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description of both the fluid and the solid dynamics in 
terms of pressure and velocity, both the kinematic and 
dynamic interface conditions at fluid and solid inter- 
faces became straightforward and easy to be imple- 
mented in conservative formulations. Like in Gray et 
al.’s work[12], the constitutive model, i.e. the linear 
elastic relation of Hooke’s law between stress and 
deformation tensors, was applied with the incremental 
Jaumann formulation. As pointed out in Ref. [11], this 
relation is rate-independent, incrementally linear and 
reversible. If it is integrated in time with a sufficiently 
small time step, it can be adopted as a constitutive 
model when small finite deformations are considered. 
Other applications by using the same constitutive 
formulation in solving solid dynamics problems can 
be found in Refs. [13, 14]. However, observing their 
simulation results in Refs. [11, 14], one can clearly 
see that the particle distributions have been shifted 
after a period of simulation. The initial uniformly 
distributed particles finally formed into another 
pattern even in areas without stresses. That is because 
the conventional SPH method has a shortcoming of 
inconsistency and the fore-mentioned incremental 
constitutive model is just an approximation of 
Hooke’s law. To overcome this limit, Vignjevic et 
al.[15] proposed a total Lagrangian framework for 
simulating solid dynamics, where Lagrangian kernels 
were employed directly to solve momentum equation 
with respect to the reference configuration. Besides, 
this total Lagrangian formalism takes another ad- 
vantage of not suffering from tensile instability 
problems[16]. 

Inherited from Antoci et al.’s work[11], we pro- 
posed a new numerical modeling for FSI problems in 
this work, where fluid dynamics equations are dis- 
cretized with conventional Eulerian kernels in current 
configuration while solid governing equations are 
solved with Lagrangian kernels in the reference 
configuration. Finally, a well-known FSI benchmark 
test case has been performed to validate the current 
SPH modeling and to demonstrate its potential. 
 
 

1. Governing equations 
 

1.1 Fluid equations 
The governing equations for the motion of an 
isothermal, Newtonian fluid in a Lagrangian frame of 
current configuration are the continuity equation 
 
d

=
dt

    v
                                         

 (1) 

 
and the momentum-conservation equation 
 

( )d
= + +

d
vp

t
 
v

f g
                             

(2) 

with  , v , t , p , ( )vf and g  denoting the 

density of the fluid, the velocity, the time, the pressure, 
the viscous force and a body-force, respectively. 

Based on the weakly compressible SPH ap- 
proach[11, 17], which is often used to simulate incom- 
pressible flows, a linearized equation of state is 
introduced to estimate the pressure from the density 
field via 
 

2
0 0= ( )p c                                                         

(3) 

 

where artificial sound speed 0 0= /c   with 

denoting the compressibility of the fluid. In particular, 
Monaghan[18] suggests that, in order to limit the 
admissible density variation to about 1%, the Mach 
number, i.e., the ratio between the maximal flow 
speed and 0c , should be about than 0.1. 

Assuming incompressibility of the fluid, the 

viscous force ( )vf  simplifies to 
 

( ) 2v f v=                                      
(4) 

 
with the dynamic viscosity  . 

 
1.2 Structure equations 

In this work, the solid model of structure is con- 
sidered to be elastic and compressible. The governing 
equations for the motion of a structure have the form 
ofbalance laws including the balance of mass and 
momentum. 

Following the convention in continuum mecha- 
nics, the vector X is used to define the undeformed 
reference configuration, and vector x defines the 
deformed current configuration. Assuming the initial 
state corresponds to the undeformed reference state, 
the displacement uof a material point, given by the 
difference between its current position and its original 
position, can be defined as 
 

u x X=                                       (5) 
 

Thus, the deformation gradient F , an important 
variable in the description of body kinematics, can be 
given by 
 

( + )
= = = +
  
  

I
x X u u

F
X X X                        

(6) 

 
where I  is a 2nd rank identity matrix. 

