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Abstract
To examine the high-angle-of-attack (AOA) aerodynamics, the conventional lift and drag were measured in one revolution 
AOA by the dynamic load cell in the wind tunnel for rectangular wings of the NACA0012 section with four different aspect 
ratios, 3, 4, 5, and 6, at a Reynolds number of 1.0 × 105. The results were analyzed in the normal and reverse modes of the 
airfoil. It was found that the reverse airfoil is disadvantageous to the lifting device because of the earlier stall than the normal 
and the substantial drag increases before the stall. In the entire AOA range, Prandtl’s lifting line theory seems to be applica-
ble in general, but the profiles of the lift coefficient are not linear anymore. It was also found that the drag coefficient of the 
normal airfoil mode is affected by the delta wing-type vortex wrap as well as the downwash, and that the downwash effect 
was dominated between the deep stall and the second peak. Using the expanding scales, which have an exponential decay rate 
with the aspect ratio, the polar plots of the four different wings overlap in one circle with a radius of 1.0 at the same origin.
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1  Introduction

Classical wing aerodynamics [1, 2] has mostly been studied 
considering a very low angle of attack (AOA) before the 
stall. However, the extended usage of the functional wing, 
the wind turbine [3–6], an unmanned air vehicle, and an 
acrobatic maneuvering plane requires more information 
regarding the aerodynamic behavior at the extreme AOA 
and regarding the corresponding dynamic motion. Because 
an unmanned plane requires a relatively less strict stability 
in flight control compared with the conventional air vehicles, 
any device for inducing a drastic aerodynamic change at a 
very high AOA can provide useful and efficient maneuver-
ability to such a specific aimed air vehicle [7]. Therefore, the 
unveiled aerodynamics at an extremely high AOA, including 
the reverse airfoil, must be studied.

The investigation of the high-AOA aerodynamics has 
been attempted by two-dimensional (2D) wings as well as 

finite wings. A recent study [8] found that, in a 2D wing, the 
interaction between the leading and trailing edge vortices 
plays a key role in inducing the stall, deep stall, and second 
peak of the lift coefficient. It also indicates that the aerody-
namic data of any 2D experiment inevitably include con-
taminants arising from the corner effect or vortex between 
the wing end and the wind tunnel wall. At an AOA lower 
than the stall, the corner effect plays a minor role; however, 
as the AOA increases, it becomes a severe contaminant to 
the aerodynamic data. Some previous data frequently show 
these contaminants. The 2D experiments conducted by the 
wind turbine group demonstrated that CL is frequently non-
zero even at 90° or 180° AOA [9–12].

Because an experiment using the infinite span wing is 
not realistic in the laboratory scheme, a rather long-span 
finite wing would practically provide data close to the real 
value. A long-span wing of the glider or any blade of a ver-
tical wind turbine, which has an aspect ratio (AR) of more 
than 15, shows a minor tip loss, which is practically about 
5% of the lift power at a lower AOA [13]. However, in the 
airplane, whose AR ranges from 5 to 9 at best, the tip effect 
introduces severe penalty to the aerodynamic data even at 
a lower AOA. At a higher AOA, tip vortices become strong 
contaminants to both lift and drag. In a low-AR wing, such 

 *	 Yong Oun Han 
	 yohan@yu.ac.kr

1	 School of Mechanical Engineering, Yeungnam University, 
Gyeongsan, Korea

http://orcid.org/0000-0001-9625-9049
http://crossmark.crossref.org/dialog/?doi=10.1007/s42405-019-00215-z&domain=pdf


304	 International Journal of Aeronautical and Space Sciences (2020) 21:303–314

1 3

as a super-sonic flight vehicle [14], a pair of tip vortices 
tends to move its trails inside, making a strong conical wrap 
and develop into wing vortices lingering on the suction sur-
face to increase the lift power even at a lower moving veloc-
ity of the vehicle. Therefore, it is also interesting to observe 
how tip vortices affect the building of aerodynamic forces of 
a low-AR wing depending on the AOA change.

Therefore, to examine the tip effect with AR, a finite wing 
experiment in the laboratory scheme is inevitable. However, 
this experiment frequently tends to include more contami-
nants from the support or any AOA control mechanism, and 
the isolation of pure aerodynamic data from these contami-
nants is extremely difficult [15]. The lower AR wing worsens 
at this point, and it has a substantial contaminant owing to 
the tip effect. Therefore, it is important to determine the 
origin of the contaminant with a variation in AR as well as 
AOA.

