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Abstract
In this paper, the exact and explicit solution of free vibrations of Euler–Bernoulli beams supported by an arbitrary number 
of translational springs at arbitrary positions under variable boundary conditions is obtained by the proposed shape function 
method. The differential equation governing the vibration is formulated by incorporating the Dirac’s delta function and the 
frequency equation and mode shape function are solved by the variational iteration method and the Laplace transform. The 
highest order of the frequency equation is four, which is independent of the number of springs, making this method more 
efficient than solutions in the literature. A total of 49 possible cases of boundary conditions (pinned, clamped, free, sliding, 
translational spring, rotational spring, and combined translational-rotational) are accommodated by a system of four homoge-
neous equations, which can be conveniently programmed into a computer to solve engineering problems. The validity of the 
proposed solutions is justified by comparing with results from the literature. A parametric study is carried out to investigate 
the influences of weakened stiffness on the vibration frequencies. The solutions provided in this work is mathematically 
complete and may be used as benchmarks for future research. The derived frequency equation and mode shape function are 
potentially useful for solving the inverse problem, i.e., identifying weakened elastic supports, in a future study.

Keywords Laplace transform · Shape function · Frequency equation · Variational iteration method · Weakened elastic 
support

Introduction

In engineering practice, elastically supported Euler–Ber-
noulli beams find numerous applications, for example, in 
civil engineering, mechanical engineering, aeronautical 
engineering, and offshore engineering. The transverse vibra-
tions of beams play an important role in the dynamic analysis 
of structures. Because the development of the exact solutions 
for the natural frequencies and mode shapes is mathemati-
cally complex and is practically significant, the analysis of 
free vibration of multiple-elastically supported Euler–Ber-
noulli beams is an ongoing research topic. Although the 
standard analytical formulas of the frequency equation and 
the mode shape function for Euler–Bernoulli with simple 

boundary conditions are taught in the mainstream textbooks 
(Leissa and Qatu 2011; Rao 2019; Shabana 1991), the vibra-
tion analysis of multi-supported Euler–Bernoulli beam is 
not included, possibly due to the mathematical complexity 
caused by the intermediate elastic springs (Rončević et al. 
2019). The exact solutions play both an important theoretical 
role and a crucial practical role. For theoretical purposes, 
mathematical completeness is always an interesting issue. 
From the perspective of engineering practice, the exact solu-
tions make sensitivity analysis and optimization convenient 
and convincing as indicated by Banerjee (1999).

Besides, the dynamic responses of beams supported 
by an arbitrary number of translational elastic springs at 
arbitrary positions are fundamental problems of mechani-
cal analysis in various fields (Carta and Brun 2015; Con-
nolly et  al. 2015; Kukla 1991a, b; Munjal and Heckl 
1982; Romeo and Luongo 2002; Rončević et al. 2019), 
for instance, the vibration analysis of continuous beams 
in frame structures (Rončević et al. 2019), the dynamic 
responses of railway tracks (Connolly et al. 2015), and 
the vibrations of periodically supported panels excited by 
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sound propagation (Legault et al. 2011; Mead and Pujara 
1971). Moreover, the vibration analysis of the multi-sup-
ported beam plays a crucial role in studying the inverse 
problem, i.e., detection of weakened supports (Wang et al. 
2017). The frequency equation and the mode shape func-
tion derived in the analysis of vibrations of the multi-sup-
ported beam may be implemented to identify the damaged 
supports. Therefore, it is an interesting topic to find a gen-
eral and efficient method for analyzing the vibrations of 
beams with multiple intermediate supports.

There is much theoretical analysis on the vibrations of 
elastically supported beams and the investigations of Kukla 
et al. (Kukla 1991a, b) are some of the representative stud-
ies. Implementing Green’s functions (Abu-Hilal 2003; Kukla 
and Posiadala 1994; Kukla 1997; Mohamad 1994; Sun 
2001), Kukla (1991a, b) analyzed the vibration responses 
of beams with arbitrarily located intermediate translational 
elastic supports. However, in the study Kukla (1991a, b) 
only managed to present explicit and exact frequency 
equations and mode shape functions for one intermediate 
elastic support under three classical boundary conditions 
(pinned–pinned, sliding-sliding, and free-free) due to the 
cumbersome formulation and procedure of the Green’s func-
tion method for more than one translational elastic springs.