From a total Lagrangian point of view, the ba- 
lance of mass adopts the algebraic form given by 
 

0 = 0J                                       (7) 
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where 0  is the mass density in the reference con- 

figuration, and the Jacobian J  is the determinant of
F . Here we make an important remark that all 
variables and operators with superscript 0 relate to the 
reference configuration, i.e., the initial state. Mean- 
while, the momentum balance equation is reformed to 
 

2
0 0 0

2

d
= +

dt
  

x
P g

                                
(8) 

 
In the above, 0  is the gradient operator in the 
reference configuration and P  is the 1st Piola- 
Kirchhoff stress tensor. In contrast to the Cauchy 
stress tensor   which expresses the stress relative to 
the current configuration, the 1st Piola-Kirchhoff 
stress tensor P  relates forces in the current con- 
figuration with areas in the reference configuration. 
Similarly, there is another important stress tensor S , 
named the 2nd Piola-Kirchhoff stress tensor, which 
relates forces in the reference configuration to areas 
also in the reference configuration. The relationship 
among them are 
 

= TJ P F                                          
(9) 

 
and 
 

1= TJ   S F F                                     
(10) 

 
According to the knowledge in continuum me- 

chanics, the 2nd Piola-Kirchhoff stress tensor S is 
energy conjugate to the Green-Lagrange strain tensor 
E and can be obtained by 
 

= :S C E                                          
(11) 

 
where the stiffness tensor, C , is a 4th rank tensor 
and can represent generalized material behavior, 
isotropic or orthotropic, as long as it is linear, and E
can be evaluated in terms of F  by 
 

1
= ( )

2
T   IE F F

                                    
(12) 

 
In particular, for isotropic materials under Hookeʼs 
law, Eq. (11) simplifies to 
 

=  tr( ) + 2 IS E E                                    
(13) 

 

with Lame coefficients   and  . Given a material 

characterized by the Poisson ratio s  ( 0.5s  for a 
compressible structure) and by the Young modulus 

sE , bulk modulus sK , shear modulus sG and fore- 

mentioned Lame coefficients  and  can be 

expressed as 
 

=
3(1 2 )

s
s

s

E
K

                                        

(14) 

 

= =
2(1+ )

s
s

s

E
G

                                   
(15) 

 

=
(1+ )(1 2 )

s s

s s

E 
                                     

(16) 

 
Substituting Eqs. (10), (13) into (9), we finally 
calculate the 1st Piola-Kirchhoff stress tensor P  in 
Eq. (8) with 
 

 =  tr( ) + 2 IP F E E
                             

(17) 

 
 
2. Numerical modeling 

In this section, we present the modeling in detail. 
We initialize the simulations with particles on 
Cartesian lattice using a constant particle spacing x . 
Each particle is assigned a constant mass, which might 
be different between fluid and structure according to 
their individual densities. For convenience of expla- 
nation, we make some remarks in advance. In the 
following SPH discretization, the labels a  and b  
are used to denote fluid particles while labels i  and 
j  indicating structure particles. An identical kernel 

function is employed for formulating both fluid and 
structure equations. Smoothing length h is constant in 
the entire computational domain. 
 
2.1 SPH discretization for fluid equations 
    (1)Density evolution equation 

The density of a fluid particle a is calculated 
from a summation over all its neighboring particles by 
 

= +a a ab a aj
b j

m W m W  
                              

(18) 

 
where a and am denote the density and mass of 

particle a , abW is short for kernel function 

( , )abW hr  with =ab a br r r . Note that Eq. (18) 

allows for density discontinuities across fluid-struc- 
ture interfaces, and the two terms on the right hand 
side represent the density contribution from neigh- 
boring fluid and structure particles, respectively. 
 
 (2) Momentum equation 

Including the action due to FSI, the momentum- 
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conservation Eq. (2) for fluid particle a  can be refor- 
med to 
 

: : : :d
= + + + +

d
f p f v s p s va

a a a at

v
f f f f g

                   

(19) 

 
Here f

af denotes force per unit mass due to the other 

fluid particles while s
af due to structure particles. Both 

of them consist of two parts, resulting from pressure 
and viscous force respectively, denoted by :f p

af , 
:f v

af , :s p
af  and :s v

af . 

