�n +�Pn

n
ȧn.

(74)�Pn
n

= YPnT
n

�n,

(75)

�Pn
n

= [ ṙ
PnT
n �

PnT
n ]T ∈ ℜ

6×1, YPn

n
=

[
I3 −�̃

Pn

n �Pn

n

� I3 �Pn

n

]T
∈ ℜ

(6+sn)×6.

(76)Fc
n
+ Ff

n
= YPn

n
(FcPn

n
+ FfPn

n
) = YPn

n
APn

n
(F�cPn

n
+ F�fPn

n
),

(77)F�cPn

n
+ F�fPn

n
= (YPn

n
APn

n
)+(Fa

n
+ F�

n
− Fo

n
+ Fu

n
− Foj

n
),

(78)

F
�cPn

n
= [FcPn

nx
, FcPn

ny
, FcPn

nz
, 0, TcPn

ny
, TcPn

nz
]T,

F
�fPn

n
= [0, 0, 0, TfPn

n
, 0, 0]T,

(79)
F
�cPn−1

n−1
+ F

�fPn−1

n−1
= (Y

Pn−1

n−1
�

Pn−1

n−1
)+(Fa

n−1
+ F�

n−1
− Fo

n−1
+ Fu

n−1
− F

oj

n−1
).

As shown in Fig. 7, the joint n is the only one external 
joint of body Bn − 1, so Foj

n−1
 can be expressed as

Similar to Eq. (74), we have

where �Qn

n−1
=

[
r
Qn

n−1

�
Qn

n−1

]
∈ ℜ6×1 , 

Y
Qn

n−1
=

[
I3 −�̃

Qn

n−1
�

Qn

n−1

� I3 �
Qn

n−1

]T

∈ ℜ(6+𝛿n−1)×6.

Substituting Eqs. (81) into (80), it can be obtained

Substituting Eqs. (82) into (77), the dynamic equation 
of body Bn − 1 on the joint point Pn − 1 in the frame e⃗n−1

h
 

can be gotten.
Similarly, the dynamic equations of Bn − 2 − B1 in turns 

are

where

By Eq. (65), the joint friction of body Bn − 2 − B1 and 
F′cPn

n
 can be expressed as

Body B1 is the base of the flexible space robot and it is 
a free-floating body, and there is no joint friction in the 
joint 1, so we get

If body Bi is rigid, the dynamic equation of Bi about the 
joint point Pi in the e⃗i

h
 frame can be written as

where (YPi

i
A
Pi

i
)−1 is the inverse matrix of YPi

i
A
Pi

i
 , and YPi

i
 is

(80)Δ�T
n−1

F
oj

n−1
= Δ�

QnT

n−1
(FcQn

n
+ FfQn

n
).

(81)�
Qn

n−1
= Y

QnT

n−1
�n−1,

(82)F
oj

n−1
= Y

Qn

n−1
(FcQn

n
+ FfQn

n
).

(83)

F
�cPn−2

n−2
+ F

�fPn−2

n−2
= (Y

Pn−2

n−2
A
Pn−2

n−2
)+(Fa

n−2
+ F�

n−2
− Fo

n−2
+ Fu

n−2
− F

oj

n−2
),

⋮

F
�cP1

1
+ F

�fP1

1
= (Y

P1

1
A
P1

1
)+(Fa

1
+ F�

1
− Fo

1
+ Fu

1
− F

oj

1
),

(84)
F
oj

n−2
= Y

Qn−1

n−2
(F

cQn−1

n−1
+ F

fQn−1

n−1
),

⋮

F
oj

1
= Y

Q2

1
(F

cQ2

2
+ F

fQ2

2
).

(85)T
fPn−2

n−2
= Tn−2

f
,… , T

fP1

1
= T1

f
,

(86)
F
�fPn

n−2
= [0, 0, 0, Tn−2

f
, 0, 0]T,… , F

�fP1

1
= [0, 0, 0, T1

f
, 0, 0]T.

(87)T
fP1

1
= 0, F

�fP1

1
= [ 0 0 0 0 0 0 ]T,

(88)F
�cPi

i
+ F

�fPi

i
= (Y

Pi

i
A
Pi

i
)−1(Fa

i
+ F�

i
− Fo

i
− F

oj

i
),
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Below the sum of virtual power of the joint friction is 
derived, which can be expressed as

According to Eqs. (58), (90) may be expressed using the 
generalized variables y of the system as

where f ey
kf

= G
T

k−1
Y
Qk

k−1
F
fQk

k
+ G

T

k
Y
Pk
k
F
fPk
k

 and Gk = [Gk1,… ,GkN].

