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Abstract: A new vortex identification method (Liu et al. 2016) was proposed to represent the rotation relative strength and capture
and visualize the vortices in our previous study. The basic idea of the (2 method is that a ratio of the vorticity squared over the
summation of the vorticity squared and the deformation squared should be used to measure the relative rotation strength. However,
the vorticity tensor norm is not objective. Thus, a moving observer will observe different vortex structures in a moving reference
frame, which will make confusions about the real vortex structures. In the present study, by the definitions of the net spin tensor and
the net vorticity vector, an objective 2 vortex identification method is presented with examples to verify that the vortex structures

retain in a moving reference frame.
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Introduction

The turbulence is the most challenging and
complex flow phenomenon in the fluid mechanics.
The turbulent flow is composed of vortices, and
without vortices, there will be no turbulence. The
formation and the evolution of vortices determine the
formation and the development of the turbulence.
Therefore, the study of the vortex has a great
significance in the fluid mechanics. As an intuitive
understanding, the vortex is the part of fluid rotating
around a certain axis. However, until now, the fluid
mechanics community still has not reached a
consensus of an exact definition of the vortex. In the
fluid mechanics research community, the flow
visualization is a very important tool for the study of
the vortex structure of the turbulence. In order to
analyze the vortex structure and make the flow field
classification, various vortex identification methods
were proposed to visualize the coherent structure in
the turbulent flow.

In the classical theory of the fluid mechanics,
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vortices are often thought of as regions of high
vorticity. Thus, the vorticity threshold criterion was
used to identify the vortices where the connected
. .. . [1-2]
region has a vorticity value over a given threshold .
However, Robinson et al.”! found that the vorticity
of the local rotation in a turbulent boundary layer may
not be large, and the correlation between the vortex
and the vorticity is rather weak. Furthermore, a
laminar boundary layer possesses a large vorticity, but
there is clearly no rotational motion in the laminar
boundary layer. Hence, the vorticity criterion cannot
distinguish  the rotational vortices and the
non-rotational shear layer. And the criterion is also not
objective!”. These motivate various ideas about a
vortex, and various vortex identification methods were
proposed.
The current popular vortex identification me-
thods are mainly derived from the velocity gradient

tensors. These methods include the ( criterion
method[(’], the A criterion methodm, the A, crite-
rion method[g], and the A, criterion method". In the

QO criterion method, a vortex area is defined where

the vorticity is greater than the deformation. In the A
criterion method, vortices are located in the flow
region where the vorticity is sufficiently strong to
cause the rate-of-strain tensor to be dominated by the
spin tensor, i.e., the velocity gradient tensor has
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. 7 . . .
complex eigenvalues'”. The A, criterion is an

extension of the A criterion, and the scale of the
imaginary part of the velocity gradient tensor is used
to indicate the intensity of the vortex™ .. The vortex
structures given by these methods strongly depend on
the threshold and the threshold can be arbitrary. If the
threshold is too large, the weak vortex structure would
disappear; if the threshold is too small, the weak
vortex structure can be captured, but the strong vortex
structure will be seriously smeared. Recently, a new
method called the 2 method was proposed by Liu et
al. [10, which assumes that the vortex is a connected
region where the vorticity overtakes the deformation.
The basic idea of the 2 method is that a ratio of the
vorticity squared over the summation of the vorticity
squared and the deformation squared should be used
to measure the rotation strength. (2 is a non-
dimensional scalar from 0 to 1 and it can be used to
capture both strong and weak vortices simultaneously.
This method has a clear physical meaning that the
vortex is located where the vorticity overtakes the
deformation. In addition, the £ method is not
sensitive to the threshold change and a larger range of
the threshold values can be used to identify the vortex
structure. Due to its obvious advantages, this method
has gained widespread attentions for the vortex
identification in turbulence[“'lsl, and is called the third
generation vortex identification method!"®. Detailed
review and comparative studies of these vortex
identification methods can be found in Refs. [2, 12-13,
16].

Although the above methods have played a
significant role in the turbulence visualization and the
theoretical research, these methods are not objective[z’ 17],
because the parameters derived from the velocity
gradient tensor are related with the reference frame of
the observer. Thus, a rotating observer in a moving
reference frame will observe different vortex
structures'”. The vortex identification method should
be 1ndependent of the observer to make the results
objective. For an objective method, the rotational
effects of the observer's reference frame should be
eliminated. Currently, there are mainly three kinds of
balance methods in literature!®. Drouot proposed to
use the rotation rate of the eigenvectors of the
strain-rate tensor to offset the rotation effects caused
by the change of the observer’s reference frame!'™.
Wedgewood derived a very complicated rigid
vorticity tensor to comply with the objectivity!”.
Recently, Haller et al.”” defined a spatially-averaged
vorticity to balance the effect of the moving observer
in identifying objective Lagrangian and Eulerian
vortices. In this paper, we will use the spatially-
averaged vorticity to define an objective (2 method.
The detailed mathematical derivation process and
numerical examples will be provided.

