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Abstract: The Schur decomposition of the velocity gradient tensor (VGT) is an alternative to the classical Cauchy-Stokes
decomposition into rotation rate and strain rate components. Recently, there have been several strands of work that have employed
this decomposition to examine the physics of turbulence dynamics, including approaches that combine the Schur and Cauchy-Stokes
formalisms. These are briefly reviewed before the latter approach is set out. This partitions the rotation rate and strain rate tensors
into normal/local and non-normal/non-local contributions. We then study the relation between the VGT dynamics and ejection-sweep
events in a channel flow boundary-layer. We show that the sweeps in particular exhibit novel behaviour compared with either the
other quadrants, or the flow in general, with a much-reduced contribution to the dynamics from the non-normal terms above the
viscous sub-layer. In particular, the reduction in the production term that is the interaction between the non-normality and the normal
straining reduces in the log-layer as a consequence of an absence of alignment between the non-normal vorticity and the strain rate
eigenvectors. There have been early forays into using the Schur transform approach for subgrid-scale modelling in large-eddy
simulation (LES) and this would appear to be an exciting way forward.
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Introduction

While we may not always engage explicitly with
turbulence processes in hydrodynamics, for any
Newtonian flow with a significant amount of inertia
we need at the very least to make a conscious decision
to ignore such phenomena. Arguably, this is precisely
the approach of traditional hydraulic engineering—to
derive the momentum and continuity equations
assuming an inviscid behaviour and to then add in a
friction coefficient to deal with energy and momentum
losses due to processes that include turbulence
dissipation.

However, reach-scale studies concerning civil
engineering design (e.g., scour around bridge piers),
sediment transport or channel ecology are increasin%'l?f
using computational fluid dynamics (CFD) methods!'
Either these require a closure model for the fluctuating
velocities or at least their covariance, as arises in
Reynolds-Averaged Navier Stokes (RANS) methods,
or the larger scales are fully resolved in time and it is

Biography: Christopher J. Keylock, Male, Ph. D., Professor
Corresponding author: Christopher J. Keylock,
E-mail: c.j.keylock@lboro.ac.uk

the smaller scales that require modelling, as arises in
large-eddy simulation (LES). (See various review
papers on the application of LES to hydrodynamics
and related fields"*™").

In the classical closure model employed in LES™,
an expression is written for a sub-filter scale viscosity
with a length scale related to the geometric mean of

the filter size, /, = (lxlylz)m, and a time scale linked

to the resolved rate of strain tensor
v, =(Cyl, )’ ||S|| (1

where C is the Smagorinsky coefficient, the tilde
indicates the LES filtering operation, || || is the
Frobenius norm, i.e.

1] =28,S, )
and

- 1[ou  ou,
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This demonstrates the direct relevance of the gradients
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in the flow to modelling in hydrodynamics. Thus,
while the velocities are generally associated to large-
scale behaviour and the velocity gradients with the
small scales, understanding the small scales has a
direct impact on our formulation of hydrodynamics at
a variety of scales.

The aim of this article is to review some recent
work in fluid mechanics in this area and discuss its
potential for enhancing our understanding of hydrody-
namical flows before presenting some new results on
the boundary-layer structure of a channel flow. In
2005, Iehisa Mezu outlined what he felt should be the
focus for the research direction in the 21st century in
hydraulic engineering and he highlighted the signi-
ficance of turbulence representation, primarily from
the perspective of Reynolds-averaged dynamics (the
focus of his experimental work for several decades)!".
A decade ago, Adrian and Marusic suggested instead
that the focus instead should be on the transient flow
field and the associated coherent flow structures that
are responsible for a significant proportion of the
turbulent stresses in many hydrodynamic flows!®),
Associated more with this latter perspective, as part of
the 50th anniversary special issue of Water Resources
Research we argued that the hydrodynamics’
disciplines should take a more active role in shaping
their own “fluvial fluid mechanics™™ rather than
drawing upon developments in turbulence theory
made in other subject areas.

The current article proposes a research direction
to underpin this idea. In particular, of the work
developing our understanding of velocity gradients
since a major review article on this topic[lo], a strand
of particular interest has emerged based on the Schur
decomposition of the velocity gradient tensor. It
would appear that the first publication in this area,
although it did not refer to the Schur transform
explicitly, was published in Chinese by Li et al. in
2014"". Four years later, studies emerged at a very
similar time from Liu’s group in Arlington, Texas in
the USA, in China, and also in the UK 12-15]. Despite
the same underpinning linear algebra, the various
studies are rather distinct, with emphasis on flow
structure identification in the work of Liu et al., the
physics of actual flows in Keylock’s work, and
underpinning physical principles in the work of Zhu.
In this article, we consider all three strands of work,
but focus on our own contribution as we believe the
flow physics highlighted are potentially of greatest
interest to the hydrodynamics’ community and are of
utility to the development of practical modelling
closures of use in hydrodynamics.

In the next section we review some of the classic
approaches to analysing the velocity gradient tensor
and how the mathematics of the decomposition may
be interpreted in terms of flow physics. In section 2
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we look at the Schur decomposition and briefly
describe some of the results so far using this approach.
In section 3 we provide some new results on the near-
wall dynamics of channel flow in the logarithmic, and
transitional regions of the boundary-layer using this
approach to demonstrate its utility. The final section
looks at how these ideas may be developed to both
enhance our understanding of flow dynamics and
improve our ability to model hydrodynamical flows in
the future.

1. Classic concepts in velocity gradient dynamics

1.1 The velocity gradient tensor and its invariants

The natural way to think about these velocity
gradients is in terms of the velocity gradient tensor
(VGT)

Ou,
= )
ox;
which is classically decomposed in fluid mechanics
into two tensors, the rotation rate and strain tensors

(i.e., from a mathematical perspective, a decompo-
sition into Hermitian, skew-Hermitian elements):

1{ Ou, Ou, 1( 6u  Ou,
= —L—-—L, S =— iy 5
& 2[5);/. 6x.] Y 2(8)(‘/. ox, ®)

i

For compactness, it is often convenient to re-express
Eq. (5) using matrix/tensor notation as

Lacay, s-tuara
Q=S(A-A), S= A+ A) (6)

where the asterisk is the transpose operation.

