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Abstract

In the applied mathematics literature solitary gravity—capillary water waves are mod-
elled by approximating the standard governing equations for water waves by a
Korteweg-de Vries equation (for strong surface tension) or a nonlinear Schrédinger
equation (for weak surface tension). These formal arguments have been justified by
sophisticated techniques such as spatial dynamics and centre-manifold reduction meth-
ods on the one hand and variational methods on the other. This article presents a
complete, self-contained account of an alternative, simpler approach in which one
works directly with the Zakharov—Craig—Sulem formulation of the water-wave prob-
lem and uses only rudimentary fixed-point arguments and Fourier analysis.

Keywords Solitary waves - Dirichlet-Neumann operator - Korteweg-de Vries
equation - Nonlinear Schrédinger equation

1 Introduction
1.1 The Main Results

The classical water-wave problem concerns the two-dimensional, irrotational flow of
a perfect fluid of unit density subject to the forces of gravity and surface tension. We
use dimensionless variables, choosing % as length scale, (h/ g)% as time scale and
introducing the Bond number 8 = o/gh?, where h is the depth of the water in its
undisturbed state, g is the acceleration due to gravity and o > 0 is the coefficient
of surface tension. The fluid thus occupies the domain D, = {(x,y) : x € R,
y € (0,1 + n(x, 1))}, where (x, y) are the usual Cartesian coordinates and n > —1
is a function of the spatial coordinate x and time 7, and the mathematical problem is
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formulated in terms of an Eulerian velocity potential ¢ (x, y, t) which solves Laplace’s
equation

(pxx+§0yy=Oa 0<y<l+n, (1.1)

and the boundary conditions

@y =0, y =0, (1.2)

Nt = @y — NxPx, y=1+n, (1.3)
1 2 1 2 Nx

or=—z¢; —z¢; —N+P|—|, y=1+n (1.4

A [x/lﬂ% .

Travelling waves are solutions of (1.1)—(1.4) of the form n(x,t) = n(x — ct),
o(x,y,1) = ¢(x —ct, y), while solitary waves are non-trivial travelling waves which
satisfy the asymptotic conditions n(x —ct) — 0 as |x —ct| — 00; they correspond to
localised disturbances of permanent form which move from left to right with constant
speed c.

It is instructive to review the formal weakly nonlinear theory for travelling waves.
We begin with the linear dispersion relation for a two-dimensional periodic travelling
wave train of wave number k > 0 and speed ¢ > 0, namely

1 + Bk?2
022 +ﬂ

70 f(k) = kcothk

(see Fig. 1). The function k — c(k) has a unique global minimum at k = w, and one
finds that @ = 0 (with ¢(0) = 1) for 8 > % and w > 0 for 8 < % We denote the

minimum value of ¢ by ¢, so that c(z) = lfor > % and c% =2w/Qw f(w) —a)zf’(a)))
for B < % (the formula B = f/(w)/Qw f (w) — »* f'(w)) defines a bijection between
the values of 8 € (0, %) and w € (0, 00)). Using ¢ as a bifurcation parameter, we
expect branches of small-amplitude solitary waves to bifurcate at ¢ = cg (where the

k w k

Fig. 1 Dispersion relation for a travelling wave train of wave number k£ > 0 and speed ¢ > 0 with strong
surface tension (left) and weak surface tension (right)
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Fig.2 Solitary wave of depression predicted by the Korteweg-de Vries equation for strong surface tension
(above) and the symmetric solitary waves predicted by the nonlinear Schrodinger equation for weak surface
tension (below)

linear group and phase speeds are equal) into the region {¢ < ¢} where linear periodic
wave trains are not supported (see Dias and Kharif 8, Sect. 3]).

In the case 8 > % (‘strong surface tension’), one writes 2 =1—¢% whereeisa
small positive number, substitutes the Ansatz

n(x) =&2p1(X) + &2 pp(X) + -+, (1.5)

where X = ex, into the travelling-wave version of Egs. (1.1)—(1.4), and finds that p;
satisfies the stationary Korteweg-de Vries equation

p—(B—Poxx+30"=0; (1.6)

this equation admits an explicit solitary wave of depression given by the formula

X
p*(X) = —sech? (W) (1.7)

(see Benjamin [3]). In the case 8 < % (‘weak surface tension’), one writes

2= cé(l — 82), uses the Ansatz

n(x) = Se(¢1(X)e™ + ¢ (X)e ) + e2¢o(X) (1.8)
+ %82(§2(X)€2iwx +me—2iwx) 4o,

and finds that ¢; satisfies the stationary nonlinear Schrodinger equation

—a1txx + @t — a3t =0, (1.9)



216 M. D. Groves

where
a1 = 38",  @=cif@)
and
as = § (28(20) " 4@)c +25(0) ' B@)’c + C(@)j + 3po*)
with

A) =30 = L (07 — f(@) fQw), B =ow*-2f() - f()?
C(w) = —60* f(w) +4f (@) +2f (@) f(2w)

and
g(k) = 1+ k> — & f (k)

(see Ablowitz and Segur [1]). This equation admits a family {eieog‘*}goe[o,z,,) of
solitary-wave solutions, where

20, \/? ar /2
(X)) = <—) sech (—) X, (1.10)
as

ai

two of which, namely +¢* (corresponding to 6y = 0 and ), are symmetric. (The
positivity of az follows by elementary arguments after substituting the expressions for
B and c(z) as functions of w.) The corresponding free-surface profiles are sketched in
Fig. 2.

The results of these formal calculations have been rigorously confirmed by spatial
dynamics and centre-manifold methods on the one hand (Kirchgissner [17], Amick
and Kirchgissner [2], Sachs [20], Iooss and Kirchgéssner [15], Iooss and Péroueme
[16]) and variational techniques on the other (Buffoni [4,5], Groves and Wahlén [11,
12]), the results of which are summarised in the following theorem.

Theorem 1.1

(1) Suppose that B > % and ¢* = 1 — €%, For each sufficiently small value of ¢ > 0
there exists a symmetric solitary-wave solution of (1.1)—(1.4) whose free surface
is given by

n(x) = e2p*(ex) + o(?)
uniformly over x € R.

(ii) Suppose that B < % andc* = cg(l —&2), where ¢y = c(w) is the global minimum
of the linear dispersion relation (see Fig. 1 (right)). For each sufficiently small
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value of ¢ > 0 there exist two symmetric solitary-wave solutions of (1.1)—(1.4)
whose free surfaces are given by

n(x) = £el*(ex) coswx + o(e)

uniformly over x € R.

This article presents an alternative, simpler proof of Theorem 1.1 in which one
works directly with the Zakharov—Craig—Sulem formulation of the travelling water-
wave equations (see below) and uses only rudimentary fixed-point arguments and
Fourier analysis. Some intermediate results are special cases of more general theorems
available elsewhere; their proofs have been included here for the sake of a complete,
self-contained exposition.

1.2 Methodology

We proceed by formulating the water-wave problem (1.1)—-(1.4) in terms of the
variables n and ® = ¢|,—14; (see Zakharov [22] and Craig and Sulem [7]). The
Zakharov—Craig—Sulem formulation of the water-wave problem is

n—Gme =0,
1 (G + ny CDX)Z Nx
O+t P2 — - =0,
SR O Ny

where the velocity potential ¢ is recovered as the (unique) solution of the boundary-
value problem

Qxx + @yy =0, O0<y<l1+n,
oy =0, y =0,
go:q)’ y=1+7],

and the Dirichlet-Neumann operator G(n) is given by G()® = ¢y, — ¢y ‘y=1+n’
Travelling waves are solutions of the form n(x, t) = n(x —ct), ®(x, 1) = ®(x —ct);
they satisfy

—cny =GP =0, (1.11)
)y (GNP + 1 ®0)? [ N

2(1 +n) V1+n?