In this study, the effect of AR on the aerodynamic behav-
ior of a straight wing is experimentally investigated using 
four different AR wings and dynamic balance in the wind 
tunnel. In particular, compositions of lift and drag aris-
ing from the tip effect are monitored using the asymptotic 
behaviors depending on AR as well as AOA. As one of the 
analyzing tools, the famous Prandtl’s lifting line theory is 
revisited and applied to understand the tip effect of the finite 
wing at a high AOA. In addition, the similarity of polar plots 
is considered to for generalization in the entire AOA range.

2 � Experiments

2.1 � Wing model and angle control device

The experiments were performed in a suction-type wind tun-
nel, which had a contraction ratio of 6:1, a squared duct with 

a test section of 1.2 × 0.9 × 3.3 m3, an inlet turbulent intensity 
of 0.5%, the flow angularity of 3° at the centerline and the 
non-uniformity of 1% at the entrance of the test section, and 
a maximum velocity of 25 m/s, with the axial fan driven by 
a three-phase 35 kW AC motor. The symmetric wing with 
a chord length of 0.15 m, configured with an NACA0012 
airfoil section, was selected to investigate the tip effect using 
four different ARs, 3, 4, 5, and 6, within the width limit of 
the wind tunnel test section.

The model wing was mounted to the hinge at the end 
of a vertical pipe-type supporting jig, through which an 
angle control linkage passed. The AOA was controlled by 
a stepping motor and a connecting belt with a resolution 
of 0.72° at a speed of 0.1 rpm in a continuous measuring 
mode. The whole unit, including the supporting jig and the 
angle controller, was installed on the platform located at the 
base panel of the test section and connected rigidly to the 
six-component strain gage-type dynamic load cell placed 
underneath the test section base, as shown in Fig. 1.

The model wings including short hinge were fabricated 
by the 3-D printer (MakerbotReplicator2, 4G) with the PLA 
filament. The surface accuracy was 0.3 mm resulting 100 
micron strain.

The wings were rotated at one quarter chord with a short-
extended hinge, as shown in Fig. 1, and the angle was con-
trolled through a digital input to obtain any specific AOA 
during two one-half revolutions of the wing. The six compo-
nents’ dynamic load cell (Nissho LMC6524-20) was mainly 
used to measure the lift and drag, with a resolution of 0.01 N 
and a maximum load of 20 N for both force components. 
Accuracy is 0.2% which corresponds to 0.04 N for the maxi-
mum load. The load range of this experiment in maximum 
drag measurement was 15 N for the widest AR6 wing in this 
study. The coupling effect is 3% and the allowable over-load 
is 150%.

Fig. 1   Experimental layout and jig detail with instruments
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The net aerodynamic forces of the wing only were 
obtained by subtracting the perturbed loads caused by the 
jig and the platform structure, and used for all data analyses 
in this study.

The data were acquired as electric signals and magnified 
by amplifiers. They were filtered using low-pass filters with 
1 kHz cut-off frequency and rescaled after conditioning. To 
obtain the ensemble average at a given measurement point, 
the integral time scale was estimated, and a proper sampling 
rate was chosen at 200 Hz for the most disturbed condition. 
The conditioned data were recorded in a PC through a 15-bit 
A/D board installed in it and converted to physical data with 
calibration relation.

2.2 � Error analysis

Because the data were obtained through the route composed 
of dynamic load cell, the angle controller, and data acquir-
ing-recording device, the accumulated error bounce could 
be estimated by the following three steps. First, the force 
reading accompanied the error bounce from the load cell at 
a given upstream velocity of 10 m/s. The non-dimensional 
aerodynamic forces are defined by Eq. (1), and they can 
be expressed as a function of Reynolds number and AOA, 
which is α for a given upstream velocity in this experiment:

From the equation, the final readings of the lift and drag 
coefficients included the uncertainty caused by the load 
cell and the upstream velocity perturbation. The forces and 
upstream velocity caused an error bounce estimated by the 
following relation for a given Reynolds number and AOA 
in these experiments:

where the non-dimensional aerodynamic coefficient, f, 
ranges up to 1.0, and the lift and drag forces are less than 
15 N in these experiments; therefore, the absolute values of 
the coefficient gradient to the load become approximately 
0.067. In addition, the coefficient gradient to the incoming 
velocity, U of 10 m/s becomes approximately 0.1. The lift 
or drag force may have a disturbance equal to the accuracy 
of the load cell, ± 0.04 N, and the upstream also includes 
a disturbance, ± 0.005 of the upstream velocity in the test 
section of the wind tunnel. Therefore, the accumulated error 
bounce becomes ± 0.0027 at the maximum. Second, because 
the AOA controller has a resolution of 0.72°, it may cause 
to misread the force. In a previous study [8], the maximum 
slope of the lift coefficient appeared in the linear AOA 
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range before the stall and that of the drag coefficient at 45° 
AOA. Therefore, the angle resolution of both coefficients 
could cause the misreading of the maxima ± 0.05 at their 
maximum slopes. Finally, besides the independent sampling 
criterion, the increase in the number of samples helped in 
acquiring accurate meaningful data. The possible error limit, 
ε, with respect to the number of samples at a given grid point 
may be estimated by the following well-known relation [16]:

where Neff is the effective number of samples, f is the force, 
and {var f} is the variability of the force at a fixed grid point. 
In these experiments, 2000 points were chosen for obtain-
ing meaningful averages. The variability in force measure-
ment is 0.01; therefore, the maximum error limit from the 
sampling criteria becomes 0.0023, which is less than 0.3%.

Therefore, the maximum accumulated uncertainty in 
these experiments can be estimated as ± 0.0555 at the first 
peak of the lift profile just before the stall AOA.

2.3 � Experimental conditions

It is very difficult to isolate the jig effect from the data 
in such three-dimensional (3D) wing experiments. The 
perturbed reading of the aerodynamic values varies con-
tinuously depending on the AOA, because there exists an 
interaction between the model wing and the supporting 
mechanism. In this experiment, the lift was perturbed by 
subtracting the wind-off load which contains the wing, the 
jig and the platform in whole AOA range. Drag was per-
turbed by subtracting the wind-on load which contains the 
jig and the platform without the wing.

Experiments were carried out at the fixed incoming veloc-
ity of 10 m/s which provides Reynolds number of 1.0 × 105 
based on the chord length. The inflow velocity was moni-
tored by the digital manometer during the 4 h running test 
for each case and controlled not to deviate from the 1% of the 
intended velocity. And most tests have done mostly during 
the dawn to keep the constant room temperature as possible.

The biggest blockage in these experiments was occurred 
at the 90° of AR6 wing. The boundary-layer thickness at 
the jig location was estimated to be 0.0061 m from the wall 
which provides the maximum blockage ratios; 6.3, 8.4, 10.5, 
and 12.6% for AR3, AR4, AR5, and AR6, respectively. Of 
course, they vary depending on AOA. The cases to have 
more than 10% of the blockage ratio; AR5 and AR6 may 
bring about possible biased error in force reading near the 
vertical face of wings caused by the wake distortion.

Another challenging problem was the effect of the 
periodic coherent structure generated by the interaction 
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between the nose-down reverse wing and the jig. This 
periodicity was appeared in a short range of AOA near 
150° and induced to vibrate the wing-jig unit with rather 
substantial energy. The frequency response of this perio-
dicity was checked at 150° and plotted in the Fig. 2 which 
shows a substantial energy near 0.17 Hz with correspond-
ing Strouhal No. of 0.0026. Except this short AOA range, 
such a periodicity was not detected for whole range of 
AOA including the normal wing.

Another periodic flow interaction between the model-
jig unit and the test section wall frequently develops a 
sound effect so-called ‘organ effect’, especially for a high 
blockage experiment. However, even for AR6 wing in this 
experiment, the organic effect was not detected.

3 � Results and discussion

3.1 � AR effect

The experiments are carried out for two sets of airfoil modes: 
a normal mode of − 90° to + 90° AOA [17] and a reverse 
mode of 90° to 270° AOA. Note that two separate sets of 
experiments are inevitable in such a 3D wing measurement 
because of the obstruction by the supporting mechanism and 
the force reading jig, whereas a continuous one revolution of 
AOA is possible in the 2D measurement [8, 18].