Considering the tensor from the perspective of
linear algebra opens up some alternative ways of
representing the flow in contrast to the strain and rotation
approach. Perhaps the first thing one can do is to write
down the characteristic equation for the VGT

AP +PA+0A+R=0 0

where A, are the eigenvalues of A . This equation
simplifies for incompressible flow because P =
—z A, =0. While analysis of the compressible VGT

is important in a number of domains of fluid
mechanics and, consequently, has been the focus of
some study[w'”], in this article we assume that for
hydrodynamics the overwhelming concern is with
incompressible dynamics.
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The second and third invariants may be written
as

0= ‘%truz) =(1-5)2 A4, ®

= —det(A)=T14 9)

where tr(---) is the trace, J; is the Kronecker delta

and det(---)

terms, the one most familiar to hydrodynamicists will
be O asitis the term employed in the Q - criterion

is the determinant. Of these pair of

approach to flow structure identification!'®), which has
been widely used in hydrodynamics[w'z”. However, it
is useful to treat them as a pair because, in combina-
tion they define the discriminant function, A, that
establishes if the eigenvalues of the VGT are all real
(A<0) or consist of a real value and a conjugate pair

(A>0)

ZRZ

A=Q'+ (10)

In the latter case, the streamlines in a Lagrangian
frame form a closed streamline, explaining why A is
sometimes also used as a means to detect coherent
structures”. A more physically intuitive interpreta-
tion of the second and third invariants is obtained by
rewriting Egs. (8), (9) as:

0=2al -Is.f) an

R=—det(S,) - tr(2°S,) (12)

where the first and second terms on the right-hand
side of Eq. (11) are commonly referred to as the
enstrophy and total strain, respectively, while the first
and second terms on the right-hand side of Eq. (12)
are the strain production and enstrophy production,
respectively.

While both the constituents of @ in Eq. (11) are

non-negative, this is not the case for R, although
observations in a variety of flows indicate that this is
the most common situation. In fact, the relative
balance of the signs of the terms on the right-hand
side of Eq. (12) is very dependent upon the region of
the joint probability distribution function (PDF) for
Q and R that the VGT is located in (see Fig. 1).
For example, for homogeneous, isotropic turbulence
at a Taylor Reynolds number of 430, Keylock!?
found that 63.4% of all VGTs had values for both of
the production terms that were positive, but that this

was most common in both absolute and relative terms
for region 6 (0 <0, A<0 and R>0), (30.2% of
all tensors were in region 6, 87% of these had both
production terms positive). In contrast, 11.1% of
tensors arose in region 1 (9 >0 and R>0) and only

16% of the tensors had both production terms positive.
A physical consequence of the general positivity of
the strain production is that the eigenvalues for the
strain rate tensor, e, are preferentially two positive

and one negative value rather than vice versa. In other
words, they yield disc-shaped straining structures in
the flow, rather than tube-shaped™>*. The implica-
tion of this is that the mechanics of turbulent
dissipation are associated with the compression of
disc-shaped elements, rather than the stretching of
tube-shaped structures®’),
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Fig. 1 (Color online) The Q-R diagram, i.e., the joint
distribution function for Q and R obtained for a
turbulent channel flow at a distance from the wall of
20 <y <30. The six regions of this diagram are
identified based on the signs of O, R (dashed

lines) and the discriminant function, A (dot-dashed
lines). Contours show the base 10 logarithm of the
probabilities with contours ranging from —4.5 to 0.5
in intervals of 0.5

1.2 The Q-R diagram and turbulence structure
Going into greater detail into aspects of the
O-R diagram, the example in Fig. 1 is from the
simulation used later in this study and is taken from
the top of the transitional region into the bottom of the
logarithmic layer in a turbulent channel flow (20 <

¥y <30), where the plus superscript indicates the use

of wall units (non-dimensionalisation of distance by
kinematic viscosity and shear velocity). It is clear that
even this close to the wall and below a height where
the flow can be considered to be fully established, the
QO-R diagram already exhibits classical features
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such as the extended Vieillefosse tail® along A =0
for positive R, i.e., spanning regions 5, 6. This
teardrop shape is so well-known for fully developed
flow that it has been argued that its occurrence can be
used as a verification test for turbulence resolving
numerical simulations®”,

Exactly how the shape of the diagram changes
with the imposition of coherent flow structures and as
a function of the manner in which turbulence develops
is very much an area for active research. For example,
it was shown that both round and fractal jet flows
attained the teardrop shape at a distance of approxi-
mately x/D,=25 from the nozzle, where D, is

the equivalent jet diameter, while for the case of a
spatially evolving mixing layer, the equivalent
distance was x/D,, =225, where D, is the splitter

plate thickness™™.

An example of direct relevance to the under-
standing of channel flows in hydrodynamics is a
classic study of how the boundary-layer ejection-
sweep structure related to the regions of the Q-R
diagram in a low Reynolds number boundary-layer'®.
These authors found that ejections (u' <0, v/ >0)
arose preferentially in region 5, and sweeps (u' >0,
v/ <0 ) in region 6, where u and v are the
longitudinal and vertical velocity components and the
prime indicates the fluctuating (mean-subtracted) part.
In other words, these coherent motions in the turbulent
boundary-layer are not related directly to the regions
where enstrophy exceeds total strain (regions 1 and 2),
and thus, the coherent flow structures themselves if
one uses the definiton Q>0 "8 Chacin and
Cantwell also showed that dissipation events in the
viscous sublayer (y" <5) were preferentially in
regions 3, 4 and 6, with a shift to dominance by region
6 in the transitional and logarithmic regions. It is this
examination of the relation between the flow
quadrants (ejections, sweeps, outward and inward
interactions) and the velocity gradient tensor that we
investigate below from the perspective of the Schur
transformed flow field.

1.3 Modelling the velocity gradient tensor

Taking the first derivative of the Navier-Stokes
momentum equation yields an evolution equation for
the VGT

2 0°4,
L op +v u
0Ox,0x,
13)

It is then useful to subtract the isotropic part of the
pressure Hessian from the full form. We can do this
by using incompressibility (i.e., 4, =0) to state that

o d
—(A) Fu, ——(4,) + A A, =~
a4 k@xk( D) Ay p Ox,0x,
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A, A, =—(p )0’ p/oxox, and to then subtract this
from Eq. (13) to obtain

0 0 5:‘/ _
5(147,) Tu, E(Ai/) + Akak/ _?(AkmAmk) -
k

2 o, 0o? 0’ A,
_l|:ap_ljap:|+ y (14)

v
ploxox; 3 dx0x Ox,0x,

The primary reason to write the equation this
way follows from the work of Cantwell®” who
showed that by neglecting the terms on the right-hand
side of Eq. (14) one may obtain a simple model for the
evolution of the second and third invariants:

0 _ 3R ﬁigz (15)

dt ’
The solutions to this model are ecither that the VGT
remains at the origin, or that it follows lines of
constant A to Q=-w, R=o0. Thus, one would

anticipate that the Q-R diagram has a mode at the

origin and would be asymmetric, with an extended tail
in the bottom-right corner. This is precisely what is
observed in Fig. 1.

