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Abstract: This paper shows the results of the smooth particle hydrodynamics (SPH) modelling of the hydraulic jump at an abrupt drop,
where the transition from supercritical to subcritical flow is characterised by several flow patterns depending upon the inflow and
tailwater conditions. SPH simulations are obtained by a pseudo-compressible XSPH scheme with pressure smoothing; turbulent
stresses are represented either by an algebraic mixing-length model, or by a two-equation k-& model. The numerical model is applied
to analyse the occurrence of oscillatory flow conditions between two different jump types characterised by quasi-periodic oscillation,
and the results are compared with experiments performed at the hydraulics laboratory of Bari Technical University. The purpose of this
paper is to obtain a deeper understanding of the physical features of a flow which is in general difficult to be reproduced numerically,
owing to its unstable character: in particular, vorticity and turbulent kinetic energy fields, velocity, water depth and pressure spectra
downstream of the jump, and velocity and pressure cross-correlations can be computed and analysed.
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Introduction

At an abrupt drop the transition from supercri-
tical to subcritical flow is characterised by several
flow patterns depending upon the inflow and tailwater
flow conditions. Figure 1 summarises well acknow-
ledged flow patterns.

Some researchers pointed out the existence of
oscillating phenomena'®™). These oscillating character-
istics can consist of: (1) change from one type of

i

(c) Wave train

hydraulic jump to another, (2) horizontal movement of ///

the jump toe, (3) cyclic variation of velocity compo-
nents and pressure in the region close to the jump
roller, (4) formation, development and coalescence of
large-scale flow structures.

As shown by Ref. [6], specific flow conditions
can lead to cyclic oscillations between jump types,
resulting in the cyclic formation and evolution of
jump vortices.

Meshless Lagrangian techniques appear to be par-
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Fig. 1 Flow conditions (from Ohtsu and Yasudat')

ticularly suitable to represent the complex and highly-
unsteady free-surface patterns which characterize a
hydraulic jump: a number of realizations obtained
with smoothed particle hydrodynamics (SPH) have
shown that this method can be successfully applied to
the simulation of standin Waves[7'9], of wave trains
issuing from flapping jets' ", of hydraulic jumps!''"*
and of spilling breakers!'”), being able to reproduce,
both qualitatively and quantitatively, their average and
time-dependent features.

The purpose of this paper is therefore to use a
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weakly-compressible SPH (WCSPH) scheme, toge-
ther with a suitable turbulence model, to study the
oscillating characteristics and cyclic mechanisms
which can occur in a hydraulic jump at an abrupt drop
in certain conditions, leading to an alternate shift of
the flow pattern between the B-jump and the wave
jump.

The numerical results are eventually compared to
the laboratory experiments by Mossa et al./%, in order
to obtain a deeper understanding of the physical
features of this particular kind of unsteady flow.

1. Experimental setup

Experimental investigations were carried out in
the laboratory of the Civil and Environmental Eng-
ineering Department-Water Engineering Division
(hereafter referred to as SIA) of Bari Polytechnic
University in a 0.4 m wide, 24.4 m long channel (with
sidewalls 0.5 m height). The walls and bottoms of
both channels were made of Plexiglas (Fig. 2). The
channel hosted in recent years widespread eﬁ)erimen-

tal activity on hydraulic jump characterization 6.16-19],
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(b) Picture of the channel

Fig. 2 (Color online) Channel at the hydraulic laboratory of the
laboratory of the Civil and Environmental Engineering
Department-Water Engineering Division of Bari Poly-
technic University
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Table 1 Parameters of the analysed oscillating hydraulic

jump

Run no. Mossa et al.!! B32
y,/mm 35.0

y,/mm 166.3

v, /ms™! 1.93

v, /ms”! 0.40

F,/mm 33.0

Ny, 4.75

s 3.20

Jump type B-wave

In the SIA channel, the abrupt drop was made of
Plexiglas and located 0.8 m downstream of the gate.
The tested elevation drops were equal to 32.0 mm or
65.2 mm. Discharges were measured by a triangular
sharp-crested weir. Measurements of upstream and
downstream water depths were carried out with
electric hydrometers type point gauges supplied with
electronic integrators, which yielded directly the
estimate of the time-averaged flow depth. The
hydrometers, supplied with verniers, had a measure-
ment accuracy of +0.1mm . Water discharge and

tailwater depth were regulated by two gates placed,
respectively, at the upstream and downstream ends of
the channel. For some runs, pressure measurements
under the jumps were obtained using a pressure
transducer type 4 310 of Society Translnstruments
with a relative pressure difference range equal to
0 Pa-7 500 Pa.

The pressure tap was connected to the transducer
using a rigid tube with 2 .0 mm diameter and 0.4 m of
length. An amplifier and a conditioner were used to
adjust the signal output of the transducer for resolu-
tion and acceptable range of the A/D board. In
addition, a videocamera was used to film the jump for
some runs.