Figures 3 and 4 show the results for the lift and drag coef-
ficients for the four AR wings. In Fig. 3, in the low-AOA 
range, the lift profiles of all finite wings are observed to be 
lesser than those in the 2D numerical case, including the first 
peaks, but the trend reverses in the high-AOA range. Note 
that CL curves at 90° AOA, where the wings have nose-up 
vertical poses, are not reached at the horizontal axes; owing 
to some reasons, they seem to cross at more than 90º AOA, 
whereas both 2D cases are close to. This phenomenon takes 
place similarly at another nose-down vertical pose of the 
3D wings, where they seem to reach the crossing points 
before − 90° AOA. This explains that there are obstructive 
jig effects to break the symmetry with respect to the zero CL. 
The downwash over the nose-up wing develops favorably 
even at a high AOA, while the upwash over the nose-down 
wing is definitely obstructed by the jig. These results imply 
that the actual CL value is fairly dependent on the downwash 
induced by the conventional tip vortices, which leave soon 
after being generated by the wing tip in the low-AOA range.

For all AR wings, the first peaks coincide near 10° AOA 
with an increase in CL as AR increases. However, the sec-
ond peaks start at 55° of AR3 and seem to converge to 40º Fig. 2   Frequency response of the nose-down reverse wing of AR5 at 

150° of AOA

Fig. 3   Lift coefficient profiles of the normal wing (left) with 2D results and those of nose-up wings (right)
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for high-AR wings. The second peak of the 2D wing was 
previously reported to appear at 42° AOA [8, 18]. The pre-
sent data indicate that the second peak of the high-AR wing 
occurs earlier than the 2D case with a higher lift, but the 
low-AR wing has the second peak near 50° AOA, later than 
the 2D case with less value, as well. From this observation, 
it is easily inferred that the force difference between the 2D 
and 3D wings is caused by an uncertain effect besides the 
downwash. This uncertain effect seems to be an additive 
hauling force caused by a pair of soared tip vortex wraps 
above the suction surface, such as a delta wing [14] in the 
high-AOA range, similar to side rolls appearing on a verti-
cal plate. A detailed interpretation will be presented in the 
next section. These observations indicate that the higher AR 
wings are affected mainly by the downwash in most AOA 
ranges, while the low-AR wings are dominated by the tip 
vortex wrap despite having the downwash effect. Therefore, 
the higher AR wing seems to have an advantage in obtaining 
the higher second peak for the high-AOA flight device, even 
for such a limited number of AR samples.

In Fig. 4, all nose-up reverse wings provide higher lift 
than the 2D wing and their second peaks appear near 30°. 
All reverse wings look dominated mainly by the downwash 
in the whole range of AOA, because their second peaks 
appear before 45°. Compared with the normal cases, the tip 
vortex wrap weakens near the blunt tail edge; therefore, it 
does not influence the reading of CL as much as the normal 
cases. Another noticeable fact is that, compared with the 
normal cases, the stall occurs at an earlier AOA with AR 
with an increasing magnitude, as shown in the figure. This 
indicates that the tip vortex generated by the sharp leading 
edge has an early influence in the creation of the downwash, 
compared with the normal mode at the corresponding AOA. 
This explains why the reverse wing is not applicable to a lift-
ing device, because it induces earlier stall than the normal. 

Another interesting observation occurs at 240° AOA, which 
corresponds to 60° AOA for the normal wing. All CL values 
are read the same, because the effects caused by both the 
trailing edge vortex and the tip vortex wrap become bal-
anced. There seems to be a complicated flow interaction near 
the tail edge proximity caused by the vortex interaction at 
high AOA [8]. In the AOA range of the nose-down airfoil 
mode, the upwash seems to be influenced by the jig effect. 
To separate such a jig effect, an upside-down experimental 
set would provide for the future experiment.

It is also interesting to examine the CD results in detail, 
as shown in Fig. 5. The normal wing has the benefit of a 
low AOA, approximately 0° to + 10° for ARs 4, 5, 6 cases, 
where the drag reads almost zero before the stall even in 
the cases of the nose-down mode. However, the CD profile 
of the reverse wing does not have the zero drag zone, even 
in the lower AOA range. The rounded tail edge allows the 
counter-rotating trailing edge vortex to move in the upper 
wing surface near the tail and to make the stream line over 
the suction surface continuously separated [8]. Therefore, 
the reverse airfoil does not have advantage, especially at the 
low AOA. It is another factor why the reverse wing is not 
applicable to any lifting device besides the earlier stall, as 
mentioned before. A detailed discussion of the drag will be 
provided in Sect. 3.3.