According to Hu and Adams’ work[19], :f p
af can 

be approximated by 
 

: 2 21
= ( + )f p

a a b ab a ab
ba

V V p W
m

  f
                    

(20) 

 
where the density-weighted inter-particle averaged 
pressure abp  is formularized by 

 
+

=
+

a b b a
ab

a b

p p
p

 
 


                                  

(21) 

 
= ( , )a ab a abW W h  r  is the gradient of the kernel 

function, aV  and bV  denote the two interacting 

particle volumes. 
Using the inter-particle-averaged shear viscosity 

 
2

=
+
a b

ab
a b

 


 


                                                             

(22) 

 
the viscous force :f v

af  can be obtained through 

 
: 2 21

= ( + )f ab ab
a ab a b

ba ab ab

v W
V V

m r r
 




 f
                     

(23) 

 
with =ab a bv v v and =ab abr r  representing the 

relative velocity and distance between two interacting 
particles. 

Based on the analysis of Turek et al.[20], the 
boundary condition on the fluid-structure interface can 
be achieved by exerting a no-slip condition for the 
flow with moving boundaries. Following the imple- 
mentation of Adami et al.’s wall boundary condition[21] 
and assuming the dummy particles in structure region 
used to mimic the interaction on the fluid-structure 
interface just coincide with the real structure particles, 
for each interacting particle pair ( , )a i , we can simply 

approximate the imagining pressure d
ip  and velocity 

d
iv  on dummy particle i  with 

 
=d

i ap p
                                                                      

(24) 

 
and 
 

= 2d
i i av v v

                                                              
(25) 

 
Alternatively, one can also choose the same extra- 
polation scheme proposed in Ref. [21] to evaluate 
them. 

Consequently, the forces per unit mass due to 
structure particles :s p

af  and :s v
af  can be given by 

 
: 2 21

= ( + )s p
a a j a a aj

ja

V V p W
m

 f
                            

(26) 

 
and 
 

: 2 21
= ( + )

d
a j ajs v

a a a j
ja aj aj

W
V V

m r r


 



v v

f  

 

2 22
( + ) a j aj

a a j
ja aj aj

W
V V

m r r


 


v v

                       

(27) 

 
Since the negative pressure occurs in the wake in 

the FSI benchmark cases, which usually leads to 
particle clumping and void regions during the 
simulation, one also needs a remedy to solve this 
tensile instability problem in fluid regions. A number 
of solutions have already been proposed and validated, 
such as in Refs. [16, 17]. In this work, we choose 
transport-velocity scheme exactly the same as that in 
Ref. [17] (see details therein). 
 
2.2 SPH dicretization for structure equations 

Before formulating the momentum balance Eq. 
(8) for structure with SPH approximation, we must 
make some preparations first. It is well known that the 
conventional SPH method has a shortcoming of 
inconsistency, not even zero order consistency[22]. It 
may not be that important in fluid dynamics, however, 
it leads to artificial strain and stress in solid dynamics, 
especially when a rigid coordinate transformation 
occurs on a structure, where no actual strain and stress 
should be yielded. To remedy this defect, a correction 

matrix 0B , following Vignjevic et al.[15], is intro- 
duced by 
 

1

0 0 0= ( )i j j
j

ji i iV W


 

  
 
B X X

                           

(28) 
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where 
 

 0

0 0
0

,
=

i

i
i

j

j

i ij
j

W h

r
W






r
e

                                              

(29) 

 
is the gradient of a Lagrangian kernel function. Note 
that Eqs. (28) and (29) are only calculated once at the 
beginning as it is only related to the initial or 
reference configuration. 

Multiplying by the same matrix 0B , the defor- 
mation gradient F  can be computed with SPH ap- 
proximation by 
 

0 0 0= ( ) +i j j i i iij
j

WV
 

  
 
 IF u u B

                      

(30) 

 
    (1) Density evolution equation: 

According to Eq. (7), the density of each struc- 
ture particle i  can be obtained algebraicly by 
 

01
=i i

iJ
 

                                                                  

(31) 

 
with = det( )i iJ F . 