Table 1 lists the main experimental parameters of

the investigated hydraulic jump: y, is the inflow
water depth, y, is the water depth downstream of the

jump, F =V, (gy)"’ is the inflow Froude number
and Re is the Reynolds number defined as Re=
Viy,/v=Vy /v where V; and V, are the flow

velocities at the water depths 3, and y,, respectively,

and v is the kinematic water viscosity at the run
temperature.

2. SPH numerical method

SPH simulations were obtained by a code
developed at the Fluid Mechanics Laboratory of the
Department of Civil Engineering and Architecture of
the University of Pavia. The code solves the Navier-
Stokes equations with a standard weakly compressible
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SPH (WCSPH) scheme®®” 2!, where a reduced com-
pressibility modulus of 10° Pa is assumed for water
and a pressure smoothing procedure is applied at
every time step to the difference between local and
hydrostatic pressure in order to reduce the numerical
noise in pressure evaluation!'!),

A renormalization procedure for the SPH kernel
approximation is applied to enforce consistency on the
numerical estimate of the derivatives in the velocity
and stress divergence terms'*.

An algebraic mixing-length model and a two-
equation model were tested to represent turbulent
stresses. The mixing-length model is based on the
introduction of a mixing-length / = f min(xz,/_ ),
where x=0.41 is the Von Karman constant, z is

the distance from the wall, [ is a cutoff maximum

max

value and

-3

m.
>y,

i Fj

f,=min| 1, (1)

is a damping function which is less than unity only
near the free surface. The effect of f, istobound 1.0 m
near the free surface, where a non-physical growth of
the [gd%l viscosity may lead to numerical instabili-
ties™ .

The two-equation model is a SPH version of the
Standard k-& turbulence model®:

Dk; vV ki -k
=P, +—Zm d o VW, g,
Dr o, 5 7 ptp r+0.01b L !

Ve +v £ —&.

D
8 Lzm : v 2 tJ VVVI‘J’+
Dt o, P; +p +001b

Ck’P c— —aW (2b)

z J J

where F, is the production of turbulent kinetic
energy depending on the local rate of deformation,
v, is the eddy viscosity and o, =1.0, o, =13,
C, =144 and C, =192
whose values are those proposed for the standard
k - ¢ formulation.

The k and & wvalues at the inflow are
computed by assuming a constant 5% turbulence
intensity and a mixing length equal to 0.5y, .

According to the standard XSPH approach, at

each time step a new particle velocity v"

are model constants

is obtained

by explicit integration of the momentum Eq. (2) while
a smoothed value of velocity v* is obtained by

Zﬁ"T(xj)Wﬁ
V()= (=g (x) + o2 3)

27

jpj

and used for particle movement. The smoothing para-
meter ¢ controls the intensity of velocity filtering.

3. Numerical test and results

The SPH 2-D simulation of the hydraulic jump
reported in Table 1, wasperformed in a physical
domain consisting in a rectangle 2.0 m long and 0.4 m
high, shorter than the real channel in the test facility.
The shorter domain was chosen in order to reduce the
computational cost without influencing the quality of
the numerical solution.

A schematic figure of the problem setup can be
seen in Fig. 3.

Fig. 3 (Color online) Schematic figure of the geometrical setup.
Solid black lines indicates solid walls, dashed blue lines
the initial free surface and dashed red lines show the
position of the inflow and outflow boundaries

Vorticity
| I -
25 -12.5 0 12.5 25

(©)t=14s

Fig. 4 (Color online) Instantaneous SPH vorticity fields in the
SPH simulation with a velocity smoothing coefficient
@ equal to 0.005. Vorticity values in the color scale are

expressed in s~

The SPH simulation of the experimental test on
hydraulic jump was performed by adopting a velocity
smoothing coefficient in the XSPH scheme ¢ =

@ Springer



0.010: a sensitivity analysis showed that the simula-
tions with either a higher (¢ =0.020) or a lower
(p=0.005) velocity smoothing coefficient were not

able to reproducethe oscillating characteristics and
cyclic mechanisms of this hydraulic jump (Figs. 4, 5).
A value ¢=0.010 guarantees instead the stability of
the SPH solutions without affecting the quality of the
numerical results.

Vorticity

-25 -12.5 0 125 25

(b)t=10s

3 D

© t=14s

Fig. 5 (Color online) Instantaneous SPH vorticity fields in the
SPH simulation with a velocity smoothing coefficient
¢ equal to 0.02. Color scale as in Fig. 4

Table 2 Numerical parameters of the SPH simulations in
the sensitivity analysis

Turbulence n/L N

Test mdel »

Mixing

Tla -length model

1.5 3000

k-&
T1b turbulence 1.5
model

3000

The simulation of the hydraulic jump test case
was performed by adopting either the mixing length
turbulence model with [ _=0.54, (test Tla) or the

two-equation k-& model (2) (test T1b). Some of the
results are here summarized. Table 2 lists the principal
characteristics of the two SPH simulations.