1. Omega vortex identification method
The velocity gradient tensor

Ea
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Gus| 2 O O o
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can be uniquely divided into symmetric and anti-
symmetric parts, which are
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where A is a symmetric rate-of-strain tensor, and
B is an antisymmetric spin tensor.

In the 2 method'"" a scalar is used to
represent the relative rotation level, and it is assumed
that the vortex will appear at the domain with the
norm of the spin tensor exceeding the norm of the
symmetrical strain-rate tensor. When the scalar value
approaches 1, the fluid is near rigid or in a pure
rotation.

In the original 2 method, the scalar is defined

by

Qzﬁ 3)
[l 18 +2

where || denotes the Frobenius norm, ||A||2F =

3 3
tr(4"4)=>.>"(4}), and & is a small magnitude

i=1 j=1
to prevent the divisor become zero. Although, the
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small parameter & is suggested to be &=

0.001(||B||2F - ||A||i ) 10 OUT previous paper' ', it still
needs to be adjusted for some special problems.
Furthermore, to capture both strong and weak vortex
structures simultaneously, (2 =0.52 is empirically
suggested by many researchers !'""*'¥ and the @
method is not sensitive to the threshold. However, as a
most popular vortex identification method, the QO

criterion is case-related and sensitive to the threshold
change.

© T

Fig. 1 (Color online) (a) Iso-surfaces with £2=0.52, (b) Iso-
surfaces with Q =0.01, (c) Combination of (a) and (b),

(d) Local view of (c), (¢) Iso-surfaces with £2=0.52,
0=0.005, (f) Local view of (e), (g) Iso-surfaces with
2=0.52, 0=0.0025, (h) Iso-surfaces with Q=
0.0025

In order to support the conclusion, we use the
data from a direct numerical simulation (DNS) of the
boundary layer transition on a flat plate to demon-
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strate the use of the (2 method. The simulation is
performed with about 60 million grid points and over
4x10° time steps at a free stream Mach number of 0.5
(see Ref. [21]). The iso-surfaces for the 2 method
and the Q criterion are shown in Fig. 1. In these
figures, the iso-surfaces with 2 =0.52 are shown in
Fig. 1(a), and the iso-surfaces with O =0.01 are
shown in Fig. 1(b), in which the leg of the hairpin
vortex identified by the ( criterion is broken as
shown at the point /. If we put Figs. 1(a), 1(b)
together, we can easily conclude that the weak vortex
is missed by O=0.01 at the point J (See Figs.

1(b), 1(c) and 1(d)). Although we can set Q to be a

smaller value of 0.005, the streamwise weak vortex at
the point J is still not clear (See Figs. 1(e), 1(f)).

When Q=0.0025, the weak vortex can be found (see

Figs. 1(g), 1(h)). Therefore, whether the vortex is
broken is determined by the threshold of the Q

criterion but not the DNS data. This clearly shows that
using the Q criterion to identify the vortex breaking

is not suitable.

2. Objective Omega vortex identification method

For the vortex identification method to be
objective, the identified results should be independent
of the observer. In the present study, it is required that
with the 2 vortex identification method, the same
material region in the fluid should be located as a
vortex regardless of the arbitrary translation or
rotation of the observer”. However, the vorticity is
not objective™ 2”. Hence, the 2 method cannot be
objective. If the criterion is not objective, the
visualization results will depend on the rotating
reference frame. In this section, we propose an
objective 2 vortex identification method.

Objectivity requires the vortex identification
criterion to be invariant under the following Euclidean
frame change.