Recently, Rončević et al. (2019) investigated the vibra-
tion of an Euler–Bernoulli beam with multiple translational 
springs of different stiffness based on the work of Kukla 
(1991a, b). Implementing the Green’s function method, the 
natural frequencies, and mode shapes were obtained for 49 
different combinations of boundary conditions. According 
to Rončević et al. (2019), the 49 possible cases of bound-
ary combinations were yielded by combining each of these 
seven boundary conditions: pinned, fixed, sliding, free, 
translational spring, rotational spring, and combined trans-
lational-rotational spring.

However, there are two limitations in the Green’s func-
tion method of Kukla (1991a, b) and Rončević et al. (2019). 
First, the frequency equation and mode shape function are 
dependent on the number of the intermediate elastic springs. 
For a beam with N intermediate elastic springs, the order of 
the frequency equation is also N. When the number of the 
elastic springs increases, the computation of the frequencies 
becomes more computationally demanding. The proposed 
mode shape function by Rončević et al. (2019) is determined 
by N − 1 unknown coefficients, which becomes quite cum-
bersome when the number of the elastic springs increases. 
Second, the boundary conditions are not incorporated into a 
unified general form because the Green’s function (Rončević 
et al. 2019) has to consider the 49 possible combinations of 
boundary conditions case-by-case. For different combina-
tions of the boundary conditions, varied Green’s functions 
must be implemented. In the work of Rončević et al. (2019), 
a table was provided to list the 49 cases of Green’s functions 

corresponding to the 49 combinations of boundary condi-
tions, which is inconvenient for applications.

As a part of the ongoing research on vibrations of beams, 
the object of this work is to overcome the above-mentioned 
limitations of the study of Kukla (1991a, b) and Rončević 
et al. (2019). The shape function method is proposed to 
solve the free vibrations of the Euler–Bernoulli beams with 
an arbitrary number of intermediate elastic supports under 
arbitrary boundary conditions. This work has two contribu-
tions. First, the highest order of the frequency equation is 
four, which can accommodate an arbitrary number of inter-
mediate elastic supports. Second, the arbitrary boundary 
conditions could be handled by a system of four homoge-
neous equations by the proposed shape function method. 
The frequency equation and the mode shape function in this 
work are potentially useful for the detection of the weakened 
(damaged) translational elastic support (Wang et al. 2017) 
based on the frequency shift or the mode shape variation.

Governing equation of vibration

In this section, the fourth-order partial differential equation 
that governs the free transverse vibration of an Euler–Ber-
noulli beam with multiple translational supports is formu-
lated. The four conventional boundary conditions in Fig. 1, 
pinned–pinned (P-P), clamped–clamped (C–C), clamped-
free (C-F), and clamped-pinned (C-P), are for demonstra-
tion purpose and the general boundary conditions will be 
addressed in Sect. 4. In the figure, the number and locations 
of the translational springs are arbitrary, and the stiffness of 
each of the elastic supports is assumed to be constant. The 
total length of the beam is assumed to be L.

According to the Euler–Bernoulli beam theory, the gen-
eral differential equation governing (Kukla 1991a, b) the free 
transverse vibration of a beam regardless of the boundary 
conditions is given as

where y(x, t) is the transverse deflection of the beam at 
time t and spatial position x , I(x) and A(x) are the moment 
of inertia and area of the cross-section at spatial position 
x , respectively, and E(x) and �(x) are Young’s modulus and 
density of the beam at spatial position x , respectively, xi 
is the position of the ith elastic support, ki is the transla-
tional stiffness of the ith elastic support and Ns is the total 
number of elastic supports. In the present work, we assume 
the flexural stiffness and the mass per unit length of the 
Euler–Bernoulli beam are constants, i.e., E(x)I(x) = E0I0 
and �(x)A(x) = �0A0.