(2) Momentum balance equation: 
Similar as that in fluids, when including the 

action due to FSI, the momentum balanceEq. (8) for 
structure particle i  should be reformed with addi- 
tional terms to 
 

2
: : :

2

d
= + + +

d
s P f p f vi

i i it

x
f f f g

                                  

(32) 

 
where :s P

if  denotes the acceleration caused by inner 

stress of a structure. It can be represented by 
 

0 0
: 0 2 0 2 0

+1
= ( ) + ( )

2 ij
i i j js P

i i j i
ji

WV V
m

   
PB P B

f
 

(33) 

 
with the 1st Piola-Kirchhoff stress tensor of particle i
being 
 

 =  tr( ) + 2i i i i IP F E E
                                      

(34) 

 
and Green-Lagrange strain tensor 
 

T1
( )

2i i i  IE F F=
                                                   

(35) 

 
Finally, according to the Newton’s third law of 

motion, each structure particle involved in Eqs. (26) 

and (27) takes an equal and opposite reaction from the 
interacting fluid particle, therefore, the forces per unit 
mass owing to fluid-structure interactions can be 
given easily by 
 

: 2 21
= ( + )f p

i i b b i ib
bi

V V p W
m

 f
                             

(36) 

 
and 
 

: 2 22
= ( + )f v i b ib

i b i b
bi ib ib

W
V V

m r r


 
 v v

f
                     

(37) 

 
Notice that, the gradient of elastic stress in struc- 

tures is calculated in the reference configuration 
within the total Lagrangian formulation, however, the 
fluid-structure interaction forces must be obtained in 
the current configuration. 
 
 

3. Numerical test 
In this section, we present the validation results 

for the well-known 2-D benchmark FSI problem, 
defined by Turek and Hron[20], as shown in the Fig. 1, 
where the flow passes a fixed circular cylinder with a 
flexible beam attached to its downstream side. This 
test model has been frequently used as a large- 
displacement benchmark validation case for 2-D FSI 
solvers[5, 23]. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 Model setup for flow-induced vibration of a flexible 

beam attached to a rigid cylinder[5] 
 

In Fig.1, the computational domain is sketched 
out along with all its geometric parameters. By 
choosing the cylinder diameter = 0.1 mD as the 

characteristic length, all other spatial measurements 
can be represented by D , such as the domain length 

=11L D , the domain height = 4.1H D , and the 
length and height of the flexible beam being = 3.5l D
and = 0.2h D , respectively. Note that, the cylinder 
center is located at = (0.2 ,0.2 )C D D  (measured 

from the left bottom corner of the domain), which is 
intentionally non-symmetric to prevent the depen- 
dence of the onset of any possible oscillation on the 
precision of the computation[20]. 
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Concerning boundary conditions, no-slip walls 
are exerted on the top and bottom sides of the domain 
while outflow condition on the right side. Fluid flows 
into the domain from the left side with a parabolic 
velocity profile 
 

0 2

( )
( ) = 1.5

2

y H y
U y U

H



 
 
 

                                            

(38) 

 

where U  is the mean inflow velocity with the value 
of 1m/s in this paper. As suggested by Turek and 
Hron[20], for this kind of non-steady test case, a 
starting procedure is usually applied by employing a 
smooth increase of the velocity profile in time as: 
 

0

1 cos
2

( , ) = ( )
2

t

U t y U y

   
 

 
if st T

                  
(39a) 

 

0( , ) = ( )U t y U y  otherwise                                     (39b) 

 
where sT denotes the end time of the starting proce- 

dure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Temporal variation of x  and y displacements of the 

Point A 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3 Trajectory of Point A 

With the same configuration shown above, Turek 
and Hron[20] defined three different test cases FSI1, 
FSI2 and FSI3 by considering different physical 
parameters corresponding to Reynolds number =Re
20 , = 100Re  and = 200Re , respectively. FSI1 is 
“simple” and results in a steady state solution while 
the other two tests (FSI2, FSI3) result in periodic 
solutions. Because the shear modulus of the beam in 
FSI3 is four times larger than that in FSI2, the fluid 
structure interaction in FSI3 seems more like fluid 
interacting with rigid body. In contrast, FSI2 consists 
of a more flexible beam and is considered more 
suitable and challenging as the benchmark test case 
for the rigorous evaluation of different FSI approaches. 
Therefore, we just focus on the test of FSI2 in this 
work. Here, the dimensionless parameters are chosen 
as follows: density ratio of structure to fluid 

/ = 10s f  , Reynolds number = / =100fRe UD  , 

dimensionless Young’s modulus 
2* = /( ) =fE E U

31.4 10  and Poisson ratio = 0.4s . In the simula- 
tion, the initial particle spacing is set to be =x

0.05D , the artificial sound speed 0 = 20c U , and a 

Wendland C2[24] kernel function with a pre-set 
smoothing length =1.3h x  is used. 