It is clear that Eq. (15) only requires knowledge
of the second and third invariants and, thus, from Egs.
(8), (9), the eigenvalues. Given that the full dynamics
are more complex that this model, the implication is
that evidence for effects related to the deviatoric
pressure Hessian, the term in the square brackets in
(14), must reside in the eigenvectors. It is this obser-
vation that motivated the application of the Schur
decomposition to the VGT by Keylock!'”! because, as
shown in the next section, the Schur decomposition
makes these terms physically explicit.

2. The Schur decomposition of the VGT

An ideal matrix decomposition should be unitary,
diagonalisable and orthogonal. There is a trade-off in
trying to accomplish all three and while the Schur and
eigen decompositions are both orthogonal (and are
identical for symmetric tensors), the eigen decomposi-
tion is always diagonalisable while the Schur decom-
position is always unitary. In effect, this means that
there is a simpler structure to the rotation matrices for
the Schur decomposition. The eigen decomposition of
A is

ViV'=A (16)

where the columns of V' are the eigenvectors and 4
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is a diagonal matrix of eigenvalues, 4 . In contrast,
the Schur decomposition is

UTU"=A (17)

where 7T 1is no longer typically diagonal but is block
upper triangular in the real form and upper triangular
in the complex form. In the special case where A is
symmetric, there is no non-normality, 7T is diagonal
and equivalent to 4 and the Schur rotation matrix,
U , is equivalent to the eigenvector matrix, V. While
other authors have adopted the real form of the Schur
transform because of its ease of physical interpreta-
. [13,31] .

tion , here we adopt the complex variant because
of the ease of separation of the normal (the eigen-
values on the diagonal) and non-normal (the upper
triangular part) components[lz], which is at the heart of
this paper. It should be noted that when A <0 there
is no imaginary part to the complex Schur decomposi-
tion and the real and complex forms are identical.
Assuming that the Jordan block for the real form is in
the top-left corner, the complex form and real forms
for the Schur decomposition may be written, respec-
tively, as:

ﬂ/(,' }/L‘ ﬂ('
T=|0 A a, (18)
0 0 A4
and
A, vty B
T.=|\-v A4, « 19)
0 0 4

For an incompressible flow, A =-24,, where the

cr 2
3

‘cr” subscript indicates the real part of the complex
eigenvalue of the VGT, A, , while 4 is the real
eigenvalue. We recover the imaginary part of the
complex eigenvalues, A, from Eq. (19) by noting
that 247 +y2 +y2 =2y +2yy+y* and y’ +y’ =
7°. That the imaginary part of the eigenvalues resides
off the diagonal in the real form and is mixed with

is why we have used the complex form as it permits
the simple separation

T=A+N (20)
The derived dynamical terms (which involve taking

the trace and determinant) are all real-valued as shown
below. The equivalence between the eigen- and Schur

decompositions for symmetric tensors demonstrates
that when the tensors are non-symmetric, information
that is “hidden” in the eigenvectors with the eigen
decomposition is made physically explicit in N . The
simpl[ilg]ity of the separation in Eq. (20) permits us to
write"

A=B+C, B=UAU*, C=UNU" @1)

Hence, B captures the normal terms associated with
the eigenvalues, C the non-normal terms in N
associated with the dynamic effects of the deviatoric
part of the pressure Hessian. Hence, in relation to the
discussion in the concluding paragraph of the previous
section, the effects missing from the restricted Euler
formalism Eq. (15) that are not due to viscous effects
may be found in C . Using an analysis of the pressure
terms in the VGTP? it can then be shown that the
non-normal part of the tensor represents the non-local
actions of the surrounding flow field on the local
VGT.

2.1 Subgrid-scale modelling based on the Schur

decomposition

Using the Schur transform to make explicit the
contributions to equations Eqgs. (1)-(3) from local and
non-local terms is clearly of significant potential
utility in hydrodynamics given the need to model
small scales based on large-scale information. In fact,
an early attempt has emerged from China that

attempts to do this for compressible boundary-
[33 [12]

layers™!. These authors adopted the index .
|B] -]
== (22)
1Bl el

as a means to determine the relative contributions of
the normal and non-normal terms with distance from a
solid boundary. They showed significant differences
in the vertical profiles of the second and third
invariants when conditioned on the sign of «,.. For
example, Q was weakly positive on average for
Ky <0 with a maximum at y* ~150, while Q
was strongly negative for «,. >0, with a minimum
at y" =10 and then a recovery towards zero at
higher y~. Conversely, R was weakly negative for
Ky >0 (minimum at » =100 ) and strongly
positive for x,. <0, with a maximum at y" =30.
This led to the observation that near the wall
(y" =24) subgrid-scale energy dissipation was a

strong function of x,., with the dissipation for
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Ky =—0.3 approximately three times greater than
for x,.=0.3. As a consequence, the authors were

able to propose a new subgrid-scale model with a
separation of the straining into its B and C com-
ponents. This was able to replicate the direct nume-
rical simulation more appropriately than the classic
Smagorinsky closure, while also respecting the test
filtering concept that permits the subgrid-scale model
coefficients to vary spatially and temporally™*.

2.2 Physics elucidated using the Schur decomposition
of the VGT
Given the decomposition in Eq. (21) it is then, of
course possible to rewrite (11)-(14) in terms of B,
C and study the dynamics associated with the new
terms that result''?!. If this is done then Q and R

may be written in terms of B, as follows from their
definition in terms of the eigenvalues as seen in Egs.
(8), (9). In other words, B contains the rotational
and straining dynamics associated with the eigen-
values. In the special case of a symmetric VGT, all the
dynamics are strain rates associated with the eigen-
values, i.e., 4A=S,. However, more generally, and

particularly in the boundary-layers studied in this
paper, the VGT can be strongly asymmetric as a
consequence of shearing in the flow inducing torques
on a fluid element. Such motions are not captured by
the eigenvalues but are found in the non-normal tensor,
C . These may then in turn be decomposed into
symmetric straining and rotational components. The
constituents of Q and R that appear in Egs. (11),

(12) cannot be expressed solely in terms of the
eigenvalues. Hence, we write the enstrophy and the
total strain as:

2

le.f =l el Is.f=ls.l+lel”  e3

With regards to the constituents of R, we have that
—det(S,)=—det(S,) + tr(2.S,) — det(S,.),
tr(23S ) = tr(2;8,)+Hr(2:S ) — det(S,) (24)

where we have used ||.QC||2 =||SC||2 to simplify the

number of terms. Thus, four of the terms in these two
equations are the direct, normal analogues of the
traditional terms. The three new terms are the

non-normality, ||QC||2 , the interaction production,
tr(2.S,), i.e., production of non-normality by action
of the normal straining, and the non-normal pro-
duction, —det(S.).