[v.y.2] =0.0[x.y".2"] +bo) @)

where x,y,z represent the coordinates in the original

reference frame and x',y",z" represent the coor-
dinates in the new reference frame, and Q,(¢) is a
rotation matrix with the orthogonal property, i.e.,
0'0.=0.0'=1, and b(¢) is a translation, and
both are possibly time-dependent. If Q. (¢) is
independent of time and b(¢) =¢,t +¢, with a static

rotation and a constant-velocity translation, we call
this special case a Galilean transformation. Due to the
orthogonal invariance of the Frobenius norm, it is easy
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to prove the original (2 method is Galilean invariant.
. * * * * T .
The velocity vector u = [u VLW ] in the
new reference frame can be written as

u' =0 (Hu+0! (Nx,y,z1" ——[Q] (1)b(1)] (5)

d
det
where u,v,w represent the velocity components in

the original reference frame, and Q,, (¢) is the deri-

vative matrix. From Eq. (5), we can obtain the
velocity gradient tensor in the new reference frame as

vu' =0/ (6)Vu@, (1) + 0 (10, (1) Q)
With the moving observer rotating as in Eq. (4),

the antisymmetric spin tensor in the new reference
frame can be formulated as

B =0 (HBQ,(1)- 0] (10, (t) (7)

which explains why both the original (2 method and
the popular Q criterion are not objective.

In order to design an objective (2 method, we
firstly prove some mathematical lemmas.

Lemma 1: If Q.(¢)e R™ is orthogonal, then

0! (H0,(H+Q(1)0,(H)=0 (8)

Proof. Since Q.(t)e R™ is orthogonal. So, we
have

0/ (N0, (=1 )

Take derivative of Eq. (9), we have

d 1

d—[Qr (10,(1)]=0 (10)
t

Thus

L1700, 01=0] 00,10+ € (10, () =0

This completes the proof of Lemma 1.

* .
Lemma 2: The tensor B in the new reference
frame is antisymmetric.

Proof. For B" =0/ (BQ,(t)- 0} ()0, (t), the

antisymmetric property requires B =—B". Notice
that

B =[0/(1BQ,() -0/ (0, (0] =
0/ ()B'0,(1 -0/ (N0, (1) (11)
From Eq. (8)
0, (10, =-0; ()0, (1)
and notice that B" = —B , we have

B =-0/(NBO,(+0](1Q,()=-B

completing the proof of the Lemma 2.
Lemma 3% (Orthogonal Invariance) If C e

R™" is an any matrix, and the matrices M € R"™™"
and N eR"™ are orthogonal, then ||MCN ||F =

Il

Proof. The lemma follows from the orthogonal
invariance of the vector 2-norm. In fact

|mcl; = 2 [mc G, = 2|l Al = el
J= J=

and so

|pcen; = e, =|net| =[c[; =,

From Egs. (6), (7), noticing Eq. (8), we can
obtain the symmetric rate-of-strain tensor in the new
reference frame that

A =Vu' -B =0/ ()AQ,(1) (12)

Hence the symmetric rate-of-strain tensor is objective.
If we want the antisymmetric spin tensor to be
objective, we must counteract the term Q" (t)Q, (¥) in
Eq. (7). There are three methods in the literature for
the objective treatment?. In the present study, we use
the s]patially—averaged vorticity proposed by Haller et
al.” to design an objective 2 method. We recall
that the vorticity w =V xu The instantaneous spa-

tial mean @ of the vorticity over V(¢), which is the
whole volume of the fluid, is defined by

a(t) = ——

0 V(t)w(x, v, z;t)dV (13)

From Eq. (13), we can obtain an antisymmetric tensor
B and

@ Springer



Ee—%cﬁxe,‘v’eeR3 (14)

In the new reference frame (4), the vorticity @ will
become

o =0/ (Hw+4q() (15)

where the vector ¢(¢) satisfies the relation Q) (¢)-

Q'r (H)e=—(gxe)2 forall ecR’, and the spatially-
averaged vorticity will be given by

@ =0/ (B +4(1) (16)

with its corresponding antisymmetric tensor B,
satisfying

Be- o xe _[Q (o+q(n]xe _

2 2
%—QE (00, (e (17)

Hence, we can obtain

B =0/ ()BQ,(-0/ (10, (1) (18)

In fact, Eq. (18) can also be derived from Eq. (7).
Then we give the definitions of the net spin tensor and
the net vorticity vector as follows

B=B-B, d=0-0 (19)

In the new reference frame (4), noticing Egs. (7),
(15)-(18), the corresponding net spin tensor and net
vorticity vector are

B'=B -B =0/ (t)BQ,(1),

~

& =0 -0 =0 (t)d (20)

respectively. From formula (20) and Lemma 3, we can
conclude that the net spin tensor and the net vorticity
vector are objective under the Frobenius norm, which
leads to the following theorem.

Theorem 1: The new parameter for the objective
Omega method can be defined by

~ 12
[l + 18],
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where B is the net spin tensor defined by Egs. (19),
A is the symmetric rate-of-strain tensor defined in
Eqg. (2), and ¢ is a small magnitude to prevent the
divisor to become zero.

