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Abstract: This study evaluates the recently developed general framework for solution verification methods for large eddy simulation
(LES) using implicitly filtered LES of periodic channel flows at friction Reynolds number of 395 on eight systematically refined grids.
The seven-equation method shows that the coupling error based on Hypothesis I is much smaller as compared with the numerical and
modeling errors and therefore can be neglected. The authors recommend five-equation method based on Hypothesis II, which shows a
monotonic convergence behavior of the predicted numerical benchmark (S,.), and provides realistic error estimates without the need
of fixing the orders of accuracy for either numerical or modeling errors. Based on the results from seven-equation and five-equation
methods, less expensive three and four-equation methods for practical LES applications were derived. It was found that the new
three-equation method is robust as it can be applied to any convergence types and reasonably predict the error trends. It was also
observed that the numerical and modeling errors usually have opposite signs, which suggests error cancellation play an essential role in
LES. When Reynolds averaged Navier-Stokes (RANS) based error estimation method is applied, it shows significant error in the
prediction of S, on coarse meshes. However, it predicts reasonable S, when the grids resolve at least 80% of the total turbulent

kinetic energy.
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Introduction

With the advent of the high-performance com-
puting facilities, high-fidelity computational fluid
dynamics (CFD) simulations using large eddy
simulation (LES) are being regularly used in academic
research and industrial applications. However, due to
the lack of proper guidelines for verification and
validation (V&V), often these simulations are either
under-resolved or over-resolved. Since LES employs
simpler algebraic models compared with Reynolds-
averaged Navier-Stokes (RANS) based turbulence
models, an under-resolved LES could be more
erroneous than a RANS solution. An over-resolved
LES with negligible sub-grid stress, also called quasi
direct numerical simulation (DNS), provides a solu-
tion identical to a DNS solution if the same numerical
algorithms are used. However, the computational cost
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of an LES is much greater than a DNS at the same
grid due to the involvement of extra modeling terms/
equations. Therefore, quantification of numerical and
modeling errors on different grid resolutions for LES
is essential for significantly improving the reliability,
risk assessment, and decision making of LES in
scientific and engineering applications.

Various V&V methods have been established for
CFD. These include grid convergence index (GCI)
method and its Variants“'3], least square method[4],
correction factor method™ ® and the factor of safety
method” ¥, However, these V&V methods were
developed for RANS based turbulence models, where
the sources of errors and uncertainties can be
categorized into modeling and numerical errors, and
each of them can be separately evaluated. For impli-
citly filtered LES, local grid spacing acts as a cut-off
filter, and sub-grid scale model uses the local grid
spacing as the turbulent length scale parameter to
model the effects of unfiltered scales on the resolved
scales of motion. Therefore, the numerical and
modeling errors change simultaneously when the grid
size varies. As a result, they are difficult to estimate.
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Meyers and Sagautm performed a large number

of LES computations in a periodic channel flow by
varying the grid sizes and using the Smagorinsky
model. They observed a non-monotonic grid conver-
gence behavior and reported that along constant
Nx-Ny lines, LES solutions match with fully resolved
DNS even on a much coarser grid. There have been
numerous attempts in quantifying the errors and
uncertainties in LES using sin%le—grid methods, viz.,
sub-grid activity parameter!'”, modified activity
parameter[”], and LES index of quality method
(LES_IQ)"'!. These methods evaluated the “distance”
between an LES solution and the DNS solution but
did not quantify the modeling and numerical errors.
These methods also involved some empirical relations
that are not well tested or justified. Nevertheless, an
extended version of LES IQ based on relative reso-
lved turbulent kinetic energy content, (LES_IQ, =
ko, e )
tion of LES solutions.

Klein!"* and Freitag and Klein!" established the
so-called systematic grid and model variation, a
method for estimation of numerical and modeling
errors in implicitly filtered LES. Here, the numerical
and modeling errors are predicted by a systematic
variation of the numerical grid and the turbulence
model under the assumption that both errors can be
expressed using Taylor series expansions. The main
drawback of their method is the assumption of fixed
scaling exponents for numerical error (P,), equal to

is still used!® as a method for verifica-

tot

the theoretical order of accuracy, and modeling error
(P,) equal to 2/3 or 4/3 depending on the Reynolds

number, which were not justified. Additionally, the
effect of temporal discretization on the numerical
error is neglected. This method was used in the LES
of wind flow around high-rise buildings'"*.