The non-normality, 2 is typically at least as

2]
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large as the normal total strain or normal enstrophy.
For example, it has been shown for homogeneous,
isotropic turbulence (HIT) that the only region of the
Q-R diagram where the mode for x,. is positive

is region 6!"*. The mode is close to zero in region 1
and negative in the other regions. Non-normality is
most dominant in region 3. In other words, traditional
analyses in terms of the eigenvalues of 4 miss out
more than half of the relevant dynamical effects. A
mathematical consequence of the decomposition is

that the normal enstrophy, ”93”2 , 1s necessarily zero
in regions 4, 6 of the Q-R diagram (where A <0).

2 .
In other words, any non-zero values for ||.Q A” n

these regions arise solely because of the
non-normality. Furthermore, while both —det(S,),

tr(22S,) are typically positive in well-developed

flows, the signs of their normal variants are dictated
by the sign of R. Thus, in regions 1, 5 and 6 where

R>0, we have that —det(S;)>0 and tr(.QéSB) <
0, with the opposite true where R <0. Of course, in
regions 4 and 6, because of the absence of the normal
enstrophy, the exact value for R follows directly
from the simplification, R=—det(S;) .

In terms of the statistical distribution functions
for the two new production terms, it was shown that
the marginal distribution for —det(S.) is symmetric

about a mean of zero and this is also true for the
conditional distributions of this term as a function of

tr(.QéS »). In contrast, the marginal distribution for

tr(2.S,) was shown to be clearly positive in the

mean. Given the imbalance between positive and
negative values for R is relatively small, it therefore

follows that the positivity of tr(€2.S,) is what

drives the positive values for the strain production and
enstrophy production.

An important discovery about the small-scale
dynamics of turbulence was that the vorticity vector
aligned with the eigenvector corresponding to the
intermediate eigenvalue of the strain rate tensor,
S, 135361 This was not expected as one might antici-

pate that it would align with either the extensive or the
compressive direction, given the togological explana-
tions for turbulence dissipationm'3 I The reason for
this discrepancy is because of the way the argument
prioritises the normal terms. In fact, in regions 1 and 2
where normal enstrophy is large, one does find a
strong alignment between the normal vorticity vector
and either the most extensive (region 2) or most
compressive (region 1) normal strain eigenvector.
However, the strongest alignment in the other regions
concern the non-normal terms, and here, this is always
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between @¢ and the intermediate eigenvector for
s, with ||.QC||2 >||.QB||2 in regions 3-6 and because
the intermediate strain eigenvectors for both S, and
S. are strongly aligned, the net effect is the
intermediate alignment between @, and §,.

In regions 1, 2, while @, aligns with either the

first or third eigenvector for the normal strain rate, this
term is typically small from the definition of Q. In

fact, in regions 1, 2, these two eigenvectors were
themselves strongly aligned to the intermediate
eigenvector for the non-normal straining, leading to
the intermediate alignment between @, and §, via

a different mechanism!'?.

While the results described above were for HIT
there have been subsequent studies highlighting the
importance of the non-normal terms, particularly as
turbulence is developing or evolving. In addition to
work on compressible boundary-layers”*!, Beaumard
and co-workers looked at how x,. evolved from

strongly negative to more positive values in spatially
developing flows®®!, while a more recent study of

multiphase flows found that x,. was more strongly

negative close to the interface between the fluid
species””). In a hydrodynamics context, this implies
that, for example, in locations of high Froude number,
where air entrainment is commonplace, closure
models that operationalise equations for the local and
non-local straining separately, in the spirit of the work
by Yu et al.”*! will be advantageous.

Once one makes use of N in an analysis of
fluid mechanical systems, one can begin to study the
manner in which this term is bounded based on
knowledge of other aspects of the flow. Employing
the Lee bound[40], which is tight for incompressible
flow, one can isolate the tensors that lie close to this
bound™!! (the practical definition used in that work
was within 0.01% of the Lee bound). It is not of
interest to study this bound in regions 4, 6 of the
Q-R diagram (where A <0) because it is attained

trivially. However, where the eigenvalues are complex
this is not the case and it was discovered that the
probability of attaining the Lee bound was much
greatest in region 1 as a consequence of the typical
values for the interaction production and non-normal
production terms and the vorticity-strain eigenvector
alignments being much more similar in this region to
the values for when the bound was attained than in
regions 2, 3 and 5. Lagrangian tracking showed that
the bound was obtained as the tensors transitioned
from region 2 into region 1, i.e., where the normal
enstrophy production and strain production values are
small. A topological investigation showed these
regions to be typically rod-like in shape, with an

average spacing of about 0.7 Taylor length scales, and
a typical intermediate axis length of 0.25 Taylor
scales.

In contrast to the work described above, an
alternative avenue has been to take a more mathema-
tical approach and formulate a real Schur form for the
dynamics that is equivalent to a two component,
two-dimensional flow coupled to a one component,
three-dimensional flow!"*! when the Jordan block is in
the top-left corner. This type of fluid dynamics is seen
most clearly at the Taylor-Proudman limit for rotating,
compressible flows, when the flow forms columnar
structures**!. This was exploited to argue for a
mechanism of “turbulence compressibility reduction”
based on the approach to an incompressible state for
the two-dimensional, two component part of the flow
in the limit of fast rotation*). There is a richer class
of behaviours in the compressible case due to the
thermodynamic, barotropic and non-barotropic struc-
ture. There is some fascinating mathematical physics
in this work, although in order for any insights from
these cases to be of direct relevance to conventional
hydrodynamics rather than, for example, geophysical
fluid dynamics and the analysis of Bose-Einstein
condensates some thought needs to be given to the
way in which the rotation tensor is integrated into the
flow reconstruction. In our approach!'” ! the
observed U is used directly. It would be interesting
to explore the manner in which a real Schur flow
changes in nature as one moves from a universal,
constant, U towards one that is unique to every
point in time and space by introducing some periodic
variation in U as a function of position and scale.
This is very much an unexplored area at present.