As a direct corollary, the objective Q criterion

~ ~12 >
can be defined by Q= ("B"F - ||A||F)/2 .

3. Numerical examples

In the following, four examples are presented to
implement the objective 2 method. All examples
involve variable-time rotating and translation frames.
The different iso-surfaces of the vortex structures
indicate the importance of the objectivity of the vortex
identification methods.

3.1 Burgers vortex

As the first example, the Burgers vortex is used
to test the objectivity of the present method. The
Burgers vortex generally is a stationary and self-
similar flow, as an exact steady solution to the
Navier-Stokes equations, and is often used to describe
the vortex stretching mechanism or as a simplified
model of tornado'™. The velocity components of the
Burgers vortex are generally formulated in cylindrical
coordinates by

r ar’
u =-ar, uy=——,|1-exp| —— 1|, u, =2az
2mr 2v

(22)

where a >0, [ is a constant. In the present study,
wetake =1, v=0.02 and " =5

To study a general objectivity of the present
method, the variable-time rotation matrix Q,(¢) with

three basic rotations around three coordinate axes is
considered.

0.0=0, (71[)er (7:0)Q,.(r31) =

1 0 0 [cosy,t O —sinp,t
0 cosyt sinyt 0 1 0
|0 —sinyz cosyt |[siny,t 0 cospy,t
[ cosyit sinygt 0]
—siny,t cosyyt 0 (23)
. 0 0 1]

where 7, , y, and p, are the corresponding

rotational angular speeds around the coordinate axes.
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In this study we randomly choose y, =0.35, y, =
225 and y,=150 In addition, the translation
b(t)= [1,t2,0.5]T is considered between the new re-

ference frame (at time ¢=0.5) and the original
reference frame.

(a) Original frame

(b) New frame
Fig. 2 (Color online) Non-objective (2 of Burgers vortex

The contours of 2 in different reference frames
are shown in Fig. 2. It is clear to see that, with the
variable-time rotating and spatial translation frames,
the original (2 method cannot retain the vortex
structure correctly and the value of 2 changes
greatly, and the areas without vortices are mistakenly
identified as the vortex areas. As a comparation, the

contours of 2 in different variable-time reference
frames are displayed in Fig. 3. We can easily find that

the present objective 2 method can retain the vortex
structure and retain the value of 2.

Y
0.950bj.

4

) 0.85

0.75

2 0.65

N 0.55
0 045 N

0.35

2 0.25

0.15

AT _ 0.05

(a) Original frame (b) New frame

Fig. 3 (Color online) Objective (2 of Burgers vortex

To further quantify the objectivity of the present
method, we calculate the original (2 and the objec-

tive 2 at A(—0.13141,0.35294,3.96553) in the
original reference frame and its corresponding point
A'(2.25,1.41,-2.50) in the new reference frame.
From our calculation, at the original point 4,
Q= 0.013872,!~2=8.O6x10‘3, and at new reference

point A", 2=0211281, 2=8.06x10". Hence
the original 2 method is not objective, and the new

version is objective and can retain the value of 2
between the original and new reference frames.

V4

X, 2
Ly

Obj. @

0.95
H0.85

0.75
H0.65

0.55

(a) Original frame (b) New frame

Fig. 4 (Color online) Non-objective (2 of ABC flow

3.2 Unsteady ABC-type flow

Next, as an unstable solution of the Euler
equation, the ABC flow with high-frequency instabi-
lities under perturbation is studied by the 2 method.
In this special case, the unsteady velocity field is

u(x,y,z;t)= A(t)sinz+ Ccos y,
v(x,y,z;t)= Bsinx+ A(t)cos z,
w(x, y,z;t) = Csiny + Bcosx (24)

In Eq. (24), A(t)=4,+(—e ")sinwt represents
the effect of a growing and saturating unstable
mode®. Here, A0=\/§, qg=01, w=2n, B=

J2 and C=1 We also give the vortex contours in
the different variable-time moving reference frames.
In this case, we use the same transformation
formulated by Eq. (23). The rotational angular speeds
%, V., 7, and translation vector b(¢) are the
same as the settings in the example of the Burgers
vortex.