The ratio of the smoothing length to the initial
particle spacing 2., which influences the efficiency
of the SPH kernel function[26], was maintained to a
constant value of 7/Y.=1.5%". The obtained SPH

results show that an initial particle spacing > <
0.0lm guarantees the onset of the hydraulic jump

oscillations and yields a result in accordance with the
experiments (Figs. 6-9).

The sensitivity analysis is here shown for test
T1b, and shows that the vorticity field is predicted
quite accurately even by the coarsest resolution,
although some detail is lost in the middle of the roller
(Figs. 6 and 8).
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(a) Picture of the wave jump condition during experiments

Vorticity
EN s
25 -12.5 0 12.5 25

00,

(©) 2=0005m

Fig. 6 (Color online) Instantaneous SPH vorticity fields (¢ =
8s) in the SPH simulation (Test T1b) with different
particle resolutions. Color scale as in Fig. 4

0 0.013 0.025 0.038 0.050

() 2=0.005 m

Fig. 7 (Color online) Instantaneous SPH turbulent kinetic
energy fields (wave jump condition: #=8s) in the
SPH simulation (Test T1b) with different particle

resolutions. Turbulent kinetic energy values in the color
scale are expressed in m’s™
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The turbulent kinetic energy fields are also
similar, although an overprediction of & near the
surface occurs near the surface in the wave-jump
phase of the oscillation, when the coarser resolutionis
applied (Fig. 7).

(a) Picture of B-jump condition during experiments

Vorticity
HEE s =Ea
25 -12.5 0 12.5 25

(c)t=22s

/&

(d)t=27s

Fig. 10 (Color online) Instantaneous SPH vorticity fields in the
SPH simulation of Test Tla

(©) 2=0.005m (@) 1=15s

Fig. 8 (Color online) Instantaneous SPH vorticity fields (¢ =
12s) in the SPH simulation (Test T1b) with different
particle resolutions. Color scale as in Fig. 4 () 1=21s

0 0.013 0.025 0.038 0.050

(@ 1=30s

Fig. 11 (Color online) Instantaneous SPH vorticity fields in the
SPH simulation of Test T1b

The results of both SPH simulations were
employed to analyze the details of the oscillations
between the different jump types. The analysis was
useful to study the cyclic formation and evolution of
the jump vortices. Both the mixing length model and
(b) 5=0.005 m the k-& model yield similar results and are able to
predict the oscillating characteristics and cyclic
mechanisms in hydraulic jumps.

Fig. 9 (Color online) Instantaneous SPH turbulent kinetic

energy fields (B-jump condition: #=12s) in the SPH The instantaneous vorticity fields (Figs. 10(a)-
simulation (Test T1b) with different particle resolu- 11(d)) of the cor}ﬁguratlon le[h 950111at10ns betweep
tions. Color scale as in Fig. 4 the B and wave jump clearly indicate that the transi-
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tion phase between the two jump types is well repro-
duced by both turbulence models (Tla and T1b).
Vortices are characterized by a clockwise or anti-
clockwise rotation, depending on which type of jump
is present. In particular, vortices are characterized by a
clockwise rotation when the wave jump occurs (Figs.
10(b)-10(d) and Figs. 11(b)-11(d)) and by an anti-
clockwise one for the B jump (Figs. 10(a)-10(c) and
Figs. 11(a)- 11(c)), respectively.

As previously shown, the T1b simulation with
the k-¢ turbulence model is also able to show that
the highest levels of turbulent energy are always
found at the jump toe (Figs. 7 and 9), but turbulence
appears to be more persistent in the wave-jump phase
of the oscillation, when a sub-surface turbulent layer
flows downstream along the wave jump (Fig. 7).

Figure 12 show the amplitude spectrum of the
pressure fluctuations computed in tests Tla and T1b,
compared with the measurements under the hydraulic
jump B32 of Table 1, where the pressure tap was
located at a distance of 0.26 m from the time-averaged
position of the jump toe.

From the analysis of the spectrum it is clear that
even the pressure fluctuations are quasi-periodic and
strongly influenced by the oscillations between the B
and wave jump types; furthermore, it is possible to
observe the existence of a peak in each spectrum, as it
was shown in the experiments by Mossa et al.[®!.