2.6 � Dynamic Equations of the FLFJ Space Robot

Here, based on the Jourdain’s velocity variation principle 
and Eq. (28), the dynamic equations of the system can be 
expressed as

where �i is the vector of generalized velocity of body Bi; Mi 
denotes the generalized mass of body Bi; f

�
i
 is generalized 

inertia force acting on body Bi; f
o
i
 is generalized external 

force of system acting on body Bi; f
u
i
 is the generalized elas-

tic force acting on body Bi; ΔP is the sum of virtual power 
of the inner forces of system. With the generalized variables 
y  of the system, the ΔP can be expressed as 
ΔP = ΔyT(f ey

e
+ f ey

nc
+ f ey

s
) , where f ey

nc
 is the generalized force 

corresponding to the non-idealized constraint force, and f ey
e

 
and f ey

s
 are the generalized force corresponding to other 

inner forces of the system. For the space robot system con-
sidered in this paper, the active control torque acted on the 
joint is the generalized force f ey

e
 , the elastic torque caused 

by elastic deformation of joints is the generalized force f ey
s

 , 
and the non-idealized constraint force f ey

e
 represents the joint 

frictional force. For the joint friction, from Eq. (91) we have 
f ey
nc
= f

ey

f
 . To express Eq. (92) conveniently, we set

So Eq. (92) becomes

(89)Y
Pi

i
=

[
I3 −�̃

Pn

n

� I3

]T
∈ ℜ

6×6.

(90)

ΔPf =

N∑
k=2

(Δ�
QkT

k−1
F
fQk

k
+ Δ�

PkT

k
F
fPk

k
)

=

N∑
k=2

(Δ�T
k−1

Y
Qk

k−1
F
fQk

k
+ Δ�T

k
Y
Pk

k
F
fPk

k
).

(91)ΔPf = ΔyT
N∑
k=2

f
ey

kf
= ΔyTf

ey

f
,

(92)
N∑
i=1

Δ�T
i
(−Mi�̇i − f𝜔

i
+ f o

i
− f u

i
) + ΔP = 0,

(93)f i = −f�
i
+ f o

i
− f u

i
.

In matrix form, Eq. (94) can be written as

where v = [�T
1
,… , �T

N
]T is the velocity vector of the system; 

M = diag[M1,… ,MN] and f = [fT
1
,… , fT

N
]T are the matri-

ces of generalized mass and generalized external force of the 
system, respectively.

Combining Eq.  (58) with ΔP = ΔyT(f ey
e
+ f

ey

f
+ f ey

s
) , 

Eq. (95) can be expressed as

where Z = GTMG and z = GT(f −MgÎN).y = [yT
1
,… , yT

N
]T 

is the vector of generalized coordinates of the system. All 
the elements of yi are independent, so the dynamic equations 
are acquired

Solving the nonlinear equation set (97), friction force can 
be obtained.

For the flexible space robot described in Sect.  2, the 
dimension of dynamic equations established with this 
paper approach is 12 + nm1 + nm2 + ns, and the number of 
unknown variables is also 12 + nm1 + nm2 + ns, where nm1 
and nm2 respectively represent the number of the extracted 
modes of Link 1 and Link 2, and ns is the number of the 
additional generalized coordinates of flexible joints. In this 
paper, the elastic torque of flexible joints can be regarded 
as generalized force. This can decrease the number of the 
extra dynamic equations caused by the added fictitious links. 
Both the dimension of dynamic equations and the number 
of unknown variables with the Lagrange’s equation are no 
less than 30 + nm1 + nm2 + 6 ns. Thereby, the method utilized 
in this paper curtails the complexity of dynamic equations.

3 � Trajectory Tracking Control

3.1 � Trajectory Planning

To complete tracking tasks, such as point to point or con-
tinuous path, the motion of joints needs to be planned in 
joint-space. In this paper, a quintic polynomial trajectory 
planning method is used to design the motion of joints. Set 
the joint trajectory as

(94)
N∑
i=1

Δ�T
i
(−Mi�̇i + f i) + ΔP = 0.

(95)Δ𝝊T(−M𝝊̇ + f ) + ΔP = 0,

(96)ΔẏT[−Zÿ + z + f ey
e
+ f

ey

f
+ f ey

s
] = 0,

(97)−Zÿ + z + f ey
e
+ f

ey

f
+ f ey

s
= �.

(98)
�i(t) = ai0 + ai1t + ai2t

2 + ai3t
3 + ai4t

4 + ai5t
5, (i = 1,… , jN),
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where ai0 , ai1 , ai2 and ai3 are the multinomial coefficients, jN 
is the number of joints.