Xing[m] proposed the first general framework for
LES V&V including a vast number methods based on
two hypotheses, ranging from a sophisticated seven-
equation method to a simple single grid method. In
Hypothesis I, the errors and uncertainties for LES
were classified into three distinct sources: numerical,
modeling, and their coupling. This is the first attempt
to include a coupling term for numerical and modeling
errors in LES V&V. Additionally, errors and uncer-
tainties due to grid size and time step are combined
into one term, i.e., the local spatial and temporal

resolution (A" to be defined later). Hypothesis II
assumes that the numerical error and modeling error
can be de-coupled. For explicitly filtered LES, they
can be evaluated independently by fixing the nume-
rical variables (grid-spacing and time-step size) while
systematically changing the filter width or vice versa.
However, for implicitly filtered LES, the numerical
variables and filter width must be refined simulta-

neously as to be demonstrated later. Compared to
previous LES V&V, the framework does not assume
the orders of accuracy for numerical and modeling
errors, is applicable for both implicitly and explicitly
filtered LES, and considers a systematic variation of
grid spacing, time-step size, and filter width.

In the current study, the various V&V methods
proposed by Xing[”’] were evaluated using many
datasets from LES of periodic channel flows on eight
systematically refined grids and time-step sizes. Dutta
and Xingm] presented preliminary data on periodic
channel flow using seven grids and showed that the
numerical and modeling errors have opposite signs in
six and seven-equation methods. In the next section,
the methodology of LES is discussed. Then, the V&V
methodology and their implementation in the current
framework are briefly described followed by results,
discussions, and conclusions.

1. Methodology of LES

1.1 Governing equations

In large eddy simulation, the Navier-Stokes equa-
tions are filtered using a low-pass filter, which leads
to decomposition of all the flow variables into its
filtered (or resolved) and unresolved (or sub-grid scale)
components. Therefore, any variable ¢, which repre-
sents either velocity or pressure can be decomposed
into ¢ (resolved) and @ (sub-filtered) components,

@ =@+ ¢ . The filtered component, ¢, is defined as

o(x.0) = [ Glx,x) (', ) d’ (1)

Here x, x' and ¢ represent the space coordinates,
dummy space coordinates for each grid cell, and time
coordinate, respectively. G denotes the filter or the
transfer function. In the present implicitly filtered LES
study, the grid size acts as a top-hat filter or box filter,
which is defined as:

1 1
G(x,x")y=— for |[x—x'|<=A 2a
(x,x") e | | > (2a)
G(x,x)=0 for |x—x'|>%A (2b)

where A represents the size of the filter.

1.2 Filtered Navier-Stokes equations

Applying a filter to the incompressible Navier-
Stokes equations results in the following sets of equa-
tions!'*!
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Here v represents kinematic viscosity. Applying

eddy viscosity hypothesis, the sub-grid stresses, 7,

can be presented as
sas 1 SGS _ S 1 S
Ty~ gé‘ijz—kk =2vgs| S — Eé‘ijSkk (%)

Here vy, represents the sub-grid stress eddy visco-

sity. SU is the symmetric part of the filtered velocity

gradient tensor, also known as the filtered strain rate
tensor, which is defined as, 1/2(0u,/0x s tou,/

Ox;)- 0, denotes the Kronecker delta. In this study,

the one equation eddy viscosity model™ is used to
model the effects of sub-filter scales on the resolved
fields. One equation sub-grid scale (SGS) model uses a
modeled balance equation to simulate the behavior of
SGS kinetic energy. It overcomes the deficiency of local
equilibrium assumption between SGS energy produc-
tion and dissipation adopted in algebraic eddy viscosity
models. Non-equilibrium turbulence spectra may occur
in the coarse grid LES simulations, when the cutoff
filter does not lie in the inertial spectrum'®”’. The authors
will perform future V&V studies using standard SGS
models such as Smagorinsky model®, dynamic
Smagorinsky model®, and WALE model®!.

1.3 Geometry, numerical scheme and parameters
The studied configuration is the turbulent periodic
channel flow at friction Reynolds number (Re,) of

395. Re.,=u_h/v , where u_and / denote the

friction velocity and channel half-height, respectively.
The setup matches with reported DNS data of Kim et
al.”". The computational domain in the present study
extends 2mh, wh and 2k in streamwise, spanwise,
and wall normal directions, respectively. Figure 1(a)
schematically shows the domain, and the boundary
conditions employed in the present study. Figure 1(b)
shows an isosurface of QO =0.005 on mesh G4.

The filtered Navier-Stokes equations are solved
using an open source finite volume CFD code
OpenFOAM 4.1.0. In the streamwise and spanwise
directions, periodic boundary conditions are employed.
A pressure gradient source is added to the streamwise
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momentum equation to drive the flow. The convective
and diffusive terms are discretized using 2™ order
central difference scheme and the time integration is
performed using 2™ order implicit time. Table 1 pres-
ents the details of the grids and the time step sizes. Both
the time step (A7) and the grid spacing are simu-

Itaneously refined with a ratio of »= J2 . The peak
Courant number is kept below or equal to 0.5 for all the
simulations. A perturbation method developed by De
Villiers™ is used to initialize the turbulence fields in the
coarsest grid simulation. The simulation on the coarsest
grid (G8) is first run for 20 flow-through times, and then
the solutions are interpolated to the other seven grids to
initialize those simulations. All the simulations are run
such that once the statistically steady state is reached,
time averaging is performed for additional 100 flow-
through times.