It is possible to reduce Eqgs. (1.11), (1.12) to a single equation for n. Using (1.11),
one finds that ® = —cG ()~ '7y, and inserting this formula into (1.12) yields the
equation

1
—c®,+n+ -9

5 l =0. (1.12)

K@) — L) =0, (1.13)
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where
Ko =n—p [”—} (1.14)
V1402 B
1 (0 — ne K ()n)*
L) =—5(K Ty 4K 1.15
(m 2( (mn) 20 1 72) (mn (1.15)
and
K(é = (G~ .
Note the equivalent definition
Km§ = —(oly=1+y)x> (1.16)
where ¢ is the solution of the boundary-value problem
Pxx +¢yy =0, 0<y<l1+n, (1.17)
¢y =0, y=0, (1.18)
Py — NxPx =&, y=14n9 (1.19)

(which is unique up to an additive constant).
We proceed by defining the Fourier transform # = F[u] of a function u of a real
variable by the formula

i) = u(x)e " dx

1
N3 /R
and using the notation m (D) with D = —id, for the Fourier multiplier-operator with
symbol m, so that m(D)u = F~1ma]. The Ansiitze (1.5) and (1.9) suggest that the
Fourier transform of a solitary wave is concentrated near the points k = +w (which
coincide at k = 0 when 8 > %). Indeed, writing ¢ = cg(l — &), one finds that the
linearisation of (1.13) ate = 0 is

gD)n =0,
where
gk) =1+ pk* — Bkcothk >0, ke R,
with equality precisely when k = £ (so that g(w) = g’'(w) = 0 and g”’"(w) > 0). We

therefore decompose 1 into the sum of functions n; and 7, whose Fourier transforms
11 and 7, are supported in the region § = (—w — §, —w + 8) U (w — §, w + §) (with
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® ® >

0 >k ag 0 e g

Fig. 3 (a) The support of 7| is contained in the set S, where S = (—§,8) for > % (left) and

S=(-wo—-§-w+8)U(w—-356w+d) forp < %(right)

8 € (0, %)) and its complement (see Fig. 3), so that n; = x(D)n, n2 = (1 — x(D))n,
where yx is the characteristic function of the set S. Decomposing (1.13) into

x(D) (K +m2) = G0 = &)L + 1)) =0,

(1= x (D)) (K +m) = (1 =)L + 1)) =0,

one finds that the second equation can be solved for 1, as a function of n; for sufficiently
small values of ¢ > 0; substituting 7, = n2(n1) into the first yields the reduced
equation

x(D) (K + ma1) = G = )L + na()) =0

for 1 (see Sect. 3).
Finally, the scaling

mx =’p(X), X =ex, (1.20)
transforms the reduced equation into
o2 3 2 172y _
g(eD)p+ f(eD)p + 5x0(eD)p”+ O(e/'7) =0 (1.21)
for g > %, while the scaling
M) = $ef(X)e™ + Jec(X)e ™, X = ex, (1.22)
transforms the reduced equation into
e g +eD)¢ + ¢ f(w+ D)t —asxo(eD)(170) + 0(s'/?) =0 (1.23)
for B < %; here o is the characteristic function of the set (—§, §), the symbol D
now means —idy and precise estimates for the remainder terms are given in Sect. 4.
Egs. (1.21) and (1.23) are termed full dispersion versions of (perturbed) stationary
Korteweg-de Vries and nonlinear Schrodinger equations since they retain the linear
part of the original equation (1.13); the fully reduced model equations (1.6) and (1.9)
are recovered from them in the formal limit ¢ — 0.

Variational versions of this reduction procedure have previously been given by
Groves and Wahlén [12]. Starting with the observation that (1.13) is the Euler—
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Lagrange equation for the functional

1 1
J () = /R <§n2 + B L0t 02 =1 = Sehn K(n)n) dx dz,

they use the decomposition n = n1+n2(n1) and scaling of 171 described above to derive
reduced variational functionals for p and ¢ whose Euler-Lagrange equations are given
to leading order by (1.6) and (1.9). Critical points of the reduced functionals (and hence
solitary-wave solutions of the reduced equations) are found by the direct methods of
the calculus of variations. In the present paper we apply a more direct perturbative
approach introduced by Stefanov and Wright [21] for another full dispersion Korteweg-
de Vries equation, namely, the Whitham equation (see Ehrnstrém et al. [9] for a
variational treatment of this equation).
The travelling-wave Whitham equation is

tanh k

cu—m(D)u—u2 =0, m(k) = T

Noting that its linear dispersion relation has a unique global maximum at k = 0 (with
c(0) = 1), one writes ¢ = 1 + &2 and seeks solitary waves of the form

u zszw(X), X =¢x,
so that
872(1 +e2— m(eD))w — w? =0,
which can be rewritten as a fixed-point equation of the form
w = ( — 192+ 0(82))_1 w2, (1.24)
In the formal limit ¢ — 0 we recover the stationary Korteweg-de Vries equation
w—%wxx—w2=0;

its (unique, symmetric) solitary-wave solution w* is nondegenerate in the sense that
the only bounded solution of its linearisation at w* is w}. Restricting to spaces of
symmetric functions eliminates this antisymmetric solution of the linearised equation
and a solution to (1.24) can be constructed as a perturbation of w* using the implicit-
function theorem.

In Sect. 5 we apply the above argument to (1.21) and (1.23), first reformulating
them as fixed-point equations. The functions p* and £¢* are nondegenerate solutions
of (1.6) and (1.9) in the sense that the only bounded solutions of their linearisations
at p* and £¢* are respectively p} and £y, Fi¢*. Observe that equation (1.13)
is invariant under the reflection n(x) — n(—x), and the reduction procedure pre-
serves this property: the reduced equation for n; is invariant under the reflection
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n1(x) +— ni(—x), so that (1.21) and (1.23) are invariant under respectively
p(x) — p(—x) and ¢(x) — ¢(—x). Restricting to spaces of symmetric functions
thus eliminates the antisymmetric solutions p* and ¢}, &i¢* of the linearised equa-
tions, and solutions to (1.21) and (1.23) can be constructed as perturbations of p* and
+¢* using an appropriate version of the implicit-function theorem.

1.3 Function Spaces

We study the equation

K —cg(1 =) L0 =0

in the basic space X = H 2(]R), where

H'®) ={neS®:nls = I(1+DH "l 2@ <o}, 520,

are the usual Bessel-potential spaces. The decomposition n = n; + 12, where
n1 = x(D)n, n2 = (1 — x(D))n, is accommodated by writing X as the direct sum of
X = x(D)X and &> = (1 — x(D))X, where A and X, are equipped with respec-
tively the scaled norm

12
il = ( /R (147 2(Jk| — w>2>|ﬁ1<k>|2dk)

and the usual norm for H 2(R). The norm for X is so chosen because the final scalings
(1.20) and (1.22) transform ||| into a multiple of the standard norm for H'(R),
namely, |91l = €3/?||lp|l1 and |91l = €'/?||¢ |1, and the reduced equations (1.21)
and (1.23) are discussed in this space.

The following proposition yields in particular the estimate

1/2
Imlleo < ' liml
for the supremum norm of 11 € &. We can also estimate higher-order derivatives of

n1 € X} using the fact that the support of 7 is contained in the fixed bounded set S,
so that, for example

1/2
il < ltllos 01l < &2 llmll
for each n € Ny.
Proposition 1.2 The estimate
Il iy < €'l

holds for each n1 € Xj.
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Proof This estimate follows from the calculation

. (1 +e72(k| — )12
/Rhﬂ(k)'dk: R(l+872(|k|_w)2)1/2|771(k)|dk

w+4 1 172
——— 5 dk
il (/w_a =y )

1/2 1/2
= 32 2|

N

It is also helpful to use the larger space
Z=neS® :lnlz =l + Il < oo},

into which H?(R) is continuously embedded. In Sect. 2 we demonstrate that
K(): Z — LHY2R), HY2(R)) is analytic at the origin and deduce that /C, £
map the open neighbourhood

U={neH® :lnlz <M}

of the origin in H?(R) analytically into L?(R) for sufficiently small values of M.
Moreover, we take advantage of the estimate

Inllz < el + lnzll2 (1.25)

for n € H2(R) to obtain estimates for /C and £ which are necessary for the reduction
procedure described above (see Sect. 3). Note, however, that in the entirety of the
existence theory we work in the fixed subset U of H 2(R) (whose elements are ‘well-
behaved’ functions).