In Eq. (1),

(1)

�2

�x2

[
E(x)I(x)

�2y(x, t)

�x2

]
+ �(x)A(x)

�2y(x, t)

�t2
+

Ns∑
i=1

ki�(x − xi)y(x, t) = 0
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is the Dirac’s delta function, which is a generalized 
function, and H(x) is the Heaviside function.

In this paper, the Heaviside function is defined as

The Dirac’s delta function is different from the conven-
tional functions and has unique properties. In this paper, 
the following integration property is utilized.

where f (x) is a continuous function.
Assuming the solution y(x, t) can be expressed as the 

product of two functions Y(x) and W(t) , where Y(x) depends 
only on the spatial coordinate x and W(t) depends only on 
the time t  , since the free vibration is harmonic,

where Y(x) is the mode shape function to be solved from 
Eq. (6) and W(t) = eiwt is the harmonic part of the vibration, 
in which � is the circular frequency to be determined.

Substituting Eq. (5) into the equation of motion Eq. (1), 
and applying the method of separation of variables, the 

(2)�(x) =
dH(x)

dx

(3)H(x) =

{
1(x ≥ 0)

0(x < 0)

(4)∫
∞

−∞

�(x − a)f (x)dx = f (a)

(5)y(x, t) = Y(x)W(t)

following fourth-order ordinary differential equation is 
obtained

where the (iv) indicates taking the fourth derivatives with 
respect to x.

By introducing the non-dimensional coordinate � =
x

L
 and 

noticing that 0 ≤ � ≤ 1 (Caddemi et al. 2015), the following 
non-dimensional position parameter is defined

And the dimensionless mode shape function is defined as

After some algebraic operations, Eq.  (6) leads to the 
fourth-order differential equation in terms of the dimension-
less parameters

where � = 4

√
�2�0A0L

4

E0I0
 is the non-dimensional eigenvalue, 

and Ki =
kiL

3

E0I0
 denotes the dimensionless stiffness of the 

(6)E0I0Y
(iv)(x) − �2�0A0Y(x) +

Ns∑
i=1

ki�(x − xi)Y(x) = 0

(7)�i =
xi

L

(8)�(�) =
Y(�)

L

(9)�(iv)(�) − �4�(�) +

Ns∑
i=1

Ki�(� − �i)�(�) = 0

Fig. 1  A Euler–Bernoulli beam 
supported by multiple transla-
tional springs under different 
boundary conditions: a P–P, b 
C–C, c C-F, and d C-P
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translational elastic supports. The (iv) indicates taking the 
fourth derivatives with respect to �.

Based on the non-dimensional eigenvalue � , the circular 
vibration frequency can be obtained as

In the next two sections, Eq. (9) is solved first by the 
variational iteration method and then by the Laplace trans-
form, respectively. Then the exact and explicit solution is 
presented considering the general of boundary conditions.

Exact and explicit mode shape solution

The exact solution of the differential equation in Eq. (9) is 
solved by the variational iteration method and the Laplace 
transform method, based on which the exact and explicit 
frequency equation and mode shape function are derived 
in Sect. 5.

Exact solution by the variational iteration method

In this section, the powerful variational iteration method is 
applied to find the exact solution of the differential equa-
tion in Eq. (9). First proposed two decades ago by He (He 
1998a, b, 1999a, 2000, 2006, 1997; He et al. 2007), the vari-
ational method quickly finds many applications in various 
scientific fields (Abdou and Soliman 2005; Abulwafa et al. 
2006; Momani and Odibat 2006; Wazwaz 2007a, b, c, d, e, 
f, g, 2008), which can be applied to find the exact solution 
of linear and nonlinear differential equations.

Assuming a differential equation of the following form,

where L is the linear operator, N is the nonlinear operator, 
and f (�) is a function.