<

x and z directions are periodic

Upper wall L=2h

Lower wall S

_/ " L=2mh u

(a) Domain and boundary conditions

002 006 0.1 014 0.18
U

(b) Isosurface of 0=0.005 on mesh G4(129x97x97)

Fig. 1 (Color online) Computational geometry and vortical
structures

2. Solution verification procedure

2.1 LES error methods

For implicitly filtered LES as adopted in this
study, systematic variation of the grid-spacing and
time-step sizes will simultaneously change both the
numerical and modeling error terms. The local spatial

and temporal resolution (4") is defined as

h =lhAt (6)

Here h and At represent the local grid spacing and
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Table 1 Details of the grid sizes and time step sizes used in the computations; the grid spacing in x, y and z direc-

tions are presented in wall units (Ax" =u Ax/v,Ay" =u Ay/v and Az =uAz/v), U, denotes the bulk

velocity in the channel

Grids N, N, N, Ax' Ay* Az U,At/h

Gl 365 272 272 6.7 0.36-7.10 4.6 0.0032

G2 257 193 193 9.5 0.45-10.00 6.5 0.0046

G3 183 137 137 13.0 0.7-14.0 9.0 0.0066

G4 129 97 97 18.0 0.9-20.0 13.0 0.0093

G5 92 68 68 24.5 1.4-28.0 18.5 0.0133

G6 65 48 48 33.0 1.8-35.0 26.0 0.0187

G7 46 34 34 54.0 2.5-55.0 36.5 0.0264

G8 33 24 24 75.0 3.5-70.0 52.0 0.0373
time step size, respectively. For implicit filtering, the

; . : Co (P RA)Y™ (13)
local filter size (A) is the same as the local grid MN
spacing (4). For a general LES simulation without . .
. — = Py Py

any periodic directions, A(=#h) can be calculated as G7: 8, =S = ey (rh)™ e, (PA)™ +
A=max(A,,A,,A,) (7 Cyn (PP RAYP (14)

Since the flow in periodic in streamwise and spanwise
directions, the solutions are averaged in these two
directions. Therefore, A 1is taken as the maximum
grid spacing in the y-direction. In the implicitly
filtered LES as adopted in this study, systematic grid
and model variation decouples the filter size and the
grid size but that violates the concept of implicit
filtering. Therefore, model variation is not performed.
Systematic model variation can be used in the future
LES V&YV studies using explicit filtering. The seven-
equation method based on Hypothesis I (H1-7) can be
re-written as:

(;S N 6SM é‘SM.’V

Gl: S, —Sc=c, (h)™ +c, AP +cp (A (8)

G2: S, =S, =c,(rh)™ +c, (rA)™ +c,, (P hA)"™

(€))

G3: S-S, =c¢y (F*h)" +e, (A +
Cy (K LAY (10)

G4: S, —S. =cy,(r’h)™ +c, (A +
o (PP RAYP (11)

GS5: S, =S, =c, ()" +c, (FA)™ +
o (P LAY (12)

G6: S, =S, = ey (FPhY™ +, (A +

Here 6, , d, and J,, denote numerical, modeling,
and coupling errors, respectively. S, (i=1-7) repre-
sent the solutions of the variable on the seven refined
grids. For the current study, the studied variable is the
u,. S, represents the numerical behchmark of u_ .

.-
PN > PM s PMN
numerical, modeling and coupling error terms, res-

pectively. C,, C,,, C,, represent the undermined

denote the orders of accuracy for

constants for numerical, modeling and coupling error
terms, respectively.

The set of seven nonlinear equations is then
solved numerically using an optimization solver in
MATLAB to obtain S., C,, C,,, C,v., Py, By,

P,,, - Based on this seven-equation method, simplified
versions using Hypothesis I can be derived by assu-
ming values for P, and/or P, , including H1-6 (fix
P, or P,)and H1-5 (fix P, and P,).

The second hypothesis drops the coupling term
Oy » Which eliminates two unknown variables from

H1-7. As a result, H2-5 for implicitly filtered LES can
be written as below:

Osv Fsm
Gl: S -5, =IcN(h*)p“"l+chA”"‘4l 15)
G2: S,-S. =cy(rh)™ +c, (rA)™ (16)
G3: S, =S.=c,(r’h)™ +c, (A (17)
G4: S, =S, =cy(FPh)™ +c, (A (18)
GS: S, =S, =c,(r*h)™ +c, (r'A)" (19)
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Similar to the seven-equation method, simplified
versions using Hypothesis II can be derived by
assuming values for P, and/or P, , including H2-4

(fixing P, or P,)and H2-3 (fixing P, and P,).
It is found that the fixing P, =2 causes the non-

linear equations to be ill-posed and optimization
solver does not provide any reasonable solutions.
Therefore, solutions from HI1-6 (P, =2), HI-5

(P, =P, =2) and H2-4 (P, =2) are not presented.