The initial state variables of joints and the state variable 
of joints at the schedule time te are

Taking the first and the second derivative of Eq. (98), it 
can be obtained

Substituting Eqs. (99) and (100) into Eqs. (98) (101) and 
(102) ,  we  can  get  ai0 = �i0  ,  ai1 = 0  ,  ai2 = 0  , 
ai3 =

10

t3
e

(�ie − �i0) , ai4 = −
15

t4
e

(�ie − �i0) , ai5 =
6

t5
e

(�ie − �i0).

3.2 � Controller Design

With the method given in Sect. 3.1, the joint kinematics 
geometric trajectory of a robot can be designed. To track 
the desired trajectory and suppress the vibration of flexible 
components as soon as possible, adopting a suitable control 
method is essential. Additionally, in this paper, joint friction 
is considered, which may lead to disturbance on the tracking 
control. To eliminate the influence of joint friction on the 
control, the term of friction compensation will be introduced 
into the control law. Thereby, based on the computed torque 
control method, a controller with friction compensation is 
designed.

Equation (97) can be transformed as

where, � (ẏ, y) = Z−1z , B = Z−1 , Fey

f
= Z−1f

ey

f
(�) , u = f ey

e
 is 

the control force. And the controller u is designed based on 
the computed torque method.

Assume that the desired trajectory is yd and the error vec-
tor is e(t) = yd(t) − y(t) , where y is the actual state variables 
of the system. The controller is

where Δt is the simulation step size; f ′(t) can be expressed 
as

where KD and KP are the differential and proportional gain 
matrices, respectively, which are both positive-definite 

(99)𝜃i(0) = 𝜃i0, 𝜃̇i(0) = 0, 𝜃̈i(0) = 0,

(100)𝜃i(te) = 𝜃ie, 𝜃̇i(te) = 0, 𝜃̈i(te) = 0.

(101)𝜃̇i(t) = ai1 + 2ai2t + 3ai3t
2 + 4ai4t

3 + 5ai5t
4,

(102)𝜃̈i(t) = 2ai2 + 6ai3t + 12ai4t
2 + 20ai5t

3.

(103)ÿ = 𝜞 (ẏ, y) + Bu + F
ey

f
,

(104)u(t) = B−1f ′(t) − B−1� (y, ẏ) − B−1F
ey

f
(t − Δt),

(105)f ′(t) = ÿd(t) + KDė(t) + KPe(t),

matrices. Fey

f
(t − Δt) is the friction force of joints at the 

moment before. Substituting Eqs. (104) into (103)

From Eq.  (106), when Δt  is grossly small, 
F
ey

f
(t) − F

ey

f
(t − Δt) ≈ � can be obtained. Also, we know that 

e(t) will be approach to zero when KD > 0 and KP > 0 , thus 
y will tend to yd, which suggests the controller is stable.

4 � Numerical Simulations

In this section, numerical simulations are carried out to ana-
lyze the effect of joint friction and joint flexibility on the 
dynamic characteristics of a 6-DOF FLFJ space robot.

The physical parameters of the space robot in Fig. 2 
are listed in Table 1, where the inertia moment of rotors is 
equivalent value, according to Ref. [2]. Also, the first two 
modes of Link 1 and Link 2 are considered in this paper 
and the modal functions of cantilever beams are used. The 
parameters of the revolute joint are given in Table 2. Accu-
racy of the dynamic model derived in this paper is demon-
strated firstly in Sect. 4.1.

4.1 � Modeling Verification

To validate the model proposed in this paper, several numer-
ical simulations are carried out with the ADAMS and our 
method respectively. Here an example is shown in Fig. 8. 
Initially, the flexible robot is static. The initial joint angles of 
the manipulator are [�1, �2,… , �6]

T = [0◦,0◦, 0◦, 0◦, 0◦, 0◦]T 
and the driving torque acted on each joint are 
f
ey

e
= [100N∕m, 100N∕m, 100N∕m, 1N∕m, 1N∕m, 0.1N∕m]T . Then, 

the robot starts to move under the action of the driving 
torque. Time histories of rotation angles of the joints cal-
culated by both this paper method and ADAMS are respec-
tively shown in Fig. 8. The performance obtained by the two 
methods is in agreement, which verifies the validity of the 
model established.

4.2 � Effect of Joint Friction and Joint Flexibility 
on the Dynamic Characteristics of Robots

Here two simulations are carried out to study the effect of 
joint flexibility and joint friction. The difference between 
these two simulations is whether considering both the joint 
flexibility and joint friction or not.