2.3 Coherent flow structure identification using the

Schur decomposition

In a series of papers, Liu, Gao and co-workers
have developed an approach to coherent flow structure
identification using the Schur transform'>"* *¥ that
incorporates an idea also seen in Li et al.’s work!'"
regarding the decomposition of the VGT. We first
present this work using the notation of Liu et al.,
before relating it back to the Schur transform
approach adopted by Li et al. At the heart of the
formulation by Liu and co-workers is an initial
rotation from the x, u system in Eq. (13) to one in
X, U such that rotation is only around the Z axis,
i.e., the new VGT is

U U
oX oY
a=| I (25)
oX oY
ow. oW ow
lox oY oz |
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A second re-orientation is then undertaken to find the
local rotation strength, i.e., with & the angle applied,
then the rotation matrix is

cosf sinf 0
O=| —sind cosf 0 (26)
0 0 1

leading to the new tensor A, =@A@". The two rele-

vant terms in A4, for describing the rotation strength

are then
6_V‘0 =n,;sin(20+¢)+n,, au 6 =n;sin(20+ @) —n,
oxX y

(27)
where
nlzé\/‘glz"'gzz’ ”2:%53 (28)
with
gl :a_V_a_U’ 82 :a_V—|—a_U’ 83 :a_V_a_U (29)

oY oX oX oY oX oY

and the phase adjustment, ¢, depends on the sign of
the ¢ terms:

p=tan"' [QJ if £#0 (30a)
81
.
(p:E if =1, >0 (30b)
.
v==3 if &=1, & <0 (30c)

It is then possible to define the rotation strength, R;, as

R, =2(n,—n) if nl-n; <0, n,>0 (31a)
R, =2(n,+n) if n' —n; <0, n,<0 (31b)
R, =0 if n'—n;>0 (31c)

Thus, a coherent structure is a connected region where
R, >0 and it is possible to define an accompanying

vector field (initially termed the Rortex!'* and, subse-
quently referred to as the Liutex[45]) according to

813

L=R,r,where
r=U"0 (32)

The above mathematics simplifies greatly if we
use the Schur form!''. Noting that Eq. (25) is the
transpose of the real Schur form in Eq. (19), we adopt
Eq. (19) in place of Eq. (25), which forces & =0,
¢p==4mn/2 depending on the sign of y (because
& =y). With g, =2¢p+y, we may rewrite n,, n,
as

1 1
M=oV M=ty (33)

and the three cases in Eq. (31) correspond to v,
v +y and 0, respectively. However, the second of
these is inadmissible as it requires n, <0 and there

are two possibilities when using the Schur form: The
eigenvalues are real and y = 0, meaning that although

n, <0 is possible, n’ =n;, and therefore, R, =0;
or, - and w +y in Eq. (19) are opposite in sign
(reflecting the signs of the imaginary parts of the
conjugate pair eigenvalues) then with w >0 by

definition and w +y >0, n, mustalso be positive.

A particular advantage of this approach to
coherent flow structure identification compared to

other techniques is that in addition to the scalar R, ,
one has access to an accompanying vector field, r,
which is different to other metrics suchas Q or 4,.

In addition, this vector field has been found to respect
the orientation of the coherent flow structures in
contrast to, for example, the vorticity. This is
demonstrated very effectively in Fig. 4 of the study by
Gao and Liut".

While Liu and co-workers were initially more
concerned with using this decomposition to enhance
the identification of coherent flow structures, more
recently their work has taken a direction towards the
flow kinematics of the VGT. Their approach has been
to focus on tensor decomposition''" rather than the
separation and reconstruction approach we formulated.
The elements of the decomposition are the Liutex
tensor, a shearing tensor, and a stretching/compression
tensor. Each of these has its own principal coordinate
system, although recent progress to towards deriving
this decomposition within the original coordinate

[46] . . .
system' ' aligns this more closely with our work.
Hence, it will be interesting to explore the relative
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merits and demerits of these two formulations in
future research.

3. Analysis of near-wall flow in a channel flow
boundary-layer
The aim of this section is to examine the
quadrant events in the boundary-layer of a turbulent
channel flow and the manner in which they couple to
the VGT dynamics, including the invariants and
regions of the Q-R diagram, as originally studied

by Chacin and Cantwell®), and the new terms in Egs.
(23), (24). Quadrants have been used for many years
for analysing boundary-layer structure'** and are
formed from the longitudinal, u# and vertical, v,
velocity components because, in a fully developed
boundary layer, fluctuations in the transverse plane
are only weakly correlated to the other directions.
However, of course, with the complex boundaries
found in natural channels, this assumption may break
down and tracking the sequence of the resulting flow
“octants” that include the transverse component has
been shown to be useful for studying near-wall flow
structure and its relation to sediment entrainment™*),

The additional advantage of quadrants is they
may be related directly to the Reynolds decomposition
of the flow field and, thus, the representation of tur-
bulence in RANS models. With the mean velocity at a
point denoted by an overbar, the Reynolds decomposi-
tion states that the instantaneous velocity, u is the
sum of the mean and a fluctuating component denoted
by a prime, e.g.

u=u-+u' (34)

Based on the sign of u' and V' we then have the
nomenclature for quadrants given in Table 1. In this
study we normalise the results by the product of the
standard deviations of the velocity components at a
given y' . Hence, one may compare the magnitude of
the velocity covariance to the product of the standard
deviations, with significant flow events, being those

that exceed a threshold hole size, H, [48], ie.,

|u'v'| >H,o,0, for an event to occur. We choose
H, empirically below before relating these quadrants
to the structure of the VGT.

Table 1 Definitions of the quadrant events used to charac-
terise boundary-layer flow structure

/

Designation Name u v
ql Outward interactions + +
q2 Ejections - +
q3 Inward interactions - -
q4 Sweeps + —

3.1 The simulation employed

In this study we make use of the Johns Hopkins
Turbulence database channel flow simulation®>".
This is a direct numerical simulation of a wall-
bounded flow with periodic boundary conditions in
the longitudinal and transverse directions”>. No slip
conditions are imposed at the top and bottom walls
and the flow was initially driven to maintain a bulk
velocity of U =1 until stationarity was achieved. A
mean pressure gradient giving the same shear stress as
the previous step was then imposed, with the
equations solved using the PoongBack code™. Data
were stored at 2 048x512x1 536 spatial positions for a
domain size of 8mhx2hx3mh, with & the channel

half height. Thus, the computational cells had a
spacing of x" =12.26 and z" =6.13 wall units in
the longitudinal and transverse directions, respectively.
The wall-normal spacing varied from y* =0.02 for

the first node from the wall to y" =6.16 for the
nodes at the centre-line. The shear velocity Reynolds
number was Re, =u h/v=1000, with a bulk velo-
city Reynolds number of Re=Uh/v =20000 and a

kinematic viscosity of v=5x10"" (dimensionless).
The best-fit mean velocity profile attained the law-
of-the-wall for 30<y" <250P%. Given the obser-
vation that the differences between the local and
non-local dynamics are more pronounced for y' <

100" coupled to the fact that it is this region where
the subgrid-scale model typically has to represent a
significant proportion of the dynamics in hydrodynamics’
LES unless one is using an exhorbitant amount of

computer power, in this study we focus on the lower
part of the logarithmic region and below.