As observed before, profiles of the lift coefficient showed 
a substantial asymmetry with respect to zero AOA compared 
to those of the drag coefficient. The Fig. 6 is made by over-
lapping both absolute profiles in the same absolute AOA 
ranges of nose-up (0°–90°) and nose-down (0° to − 90°) 
wings for AR6 normal wing. It implies that the jig definitely 
interfered to develop the upwash of the nose-down wing. It 
explains that even with the symmetric wing and a proper 
subtraction of the jig effect in force measurement for both 
wings, the wake interaction between the wing and the jig is 

Fig. 4   Lift coefficient profiles of the reverse wing (left) with 2D results and those of nose-up wings (right)
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not eliminated symmetrically which is the unique limit of the 
3-D experiment. As observed to get rid of this asymmetry, 
another set of upside-down experiment could be an only 
way to solve this trouble. By combining two half data, it is 
expected to complete the uncontaminated data set during one 
revolution of AOA. But even with such defect, the general 
behavior of aerodynamic characteristic using two separated 
half revolutions seems to be obtained. Such an asymmetry 
gets reduced as AR increases definitely.

Another interesting thing is observed in profile of CD in 
the low-AOA range of the normal wing, as shown in Fig. 7. 
Compared to the numerical and the 2-D experiment cases, 
the CD value of 3-D wing lessens slightly with increase of 
AOA until the stall. It implies that there exists the horseshoe 
vortex, or the corner vortex at the junction between the jig-
end and the wing which contributes to generate a certain 

amount small drag at zero angle, but is soon suppressed as 
AOA increase resulting to reduce the drag slightly. This also 
seems to be a unique feature of 3-D experiment which may 
not be eliminated.

3.2 � Real AOA of 3D wing

The AOA is defined as the angle between the moving axis 
and the chord line of the symmetric airfoil; however, the 
real AOA of the 3D wing depends on various factors, such 
as airfoil shape, pressure distribution over the wing surface, 
downwash, and tip vortex wraps. It is interesting to examine 
the resulting force direction, which is divided into the actual 
lift and drag in a conventional manner. Hence, the additional 
moment, nose-up or nose-down, more than expected at the 
given posture of the wing may be obtained.

Fig. 5   Drag coefficient profiles of the normal and reverse wings for four ARs including the 2D cases

Fig. 6   Asymmetry for the lift (left) and the drag (right) coefficients of AR6 normal wing
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At a high AOA, the resulting force direction over the 
wing is the key factor for designing the high-angle vehicle. 
A low-AR wing is dominated by the tip vortex wrap as 
well as by the downwash, whereas the high-AR wing tends 
to be dominated mainly by the downwash, which becomes 
the only effect as AR tends to infinity. To examine the por-
tion of the two effects, the following angle can be used to 
check the balance. A real AOA defined by the following 
relation can provide interesting physics around the airfoils:

where Lm and Dm are vertical and horizontal components of 
the resulting force, respectively, measured directly in this 
experiment.

(4)�� =
�
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− tan−1
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As described before, a finite wing builds downwash in a 
normal nose-up wing by the tip vortex pair shown in Fig. 8. 
The downwash effectively induces the real AOA to be a little 
higher than the geometric AOA, which causes an increase 
in the drag, called induced drag, as well as the correspond-
ing penalty of the lift. The tip vortex pair plays two roles 
to read the aerodynamic forces: to generate the downwash 
in a moderate low range of AOA and to create an additive 
hauling force when the vortex pair stays behind the wing in 
the high-AOA range, just like a delta wing, as depicted in 
Fig. 8. As AR increases, the only downwash effect is domi-
nated and disappears in a high-AR wing, even a 2D wing. 
However, in a realistic size of AR, two effects always exist 
in the whole range of AR. Especially, the low-AR wing has 
two distinctive AOA ranges. Therefore, it is useful to define 
a real AOA, �′ , which explains well the composition of these 
two effects depending on the AOA range.

To compare the real force composition of this 3D airfoil, 
a theoretical zero-thickness flat plate wing is chosen as the 
base wing. A previous study [19] provided an asymptote 
using the experimental result from various ARs of flat plates.