2 Analyticity

In this section, we study the operator K given by (1.16) using basic results from
the theory of analytic functions in Banach spaces (see the treatise by Buffoni and
Toland [6] for a complete account). In particular, we present an elementary proof that
K(): Z - L(H**R), H'/?>(R)), and hence K, £ : U — L*(R), are analytic at
the origin (see Sect. 1.3 above). A more comprehensive treatment of the analyticity of
operators of Dirichlet-Neumann and Neumann—Dirichlet type in water-wave problems
is given by Lannes [18, Ch. 3 and Appendix A] (see also Nicholls and Reitich [19]
and Hu and Nicholls [14]).

We begin with the boundary-value problem (1.17)—(1.19), which is handled using
the change of variable

V=T u(x,y) =@, y),
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tomap X, = {(x,y):x € R,0 <y < 1+ n(x)} tothestrip X =R x (0, 1).
Dropping the primes, one finds that (1.17)—(1.19) are transformed into

Uxy +Uyy = o Fi(n, u) + ayFZ(U, u), 0<y<l, 2.1
uy =0, y =0, 2.2)
uy = F2(77» I/t) +§xv y = 11 (23)
where
Fi(n.u) + Fa(nu) = 22 ¢ L
JU) = —nu Uy, Ju) = Uy — —n<u,,
1(n Ny — YNxUy 2(n 147 YNxUy l+nnxy
and

K(m§ = —uy |y=1 .

We discuss (2.1)—(2.3) using the standard Sobolev spaces H" (%), n € N, together
with Hf“ (X), n € N, which is defined as the completion of

S(Z,R)={u e C®(): |x|m|8§”8§‘2u| is bounded for all m, o, ap € Ny}
with respect to the norm
et 10 1= Nit W sy + Nyl n sy

Proposition 2.1 Foreach Fy, F» € H"(X) and& € H"'/2(R), n € N, the boundary-
value problem

Uyx + Uyy = Ox F1 + 0y F>, O<y<l,
uy =0, y=0,
My=F2(77,M)+%'x, y=1,

admits a unique solution u = S(Fy, F2, &) in Hf“‘l (X) given (with a slight abuse of
notation, in that derivatives should be taken) by the explicit formula

1
S(Fi, F.6) = F! [/0 (kG F1 = G50, ) F2) 45 = kG 1)&] ,

in which

cosh |k|y cosh |k|(1 — )
|k| sinh |k| ’

cosh |k|y cosh |k|(1 — y)
|k| sinh |k|

0

IA
~<

IA
<
IA

G(y.y) =

, 0

IA
<
IA
<

IA
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so that

ISCF1, F2, ©)llns1,+ S IFillan sy + 1 F2llman sy + 1€ nt1/2.

Lemma 2.2 For each & € H3/*(R) and each sufficiently small n € Z the boundary-
value problem (2.1)—(2.3) admits a unique solution u € HE(E). Furthermore, the
mapping Z — L(H3>(R), HX(X)) given by n — (£ — u) is analytic at the origin.

Proof Define
T:HX(Z) x Z x H?R) - HX(Z)
by
T(u,n, &) =u—SFi(n,u), F2(n,u),§),
and note that the solutions of (2.1)—(2.3) are precisely the zeros of T'(-, n, ). Using

the estimates

||77w||1-11(2) N ||77||1,oo||w||H1(2)
S Umlleo + 2D lwll g1s).

Iynwllgisy < Umixlheollwll gis)
+ lImxwllzzsy + In2xwxll L2y + Im2xxwlif2(s))
S Umixllco + 2z lle) 1wl g1 sy + In2ex lollwll g1s)
S Umixllee + 2l lwll g1 s,

Iy 0" mewll sy S 10l oo (niellf oo llwll g s
+lmgewl 2wy + IM5cwell 2wy + In2en2exwllz2x))
S oo (Amixlltco + Im2c o) 1wl g1 )
+ Im2ellsollm2ex lolwll g1 (sy)
S (mllzece + Im2l2) w1 s

(uniformly in n) and
M 02,00 + Im2ll2 < 10111 wy + lm2ll2 = IInll 2,

one finds that the mappings Z x H2(X) — H'(X) given by (n, u) — Fi(n, u) and
(n, u) — F>(n, u) are analytic at the origin; it follows that T is also analytic at the
origin. Furthermore 7' (0, 0, 0) = 0 and

d;T[0,0,01(u) = u — S(F1 (0, u), F>(0,u),0) = u — S(0,0,0) = u

(because S is linear and Fj, F» are linear in their second arguments), so that
d;T[0, 0, 0] = I is an isomorphism. By the analytic implicit-function theorem there
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exist open neighbourhoods N and N, of the origin in Z and H3/?>(R) and an analytic
function v : Ny x Ny — HZ2(X), such that

T(v(n,§),n,8) =0.
Since v is linear in £ one can take N3 to be the whole space H 32(R). O

Corollary 2.3 The mapping K (-): Z — L(H3/?(R), H'/?(R)) is analytic at the ori-
gin.

Corollary 2.4 The formulae (1.14), (1.15) define functions U — L*(R) which are
analytic at the origin and satisfy K(0) = L£(0) = 0.

Proof This result follows from Corollary 2.3 and the facts that H I(R) is a Banach
algebra and (u1, u2) — ujuy is a bounded bilinear mapping H'/?(R) x H'/>(R) —
L2(R) (see Hérmander [13, Theorem 8.3.1]). ]

In keeping with Lemma 2.2 and Corollaries 2.3 and 2.4 we write

o
u(n, &)=Yy ujn,é), (24)
=0
where u ; is homogeneous of degree j in 1 and linear in &, and
o o oo
K=Y Kim, Km=Y Kim, Lm=Yy LG,
j=0 j=I j=1

where K ; (1), K (n) and £ ; (1) are homogeneous of degree j in 1 (and we accordingly
abbreviate Ko (n) to Kop).

Remark 2.5 Note that Kj(n) = m j({n}(")), where m; is a bounded, symmetric,
j-linear mapping Z/ — L(H3*(R), H'/>(R)).

We examine the first few terms

K1(m) =1 — Bhxx,

Ka(n) =0,
K3() = 38121 2.5)
and
L1(n) = Ko,

Lo(n) = +n% — L(Kom)? + Ki(m)n,
L3(n) = —KonK1(mn — n2Kon + K2(n)n (2.6)
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in the Maclaurin expansions of X and £ in more detail since they play a prominent
role in our subsequent calculations. We begin by computing explicit expressions for
Ko, K and K».

Lemma 2.6

(i) The operators Ky and K are given by the formulae

Koé = f(D)s, Ki(mé& = —méx)x — Ko(nKoé)

foreachn € HZ(R) and & € H3/2(R).
(i1) The operator K> is given by the formula

Ka(mE = S0P Ko&)xx + 2 Ko(nExx) + Ko(nKo(nKo&))

under the additional regularity hypothesis that n € H>(R) and & € H>/*(R).

Proof (i) The solution to the boundary-value problem

uoxx + uoyy =0, O0<y<l,
Lt()y =O, y =09
uoy = &x, y=1

is

_1 | ik cosh |k|y 4
=F =],
"o [|k| sinh K|

while the solution to the boundary-value problem

Ulxx + Ulyy = (—nuox + ynxtoy)x + Moy + yNxtox)y, O0<y<l,
uly = Oa y = 0,
U1y = NUoy + NxUox, y=1,

is

ik cosh |k|y

f = 9
|k| sinh |k| [nu0x|y_l]]

uy = ynuoy + F ! [
whence

Ko§ = —uoxly=0 = f(D)§,  Ki(mM§ = —uixly=0 = —(m€x)x — Ko(nKof).
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(ii) Supposing that & € H>%(R), so that u° € HE(Z), and n € H3(R), so that
ul e HE(Z) (see Proposition 2.1), we find that the solution u? € Hf(E) to the
boundary-value problem

Ugxy + u2yy = (—NU1x + YNxU1y)x
+ (quiy + yncury)y — n*uoyy — V*niuoy)y, 0 <y <1,

uzy =0, y =0,

Uy = Nty + Neltiy — N7 U0y — N2Uoy, y=1,

is

ik cosh |k|y

coshkly .1 2
] sinh k] 2@ ”0y)x|y=1]}

Uz = _%nz(yZMOy)y +nuiy — F |:

L ik cosh |k|y [ i |
_—— u .
k| sinh k| ~ Txly=1

It follows that

Ko(mé = —uaxly=0
= — 3 (" u0xx)x + (7u0y)x
— ((uoy + nxttox))x — 3Ko((*Ex)x) — Ko(nK1 (1)),
= (7 Ko&)x + (1 Kof)x
— $Ko((1%60)x) + Ko (nEx)x) + Ko(Ko(nKof))

= L Ko&)xx + SKo(*Exx) + Ko(nKo(nKok)).
O

Remark 2.7 Explicit expressions for K3, K4, . .. can be computed in a similar fashion.
However, computing an expansion in terms of Fourier-multiplier operators in this fash-
ion leads a loss of one derivative at each order. It is therefore necessary to compensate
by increasing the regularity of £ and 1 by one derivative at each order.