~

Q
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

o= Ry o
PRIV [V Vv

(a) Original frame

(b) New frame

Fig. 5 (Color online) Objective 2 of ABC flow

The contours of the original 2 in different
reference frames are shown in Fig. 4. The original
non-objective (2 method obviously can not identify

@ Springer



the vortex structure, and the vortex visualization is
changes greatly, as can be seen from the right figure in
Fig. 4. However, the objective (2 method can retain
the vortex structure with the impact of the variable-
time reference frame (see Fig. 5). The conclusion also
can be observed by the iso-surfaces as shown in Fig. 6.
With the non-objective €2 =0.65, most of the vortex

structures disappear. However, the objective 2
keeps the vortex structure.

(a) Non-objective 2

(b) Objective Q2

Fig. 6 (Color online) The iso-surfaces at 2 = 0.65

3.3 Objective vortex structures in the flow from micro-
vortex generator (MVG)

In order to show the importance of the objectivity,
the data from an implicitly implemented LES (ILES)
method for a supersonic flow with the flow control by
the micro-vortex generator (MVG) are studied, where
the shock wave and the boundary layer interaction
(SWBLI) are calculated at Mach number 2.5. The
numerical simulation for this special case is performed
by an optimized weighted essentially non-oscillatory
(WENO) scheme on a body-fitted structural grid
system with about 40 million points. The compu-
tational details can be found in the paper®),

(a) Original frame

(b) New frame

Fig. 7 (Color online) The iso-surfaces by the non-objective
0(=0.52) method

We choose the variable-time reference frame (23)
with the same settings as before. For this special
problem, the £ method can easily capture a variety
of strong and weak vortices, in which the iso-surfaces
with non-objective 2(=0.52) method are shown in
Fig. 7(a). With Eq. (23), the reference frame has non-

zero speed and acceleration. Using the non-objective
£ method, the flow field will be completely polluted
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(see Fig. 7(b)). Hence, the non-objective method
cannot be used in the variable-time reference frame.
The result obtained by the objective (2 method is
shown in Fig. 8. Except for some computer rounding
errors, the vortices in the different reference frames
are almost the same.

(b) New frame

(a) Original frame

Fig. 8 (Color online) The iso-surfaces by the objective 2(=
0.52) method

3.4 Rotating machinery

In the field of a rotating machinery, including the
rotor and the wind turbine, the objectivity of the
vortex is an important issue. The vortex structure
should not be varied by the observer’s position. In this
special example, we consider a rotor with the blade tip
Mach number of 0.44 at a subsonic hovering state.
The calculation is done by an in-house code with a
second order finite volume hybrid Cartesian grid
method”®.. Here the structural body-fitted grid is used
in the near-body domain of the two rotor blades and
the adaptive Cartesian grid is used in the off-body
domain. Due to the accuracy limitation of the
second-order finite volume method, the tip vortex
identified by the numerical method is very weak and
therefore the original suggestion of & for the 2
method in paper"" is not suitable. According to our
research, for the very weak vortices, the value of ¢
should also be adjusted correspondingly. In this

special example, we set £=2x10" (||B||; - ||A||2F )i -

For the variable-time rotation matrix Q.(¢) , we

choose y, =0.035, y, =-0.0125 and y, =-0.005.
In addition, a new time-variable translation
b(1)=[0.05¢°,0.02¢7,0.035¢]" is considered between

the new reference frame (at time ¢#=0.5) and the
original reference frame. Although the rotational
angular speed for this case is small, in the moving
reference frame, the vortex structures are completely
contaminated as shown on the right of Fig. 9. Hence,
for a moving observer, the non-objective 2 method
is not suitable. Using the present objective (2 vortex
identification method, one can see that, from Fig. 10,
the vortex structures in the moving reference frame
are almost identical for a moving observer.

@ Springer



462

(a) Original frame (b) New frame

Fig. 9 (Color online) Original non-objective (2 of rotor flow

Y

.

N

(b) New frame

(a) Original frame

Fig. 10 (Color online) Objective (2 of rotor flow

4. Conclusion

In this paper, an objective 2 method is derived
in detail. The developed method is carefully checked
for some three-dimensional flow fields. Two analy-
tical and explicit vortex solutions of the Navier-Stokes
equations and the Euler equation are selected to
demonstrate and test the objective (2 method. In
addition, the data from the ILES is visualized by the
non-objective and objective 2 methods in different
reference frames. Furthermore, the visualization of a
rotor flow is presented to show the importance of the
objectivity of the vortex identification methods for a
moving observer and the rotational machinery. The
results show that, if the transformations of a spatial
rotation and a translation are both time related, the
original 2 method is not objective and will pollute

the flow visualization. However, the new Q) method
is objective and will not be contaminated by the
rotating observers, as is verified by several practical
examples.
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