As shown later, solutions from HI1-7 and H2-5
suggested that the observed P,, on the finest mesh is
close to 1.5, which leads to reasonable solu- tions.
Therefore, H1-6 (P, =1.5) and H2-4 (P, = 1.5)
were formulated and tested. Further, a new three-
equation method, H2-3 (P, =1.7and P, =1.5) was
derived and tested with equations below:

65\' 6&”
Gl: S, =S.=cy(h) +c, A7 (20)
G2: S, —S.=cyr'"h! +c, A 21
2 C N M
G3: S, =S, =cyr*h!T +cy AP (22)

Equations (20)-(22) can be solved analytically by the
method of substitution:

(S, = 8,) - (S, - S;)

CM = L7 15 32 3 1.5 (23)
' =r>=r+r)A
S _ (r1.7S] _Sz)(r3.2 _’/'3)_(}”1.7512 _S3)(r1.7 _rl.S)
C (r1,7 _1)[(’,‘3‘2 _r3) _ (r1,7 _ rlAS)]
24
S, -S.-C,A"”
Cy Y — (25)

2.2 Solution of nonlinear equations

Except for the three-equation method H2-3, all
the LES V&V methods result in a highly non-linear
system of equations. These simultaneous systems of
equations were solved using the optimization toolbox,
“fsolve” in MATLAB 2016. The trust-region algori-
thm was employed, which is based on the interior-
reflective Newton method and involves the approxi-
mate solution of a large linear system using the pre-
conditioned conjugate gradients method. Jacobians
were analytically calculated and prescribed to the
optimization solver. The solutions of a set of complex
nonlinear sets of equations were found to be strongly
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dependant on the initial guess. S was initialized with
a value of 0.007, which is close to the DNS solution.
Other variables were provided with initial guesses in
the range of 0 to 5 in a step of 0.01. The correct sets of
solution were chosen based on our physical understan-
ding of the solutions, i.e., a solution would be discar-
ded if any one of the following conditions is met:

(1) Residual of any equation is higher than the
magnitude of either numerical error or modeling error
in that equation.

(2) Zero magnitudes of either numerical or mode-
ling error.

(3) Unrealistic value of S, .

Finally, the solution with the minimum condition
number was selected.

2.3 RANS error methods

To evaluate the feasibility of applying existing
RANS solution verification methods on LES, the
errors of predicting the S. and numerical errors

itself on various grids using the former are compared
with those using the various LES methods aforemen-
tioned. The typical steps for RANS solution verifica-
tion start with the convergence study. If the solutions

for the fine, medium and coarse grids are S,, S,
and S, , respectively, solution changes & for

medium-fine and coarse-medium solutions, and the
convergence ratio R is defined by

£,=8,-S,, ¢,=8,-5,, R=22 (26)

When monotonic convergence is achieved (0 <R <
1), generalized Richardson extrapolation can be used
to estimate the order-of-accuracy p,,, error &, ,
and numerical benchmark S, .

ln{gﬁJ
_ &1

= 27
Pre = = (27
&
T (28)
S. =8, =0 (29)

This approach can be applied for a grid triplet with
monotonic convergence, i.e., in this study, (1, 2, 3), (2,
3,4),3,4,5),(4,5,6),(5,6,7), and (6, 7, 8) for grid
refinement ratio /2 . For a grid refinement ratio of 2,
one can choose (1, 3, 5), (2,4, 6), (3,5, 7) and (4, 6, 8).
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2.4 LES index of quality index based on turbulent
kinetic energy (LES_1Q,)

The fundamental idea of the LES_IQ, method
is that all the eddy sizes contribute to the velocity field
in a turbulent flow and LES resolves the effect of
eddies which are larger than the local grid spacing (cut
off filter width) and models the rest. Therefore, the
resolved turbulent kinetic energy produced by LES is
smaller than the turbulent kinetic energy from a wind
tunnel or DNS data. Thus, LES_1Q, compares the

turbulent kinetic energy resulting from the resolved

scales k. , with the total kinetic energy of the flow
ktot

k
LES_1Q, = ﬁ (30)

tot

Pope!"® suggested that if LES resolves 80% of the
total turbulent kinetic energy, i.e., LES IQ, =0.8,

the mesh can be assumed to of sufficient resolution for
LES. Celik et al."!! proposed two ways of obtaining
k., , 1.e., using experimental/DNS data or by carrying

tot 2
out Richardson extrapolation on multiple grid simula-
tions. Several studies reported that the second method
could lead to higher turbulent kinetic energy predic-
tion than a DNS or an experiment'®!. In this study,
k,, was obtained using DNS data from Kim et al.**],