Corollary 2.8

(1) The function L; is given by the formula
£201) = (13 = (Kom)* = (rP)x = 2Ko(nKom) )

foreachn € H2(R).
(ii) The function L3 is given by the formula
L3(n) = Kon Ko(mKon) + Ko(mKo(nKon)) + n(Komnxx
+%K0(n2nxx) + %(nzKon)xx
under the additional regularity hypothesis that n € H>(R).
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Finally, we record the representation £, (n) = m(n, n), where
m(u, v) = 5 (uxvy — (Kou)(Kov) — (uv)cr — KoKov +vKou)),  (2.7)

which is helpful when performing calculations, and some straightforward estimates
for the higher-order parts of XC and L.

Proposition 2.9 The estimate ||m(u, v)|lo < ||lull zllv|l2 holds for each u, v € H2(R).

Proposition 2.10

(1) The quantities
Ke(n):=Y Kitn),  Le) =Y L)
j=3 Jj=3

satisfy the estimates

IKemllo < InliZlnlla,  ldKelnl®)llo < InliZlvll2 + Inllzlnllzllv] 2,
1L llo S InlZlnllz,  IdLelnl®llo S IInlZlvliz + linllzlnlizllv] z

foreachn € U and v € H*(R).
(ii) The quantities

Ke) =Y K;jn, L) =Y Lim) + S(Kimn)®
j=4 j=4

satisfy the estimates

1K llo S Inl&lnllz, 1dKInl)llo S Il lvllz + Il Inl2lvliz,
1Zello S InliZlnl2,  1dLIn1@)llo < IInliZlvll2 + Iz Inllliv] 2

foreachn € U and v € H*(R).

Proof These estimates follow from the explicit formulae (2.5), (2.6), together with the
calculations

1
K@) = K1) = Ka) = Ks(n) = B (1 —am - W> ex

and
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L) —Li1(n) — La(n) — L3(n)
= 3K m?* — (K m)? — (Kon + K1 () Ke(mn — 2 (K1 (n)n + K (m)n)

2
Uk

2
m(nx - Kmn)* + (K:(m) — Ka(m)n,

+ L2k (mn)* -

where

Ki(m) =Y K.
j=2

3 Reduction
In this section, we reduce the equation
K@) = cg(1 =)L) =0 3.0

to a locally equivalent equation for 1. Clearly n € U satisfies (3.1) if and only if

x(D) (K +m) = (1 =L +n2)) =0,

(1= x (D) (K + 1) = 31 = )L + 1)) =0,
and these equations can be rewritten as

(D) + cie* Kom + x (D)N (1 + m2) = 0, (3.2)
gDy + cge? Koma + (1 — x(D)YN (1 + 12) = 0, (3.3)

in which
N = Ke(n) — G (1 — ) (La(n) + Le(n)).

We proceed by writing (3.3) as a fixed-point equation for 7, using Proposition 3.1,
which follows from the fact that g(k) > |k|* for k ¢ S, and solving it for 7 as a
function of 7 using Theorem 3.2, which is proved by a straightforward application
of the contraction mapping principle. Substituting 7, = 12(n1) into (3.2) yields a
reduced equation for n;. Note that the reduced equation is invariant under the reflection
n1(x) — n1(—x), which is inherited from the invariance of (3.1) under the reflection
n(x) — n(—x) (see below).

Proposition 3.1 The mapping (1 — )((D))g(D)_1 is a bounded linear operator
L2(R) —» A5
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Theorem 3.2 Let X, X be Banach spaces, X, X, be closed, convex sets in, respec-
tively, X1, X, containing the origin and G: X1 x Xy — X be a smooth function.
Suppose that there exists a continuous function r: X1 — [0, 00), such that

IGG1, Ol < 37, [ld2Glxr, %]l < %
for each x; € l_?r(O) C X5 and each x| € Xj.
Under these hypotheses there exists for each x1 € X1 a unique solution xy = x(x1)

of the fixed-point equation xo = G(x1, x2) satisfying x(x1) € B, (0). Moreover x> (x1)
is a smooth function of x| € X1 and in particular satisfies the estimate

ldxa[x1 11l < 2[1d1Glx1, x2(x D]l

3.1 Strong Surface Tension

Suppose that 8 > % We write (3.3) in the form

1 = —(1 = x (D)D)~ (*Koma + Ny +m)) (3:4)
and apply Theorem 3.2 with
Xi={meX:lmll <R}, Xo={meX:|nl=R;

the function G is given by the right-hand side of (3.4). Using Proposition 1.2 one can
guarantee that ||7; || LI®R2) < %M for all n; € X for an arbitrarily large value of Ry;

the value of R; is constrained by the requirement that ||z < %M for all g, € X».

Lemma 3.3 The estimates

@ 16, )2 S 81/2|||171|||21+281/2|||711|||||1'722||2+|||711|||||7722||%+ Im2115 + &2 lIm2ll2,
@) N1diGln, mlllzee,x) S 51/2|||771||| + &2 m2ll2 + In2ll3, )
(i) [1d2G 1, mlllccx, a0 S €2lmull+ linclilinzllz + 2l + &

hold for each n; € X1 and ny € X».

Proof Observe that
IKonzllo < lIm2ll2.
and using Propositions 2.9 and 2.10(i), one finds that

I1L2(n1 + m)llo = Im({n1 + 123 )llo < I lizlmillz + Il zlnzllz + 2l z 2112

and

IKCe(nr + m)llos 1Lcn +n2)llo < I+ n2l% 1m0+ n2ll2;
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part (i) follows from these estimates and inequality (1.25). Parts (ii) and (iii) are
obtained in a similar fashion. m]

Theorem 3.4 Equation (3.4) has a unique solution n € X» which depends smoothly
upon 11 € X1 and satisfies the estimates

172

Il S eV mili>, dmimllza.an S el

Proof Choosing R, and ¢ sufficiently small and setting r(n1) = oel/2||In1|||* for a
sufficiently large value of o > 0, one finds that

IG, Ol S Srn), 142G, mll e, an) S €72

forn; € Xy and n, € E,(m)(O) C X3 (Lemma 3.3(i), (iii)). Theorem 3.2 asserts that
equation (3.4) has a unique solution 7, in Er(,],)(O) C X, which depends smoothly
upon 11 € X1, and the estimate for its derivative follows from Lemma 3.3(ii). O

Substituting 72 = n2(n1) into (3.2) yields the reduced equation
g(D)n1 + cge”Koni + x (DIN (1 +ma2(m1)) =0 (3.5)
for 71 € Xjp. Observe that this equation is invariant under the reflection
ni(x) — n1(—x); a familiar argument shows that it is inherited from the corre-

sponding invariance of (3.2), (3.4) under n;(x) — n1(—x), n2(x) = n2(—x) when
applying Theorem 3.2.