3.2 A suitable hole size for ejection-sweep events

In order to couple the quadrant motions in the
boundary-layer to the behaviour of the VGT, one first
needs to empirically define the threshold “hole size”,

H, , for quadrant identification. Figure 2 indicates the
proportion of events that arise as a function of H, at
four different heights: Just above the viscous sub-layer
(y" =10), in the middle of the transitional region

(y* =20), at the bottom of the log-layer (y" =30)
and higher into the logarithmic region (y" =65).

Based on these results it is suggested that H, =1 is

a suitable threshold as the general tendencies in the
data are established by this point in all panels, and this
is also compatible with the choice in other
studies®*?!. In addition, a higher threshold would
result in fewer events to analyse, particularly the
inward interactions and outward interactions.
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3.3 The relation between quadrants and the Q-R
diagram
Figure 3 shows the relative frequency of each
region of the Q-R diagram conditioned on each

quadrant occurrence. The sweeps (q4) occur more fre-
quently than the flow in general in regions 4, 6 and in

the former this is particularly the case for y* > 20, as

the logarithmic region becomes established. Ejections
(q2) are more frequent than the flow in general
throughout the near-wall region in region 5 consistent
with previous work™ However, there is also a clear
vertical structure to the behaviour of the ejections,

with a peak in regions 6, 4 for y <10, a maximum
at 5<y’ <20 inregion 3, values exceeding unity in

regions 1, 2 once y >30 and then the general

preferential occurrence in region 5. In other words,
within the viscous sub-layer ejections originate with
minimal local vorticity, gain some initial local vor-

ticity in the transitional region 5<y" <20 where

local enstrophy production is positive and then in
regions 1, 2, where enstrophy exceeds total strain,
ejections arise preferentially in the log-layer. Thus, in
addition to the well-known result that sweeps occur
preferentially in region 6 and ejections in region 5,
our results show that in the log-layer we have strain-
dominated sweeps in region 4 and enstrophy-
dominated ejections in regions 1 and 2, with also a
contribution from inward interactions (q3) in regions 1
and 2.

Overall, the highest relative frequencies of all are
associated with inward interactions in region 6 for
¥y <10, while these q3 events also have a relative
frequency greater than 1 in the log-layer for regions 1
and 2. The implication of this is that the inward
interactions are more closely related to the sweeps
near the wall and the ejections in the logarithmic
region. The outward interactions (ql) are important in
regions 2 and 3 where there is some local enstrophy
and where local enstrophy production is positive.
They occur underneath the ejections in these regions
such that the outward interactions peak in the viscous

sub-layer in region 3 and at y* ~10 in region 2.

3.4 The relative importance of the normal and non-
normal contributions near the wall

Median values for x,. as a function of distance
from the wall are given in Fig. 4. Each panel gives the
results for a different region of the O-R diagram
and it is very clear that in all panels «,. values are

strongly negative and increase with " (i.e., the nor-

mal contributions from B increase in importance
with distance from the wall). Nearly all the median

values for each quadrant and each region lie close to,
but just below zero by the time one is well into the log-

layer at y" =70. Beyond this height, the results do
not exhibit much variation and are not shown. The
sweeps (grey lines) deviate from the general pattern
for the quadrants, with values close to zero regions 4
and 6 where sweeps are of particular importance to the
dynamics. In other words, in a channel flow, non-
normal effects near the wall are dominant with the
exception of the sweeps in the high strain rate, low
enstrophy regions for y* >30.

Looking at results for the sweeps in more detail,
for regions 3-6 it is clear that for y" <5 the x,.
values for the sweeps are very close to —1 but at
y" ~10 there is a sudden transition such that, by

y" =20, the x,. values for the sweeps are much
greater than for the other quadrants. In the enstrophy
dominated regions 1 and 2 where sweeps are rare, this
tendency is much weaker and the sweeps are similar
to the outward and inward interactions. This beha-
viour may be contrasted with the ejections that exhibit

the least non-normality on average for y* <10 for

most regions, but once into the log-layer at y* > 30
exhibit the greatest non-normality. This is consistent
with the classic model of the ejections being generated
locally in the viscous sub-layer and then reflecting the
characteristics of the surrounding flow as they are
transported away from the wall. In contrast, sweeps
originate away from the wall and therefore are
dominated by non-local dynamics for y* <10.

Moving away from an index of non-normality to
a physical quantity, we define & as the extent to
which the normal second order terms dominate the
dynamics

1
o=_(e,[ +]s,[) -2 (335)

We can then non-dimensionalise ¢ and Q by the

square of the mean shear rate, (Ou/dy)*. Figure 5
shows the joint distribution function for Q0 and @

for 60<y" <70 for each quadrant (black lines in
each panel) as well as the dataset as a whole (dashed,
grey lines that are consistent between panels). As with
the traditional Q- R diagram, these results highlight
the non-Gaussian nature of the joint PDF, but here the
source is different: rather than being a consequence of
the Vieillefosse tail, it is driven by the suppression of
normality close to QO =0. This manifests itself as a

re-entrant angle for the joint PDF on the positive @
side and enhanced probabilities for —¢ values at
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Fig. 4 The median values for x,. asa function of y* and each region (panels) of the O-R diagram. In each panel, results

are shown for all data (dot-dashed line) as well as the four quadrants in the ejection-sweep cycle
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Fig. 5 The joint PDFs for Q and & for the four quadrants (black lines) for 60 < y* <70 . Results are shown for the base 10

logarithms of the probabilities with contours from —5 to —3 in unit increments. The results shown by a grey dashed line in

each panel are the results for the full dataset over this range of distances from the wall. The @ =0 state is highlighted by
the dot-dashed line
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0O ~0. This is true to some extent in all cases, but the
exceptional quadrant, as also seen in Fig. 4, is the
sweeps. These exhibit a similar probability structure
close to Q=0 for all data on the positive @ side but

have a much reduced likelihood of negative &
values. In addition on the negative O side there is

also a contraction to the contours that weakens as @
increases. In other words, sweeps are more common
in negative Q regions and exhibit less non-normality

than the flow in general, consistent with Fig. 4. Given
the result that dissipation is most likely in region 6
where sweeps are common”, and given the low
magnitude for the velocity gradients for the sweeps as
seen in Fig. 5, the clear implication is that the sweeps
themselves are not contributing directly to the