0.8 1
074~ 2-D SPH Tla

064 ¢ ------- 2-D SPH Tlb
\ 0 Experimental data

060" 0 @5 69600504 6 P 0
T T T T T T T T 1
02 03 04 05 06 07 08 09 10
1 Hz

Fig. 12 (Color online) Amplitude spectrum of pressure fluc-
tuations under hydraulic jump (configuration B32 of
Table 1) for the SPH simulations of test T1 and two
different turbulence models: mixing-length (T1a) and
k-& (Tlb)

Although both turbulence models yield similar
results, the detailed comparison of the computed am-
plitude spectra with the measured ones shows that the
results obtained with the mixing-length model are
closer to the experimental data than the k-& ones
(Fig. 12). The peak frequency is slightly higher than
0.1 Hz for test Tla, as shown by'®, while it is lower
than 0.1 Hz for test T1b.

Figures 13(a)-13(c) show a part of the time series
of the pressure p, of the horizontal (x) and of the

vertical (v) velocity components, computed at the
bottom under the hydraulic jump T1a of Table 2, near

111

the time-averaged position of the hydraulic jump toe.

From the analysis of the Figs. 13(a)-13(c), it is
clear that velocity components and pressure fluctua-
tions, are strongly influenced by the oscillations
between the B and wave jump types. The time
histories (Fig. 13(a)) show that low pressures (low
water depths) can be correlated with the horizontal
flow upstream of the wave-jump, while higher
pressures (and depths) can be correlated with the
upward flow caused by the roller in the B-jump phase.
Therefore, the analysis of the oscillating phenomena
indicates a correlation among the velocity components
and pressure fluctuations.

2000
15004

10004

p/Pa

5004

T
0 5 10 15 20
t/'s
(a) The pressure

2.0 1
151
T\g 1.0 1

0.5 1

0 T T T 1
0 5 10 15 20
t/s
(b) The horizontal (1) velocity component
0.2 1
0.1
-

0.1

‘042 L T T L
0 5 10 15 20

t/s
(c) The vertical (v) velocity component measured

Fig. 13 Time series at the bottom under the hydraulic jump

Correlation coefficients can also be easily com-
puted from SPH results. The correlation coefficient r
is defined as
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pm—tl 4)

where x, and x, are two variables, respectively,

while the bar denotes a time average. Figure 14 shows
the correlation coefficient »(p,u) at different loca-
tions downstream of the average position of the jump
toe. It can be seen that pressures and streamwise
velocities are strongly anti-correlated near the jump
(i.e., lower pressures, and levels, occur when the
streamwise velocity is higher, and viceversa), while
they show a positive correlation downstream. The
correlation coefficient r(u,v) between the velocity
components exhibits a similar behaviour.

This result is consistent with the oscillation
between the B-jump (Figs. 11(a) and 11(c)) and the
wave-jump (Figs. 11(b) and 11(d)) patterns.

0.8 1

0.6 1 A

0.4 4

0.2 1

~ 0-
-0.2 1
04
061

-0.8 T T T T T 1
0 20 40 60 80 100 120

Fig. 14 Correlation coefficients between pressure and stream-
wise velocity component as a function of the distance
d from the average toe position

4. Conclusions

The 2-D SPH model was applied to the model-
ling of the transition from supercritical to subcritical
flow at an abrupt drop based on the laboratory experi-
ments by'®. Oscillating characteristics in the hydraulic
jump are investigated and reproduced using a weakly-
compressible XSPH scheme, together with either an
algebraic mixing-length or a two-equation turbulence
model to represent turbulent stresses: a sensitivity
analysis was therefore performed on the influence of
different turbulence model. Both turbulence models
yield similar results, although the detailed comparison
of the computed amplitude spectra with the measured
ones shows that the mixing-length model predicts an
oscillation frequency and amplitude which iscloser to
the one obtained from the experimental data. However,
the k-& simulation allows one to obtain information
on the turbulence characteristics in the two-phases of

the oscillation, showing that the wave-jump phase
exhibits a sub-surface turbulent layer which is more
persistent than in the B-jump phase.

As observed experimentally by Mossa et al.l®,
these numerical results show the existence of a peak at
a similar frequency in the amplitude spectra of the
time series of the surface elevations upstream and
downstream of the jump, in the amplitude spectra of
the pressure and in the amplitude spectra of the
velocity components fluctuations measured under the
hydraulic jump.

It is possible to conclude that the SPH numerical
simulations yield results which are in qualitative and
quantitative agreement with the experiments: hence
SPH can be used as a reliable “numerical experiment”
which allows one to get a better insight in the
unsteady flow phenomenon, performing detailed eva-
luations which can be complicated to be obtained
during laboratory experiments. For instance, the
analysis of amplitude spectra, of the vorticity fields
and of the correlation coefficients indicates that
velocity components and pressure fluctuations, are
strongly influenced by the oscillations between the B
and wave jump types, and that a strong correlation
exists among the velocity and vorticity fields and the
pressure fluctuations even far downstream of the jump
position.
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