The normal mode wing is depicted in Fig.  9 (left), 
which shows that the real AOA of the 3D wing tends to 
coincide with the flat plate at 45° AOA. As soon as the 
lift obtains at the small positive AOA, the resultant force 
direction becomes more vertical to the moving direction, 
which is beneficial until the stall angle and deep stall angle 
are reached. Note that in the AOA range between the deep 
stall and the second peak, the resultant force of most wings 
slightly inclines to the tail direction compared with the 
theoretical flat wing. This indicates that the curvature of 
the streamline vibrantly induces the downwash effect in this 
high-AOA range, so that the real AOA increases beyond the 
geometrical AOA of the wing platform, resulting in addi-
tional nose-up moment to the wing. However, after these 

Fig. 7   Drag coefficient of the AR4, 5, 6 normal wing in low-AOA 
range

Fig. 8   Schematic of tip vortex 
trails and streamlines of 2D and 
3D wings
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angles, the reverse fact occurs, because the tip vortices wrap 
around the suction surface, which induces more lift than 
that expected, similar to the delta wing at high AOA. Con-
clusively, when the wing has a lower real AOA than the flat 
plate, it tends to have a little higher nose-down moment than 
that expected, partly because of the vertical force direction 
before the stall angle and partly because of the lingering 
vortex wrap on the suction surface near the tail at high AOA.

The reverse-mode airfoil provides different features, as 
shown in Fig. 9 (right). The AR3 wing is dominated by the 
tip vortex wraps in most of the AOA range. A very low-AR 
wing cannot develop the downwash effect, partly because 
it has relatively strong vortex wraps and partly because the 
blunt trailing edge hardly contributes to development of the 
downwash. As reported in [8], the blunt tail allows the trail-
ing edge vortex to move upward, staggering near the tail, so 
that it blocks the development of the downwash. However, 
the high-AR wings are much dominated by the downwash in 
the whole range of AOA, except the AR3 wing, because its 
blunt tail edge cannot generate a trailing edge vortex strong 
enough to break the downwash effect.

3.3 � Induced drag of the finite wing

Prandtl’s lifting line theory [20] contributed to the develop-
ment of the 3D slender airfoil aerodynamics in the low-AOA 
range. In his previous studies, he found that the lift coeffi-
cients obtained from the different ARs tend to overlap in a 
single straight line and converge to the 2D airfoil eventually 
at low AOA, and indicated that the drag coefficient of the 3D 
wing can be expressed in terms of 2D drag and the induced 
drag. In those days, the researchers were not interested in 
high-AOA aerodynamics. Extension of this theory to the 
high-AOA range may provide useful results, irrespective of 

whether the theory still holds or not. In this study, Prandtl’s 
experiment is revisited up to 90° AOA only for the normal 
wing. Of course, it is applicable to all airfoil modes, includ-
ing the nose-up and down poses, as far as the jig effect is 
expelled effectively.

In this experiment, the highest AR was 6, whereas he 
used AR7 for the longest airfoil. All four lift coefficients 
were redistributed using Eq. (5) with respect to the AR6 case 
and plotted in Fig. 10:

where a is the slope of the linear profiles before the stall.
As a result, there seems to exist a similarity for all four 

AR cases up to 90° AOA. As Prandtl examined in his 

(5)CL,i = CL,i−1 + a ×
�

180

(
�i − �i−1

)
,

Fig. 9   Real and geometric AOAs of normal (left) and reverse (right) wings with 2D wings and a flat plate case

Fig. 10   Overlapped CL profiles of four AR wings for the normal 
nose-up mode
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experiment, the overlapped profiles before the stall appear 
linear. In addition, over the extended range of AOA, a simi-
larity seems to exist in general; however, the whole profile 
is not linear any more. This implies that in a certain range of 
AR, the lift coefficient may have another functional relation 
of the variable AR.

The distinguished feature of the 3D wing from the 2D 
wing is the fact that the 3D wing has an induced drag from 
the downwash generated by a pair of tip vortices. Prandtl 
suggested that, in a low-AOA range, the total drag com-
prises the 2D drag, obtained from the experiments [20, 21], 
and the induced drag part, defined by the second term of 
Eq. (6) [22]. Here, the induced drag can be estimated using 
the measured CL, span factor e, and AR:

The span factor e indicates a taper ratio of the 3D wing 
for a given AR. Prandtl derived e using Eq. (6) reversely. 
To extend his theory to the entire AOA range up to 90º, the 
induced drag was calculated by the second term. The total 
drag was obtained using this equation with a span factor of 
0.94–1.00 for a rectangular wing, according to McComick 
[23], and their results are plotted in Figs. 11 and 12. The 
AR6 wing showed the maximum induced drag to be about 
8.6% of the total drag near 35°, and that the AR3 wing had 
a value of 7.8% near 50°, and both maxima were in their 
second peaks, as shown in Fig. 11.