According to the technique of the variational iteration 
method, the iteration formula with a correction term can be 
expressed in the form of

where �(�;�, �) is the optimal generalized Lagrange’s multi-
plier and can be identified either as a constant or a function 
via the variational theory, and 

∼

�n is the restricted variation, 
i.e., �

∼

�n = 0(n = 0,1, 2,…) . In the general Lagrange’s mul-
tiplier, the letter � is the variable and �and� are parameters. 

(10)� =

√
�4E0I0

�0A0L
4

(11)L�(�) + N�(�) = f (�)

(12)

�n+1(�) = �n(�) + ∫
�

0

�(�;�, �)

[
L�n(�) + N

∼

�n(�) − f (�)

]
d�

In the paper, we denote this difference by separating � with 
the rest two letters with a semicolon.

To solve Eq. (9), the iterative expression with the correc-
tion functional and restricted terms according to the vari-
ational iteration method is constructed as below

Taking the variation with respect to �n on both sides gives

Solving for the optimal generalized Lagrange multiplier 
as a function of � and treating �and� as parameters, the opti-
mal generalized Lagrange multiplier is written as

where S3(� − �) is introduced in the next section by the 
Laplace transform.

Substituting � = S3(� − �) into the iteration expression 
in Eq. (13), and eliminating the restrictions results in the 
following iteration equation with the explicit generalized 
Lagrange multiplier for the modal shape function

Assuming the initial analytical solution has the form

where S0(�) , S1(�) , S2(�) and S3(�) are four functions to be 
defined in the last section.

Then the first approximation is obtained as

Applying the integration property of the Dirac’s delta 
function and substituting Eq. (17), we arrive at

in which,

(13)

�n+1(�) = �n(�) +
�∫
0

�(�;�, �)[�(iv)
n

(�) − �4�n(�)

+

Ns∑
i=1

Ki�(� − �i)
∼

�
n
(�)]d�

(14)

��n+1(�) = ��n(�) + �∫
�

0

[�(�;�, �)�(iv)
n

(�) − �(�;�, �)�4�n(�)]d�

(15)�(�;�, �) = S3(� − �)

(16)

�
n+1(�) = �

n
(�)

+ ∫
�

0

S
3
(� − �)

{
�(iv)
n

(�) − �4�
n
(�) +

N
s∑

i=1

K
i
�(� − �

i
)�

n
(�)

}
d�

(17)
�0(�) = �(0)S0(�) + ��(0)S1(�) + ���(0)S2(�) + ����(0)S3(�)

(18)�1(�) = �0(�) + ∫
�

0

S3(� − �)

Ns∑
i=1

Ki�(� − �i)�0(�)d�

(19)

�
1
(�) = �(0)S

0
(�) + ��(0)S

1
(�) + ���(0)S

2
(�)

+ ����(0)S
3
(�) −

∑N
s

i=1
K
i
S
3
(� − �

i
)�

0
(�

i
)H(� − �

i
)



1273Asian Journal of Civil Engineering (2020) 21:1269–1286 

1 3

It should be noticed that the deflection accompanying the ith 
translational elastic support at �i should be �1

(
�i
)
 in Eq. (19), 

instead of the approximate value �0

(
�i
)
 . Therefore, replacing 

�0

(
�i
)
 in Eq. (19) by �1

(
�i
)
 and removing the sub-index, the 

exact solution of the equation of motion is written as

To find the exact solution of the equation of motion in 
Eq.  (9), the optimal generalized Lagrange multiplier is 
first solved according to the theory of variational calculus. 
Then the iteration expression is constructed by removing 
the restriction on the nonlinear term in Eq. (12). It is worth 
mentioning that for linear problems after the optimal gener-
alized Lagrange multiplier is obtained, the exact solution of 
the differential equation concerned can be obtained in one 
iteration. In this work, one iteration is required to get the 
exact solution in Eq. (21).

Exact solution by the Laplace transform method

The analytical solution can also be obtained by the Laplace 
transform, which is a powerful tool for solving a differential 
equation with Dirac’s delta function.