3. Results and discussion

3.1 Mean flow and turbulence quantities

The normalized streamwise velocity distributions
from the present LES on all the eight grids are plotted in
Fi%. 2 and compared with the DNS data from Kim et
al”". In contrast to the findings from Meyers and
Sagaut”, present LES data shows a monotonic con-
vergence with the refinement of meshes and time step
sizes. Meyers and Sagaut"”’ found that there is a range of
coarse LES grids, which showed excellent agreement
with the DNS data. However, their grids and time-steps
are simultaneously varied. Figure 2 also compares the
velocity fluctuations in streamwise (u,, ), spanwise

) and wall normal directions (v, ) from the

present LES with those of the DNS data. Present LES
data show that both v __ and w__ values are un-

rms

(w

rms

derpredicted, which is similar to the findings of
Gullbrand®. The errors show a monotonic conver-
gence and decrease with the refinement of 4. Further,
as h* becomes larger the locations of peak v, and

w__ are shifted away from the wall as compared DNS.

rms

u_ . shows a similar behavior, but with a greater offset

ms

10° 10' 10°
it
(a) Mean velocity profiles in streamwise direction ({)
30

o=

1N
n
TTTTTT

m
—
W
TTT—TTT 71T

o
n
T

(b) Root mean

08

06

Vo

04 5

02F

10° 1o+' 10°
(c) Root mean square turbulent fluctuations in wall normal direction (¢’ my
15
1.0 -'
g !
B
0.5 -

(d) Root mean square turbulent fluctuations in spanwise direction (W)

Fig. 2 Effect of grid refinement on mean velocities and turbu-
lent fluctuations (normalized using the friction velocity)

value is

ms

in the location of the peak value. Peak u

slightly underpredicted as compared to DNS data and
remains almost same on both fine and coarse grids,
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except it marginally increased on grids G7 and G8.
Figure 3 shows the normalized &, and Reynolds

shear stress (—<u’v'>) from the LES solutions on

various grids with a comparison to the DNS data'**!.

Present LES data show that the finest two grids
underpredicted the peak turbulent kinetic energy by
6%-8%DNS. The peak value of & increases mono-

tonically with the grid refinement from G6 to GI.
However, it decreases when the gridis refined from G8
to G7. Further, the peak of the £, shifted farther away

from the wall as the gridis coarsened. On the coarsest
grid, the turbulent kinetic energy peak is observed at

y" ~75 as compared to y  ~15 on the finest grid.
The peak value of (—(u’v')) shows monotonic conver-

gence when grid is refined, with an error 3%-5 %DNS
for the three finest grids. The different convergence
characteristics of the normal and shear stresses need
further investigation and maybe attributed to the sub-
grid stress model used.

50
45
40
35
30

Las
20
15
10
05

0

(b) Reynolds shear stresses

Fig. 3 Effect of grid refinement on resolved turbulent kinetic
energy and Reynolds shear stresses (normalized using
square of the friction velocity)

3.2 Relation between error and LES index of quality
Figure 4 shows the percentage error of friction ve-

locity (u,) and peak Reynolds shear stress ((u'v’)peak)

with the different grids. It also presents the LES IQ,
on eight grids. Both errors show a monotonic conver-
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gence except on the coarsest grid for (u'v'>peak .

LES_1IQ, shows that the three finest grids (G1-G3)
resolved more than 80% of the turbulent kinetic energy.

30 — 1.00

[ —=— Error in<u'v>, 095
0.90
0.85
0.80
0.75
0.70
0.65
~%0.60
0.55
0.50
045

0:u---I----I----I----I----I----l---- 040
1 2 3 4 5 6 71 8

Grid number

[ —=—FEnmorinu,
p -5 *-- L'nom of LES IQ,

3%
SR

=
LES 1Q,

Error (%DNS)
O

Fig. 4 Effect of grid refinement on the errors in u, , <u'v'>

and the corresponding LES_1Q, (k. /k,,)

res

peak

3.3 Performance of various LES V&V methods
Table 2 presents the results for different parameters,
viz., S. and its %DNS error, P,, P,, P, , nume-

rical error, modeling error, and coupling error, for
various LES V&V methods using the solutions of u, .

The H2-3 and the RANS methods were applied on
solutions on all the eight grids, fixing » =1.414 or 2.
All the other methods were evaluated using solutions on
seven grids (G1-G7). The following interpretations
could be made:

(1) The stiffness of solving equations for me-
thods

Except the three-equation method, all LES V&V
methods require numerical solution of nonlinear sets of
equations. The nonlinear equations are stiff and difficult
to solve. As the number of equations becomes less, they
are easier to solve, however, fixing P, =2, e.g., H2-4

(P, =2), may give unreasonable solution. H2-3 is easy

to implement and has analytical solution. The HI1-7
method is hard to evaluate due to a large number of
unknowns and solutions. It includes a wide range of
meshes that resolve dramatically different flow
physics. Therefore, fixing P, and/or P, for all the

seven meshes may lead to unstable systems of
equations in practical LES applications.