Figure 12 shows the profiles of the total drag calculated 
using Eq. (6) and that measured directly for different AR 
wings in this experiment. To estimate the 2D drag coeffi-
cient, Cd, the previous calculation conducted by [8] is used. 
The plot explains that the experimental results of high-AR 
wings well-match Prandtl’s extension up to the second peak 

(6)CD = cd +
C2

L

�eAR
.

or approximately up to 50°; however, they considerably devi-
ate from the estimation in the higher AOA range. This also 
indicates that at a higher AOA, the delta wing-type vortex 
wrap promotes more drag in the experiments, as mentioned 
before. The low-AR wing shows much deviation in the 
whole AOA range, which means that the low-AR wing can 
be easily contaminated by the delta wing-type vortex wrap, 
as observed in the lift part.

Note also that the induced drag becomes substantial in 
the second peaks; however, its contribution to the total drag 
reduces as AR increases, as shown in Eq. (6). This also 
explains that as AR increases, the role of the induced drag 
decreases, because the tip loss caused by the tip vortex roll 
relatively lessens. This observation made so far summarizes 
that Prandtl’s lifting line theory holds at least until the AOA 
of the second peak of the lift coefficient for a higher AR 
wing.

3.4 � Similarity of polar plot

The lift-to-drag ratio provides the effectiveness of the 
wing in a certain range of AOA. The measurement results 
obtained using four different AR wings are plotted in Fig. 13 
for both the normal mode and the reverse mode, includ-
ing the 2D results and the flat plate experiment. Except for 
the narrow bands, − 15° to + 15° for the normal mode and 
165°–195° for the reverse mode, the profiles collapse in a 
simple monotonous curve. This indicates that, in the AOA 
range more than the deep stall, profiles of all AR wings over-
lap into a rigid asymptotic curve. The symptom of such a 
similarity profile is already presumed in the whole CL pro-
file, as observed in the extension of Prandtl’s idea before.

It is meaningful to obtain an asymptotic relation from 
the remaining data, except the narrow-AOA bands. Based 
on the present data shown in Figs. 3 and 4, it is granted that Fig. 11   Induced drag coefficients estimated

Fig. 12   Total drag estimated and measured for different ARs
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the lift coefficient increases up to 1.0 for the nose-up airfoils 
of both normal and reverse wings at the second peaks in 
high-AR cases. Moreover, it is expected that those of the 
nose-down airfoils can have the same magnitude in the nega-
tive direction if the jig effects are properly eliminated. The 
drag coefficient seems to have a maximum value of 2.0 for 
both airfoil modes, as shown in Fig. 5. Considerable previ-
ous data of the NACA0012 section wings support that the 
maximum CD may be close to 2.0 at the vertical poses of 
the wings, as listed in Table 1. The 2D vertical flat plate 
experiences a maximum drag coefficient of 2.0 by applying a 
simple momentum theory. The data may be differing slightly 
depending on the Reynolds number.

The polar plot is used as a convenient tool to under-
stand L/D ratio for one revolution of AOA. It can be used 
to decide whether the similarity exists, depending on the 
AR change in the whole range of AOA. By rescaling the 
profiles of the lift and drag coefficients measured in the 
present study, the similarity is examined by establishing 
the asymptote. As seen in the measured data, both profiles 

of lift and drag converge to those of the high ARs. The 
scale factor, S, required to meet a simple asymptote by 
expanding the profiles of low-AR wings is found in the 
following exponential relation (7) for both airfoil modes, 
and the results are shown in Fig. 14. Even with the limited 
AR cases of these experiments, the AR6 wing is used for 
an asymptotic target in the whole AOA range as Prandtl 
used the AR7 case in the low-AOA range. To obtain a 
proper function, the following equation is applied to the 
cases. The related coefficients are also listed in Table 2:

where A is the gain optimized from the data of these experi-
ments and B is the offset. To obtain a proper offset B, the 
maxima of CL and CD of the previous data are used as 
reference.