Performing the forward Laplace transform L on Eq. (9), 
we arrive at

Or equivalently,

where Φ(s) is the Laplace transform of �(�) , s is the fre-
quency domain parameter, which is generally a complex 
number, and �(0),��

(0),�
��

(0) and ����

(0) are four unknown 
constants evaluated at � = 0 , which can be determined by 
imposing the boundary conditions of the problem. In fact, 
�(0),�

�

(0),�
��

(0) and ����

(0) are directly related to the deflec-
tion, slope, moment and shear force at � = 0 , respectively. It 
is worth noting that the technique for deriving Eq. (22) can 
be found in the reference (Zhao 2019).

(20)
�0

(
�i
)
= �(0)S0

(
�i
)
+ ��(0)S1

(
�i
)
+ ���(0)S2

(
�i
)
+ ����(0)S3

(
�i
)

(21)

�(�) = �(0)S0(�) + ��(0)S1(�) + ���(0)S2(�) + ����(0)S3(�)

−

Ns∑
i=1

KiS3
(
� − �i

)
�
(
�i
)
H
(
� − �i

)

(22)

s4Φ(s) − s3�(0) − s2��(0) − s���(0) − ���� − �4Φ(s)

+

Ns∑
i=1

Ki�
(
�i
)
e−s�i = 0

(23)

Φ(s) =

s3�(0) + s2�(0) + s���(0) + ����(0) −
Ns∑
i=1

Ki�
�
�i
�
e−s�i

s4 − �4

Defining the inverse Laplace transform of the terms in 
Eq. (23) as follows

where S0(�), S1(�), S2(�) and S3(�) are arbitrarily differenti-
able functions that are frequently utilized in the vibration 
analysis of Euler–Bernoulli beams under various boundary 
conditions. In this work, we name these four functions as 
the shape functions of the intact uniform Euler–Bernoulli 
beam, because the mode shape functions of the intact uni-
form beam can be completely determined with them when 
boundary conditions are given.

Performing the inverse Laplace transformation L−1 on 
Eq. (23), the exact modal shape function of the beam sup-
ported by multiple translational elastic supports at arbitrary 
positions is obtained

which is the same as the solution from the variational itera-
tion method in Eq. (21).

Exact and explicit solution

As can be seen from the mode shape solution in Eq. (28), 
the exact solution of the differential equation governing the 
vibration of the elastically supported beam is not explicit, 
since the deflections at each of the translational springs 
are unknown in the right-hand side. Therefore, additional 
manipulations are required to convert Eq.  (28) into the 
explicit form.

First, substituting � = �i into both sides of Eq. (28) gives

(24)L
−1

{
s3

s4 − �4

}
=

cos(��) + cosh(��)

2

def

= S0(�)

(25)L
−1

{
s2

s4 − �4

}
=

sin(��) + sinh(��)

2�

def

= S1(�)

(26)L
−1

{
s

s4 − �4

}
=

cosh(��) − cos(��)

2�2

def

= S2(�)

(27)L
−1

{
1

s4 − �4

}
=

sinh(��) − sin(��)

2�3

def

= S3(�)

(28)

�(�) = �(0)S0(�) + ��(0)S1(�) + ���(0)S2(�) + ����(0)S3(�)

−

Ns∑
i=1

KiS3
(
� − �i

)
�
(
�i
)
H
(
� − �i

)

(29)

�
(
�
i

)
+

N
s∑

j=1,i≠j
K
j
S
3

(
�
i
− �

j

)
�
(
�
j

)
H
(
�
i
− �

j

)

= �(0)S
0

(
�
i

)
+ �

�

(0)S
1

(
�
i

)
+ �

� �

(0)S
2

(
�
i

)
+ �

� � �

(0)S
3

(
�
i

)
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Rewriting the above equation into a compact form yields,

where Ω is a square non-singular lower-triangle matrix of 
the size Ns × Ns , � = [�

(
�1
)
,�

(
�2
)
, ...,�

(
�Ns

)
]
T is a column 

vector of size Ns × 1 and � = [�
(
�1
)
,�

(
�2
)
, ...,�

(
�Ns

)
]
T is a 

column vector of size Ns × 1 and the superscript T  indicates 
transpose of the vector.