The time evolution of the x and y displace- 

ments of the free end of the beam (calculated at point 
A as marked in Fig. 1) is shown in Fig. 2. According 
to the y displacement, we can see the beam begins to 

exhibit small deformations after a dimensionless time 
of around 20, at which the starting procedure finishes 
in the simulation. As time goes on, the beam finally 
reaches a periodic self-sustained oscillation after a 
dimensionless time of 100. At this moment, an offset 
along the negative x direction can be clearly observed 
due to the effect of the beam’s bending. Figure 3 
presents the trajectory of point A during the simu- 
lation, which is a typical Lissajous curve with the 
frequency ratio of horizontal wave to vertical wave 
being 2:1. 
 
Table 1 Comparison results for FSI2 test case 

Reference 
Amplitude in y  

direction (/ )D  

Frequency  

0f  

Turek and Hron[20] 0.830 0.190 
Bhardwaj and Mittal[23] 0.920 0.190 

Tian et al.[5] 0.784 0.190 
Present 0.886 0.168 

 
Table 1 shows the quantitative comparison of the 

present results with those in references. The dimen- 
sionless amplitude of the oscillation in y  direction 

from our simulation is 0.886, which is in good agree- 
ment with others. However, the dimensionless oscilla- 
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Fig. 4 (Color online) The fluid velocity field and beam defor- 
mation at different time instances marked in Fig. 2. The 
top panel of each subfigure shows the deformation of 
the beam with solid particles colored by contours of von 
Mises stress. The bottom panel presents the distribution 
of axial velocity component of the fluid 

 

tion frequency obtained in this work cannot match 
well with them. To further validate the present 
frequency, we perform a convergence study on this 
test case by decreasing the particle spacing x  to 
0.025D . Almost the same frequency is obtained. To 
analyze the apparent discrepancy with previous results, 
we resort to investigate the phenomenon of vortex 
shedding[25] behind circular cylinders. Based on 
Roshko’s measurements[26], there is a fairly consistent 
unique linear relationship between the Roshko number 
and Reynolds number over the Reynolds number 
range 50-150, which can be formulated by 
 

= 0.212 4.5Ro Re 
                                                   

(40) 
 
where Ro  denotes Roshko number. According to Eq. 
(40), we know that the frequency of vortex shedding 
at =Re 100 is 0.167. Since the beam is very flexible 
in this test case, the oscillation frequency can be 
mainly dominated by vortex shedding, which means 
the oscillation frequency of the beam might also be 
close to this number. Besides, because our scheme is 
strictly momentum-conservative in contrast to those in 
the references, it is expected that the present result can 
be quite reasonable. 

In Fig.4 we show the beam deformation at four 
different time instances in a typical oscillation cycle. 
Note that, since there is no elastic stress at the free end 
of the beam, particles in that region keep regular 
distribution all the time. This is not able to achieve by 
the previous SPH formulations based the incremental 
Jaumann formulation which uses Eulerian kernel in 
current configuration. 
 
 
4. Conclusion 

In this paper, we have proposed a numerical 
modeling approach for simulating FSI problems in a 
SPH framework, where the fluid governing equations 
are discretized with conventional Eulerian kernel in 
current configuration and the solid governing equa- 
tions with Lagrangian kernel in the reference con- 
figuration. To avoid tensile instability in fluid regions, 
a transport-velocity technique is employed to remedy 
the distribution of fluid particle. By using a total 
Lagrangian SPH formulation dealing with the 
structure deformations, we also apply a correction 
matrix to restore first order consistency and rotational 
invariance. It successfully avoids the occurrence of 
artificial strain and stress when a rigid coordinate 
transformation occurs on structures. Since both fluid 
and solid governing equations are discretized with 
SPH formulation, coupling becomes straightforward 
and meanwhile the momentum of an FSI system is 
strictly conserved. In order to validate the modeling 
and demonstrate its potential, a typical FSI benchmark 
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test case is carried out. 
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