The polar plot of the flat plate is selected as the base 
plot, which has a radius of 1.0 with respect to the ori-
gin (1.0, 0.0). Except for the narrow band of AOA, most 
profiles become close to the base plate, and their plots 
are shown in Fig. 15. Especially, the profile of the nose-
up normal wing coincides well with the base circle, but 
the nose-down normal mode is much deviated, because 
the upwash is severely contaminated by the supporting 
structure. The profile of the reverse airfoil mode provides 
a similar result; however, the distortion of the nose-down 
mode becomes substantial, especially in AR3. The low-
AR reverse wing seems to be severely contaminated by 
the tip vortex wrap, as mentioned before. Based on such 
an asymptotic behavior of the polar plots, the exponential 
decay rate of AR can be used to introduce a proper func-
tional relation working in the whole range of AOA.

(7)S = Ae−AR + B,

Fig. 13   L/D ratios of the normal and reverse wings including 2D wings

Table 1   Maximum CD and CL peaks of NACA0012 2D airfoils

Cl,1st Cl, 2nd Cd,max Re References

– – 2.05 9.5 × 105 [12]
1.33 1.15 2.08 1.8 × 106 [9]
1.08 1.13 1.95 5.0 × 105 [9]
– – 2.08 3.0 × 105 [24]
0.73 0.96 1.59 1.1 × 105 [18]
0.89 0.91 1.59 1.0 × 105 [8]
1.11 1.09 1.89 7.6 × 105 [10]
1.07 1.08 1.80 7.0 × 105 [12]
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4 � Conclusions

The aerodynamic forces of four different AR wings, which 
have NACA0012 airfoil sections, were measured by the 
dynamic load cell for both normal and reverse wings at the 

Reynolds number of 105. As a result, the following conclu-
sions were drawn:

1.	 For a normal wing, all lift coefficients of the four AR 
wings have the first peaks near 10° AOA, and as the AR 
increases, the second peaks appear close to 40°, which 
appear at earlier AOA than the 2D airfoil predicted. This 
indicates a 3D effect induced by the tip vortices. The 
stall of the reverse wings comes earlier than the normal 
case as the AR increases, making the slope steeper. In 
the AOA range of 170°–190°, the drag coefficient of the 
reverse wings of all ARs does not provide any zero-level 
profile, as shown by the normal wing. The earlier stall 
and the non-zero-level drag coefficient in the low-AOA 
range become a critical defect in the application of the 
reverse for airplanes. This is because the reverse wing 
has an earlier vortex wrap than the normal wing, and its 
trailing edge vortex lingers along the blunt edge.

Fig. 14   Asymptotes of the normal (left) and reverse modes (right)

Table 2   Expanding scale factors and gains to obtain the asymptotes

AR and gain A Normal Reverse

AR CD CL CD CL

3 1.225 1.1986 1.134 1.1274
4 1.165 1.1274 1.1627 1.1591
5 1.0357 1.0265 1.0445 1.0314
6 1 1 1 1
A 5.047 4.327 3.472 3.304

Fig. 15   Polar plots of the normal and reverse 3D wings
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2.	 The source of the extra drag in the 3D wing originates 
partly from the downwash effect and partly from the 
delta wing-type vortex wrap. The lower AR wing tends 
to be contaminated by the tip vortex wrap, while the 
higher AR wing is considerably dependable on the 
downwash. The difference between the real and the geo-
metric AOAs explains the extra pitching moment related 
to the contaminants from the downwash and the vortex 
wrap. Compared with the flat wing, before the stall, the 
normal wing tends to have an extra nose-down moment, 
and between the stall and the second peak, shows an 
extra nose-up moment. However, except for the AR3 
wing, the reverse wing seems to be contaminated by the 
downwash effect in the whole AOA range.

3.	 Prandtl’s observation holds even in the higher AOA 
range, and the profiles of all lift coefficients collapse 
into one profile, showing the possibility of existence of 
the similarity until at least the second peak, but after the 
stall angle, their profiles become very nonlinear. Using 
Prandtl’s lifting line theory, the induced drags of the 
four AR wings show the maximum induced drag to be 
7.8–8.6% of the total drag at their second peaks.

4.	 The polar plots of the normal mode collapse well into 
one circle of radius 1.0 with the center at (1.0, 0.0) in 
polar coordinates by expanding the scale factors. This 
result implies that there exists a possibility to have an 
exponential function to the exponent of − AR to satisfy 
the overall similarity in the whole AOA range beyond 
the limited Prandtl observation within the stall.
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