(2) Convergence characteristics of numerical,
modeling, and coupling errors

From the limited number of reasonable solutions,
H1-7 shows that the magnitude of the coupling error is
at least one order of magnitude smaller than the
numerical/modeling errors, which suggests that it be
ignored and Hypothesis II can be adopted. H1-7 shows
that the numerical and modeling errors have opposite
signs, which is also observed for other methods. H2-5
indicates that the numerical error and modeling error
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Table 2 Evaluation of LES error estimates

Grids S (Error %DNS) P, P, P, Numerical Modeling Coupling

H1-7 1-7 0.00765 (2.42) 1.58 147 102  -5.40x107° 1.11x107° 1.45x107°

HI6 (P, =2) 1-6 0.00763 (2.68) 2.00 1.01 0.8 1.97x107 6.30x107*  —6.60x107*

N 2-7 0.00821 (-4.72) 2.00 127 046  —1.00x107° 3.37x10°*  —8.50x107*

HI1-6 (P, =1.5) 1-6 0.00764 (2.55) 1.54 .50 077  -9.10x107° 9.55x107  —4.30x107°
1-5 0.00779 (0.64) 1.70 1.55 0 3.64x10%  —5.10x107* 0
H2-5 2-6 0.00760 (3.06) 078  0.72 0 —2.44x107° 2.42x107 0
3-7 0.00758 (3.32) 0.59 0.48 0 -2.62x1073 2.52x107 0
1-4 0.00767 (2.17) 2.00 1.93 0 4.09x107%  —4.70x107* 0
H24 (P, =2) 2-5 0.00751 (4.21) 2.00 1.95 0 -1.47x1073 1.51x107° 0
N 3-6 0.00787 (-0.38) 2.00 1.89 0 1.47x107°  -1.76x107° 0
4-7 0.00742 (5.36) 2.00 1.98 0 -3.18x10°° 3.14x107 0
1-4 0.00766 (2.29) 1.36 1.50 0 —4.50x107* 3.54x107* 0
H24 (P, =15) 2-5 0.00779 (0.64) 1.61 1.50 0 6.38x10*  —8.22x10™* 0
Mo 3-6 0.00785 (-0.13) 1.42 1.50 0 -1.56x107° 1.26x107° 0
4-7 0.00798 (~1.79) 1.57 1.50 0 2.98x107°  —3.49x107° 0
1-3 0.00756 (3.56) 1.70 1.50 0 -3.10x107* 3.42x107 0
H2:3 (P, =15, 2-4 0.00769 (1.98) 170 1.50 0 1.44x107*  —2.50x107* 0
B 3-5 0.00752 (4.06) 1.70 1.50 0 —6.60x107* 6.65x107* 0
Py =17, 4-6 0.00786 (-031) 170 150 0 74010 —1.15x107 0
r=1414) 5-7 0.00756 (3.61) 1.70 1.50 0 —4.00x107* 9.71x107° 0
6-8 0.00817 (=4.26) 1.70 1.50 0 277x107°  —3.94x107° 0
13,5 0.00761 (2.9) 1.70 1.50 0 -8.10x107° 6.26x107° 0
H2-3 (P, =15, 246 0.00763 (2.6) 170 1.50 0 -8.10x10°  2.79x107° 0
P,=17, r=2) 357 0.00769 (1.98) 1.70 1.50 0 4.88x10°  —2.10x107* 0
4,6,8 0.00776 (0.98) 1.70 1.50 0 3.01x10*  —6.20x10™* 0

continuously decrease with the refinement of A" :
3-7Y>(2-6)—>(1-5.H24 (P, =1.5) and H2-3
methods are easy to implement and provide reasonable
estimations of numerical and modeling errors.

(3) Convergence characteristics of P, and P,

Solutions from H2-4 (P, =2) shows that fixing
P, =2 could force the P, to be close to 2. This was
not observed using H1-6 (P, =2) where there is an
additional coupling error term. Based on H1-7 and
H2-5, P, iscloseto 1.6-1.7. P, converges towards
1.5 for the H1-7 method, which is also confirmed by
the H2-5 method. H2-5 shows that, both P, and P,
vary significantly with a variation of A*. Assuming a
pP,=15, ie, H2-3 (P, =15, P,=1.7), H2-4
(P, =1.5) and H1-6 (P, =1.5), provide reasonable
error estimations, in contrast to fixing Py = 2. This
suggests that to fix P, (or P, ) to its reasonable value
such as H2-3 methods could lead to concise but accurate
LES V&V methods for practical applications. Additio-
nally, the authors believe that Py; and Py are a function
of 4" and Reynolds number.