60<y" <70 . The other three
quadrants are much more similar in their behaviour in
Fig. 5, which is also in agreement with Fig. 4. The
asymmetry in these diagrams is associated with a tail
to the distribution at 9>0, $>0, ie., normal
dynamics are more likely to be coupled to regions 1
and 2 than the other regions of the Q-R diagram.

dissipation for

How the structure for Q- emerges in the
transitional region can be seen in Fig. 6, where it is
very clear that for the data as a whole there is a very
strong concentration of values for - and Q~0 in

the transitional region at 20<y" <30 . This is
respected for the quadrants in general, but certainly
not for the sweeps, where the distribution is truncated
in this part of the diagram to a greater relative extent
than seen higher into the flow. Thus, the major change
in the logarithmic region compared to the transitional
region is the reduction in this association between
non- normality and Q values close to zero. In the

positive @ half of the diagram we see in Fig. 6 that
the outward interactions have an excess probability for
0 >0, while for the ejections and sweeps this occurs
for 0 <0, and for the inward interactions appears to
be the case for any of the strong magnitude Q events
irrespective of sign.

3.5 Third order terms and the ejection-sweep cycle
Figure 7 shows the joint PDF for the sum of the
two normal production terms ( y - axis) and the non-

normal and interaction production terms (x -axis) at
60 <y <70. Again, the most notable feature is the

behaviour of the sweeps, in particular, the contraction
in the probabilities for values close to zero on the axis
involving the normal terms (the y -axis). Further-
more, it is then also the case that the outward interac-
tions and inward interactions exhibit characteristics
more similar to the ejections, particularly with an

enhanced probability in the top-right region-large
values for normal production are associated with
enhanced interaction and non-normal production. The
key difference between the ejections and the other
quadrants is that production is greater for ejections
than the flow in general. The exception is when the
sum of the normal production terms ( y - axis) is

negative, whereupon the sum of interaction production
and non-normal production ( x - axis) is not really any
greater than the flow in general. When the two normal
terms are approximately equal (i.e., R~0) is where
the combined interaction and non-normal production
terms exhibit the greatest magnitude of excess com-
pared to the flow in general.

In order to understand the processes arising on
the x-axis of Fig. 7 in greater detail, Fig. 8 shows the
joint PDF for the interaction production and
non-normal production as a function of the different
quadrants. In agreement with previous work!'?! we see
that the distribution for —det(S.) is more symmetri-

cal than that for the interaction production, meaning it
is the latter that drives the positive skew for the x -
axis seen in Fig. 7. The contraction of the joint PDF
for the sweeps observed in the previous figures is also
seen here, particularly for positive interaction produc-
tion. This implies that either (1) the normal straining
or (2) the non-normality are reduced in magnitude for
the sweeps, or (3) there is a reduction in the strength
of the alignment between the non-normal vorticity
vector and the normal straining eigenvectors. That (1)
is correct is improbable given that sweeps arise
preferentially in regions 4 and 6 (Fig. 3) where normal
straining dominates normal enstrophy. We have seen
in Fig. 5 that the non-normality is certainly reduced in
magnitude for the sweeps, meaning that (2) must be
part of the explanation. However, if this was the sole
reason then one would anticipate the reduction in

—det(S.) at tr(.Qz,SB) =0 to be at least as great as
the reduction in tr(€2.S,) where —det(S.)=0 in
—det(S,.)
normality to the third order and the interaction pro-
duction to the second order.

With the eigenvalues for the normal strain rate
tensor given by e , ordered from most positive to

Fig. 8 given that involves the non-

most negative, and with e, the corresponding eigen-
vectors, then € is the angle between the non-
normal vorticity vector, @, the ith eigenvector of
S, , Fig. 9 shows values for cos(6”) for 60<

¥ <70 as a function of the region of the Q-R

diagram for all the data, as well as for the ejections
and sweeps. As previously discussed for incompre-
ssible flow, in regions 1, 2, 3 and 5 where the
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Fig. 6 The joint PDFs for O and @ for the four quadrants (black lines) for 20 < y* <30 . Results are shown for the base 10

logarithms of the probabilities with contours from —3 to —1 in unit increments. The results shown by a grey dashed line in

each panel are the results for the full dataset over this range of distances from the wall. The @ =0 state is highlighted
by the dot-dashed line
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Fig. 8 The joint PDFs for the non-normal and interaction production terms for 60 < y* <70 . Results are shown for the base 10

logarithms of the probabilities with contours from —4 to —2 in unit increments and each panel shows the results for the
quadrants (solid, black lines) as well as all the data (grey, dashed lines)

eigenvalues for 4 form a conjugate pair and a real
value, the eigenvalues for the normal straining consist
of a pair of values equal to the real part of the
conjugate pair, and a real value of opposite sign and
double the magnitude'™. In regions 1 and 5 the pair
are positive values (the straining forms disc-like struc-
tures) while in regions 2 and 3 they are negative
(forming tube-like structures). As a consequence, in
Fig. 9 we only show results for regions 1, 2, 3 and 5
for the most positive and most negative eigenvalues
(black line and light grey line, respectively) as the
results for the intermediate eigenvalue (grey line) are
identical to one of these. As a consequence of all the
eigenvalues being real, and therefore distinct, the
results for regions 4, 6 are a little more complex.
Hence, additional panels at the bottom of Fig. 9

highlight cos(8”)>0.9 for these two regions.

The typical situation in all regions except region
2 is for there to be an alignment between @., e, and

anti-alignment between @., e,. It is also the case

that the results for the ejections (solid lines) are rarely
distinguishable from the dataset as a whole (dot-dashed
lines). In contrast, in all regions except region 1 (where
sweeps are rare) we see that the sweeps have a weaker
alignment and anti-alignment; they have a more
uniform PDF. Hence, an explanation for the enhanced

contraction of the joint PDF for the sweeps along the
abscissa in Fig. 8 relative to the ordinate is due to the
fact that there is a weaker coupling between the
normal straining and non-normal vorticity for sweeps.
With the tendency to more positive values for «,.

seen in Fig. 4 higher into the flow, particularly in
regions 3-6 where the sweeps are more prevalent, we
may state that sweeps not only have reduced non-
normality and greater normal straining but a decoup-
ling between these two terms. The consequence is that
the surrounding vortical motions have a reduced
impact on the mechanics of sweeping as a conse-
quence of reduced non- normality (Figs. 4 and 5), with
direct consequences for a reduction in combined
non-normal production and interaction production
(Fig. 8). The latter is particularly depleted because of
the weaker coupling seen in Fig. 9.