3.2 Weak Surface Tension

Suppose that 8 < % Since x (D)L2(n1) = 0 the nonlinear term in (3.2) is at leading

order cubic in 71, so that this equation may be rewritten as

gDy + e Kont + x (D) (N +1n2) + (1 =€) La(m)) = 0. (3.6)

To compute the reduced equation for n; we need an explicit formula for the leading-
order quadratic part of 12(n1), which is evidently given by

F(n) = cg(1 — (1 — x(D)g(D) ' La(m). 3.7)
It is convenient to write 7o = F(n1) 4+ n3 and (3.3) in the form

n3 = —(1—x(D)g(D)™"
(01 = ) L20m)+ NOn+Fa+13) + GeKo(Fm) + 1)) 3.8)
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(with the requirement that n; + F (1) + n3 € U). We apply Theorem 3.2 to equation
(3.8) with

Xi={meX:llmll <R}, Xz={n3eX:|n3l3 =< R3};

the function G is given by the right-hand side of (3.8). (Here we write X3 rather than X»
for notational clarity.) Using Proposition 1.2 one can guarantee that [|7)1]| 1) < %M
for all n; € X; for an arbitrarily large value of Rj; the value of R3 is constrained
by the requirement that ||F(n1) + n3ll2 < %M for all n; € X; and n3 € X3, so
that n; + F(n1) + n3 € U (Proposition 3.5 below asserts that || F(11)|» = 0(c'/?)
uniformly over n; € Xy).

Proposition 3.5 The estimates
IFGOI2 S 2 mili*, NdFImlce,a S 'l
hold for each n1 € Xj.
Proof This result follows from the formula
F(m) = c§(1 — )1 — x(D)g(D) ' ma(n1. m),
Proposition 2.9 and inequality (1.25). O

Remark 3.6 Noting that

KoF(m) = c3(1 —eH(1 — x(D)g(D)~" f(DYma(n1, m1)

and that m(u1, v1) has compact support for all u1, v; € X7, one finds that Ko F (1)
satisfies the same estimates as F (11).

Lemma 3.7 The quantity

N1, m3) = Lo+ F(n) +m3) — La(m) (3.9

satisfies the estimates

@ IV, ) llo S ellmlP + Y213l + 81/2|||m|||||n?||22 + lInsli3,
(i) NN m3ll oy 2ary S ellmalli® + &2 mdllinsllz + &2 {ins ],
(i) 2N, m31ll 2o 2y S €2l + Insll2

foreach ny € X1 and n3 € X3.
Proof We estimate
Ni(n1, 13) = 2m(ny, F(m) + n3) +m(F () + 03, F(n1) + 13)

and its derivatives, which are computed using the chain rule, using Propositions 2.9
and 3.5 and inequality (1.25). O
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Lemma 3.8 The quantity

No(n1, m3) = Ke(ni + Fn) + n3) — 3 (1 — e)(Le(n + F (1) + n3) (3.10)

satisfies the estimates

() N2 m3) Mo S @2l + Izl Al il =+ Hpsll),
(i) N2, m3ll 2, 2y S €2l + lInsll2)?,
(i) d2N2[n1, ;31 2oy 2y S €2l 4 Imsli2) Al + lmall2)

foreach ny € X1 and n3 € X3.

Proof We estimate N3 and its derivatives, which are computed using the chain rule,
using Propositions 2.10(i) and 3.5 and inequality (1.25). O

Altogether we have established the following estimates for G and its derivatives
(see Remark 3.6 and Lemmata 3.7 and 3.8).

Lemma 3.9 The estimates

@ 1S, )2 S EV2 Il + Inall)? (4 + il + Insll2) + 2linsll,
(i) diGn1, m3lllzex.an) S EV2 I+ Insll2) @2 + V2 mlll + 3 l2),
(i) 112601, mlllccan.x S €2 mill + n3ll2) (L + Ml + n3ll2) + &2

hold for each n1 € X1 and n3 € Xs.

Theorem 3.10 Equation (3.8) has a unique solution n3 € X3 which depends smoothly
upon 1 € X1 and satisfies the estimates

I3l S ellmll®, ldnsimlllcen.ay S ellmlll.

Proof Choosing R3 and ¢ sufficiently small and setting r (1) = o¢|||n |||2 for a suffi-
ciently large value of o > 0, one finds that

IS, 02 < 3r(). 126, 3l e, n) S e'/?

forn; € Xy and n3 € E,(m)(O) C X3 (Lemma 3.9(i), (iii)). Theorem 3.2 asserts that
equation (3.8) has a unique solution 73 in Er(,],)(O) C X3 which depends smoothly
upon 11 € X1, and the estimate for its derivative follows from Lemma 3.9(ii). O

Substituting 7> = F(n1) + n3(n1) into (3.6) yields the reduced equation

g(D)n1 + cge* Kon
+X (D) (N1 + F(m) +m3012)) + (1 = eDL200)) =0 (3.11)
for n; € X1. This equation is also invariant under the reflection 71 (x) + 11 (—x);itis

inherited from the invariance of (3.6), (3.8) under n1 (x) — n1(—x), n3(x) — n3(—x)
when applying Theorem 3.2.
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4 Derivation of the Reduced Equation

In this section we compute the leading-order terms in the reduced equations (3.5) and
(3.11) and hence derive the perturbed full dispersion Korteweg-de Vries and nonlinear
Schrodinger equations announced in Sect. 1. The main steps are approximating the
Fourier-multiplier operators appearing in lower-order terms by constants, estimating
higher-order terms and performing the scalings (1.20) and (1.22).

It is convenient to introduce some additional notation to estimate higher-order
‘remainder’ terms.

Definition 4.1

(i) The symbol O(&|||n1]|") denotes a smooth function R : X| — L?(R) which
satisfies the estimates

1RG0 S &”llmlls  IdRIM 2oy 22y S € Ml

for each n; € X (where y > 0, r > 1), and the underscored notation
OEY IIn ") indicates additionally that the Fourier transform of R(7;) lies in a
fixed compact set (independently of ¢ and uniformly over 1 € X1). Furthermore

OpE” M) = xo(DYOE" lImll").
OLE Il = xT(DYOE lIm "),

where xo and xT are the characteristic functions of the sets (—§,8) and
(w— 36, w+ ) (forw > 0).

(i) The symbol Qfl(||u||q) denotes xo(e D)R(u), where R is a smooth function
Br(0) C xo(eD)H'(R) — H"(R) or Bg(0) € H'(R) — H"(R) which
satisfies the estimates

IR@)n S ||”||1, ”dR[u]”L(HI(R),H"(R)) N ||M||?_l
for each u € Br(0) (withr > 1,n > 0).

4.1 Strong Surface Tension

The leading-order terms in the reduced equation
g(DYn1 + cge* Koni + x (DIN (1 + n2(m)) = 0

derived in Sect. 3.1 are computed by approximating the operators dy and Ko in the
quadratic part of the equation by constants.
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Proposition 4.2 The estimates

() n1x = Opellmll),
(ii) Koni = n1 + Oy(ellintll,
(i) Kon? = ni+ O@E> Il

hold for each n1 € X;.
Proof Note that
Inixllg = kAL < &2l I
and
(Ko — Dt I3 = || (k| coth [k — 1) Ay |g S IARPALIZ < e limll;

the corresponding estimates for their derivatives are trivially satisfied since the oper-
ators are linear. The quantity to be estimated in (iii) is quadratic in ny; it therefore
suffices to estimate the corresponding bilinear operator. The argument used above
yields

(Ko = D(u1vi)llo

< H|k|/R|ﬁ1<k—s>||ﬁl<s>|ds

0

N HAAQIk—s||ﬁ1(k—s)||l71(s)lds+A|s|lﬁ1(k—s)||f)1(S)|ds

0
STkl Nollorll iwy + Nl Ly Il 15101 llo
3/2
< &2 flunll ol
for each u1, v; € X1, where we have also used Young’s inequality. O

Lemma 4.3 The estimate

Lo(n1 + n2(11)) = —3nf + OCellln lI*)
holds for each n1 € Xj.

Proof Using Proposition 2.9 and Theorem 3.4, one finds that

Lo + m2(m)) = m(n1, n1) + 2m(n1, n2(n1)) + m@m2(n1), n2(1n1))
= Lo(n) + OCellm 1),

and
Lo(m) = =307 + O I lI1*)

because of (2.7) and Proposition 4.2. O
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Lemma 4.4 The estimate

N+ @) = Ol lI®)

holds for each n1 € X;.
Proof This result follows from Proposition 2.10(i) and Theorem 3.4. O

We conclude that the reduced equation for n; is the perturbed full dispersion
Korteweg-de Vries equation

g(D)n1 + 2 Kom + 3 x0(D)11i + Oellni[I?) =0,
and applying Proposition 4.2, one can further simplify it to
g(D)n1 + 01 + 3 x0(D)ni + Og(ellm ) + Op(e*llm ) = 0.
Finally, we introduce the Korteweg-de Vries scaling
n1(x) = e2p(ex),

so that p € Br(0) C X(sD)Hl(]R{), where R > 0 and ¢ is chosen small enough that
&3/2R < Ry, solves the equation

§72g(eD)p + p + 3x0(eD)p” + 6205 (o) =0 4.1
(note that |||n|l| = 83/2”,0”1, the change of variable from x to X = ex introduces an

additional factor of £!/2 in the remainder term and the symbol D now means —idy).
The invariance of the reduced equation under 1 (x) — n1(—x) is inherited by (4.1),
which is invariant under the reflection p(X) — p(—X).