(4) Accuracy of S, for all methods

All the methods predicted S¢ value reasonably
well. The maximum errorin S, (5.4%DNS) and mi-

nimum error in S. (0.13%DNS) are given by
method H2-4 (P, =2) for Grids 4-7 and H2-4
(P, =1.5) for Grids 3-6, respectively. The conver-
gence characteristics of S, error will be discussed
later with RANS.

3.4 Comparison of LES and RANS methods

To test the feasibility of applying RANS method
for LES solutions, Fig. 5 compares the error in
S.[(DNS-S.)/DNSx100] using RANS method on
multiple grid triplets (» = 1.414 or 2) and with the S,
errors using LES methods. H2-5 shows that error
monotonically decreases when A" is systematically
refined. On the finest mesh G1, the error of S. pre-
dicted by H2-5 is only 0.6%DNS. RANS methods and
H2-3 tend to approach an S, error around
3-3.5%DNS. For the larger grid refinement ratio r,
S. error predicted by all H2-3 methods and RANS

method show monotonic convergence, whereas, for the
smaller r, they show oscillatory convergence with the

amplitude of the oscillation decreasing when A" is
refined. H2-4 with either fixed P, or fixed P, shows

the error in S, prediction around 2%. H2-4 with a
fixed P, (=2) shows an oscillatory convergence with

@ Springer



the amplitude of the oscillation decreasing when 4" is
refined, whereas, H2-4 with a fixed P, (=1.5) shows
a monotonic convergence.

It is noted that RANS method on relatively coarse
grids shows much larger error than H2-3 (46%DNS on
Grids 6, 7, 8). However, with the refinement of /4", the
difference becomes smaller until they are almost the
same after G3. This suggests that one could use
traditional RANS solution verification method (e.g., the
factor of safety method) to estimate S. in LES when

the mesh is fine enough. In this study, G3 resolves 81.6%

4k
a 2 b
8
kst
I '
[=" |
w !
g 2 |
= 1
E e W3@®-17R-1%r-1414)
4F e W3 BT 152
— o H24 (B=20, r-1414) .
—o—H24 (B-15, r-1414) |
6F - -= - H25, ro1414 |
— —a — RANS, r=1414 |
- - - RANS.r =2 \
_8 P A T T 1 Al o o g bl s a3 a
1 2 3 4 5 6
Grid number

Fig. 5 Comparison of RANS and LES error estimates for S

3.5 Convergence of numerical, modeling and total

errors for LES V&V methods

Figure 6 shows convergence characteristics of nu-
merical, modeling, and total errors for H2-3, H2-4, and
H2-5 with the refinement of 4*. Both H2-4 and H2-5
show that the modeling and numerical errors have
opposite signs. H2-5 shows a monotonic convergence in
terms of the individual error components and H2-4
shows an oscillatory convergence. For H2-3 with
r=1.414, numerical errors show oscillatory conver-
gence whereas H2-3 with »=2 shows monotonic
convergence, which is similar to the convergence
characteristics of S, error. Modeling errors have

almost the same magnitude as numerical errors and
behave in the same manner except with an opposite sign.
As a result of the cancellation of numerical and
modeling errors, the magnitude of the total error is much
smaller than either numerical or modeling error. The
total error in H2-3 again shows monotonic convergence
for =2 but oscillatory convergence to zero for r =

1.414.

3.6 Further evaluation of the proposed three-equation
method H2-3
The three-equation method (P, =1.5 and P, =

31

Errors
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Fig. 6 Numerical, modeling, and total errors for different LES
V&V methods

1.7 ) was further evaluated using contrived grid conver-
gence studies as shown in Table 3 including monotonic
convergence (MC), oscillatory convergence (OC),
oscillatory divergence (OD), and monotonic divergence
(MD). Fine, medium, and coarse grid solutions on each
grid triplet are just copied from LES on Grids 1, 2, and 3,
respectively, and one solution is varied to create the
desired convergence type except for MC1. For example,
the MDs are created by keeping the solutions on the
coarse and medium grids to be the same as LES but the
solution on the fine mesh was varied. The solutions that
are the same as LES are in bold faces in Table 3. For
MCI1-3, RANS method was also applied (not shown).
Overall the following features of the three-equation
method are observed:

(1) The three-equation method is robust as it can be
applied to any convergence type of LES whereas the
RANS method based on Richardson Extrapolation can
only be applied for monotonic convergence.