In these simulations, the flexible space robot is driven 
by the torque � eye = [100N∕m, 100N∕m, 100N∕m, 1N∕m,

1N∕m, 0.1N∕m]T × sin(2�t) , and the force acted on the 
base is zero. The simulation lasts T = 10 s Besides, the initial 

(106)ë(t) + KDė(t) + KPe(t) + (F
ey

f
(t) − F

ey

f
(t − Δt)) = �.
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position of every joint and the base are zero. Utilizing the 
method given in the paper, the results can be obtained in 
Figs. 9 and 10, where the attitude angle of each joint is 

shown in Fig. 9, and the elastic deflection of flexible joints 
is given in Fig. 10.

Table 1   Physical parameters of the FLFJ space robot

Body Mass (kg) Jxx (kg m) Jyy (kg m) Jzz (kg m) L (m) E (Gpa) G (Gpa) I (m4) Iρ (m4)

Base 1 203,000 9,822,000 101,700 9,822,000
Link 1 82.514 336.933 0.38874 336.933 7.0 808.00 288.57 3.38 × 10−6 6.76 × 10−6

Link 2 139.701 476.848 0.40342 476.848 6.4 808.00 288.57 5.05 × 10−6 1.01 × 10−5

Link 3 8 0.76 0.2 0.76 0.5
Link 4 41 5.02 0.2 5.02 0.6
Rotor 1 1 0.01 0.01 0.01
Rotor 2 1 0.01 0.01 0.01
Rotor 3 1 0.01 0.01 0.01
Rotor 4 1 0.01 0.01 0.01
Rotor 5 1 0.01 0.01 0.01
Rotor 6 1 0.01 0.01 0.01

Table 2   Parameters of flexible 
joints

Joint �d RP(m) Rn(m) Rb(m) k(Nm/rad) c

Joint 1 0.05 0.03 0.05 0.05 1000 1
Joint 2 0.05 0.03 0.05 0.05 1000 1
Joint 3 0.05 0.03 0.05 0.05 1000 1
Joint 4 0.05 0.03 0.05 0.05 1000 1
Joint 5 0.05 0.03 0.05 0.05 1000 1
Joint 6 0.05 0.03 0.05 0.05 1000 1

Fig. 8   Time histories of flexible joint angles 1–6: a Joint 1; b Joint 2; c Joint 3; d Joint 4; e Joint 5; f Joint 6
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As shown in Fig. 9, the motion of the robot with flex-
ible joints considering friction lags behind the robot with 
ideal joints. Also, the hysteresis phenomenon obviously 
appears in the Joint 4–6. Generally, the greater the driv-
ing torque is applied, the less the variation of joint angle 

is affected by friction. In Fig. 11, the time histories of 
driving torque and frictional torque of six joints are given. 
It can be obtained that the driving torque is much larger 
than the frictional torque in the Joint 1–3. By contrast, the 
difference between the driving torque and frictional torque 

Fig. 9   Time histories of flexible joint angles 1–6: a Joint 1; b Joint 2; c Joint 3; d Joint 4; e Joint 5; f Joint 6

Fig. 10   Time histories of elastic deflection of flexible joints 1–6: a Joint 1; b Joint 2; c Joint 3; d Joint 4; e Joint 5; f Joint 6
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of Joint 4–6 is small, so the variation of joint angle can 
be significantly affected by friction, especially in Joint 6. 
Additionally, acted by the driving torque, the vibration 
occurs in the flexible joints and the flexible joint deflec-
tions are as large as 5.581◦ . As shown in Fig. 10, compared 
to Joint 1–5, the result of Joint 6 presents a non-smooth 
high-frequency ‘burr’ response, which is caused by the 
reason as follows. It is shown in Fig. 4 that Joint 6 is a 
joint at the outermost side of the space robot, which con-
nects with the outer body Link 4. The left side of Link 4 
connects with Joint 6, and the right side is free. There-
fore, the extensive vibration of Joint 6 is more likely to 
occur. By contrast, two sides of Joint 1–5 which connect 
with bodies are both constrained, so the high-frequency 
vibration of joints is difficult to occur. Also, as depicted 
in Fig. 11, the high-frequency fluctuation phenomenon 
exists in time historied curve of frictional torque, which 
is the equivalent of external excitation for flexible joints. 
Thus, the deformation of Joint 6 could vibrate with high 
frequency under the frictional torque. Because joint flex-
ibility and joint friction may affect the precise motion of 
robots, which makes it difficult to achieve the operation 
of robots, considering joint friction and joint flexibility is 
important to dynamics modeling of robots.