We can compare the nature of the production
terms in the log-layer with the flow nearer the wall at

20<y" <30 through an examination of Figs. 10 and

11 compared to Figs. 7 and 8. The first of the two
most noticeable features of Fig. 10 compared with Fig.
7 concerns the outward interactions: there is an ex-
tended positive sum for the normal production terms
when the sum of the non-normal and interaction
production terms is approximately zero. It was already
noted that there is an extended tail to the top-right
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straining (different shades of line) as a function of the region of the Q-R diagram (different panels) for 60<y* <70 .

The results for all data are shown with a dot-dashed line, ejections with a solid line and sweeps as a dashed line. The

bottom two panels highlight the COS(@I.(‘B) >0.9 region. Note that for the regions where A >0 the intermediate and

most positive normal strain eigenvalues are identical where R > 0 and the intermediate and most negative normal strain

eigenvalues are identical where R <0

quadrant of Fig. 6 in the panel for the outward
interactions. Given that positive @ means that

||.QB ||2 is large relative to ||S P ||2 and that positive &

means that the normal terms are greater in magnitude
than the non-normality, then the implication is that
locally generated enstrophy is dominating the outward
interactions at this height. Figure 10 clarifies this
result by indicating that the normal production effects
associated with these outward interactions arise with
minimal production from the non-normality—the
outward interaction dynamics are local at these y".

The other dominant feature in Fig. 10 concerns
the sweeps: there is a contraction in the x-axis for
values of the y-axis close to zero. Thus, while

normal production is enhanced for outward interac-
tions where the non-normal and interaction production
sum to zero, non-normal and interaction production
are reduced when normal production is zero for
sweeps. This parallels the result seen in Fig. 6 where
the sweeps exhibit a contraction along the negative
@ axis for Q~0. That the effects seen in Figs. 6

and 10 are not evident in Figs. 5 and 7 show that

they are a consequence of the flow dynamics of the
transitional region. The sweeps in Fig. 11 contrast
with those in Fig. 8 by showing a more similar degree
of contraction for both the non-normal production and
the interaction production. The implication then that
the decoupling between @., e is a feature of the

logarithmic region that is less developed in the
transitional region.

4. Conclusions

Understanding the dynamics of the velocity
gradient tensor (VGT) is central to enhancing our
knowledge of the processes by which turbulent flows
transport momentum and dissipate energy. In the last
four years, the Schur transform of the VGT has
emerged worldwide as an alternative to the conven-
tional Cauchy-Stokes or Hermitian/ skew-Hermitian
decomposition of the VGT into rotational and
straining components. There have been three primary
strands to such work: The development of the concept
of a real Schur flow, with applications of particular
relevance to rotational and compressible flows!” **,
the development of a coherent flow structure identifi-
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Fig. 10 The joint PDFs for sum of the normal and non-normal production terms for 20 < y* <30. Results are shown for the

base 10 logarithms of the probabilities with contours from —4 to —2 in unit increments and each panel shows the results
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cation method"”, with more recent work extending
this to a decomposition of the kinematics of the
VGT[46], and the combined use of the Schur
decomposition and the Hermitian/ skew-Hermitian
decomposition to expand the standard equations into
components that represent the local and non-local
dynamics within the flow!'?]. This is an important
property of the Schur decomposition as it gives the
decomposition a clear physical meaning. This may be
demonstrated by examining the nature of Cantwell’s
restricted Euler equations””! shown in Eq. (15), where
the dynamics may be written in terms of the
eigenvalues of the VGT and incorporate the isotropic
part of the pressure Hessian, and then noting that apart
from the viscosity, the only term missing from the
Cantwell model that features in Eq. (13) is the
deviatoric part of the pressure Hessian, which may be
shown to act non-locally®*?.,

In this paper we have focussed on the latter
approach. In particular, we have applied this for-
malism to a direct numerical simulation of the near-
wall region of a turbulent channel flow"®?. The non-
Gaussian nature of the probability distributions for the
VGT is classically seen in the “tear-drop shape”of the
joint PDF for the second and third invariants, Q and

R . We reveal an alternative source of non-
Gaussianity by plotting @ against a term ¢ that

represents the difference between the sum of the
normal, local terms (contained in @ ) and the

non-normal, non-local terms (Fig. 5). We then
examined the relation between the VGT and the
ejection and sweep events that make up the dominant
motions in a boundary-layer. We found that it was
the sweeps that have a particularly distinctive
character compared to the flow field in general. In our
Q-® diagram this can be seen in a truncation in the

probability of negative @ values for O close to

zero. Sweeps are particularly likely to arise where
normal straining exceeds normal enstrophylzg]. In such
regions and in the viscous sub-layer near the wall, the
sweeps are likely to be dominated by the non-normal
terms. However, in the transitional and logarithmic
regions of the velocity profile, the sweeps are more
likely to be dominated by normal dynamics than the
flow in general or the other three flow quadrants (Fig.
4).

The reduction in the non-normality for the
sweeps is reflected in the production terms, where
there is a reduced contribution to the production
budget from the terms involving the non-normality for
the sweeps (Fig. 7). However, there is a difference
between the logarithmic and transitional regions for
the sweeps, with a particular reduction in the
production term involving contributions from both the
normal and non-normal terms relative to the purely
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non-normal production term in the logarithmic region
(Fig. 8). The reason for this is a reduction in the
degree of alignment between the non-normal vorticity
vector and the eigenvector corresponding to the most
positive eigenvalue of the normal strain rate tensor for
the sweeps in the regions where they are most
common.

The results presented here show how the Schur
decomposition can uncover the dynamical richness of
turbulent channel flow boundary-layers, as it places
emphasis on the interplay between the local dynamics
governed by the eigenvalues as well as the non-local
dynamics related to the deviatoric part of the pressure
Hessian. Furthermore, with attempts emerging to
make use of this approach in practical subgrid-scale
model closures for large-eddy simulation™, it would
appear that this is a rich area for future research.
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