4.2 Weak Surface Tension

In this section we compute the leading-order terms in the reduced equation (3.11)
derived in Sect. 3.2. To this end, we write

m=n+n,
where nfL = xT(D)n and n = ﬁ so that nf‘ satisfies the equation

g(D)ny + cje*Kony
+x D) (NOn + Fn) + mm) + (1 —eHLa0m) =0 42)

(and n| satisfies its complex conjugate). We again begin by showing how Fourier-
multiplier operators acting upon the function n; may be approximated by constants.
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Lemma 4.5 The estimates

(i) dny = +Hon! + O, Ellnl,

(i) 82n = —w’n] + O (ellmID.

(i) Kony = f(@n] + O, llnl.

(iv) Ko((m)?) = fFQRo)m)? + O I I,

) Koiny) =niny +OE2ImI?,

~vi) F g~ ' F L)1 = g Qo) ) + O 2 Im 1),
(vii) F gt~ ' Fininy 11 = g "0 0y + O Il
viil) Ko(m)?ny) = f@) )0y + OEImlI?)

hold for each n1 € X;.

Proof Note that
loxn —ienf 1§ < /R(k — 10 dk < el 1%,
and iterating this argument yields (ii); moreover

IKonT — flm{ I = I1(fF ) — fFlonifllo S /R (k — w)* 171 (k) > dk < &I [l

The corresponding estimates for their derivatives are trivially satisfied since the oper-
ators are linear.

Notice that the quantities to be estimated in (iv)—(vii) are quadratic in 71; it therefore
suffices to estimate the corresponding bilinear operators. To this end we take u,
v € &. The argument used for (iii) above yields

IFIKou v — fRo)uivi o

<|

lk — 2w f |y (k — $)[19] ()| ds
R

0

<

/Ruc—s—w||ﬁ1+(k—s)||ﬁl+(s>|ds

+/ s — wlli] (k — )10} ()] ds
R

0
N B s At St
S Ik = olay Tolloy @) + a7 L@ Ik — @, 0)[97" Jlo

3/2
< 32l vr i,

where we have also used Young’s inequality. Turning to (v), we note that

IFIKo vy — £0)ulv; 1o
N——
=1

S HIkI/RIﬁT(k—S)IIﬁf(S)IdS

0
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| o= s =alit =iy las

+f s+ ol = llir )]s
R

S Ik = wlit] ol o 1 gry + Nl ||L1(R) I 1k + o]0} Jlo
3/2
S el v -
Estimates (vi) and (vii) are obtained in the same fashion.
To establish (viii) we similarly estimate the relevant trilinear operator. Take u, v1,

wi € X and observe that

IFIKo v w) — f(@ufvfw]llo

S ‘ |k—w|fR|ﬁ1+(k—s>||f[v1+w1+]<s)|ds1 dsy
0
/R lk — s + wlla}] (k — )| Fvf wi1(s)] ds
+fR|(s—2w||ﬁ1+(k—s)llf[vaT](s)lds .
Sk + oldf gy lof willo + 14 1121 gy Il 1k — 20 Flvf wi o

ot +

Sk + ol lolvy oo lwi o + 17 11 @y Il 1k — 20| Floj w0
2

< e Mlualilitorllwy Il

m}

We proceed by approximating each term in the quadratic and cubic parts of equation
(4.2) according to the rules established in Lemma 4.5, recalling that

N1+ Fn) 4+ n3) = Na(ni, 13) — e (1 — N1 (1, 03),

where F(n1), N1(n1, n3) and N1(n1, n3) are defined by respectively (3.7), (3.9) and
(3.10).

Proposition 4.6 The estimate
Fim) = @)~ GA@) (1) + 01)%) + 8@~ B0y + O milIP),
where

Aw) = 30" = 1 f (@7 = f@)fQ0). B =0’ =2f() - >

holds for each n1 € X;.
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Proof Using equation (2.7) and the expansions given in Lemma 4.5, we find that

£201) = mGn, m) = A@) (012 + 0)?) + By ng + 0 im 1P,
It follows that

(1= x (D)D) La(n)
= 5Cw) " A@) ()2 + (0)?) + 8O B@nf ny + O imIP)

because of Lemma 4.5(vi), (vii) and the facts that x (D)L,(n;) = 0 and
(1= x (D)D) OEImIP) = O 1l 1)
(since (1 — x (k))g(k)~"! is bounded). We conclude that

F(n) = c§(1 — )1 — x(D)g(D)~" La(m)
= 5C) ' GA@) ()2 + 0)?) + 2O GB@ni ; +OE I IP).
O

Proposition 4.7 The estimate

x (DN (11, m3(m))
= (2620) ' A@2G + 2O B@?cd) 1 (D)D) n7) + O ¢ mlI)

holds for each n1 € Xj.

Proof Observe that

Ni(i, ;3(m) = 2m(ni, F(n1) + n3(m) +m(F (1) + n3(m), F(n1) + n3(n1))
=2m(n1, F(n)) + OEImI),

in which we have used the calculations

m(1, 13(0) = OE 2 ml1®),  mF ), n3(m) = OE I+

(see Propositions 2.9 and 3.5 and Theorem 3.10) and

m(F(m), F(n)) = O Ini I

(because of Propositions 2.9 and 4.6). Furthermore
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x T (DYym@n, F(n)) = gw) "' G A(@)x T(DYym(ny, (1))
+ g0 G B@x T (Dym], nfny) + O lIP),

and it follows from (2.7) and Lemma 4.5 that

m(ny, D3 = Ay + OE I IP),
m@y i) = 1B@) )y + 0@ ImIP).

Proposition 4.8 The estimates

x T (D)3 + Fn) + n3(nn)) = =3 po* x (DY (())*n7) + O lIm I,
xT(D)L3(m + F (1) +n3(m)) = C(@)x T(DY((n)H)*n7) + Op 2 imlIP),

where
C(w) = —60° f(®) + 4 f(0)* +2f ()’ fQw),

hold for each n1 € X;.

Proof Using the estimates for F(n) and n3(n1) given in Proposition 3.5 and Theorem
3.10, we find that

Ksni + F(n) + n3(m)) = Kz () + O I1*)

and

X (D) = =3B x* D)1y ) + O (i lI)
(because of equation (2.5)). It similarly follows from the formula

L3(n) = —KonK1(n)n — ny Kon + ma(n, nn

(see equation (2.6) and Remark 2.5) that

L3(m + FOn) +m3(mn) = L3(F ) + n1) + O ImlIY),
and using Corollary 2.8(ii) twice yields

L3(F (1) + 1) = L3n) + O [ImI)

and

xT(D)L3(n1) = C@)x T (D) ((H)*ny) + O ImI).



An Existence Theory for Gravity—Capillary Solitary Water Waves 241

Proposition 4.9 The estimates

Ke(n1 + F (1) + n3(mn) = OE I 1),
L1 + F (1) +n3m1)) = O Im 1)

hold for each n1 € X;.
Proof This result follows from Propositions 2.10(ii) and 3.5 and Theorem 3.10. O

Proposition 4.10 The estimate

2
—Ix D) (K (1 + F(nn) + 3+ Fn) +n3(n))~ = O, @ lIm I
holds for each n1 € Xj.

Proof Using Proposition 3.5 and Theorem 3.10 we find that

—3(K1n1 + FOm) + 3 ) + Fn) + 3 ()
= —3(Ki(on)” + O lim I,

and furthermore
— 3 DK om)? = =1 D) (o + Kol Kon)® =0
(see Lemma 2.6(1)). O
Corollary 4.11 The estimate
X FDN2 (1, 13 (1) = =3 B0 — C@)cg + O (V2 ImlIP)
holds for each n1 € Xj.