(2) For each convergence type, the three-equation
method reasonably predicts the increase of the error
magnitudes when the coarse grid solution is moving
farther away from the other two grid solutions for MC
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Table 3 Evaluation of three-equation method using contrived grid convergence studies

Fine Medium Coarse % Errorin S, Numerical error ~ Modeling error Total error
MCIl  0.0075943  0.0075799 0.0075259 5.49 ~3.081x107* 3.415x107* 3.347x107°
MC2  0.0075943 0.0075799 0.0075000 6.08 —-5.758x107* 6.566x107* 8.086x107°
MC3  0.0075943 0.0075799 0.0070000 17.50 —5.737x107 6.732x1073 9.947x107*
0oCl 0.0075799 0.0075943 0.0075259 7.63 -9.554x107* 1.146x1073 1.902x107*
0C2  0.0075650  0.0075943 0.0075259 8.66 —-1.215%x1073 1.473x107 2.581x107*
0OC3  0.0075400  0.0075943 0.0075259 10.39 ~1.649x107 2.020x107° 3.716x107
OD1  0.0075000  0.0075943 0.0075259 13.17 -2.343x107° 2.897x107° 5.532x107
OD2  0.0074000  0.0075943 0.0075259 20.09 —4.079x1073 5.087x107° 1.007x107>
OD3  0.0073000  0.0075943 0.0075259 27.02 —-5.816x107° 7.277x107° 1.461x107°
MD1  0.0076700  0.0075799 0.0075259 0.25 1.006x1073 ~-1316x107°  -3.102x107*
MD2  0.0078700  0.0075799 0.0075259 ~13.60 4.478x107 -5.697x107  —1.218x107°
MD3  0.0080000  0.0075799 0.0075259 -22.61 6.735x107° -8.544x107°  —1.809x107°

and when the fine grid solution is moving farther away
from the medium grid solution for OC, OD, and MD.

(3) Numerical and modeling errors predicted by
the three-equation method have similar magnitudes and
show opposite signs for all convergence types. All of
them shows negative numerical errors and positive mo-
deling errors except for MDs that show the opposite.

(4) For the three MC cases, numerical error pre-
dicted by RANS method decreases when the coarse grid
solution is moving away from the other two solutions.
This is due to the limitation of using Richardson
Extrapolation, which leads to the use of very large
factors of safety when P>1 to obtain a reasonable
uncertainty estimate!”). This problem was not observed
in the current three-equation method for LES V&V.

4. Conclusions and future directions

We first evaluated the general framework for solu-
tion verification of LES proposed by Xing'® using
periodic turbulent channel flow. The mean velocities
and turbulence statistics are reasonably predicted on the
finest grid.  Further, the friction velocity and Reynolds
stress predictions show monotonic convergence with the

refinement of 4*, and the three finest grids in the
present LES simulations resolved more than 80% of the
total turbulent kinetic energy. Main findings are summa-
rized as below:

(1) From the most sophisticated method H1-7
based on Hypothesis I, i.e., the one without assuming
any values for the seven unknowns, the coupling error is
at least one order of magnitude smaller than the nume-
rical/modeling errors, which suggests that Hypothesis II
is more feasible to apply as it requires much lower com-
putational costs. The seven-equation method and the
simplified six and five equations based on Hypothesis |
include non-linear equations that are difficult to solve.
Therefore, all the methods based on Hypothesis I are not
recommended.

(2) Based on Hypothesis II, H2-5 method shows a
monotonic convergence in predicting S.., has less stiff-

ness in the equations, and provides reasonable error esti-
mates without assuming P, and P, values. There-

fore, it is highly recommended.

(3) When H2-5 is too expensive due to limited
computational resource, one can apply the three-equa-
tion method H2-3 (P, =1.5 and P, =1.7).

(4) Contrived grid convergence study suggests that
H2-3 method is robust and can be used for monotonic
convergence, monotonic divergence, oscillatory conver-
gence and oscillatory divergence on a grid triplet.

(5) Almost all the LES V&V methods show that
the numerical and modeling errors have opposite signs,
which suggests error cancellation play a key role in
LES.

(6) To apply existing RANS method to evaluate Sc
in LES could lead to large errors on coarse meshes.
However, if the grid is fine enough to resolve more than
80% of the total turbulent kinetic energy, RANS method
likely predicts reasonable numerical benchmark as well.

Future work will include replicating the current
approach for different Reynolds numbers, turbulence
models, and numerical schemes. It is expected that after
applying the current LES approach to many other cases
that have DNS, one can elucidate P, and P, as a

function of the local spatial and temporal resolution and
Reynolds number, which have potential to derive more
accurate solution verification methods for LES. It
should be noted that the current approach based on
Hypothesis I may be called implicit de-coupling where
the coupling error is ignored but both numerical and
modeling errors must be changed simultaneously. An
alternative approach is to use explicit de-coupling for

explicitly filtered LES by fixing either A" or filter

width A and changing the other, which allows evalua-
tion of the numerical and modeling errors separately.
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