4.3 � Control of the FLFJ Space Robot

The results above indicated the flexible joint with friction 
could have a significant effect on the dynamic characteristics 

of flexible robots. In this section, the numerical simulations 
are carried out to validate the effectiveness of the controller 
designed with the computed torque method, which is utilized 
to realize trajectory tracking control of FLFJ robots.

In these simulations, the initial attitude angles of 
the base and initial joint angles of the flexible robot are 
�0 = [0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 0◦]T , the desired 
angles are �f = [0◦, 0◦, 0◦, 0◦, 0◦, 0◦, 5◦, 5◦, 5◦, 5◦, 10◦, 10◦]T , 
and the initial and desired angular velocity and acceleration 
are all zero. The desired trajectories could be designed by 
the method in Sect. 3.1. For these simulations, the Coulomb 
friction is used to describe the friction in all joints, and the 
parameter of the flexible joints are listed in Table 2. In the 
controller design, Kp and Kd are chosen as KP = [0.1, 0.1, 
0.1, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 10, 10, 10, 10, 
10, 10] × I19, and Kd = [0.01, 0.01, 0.01, 1, 1, 1, 1, 1, 1, 1, 1, 
1, 1, 1, 1, 1, 1, 1, 1] × I19, where I19 ∈ ℜ19×19 is an identity 
matrix, and the control cycle is 0.05 s. According to the 
method in Sect. 3.1, the trajectory equation can be obtained 
as � = (�f − �0) × (0.0003 t5 − 0.0075 t4 + 0.05 t3) , where 
� is the desired angle at time t. The simulation results are 
given in Figs. 12, 13 and 14, where Figs. 12 and 13 show the 
time histories of the Base attitude and the joint angles of the 
robot in the process of trajectory tracking.

The Base and Joints 1–5 are well controlled by our 
method without overshoot. Only the response of Joint 6 
exists obvious deviation to the trajectory, but Joint 6 could 
arrive at the desire position finally. The main reason has 
been explained in Sect.  4.2. Here the time histories of 

Fig. 11   Time histories of driving torque and frictional torque of joints: (a) Joint1; (b) Joint 2; (c) Joint 3; (d) Joint 4; (e) Joint 5; (f) Joint 6
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control torque and friction torque in the simulation are 
given in Fig. 15. It can be observed that the frictional torque 
is approach to the control torque, so the frictional torque 
caused an obvious impact on the rotation of Joint 6. Besides, 
the deflection of flexible joints is shown in Fig. 14. It can be 
seen that the vibration of flexible joints is effectively sup-
pressed synchronously except Joint 6, of which the vibration 
is intense. This is because one side of the outer body of Joint 
6 is free, the high-frequency vibration is more likely to occur 
under the frictional torque with high-frequency fluctuation 
as shown in Fig. 15. However, the suppression of vibration 
can be achieved in the end. Therefore, the effect of the con-
troller gets well verified.

5 � Conclusion

In this paper, the issues about dynamics modeling and con-
trol of 6-DOF FLFJ space robots with joint friction are 
investigated. Firstly, Spong’s model and Coulomb friction 
model are adopted to describe joint flexibility and joint 
friction, respectively. On this basis, the dynamic model for 
the FLFJ space robot was developed by the single direction 
recursive construction method and the Jourdain’s velocity 
variation principle. Also, geometry trajectories of joints 
are given and a controller with friction compensation for 
the system trajectory tracking is designed for a 6-DOF 
FLFJ robot by the computed torque control method. For 
the simulations, the results validate the accuracy of the 

Fig. 12   Time histories of angular displacements of the Base: (a) Axis X; (b) Axis Y; (c) Axis Z

Fig. 13   Time histories of flexible joint angles 1 ~ 6: (a) Joint 1; (b) Joint 2; (c) Joint 3; (d) Joint 4; (e) Joint 5; (f) Joint 6
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model established. In addition, it can be acknowledged 
from numerical simulations that flexible joints with fric-
tion can bring a significant effect on the dynamic char-
acteristics of robot systems. The trajectory tracking and 
vibration suppression can be effectively achieved with the 

proper planning trajectory and the controller given in this 
paper. Finally, the explanations for results are given in 
detail.

Fig. 14   Time histories of elastic deflection of flexible joints 1 ~ 6: (a) Joint 1; (b) Joint 2; (c) Joint 3; (d) Joint 4; (e) Joint 5; (f) Joint 6

Fig. 15   Time histories of control torque and frictional torque of joints: (a) Joint1; (b) Joint 2; (c) Joint 3; (d) Joint 4; (e) Joint 5; (f) Joint 6
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