We conclude that the reduced equation for 7y is the perturbed full dispersion non-
linear Schrodinger equation

g(Dnf + cge*Konf — D(@)x " (nf1Pn)) + O ImlI?) = 0,
where
D(w) = 28Q2w) ' A(w)*c§ + 28(0) "' B(w)*cf + C(w)c§ + 3 o’

and applying Lemma 4.5(iii), one can further simplify it to

gD + c§ f@e*n
—D(@)x (0 1P + O 2 ImIP) + Ol = 0.
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Finally, we introduce the nonlinear Schrodinger scaling
Ny (6) = ge¢(ex)el,

sothat ¢ € Br(0) C )(o(eD)H1 (R), where R > 0 and ¢ is chosen small enough that
eY/2R < 2R, solves the equation

e72g(w + eD)¢ + ¢ f(@)¢ — 1D(@)x0(eD)(I¢17¢) + 2O (¢ 1) = 0 (4.3)

(note that [||n1 Il = €'/2||¢]l1, the change of variable from x to X = ex introduces an
additional factor of £!/2 in the remainder term and the symbol D now means —idy).
The invariance of the reduced equation under 71 (x) +— 11 (—x) is inherited by (4.3),
which is invariant under the reflection ¢ (X) — ¢(—X).

5 Solution of the Reduced Equation
In this section, we find solitary-wave solutions of the reduced equations
£72g(ED)p + p + 3x0(eD)p* + &' 205 (llpll1) =0 (5.1)
and
e72g(w+eD)¢ + ¢ f(@)¢ —asxo(eD)(51P0) + 2 O4 (gl =0, (5.2)

noting that in the formal limit ¢ — O they reduce to respectively the stationary
Korteweg-de Vries equation

—(B-Poxx+p+3p°=0 (53)
and the stationary nonlinear Schrodinger equation
—argxx +axg — asf¢’¢ =0, (5.4)

which have explicit (symmetric) solitary-wave solutions p* and +¢* (Egs. (1.7) and
(1.10)). For this purpose we use a perturbation argument, rewriting (5.1) and (5.2)
as fixed-point equations and applying the following version of the implicit-function
theorem.

Theorem 5.1 Let X be a Banach space, X and Ay be open neighbourhoods of respec-
tively x* in X and the origin in R and G : Xo X Ao — X be a function which is
differentiable with respect to x € X for each A € Ag. Furthermore, suppose that
G(x*,0) =0, dG[x*,0] : X — X is an isomorphism,

XILH;* [diGlx, 0] = diG[x*, Olll gy = O
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and
xli_% 1G(x, 1) —G(x,0)||x =0, kll_% IdiGlx, A] — d1G[x, Olll gy =0

uniformly over x € X.
There exist open neighbourhoods X of x* in X and A of 0 in R (with X C X,
A C Ag) and a uniquely determined mapping h : A — X with the properties that

(1) h is continuous at the origin (with h(0) = x*),
(i) G(h(X),A) =O0forall A € A,
(iii) x = h(X) whenever (x, 1) € X x A satisfies G(x, A) = 0.

5.1 Strong Surface Tension

Theorem 5.2 For each sufficiently small value of ¢ > 0 equation (5.1) has a small-
amplitude, symmetric solution p in xo(e D)H'(R) with ||ps — p*|l1 — 0 ase — 0.

The first step in the proof of Theorem 5.2 is to write (5.1) as the fixed-point equation

p+e(e? +geD) ™" (JxoeD)o? + 22 05(olN) =0 (55)

and use the following result to ‘replace’ the nonlocal operator with a differential
operator.

Proposition 5.3 The inequality

g2 1
2+ g(ek) 1+ (B — D2

< &
~ (k)12

holds uniformly over |k| < §/¢.
Proof Clearly

&2 1

2 +g(Ek) 1+ (8- b2

gl — (B—pkrT
(2 + g1+ (B - DY

furthermore
g —(B—Hs* SIsP, sl <,
and

g(s) 2 52, s € R.
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It follows that

2 1 - elk|?
e2+gek) 1+ (B— Pk~ L+ kH

k| < 8/e.

Using the above proposition, one can write equation (5.5) as
p+ Fe(p) =0,
where
Fe =3 (1= 6= 193) " x0eD)p? + O loll.
It is convenient to replace this equation with
p+ Fe(p) =0,

where F, (p) = Fs(x0(¢D)p) and study it in the fixed space H!(R) (the solution sets
of the two equations evidently coincide).
We establish Theorem 5.6 by applying Theorem 5.1 with

X =H!R) :={uecH R : u(X) = u(=X) forall X € R},
X = Br(0), Ao = (—¢p, &) for a sufficiently small value of &g, and
G(p, &) == p+ Fe(p)

(here ¢ is replaced by |e| so that G(p, ¢) is defined for ¢ in a full neighbourhood of
the origin in R). Observe that

G(p.€) = G(p.0)
-1
=3(1=B-H3)  LolelD)xo(elD)p)? = o1+ le 2O o,

and nOtng that

because
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Ixo(eI Dy — ull3 4 =/

k>

NOERORY la|* dk

lel

< sup (1+ |k|2>—”“f (L 1K)l dk
k

8 o
Ik|> & IKI> 1

52 —1/4
§<1+W> 2,

that

x0(leID) (xo(le| D) p)? — p?
= xo0(leID)(x0(le| D)p + p)(xo(leID) — Dp + (xo(| D) — I)p*

and that H3/*(R) is a Banach algebra, we find that
lim 1G(p. &) = G(p, O)ll1 = 0. lim [|diGlp, e] = diGlp. Ol £ y) = O
uniformly over p € Br(0). The equation
G(p,0)=p+3(1—(B—H}) " p* =0

has the (unique) nontrivial solution p* in He1 (R) and it remains to show that

diGlp*, 01 =1 +3(1— (B — Hed) (o)

is an isomorphism.
Noting that p* € S(R), we obtain the following result by a familiar argument (see
Kirchgissner [17, Proposition 5.1] or Friesecke & Pego [10, §4]).

Proposition 5.4 The formula p +— 3 (1 — (B - %)8)2()_1 (p*p) defines a compact
linear operator H'(R) - HY(R) and He1 (R) — He1 (R).

This proposition implies in particular that d;G[p*, 0] is a Fredholm operator with

index 0. Its kernel coincides with the set of symmetric bounded solutions of the ordinary
differential equation

—(B—oxx+p+3p"p =0, (5.6)

and the next proposition shows that this set consists of only the trivial solution, so that
diG[p*, 0] is an isomorphism.

Proposition 5.5 Every bounded solution to the equation (5.6) is a multiple of p% and
is therefore antisymmetric.
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Proof Define
p1(X) = sech’($ X) tanh(} X),
p2(X) = cosh X + 3 sech® (3 X) (8 + 2cosh X + 5X tanh (3 X)),

where X = B - %)_1/ 2X, and observe that {p1, p2} is a fundamental solution set for
(5.6). Its bounded solutions are therefore precisely the multiples of p. O

5.2 Weak Surface Tension

Theorem 5.6 For each sufficiently small value of ¢ > 0 equation (5.2) has two small-
amplitude, symmetric solutions g‘si in xo(e D)YH' (R) with ||§;—L F¢*l1 — 0ase — 0.

We again begin the proof of Theorem 5.6 by ‘replacing’ the nonlocal operator in
the fixed-point formulation

¢+ (2 (@) + g@+eD) ! (—asxoeD)(5120) + €205 1) = 0

of equation (5.2) with a differential operator.
Proposition 5.7 The inequality

&2 1

it f(w)e? + g(w + k) " al + apk?

< &
~ (1K)

holds uniformly over k| < §/¢.

Proof Clearly

&2 1

Ef (e +glw+ek)  ar +ak?
__ lg@+ek) — (G (@) + 38" (@)K

(@ f(@)e? + g(w + ek)) (] f (@) + 38" (@)k?)

while
gw+s) —1g"@s* S sl s| <6,
and

glw+s)>s%  seR.
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It follows that

&2 1 - elk|?
Rf@e+g+ek)  ar+ak |~ A+ kD2

k| < §/e.

Using the above proposition, one can write equation (5.2) as
¢+ Fe($) =0,
where
F@) = —ay (a1 —ad}) 1P + 2051 ).
or equivalently with
¢+ Fe(0) =0,

where F, (&) = Fe(x0(eD)¢), and studying it in the fixed space H'(R, C). We estab-
lish Theorem 5.2 by applying Theorem 5.1 with

X=H!R,C)={c e H(R) : {(X) = {(—X) forall X € R},
X = Bg(0), Ao = (—¢p, &) for a sufficiently small value of &9 and
G(Z. €)= ¢ + Fioy(©).
Observe that

G(¢.e) - G, 0)
-1
= —as (@ —a20%)  [x00e1D) (1061 D)¢ Pxolel D)E) — [¢ 1)
+ 1612 OF (1),

so that

lim [G(¢. ) =&, Ol = 0. lim [[d1G1¢. &1 = diG1&. Olll cqar v, ) =

uniformly over { € Br(0).
The equation

—1
G0 =¢ —as (@ —ad}) 157 =0
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has (precisely two) nontrivial solutions £¢* in He1 (R, C), which are both real, and
the fact that djG[£¢*, 0] is an isomorphism is conveniently established by using real
coordinates. Define ¢; = Re ¢ and ¢, = Im £, so that

diG[£¢*, 01(¢1 +1i82) = G1(¢1) +1G2(82),

where G : Hl(R) - H!(R) and G, : Hl(R) — H!(R) are given by

—1
Gi1(¢1) = &1 — 3a3 (611 — 61233() ¢,
—1
G2(52) =40 — a3 (al — a23;2() e
and

HIR) :={u e H'(R) : u(X) = u(=X) forall X € R},
HIR) :={u e H'(R) : u(X) = —u(—X) forall X € R}.

Proposition 5.8 The formulae

—1 —1
{1 = —3a;3 (al - 6123;2(> %, L —a (al - a23;2(> Qo)
define compact linear operators H'(R) — H'(R), H‘:1 R) — Hel(]R) and
Hy(R) — Hy(R).

The previous proposition implies in particular that Gi, G, are Fredholm operators
with index 0. The kernel of G; coincides with the set of symmetric bounded solutions
of the ordinary differential equation

—a1Cixx + axly — 3a3¢*?e =0, (5.7)

while the kernel of G, coincides with the set of antisymmetric bounded solutions of
the ordinary differential equation

—a1fixx + a1 — a3c*?g =0, (5.8)

and the next proposition shows that these sets consists of only the trivial solution, so
that G, G» and hence d{G[¢*, 0] are isomorphisms.

Proposition 5.9

(i) Every bounded solution to the equation (5.7) is a multiple of ¢ and is therefore
antisymmetric.

(ii) Every bounded solution to the equation (5.8) is a multiple of £* and is therefore
symmetric.
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Proof Introducing the scaled variables
O(X) = (a3/a)' e (X), LX) = (a3/a)'*0(X), X = (az/a))'/*X
transforms Eqgs. (5.7), (5.8) into

—~ix + 0 =388 =0, (5.9)
~Cyx o -0 =0, (5.10)

where g:*()V( ) = +/2sech X, and it obviously suffices to establish the corresponding
results for these equations.
Define

£1.1(X) = sech X tanh X,

51,2()?) = sech X (—3 + cosh? X 4 3X tanh )V() ,
£2.1(X) = sech X,

£22(X) = sech X (2)? + sinh 2;?)

and observe that {¢] 1, ¢1,2} is a fundamental solution set for (5.9), whose bounded
solutions are therefore precisely the multiplies of E;{, while {¢2 1, ¢2,2} is afundamental
solution set for (5.10), whose bounded solutions are therefore precisely the multiples
of ¢*. O

Funding Open Access funding enabled and organised by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ablowitz, M.J., Segur, H.: On the evolution of packets of water waves. J. Fluid Mech. 92, 691-715
(1979)

2. Amick, CJ., Kirchgéssner, K.: A theory of solitary water waves in the presence of surface tension.
Arch. Rat. Mech. Anal. 105, 1-49 (1989)

3. Benjamin, T.B.: The solitary wave with surface tension. Q. Appl. Math. 40, 231-234 (1982)

4. Buffoni, B.: Existence and conditional energetic stability of capillary-gravity solitary water waves by
minimisation. Arch. Rat. Mech. Anal. 173, 25-68 (2004)

5. Buffoni, B.: Conditional energetic stability of gravity solitary waves in the presence of weak surface
tension. Topol. Meth. Nonlinear Anal. 25, 41-68 (2005)


http://creativecommons.org/licenses/by/4.0/

250

M. D. Groves

10.

11.

13.
14.

15.

17.

18.

19.

20.

21.

22.

. Buffoni, B., Toland, J.F.: Analytic theory of global bifurcation. Princeton University Press, Princeton

(2003)

. Craig, W., Sulem, C.: Numerical simulation of gravity waves. J. Comp. Phys. 108, 73—-83 (1993)
. Dias, F,, Kharif, C.: Nonlinear gravity and capillary-gravity waves. Ann. Rev. Fluid Mech. 31, 301-346

(1999)

. Ehrnstrom, M., Groves, M.D., Wahlén, E.: On the existence and stability of solitary-wave solutions to

a class of evolution equations of Whitham type. Nonlinearity 25, 2903-2936 (2012)

Friesecke, G., Pego, R.L.: Solitary waves on FPU lattices: I. Qualitative properties, renormalization
and continuum limit. Nonlinearity 12, 1601-1627 (1999)

Groves, M.D., Wahlén, E.: On the existence and conditional energetic stability of solitary water waves
with weak surface tension. C. R. Math. Acad. Sci. Paris 348, 397-402 (2010)

. Groves, M.D., Wahlén, E.: Existence and conditional energetic stability of solitary gravity-capillary

water waves with constant vorticity. Proc. R. Soc. Edin. A 145, 791-883 (2015)

Hormander, L.: Lectures on nonlinear hyperbolic differential equations. Springer, Heidelberg (1997)
Hu, B., Nicholls, D.P.: Analyticity of Dirichlet—-Neumann operators on Holder and Lipschitz domains.
SIAM J. Math. Anal. 37, 302-320 (2006)

Tooss, G., Kirchgidssner, K.: Bifurcation d’ondes solitaires en présence d’une faible tension superficielle.
C. R. Acad. Sci. Paris, Sér. 1 311, 265-268 (1990)

. looss, G., Péroueme, M.C.: Perturbed homoclinic solutions in reversible 1:1 resonance vector fields.

J. Diff. Equ. 102, 62-88 (1993)

Kirchgiéssner, K.: Nonlinearly resonant surface waves and homoclinic bifurcation. Adv. Appl. Mech.
26, 135-181 (1988)

Lannes, D.: The water waves problem: mathematical analysis and asymptotics. Number 188 in Math-
ematical surveys and monographs. American Mathematical Society, Providence (2013)

Nicholls, D.P., Reitich, F.: A new approach to analyticity of Dirichlet—-Neumann operators. Proc. R.
Soc. Edin. A 131, 1411-1433 (2001)

Sachs, R.L.: On the existence of small amplitude solitary waves with strong surface-tension. J. Diff.
Equ. 90, 31-51 (1991)

Stefanov, A., Wright, J.D.: Small amplitude traveling waves in the full-dispersion Whitham equation.
J. Dyn. Diff. Equ. 32, 85-99 (2020)

Zakharov, V.E.: Stability of periodic waves of finite amplitude on the surface of a deep fluid. Zh. Prikl.
Mekh. Tekh. Fiz. 9, 86-94 (1968). (English translation J. Appl. Mech. Tech. Phys. 9, 190-194.)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	An Existence Theory for Gravity–Capillary Solitary Water Waves
	Abstract
	1 Introduction
	1.1 The Main Results
	1.2 Methodology
	1.3 Function Spaces

	2 Analyticity
	3 Reduction
	3.1 Strong Surface Tension
	3.2 Weak Surface Tension

	4 Derivation of the Reduced Equation
	4.1 Strong Surface Tension
	4.2 Weak Surface Tension

	5 Solution of the Reduced Equation
	5.1 Strong Surface Tension
	5.2 Weak Surface Tension

	References