In element form,

Equation (31) indicates that the matrix Ω is a matrix of 
scalars, provided that the location and the stiffness of the 
translational elastic supports are known.

Then the deflection at each of the ith elastic support can 
be obtained as

Defining

and

Then in element form and adopting the Einstein conven-
tion, we obtain the deflection of the beam at each of the 
translations supports as

Substituting the obtained deflection at �i into the mode 
shape function in Eq. (28), the exact mode shape is obtained 
as

(30)�� = �

(31)Ωij =

{
1

KjS3
(
�i − �j

)
H
(
�i − �j

) if i = j

if i ≠ j

(32)� = Ω−1�

(33)�i = �
(
�i
)

(34)
�i = �(0)S0

(
�i
)
+ �

�

(0)S1
(
�i
)
+ �

��

(0)S2
(
�i
)
+ �

���

(0)S3
(
�i
)

(35)�i = Ω−1
ij
�j

(36)

�(�) = �(0)S
0
(�) + �

�

(0)S
1
(�) + �

��

(0)S
2
(�)

+ �
���

(0)S
3
(�) −

N
s∑

i=1

K
i
S
3

(
� − �

i

)
Ω−1

ij
�
j
H
(
� − �

i

)

Collecting the terms by the constant coefficients 
�(0),�

�

(0),�
��

(0) and ����

(0) , respectively, yields the exact 
solution of the mode shape function below,

As suggested by the exact explicit solution in Eq. (37), the 
exact explicit mode shape solution of the multi-supported 
Euler–Bernoulli beam is completely determined by the 
unknown constants �(0),��

(0),�
��

(0) and ����

(0) regardless 
of the number and location of the translational elastic sup-
ports, assuming the position and the stiffness parameters of 
the elastic supports are known.

Boundary conditions

The non-conventional boundary conditions (Rončević et al. 
2019) of a beam (see Fig. 2) with translational and rotational 
elastic supports at the two ends ( x = 0orL ) can be written as

where Q and M are the shear force and moment, respectively, 
k0t, k0r, kLtandkLr are the translational and rotational stiffness 
of the spring at x = 0 and x = L , respectively. By specifying 
the stiffness level, a wide range of boundary conditions can 
be represented.

(37)

�(�) = �(0)[S
0
(�) −

N
s∑

i=1

K
i
S
3

(
� − �

i

)
Ω−1

ij
S
0

(
�
j

)
H
(
� − �

i

)
]

+ �
�

(0)[S
1
(�) −

N
s∑

i=1

K
i
S
3

(
� − �

i

)
Ω−1

ij
S
1

(
�
j

)
H
(
� − �

i

)
]

+ �
� �

(0)[S
2
(�) −

N
s∑

i=1

K
i
S
3

(
� − �

i

)
Ω−1

ij
S
2

(
�
j

)
H
(
� − �

i

)
]

+ �
� � �

(0)[S
3
(�) −

N
s∑

i=1

K
i
S
3

(
� − �

i

)
Ω−1

ij
S
3

(
�
j

)
H
(
� − �

i

)

(38)Q(0, t) = −k0ty(0, t)

(39)M(0, t) = k0ry
�

(0, t)

(40)Q(L, t) = kLty(L, t)

(41)M(L, t) = −kLry
�

(L, t)

Fig. 2  A beam with interme-
diate elastic supports with 
variable translational-rotational 
boundary conditions

 
k0t

k0r
k1 k2 kNs

kLt
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The shear force and the bending moment in the Euler–Ber-
noulli beam are defined as

And the sign convention for the shear force and bending 
moment adopted in this paper is: the positive shear force 
rotates the beam segment clockwise and the positive bending 
moment stretches the bottom fiber of the beam.

In terms of the non-dimensional coordinate ( � = 0or1 ), 
the general boundary conditions can be rewritten as

where K0t =
k0tL

3

E0I0
,K0r =

k0rL

E0I0
,K1t =

kLtL
3

E0I0
, andK1r =

kLrL

E0I0
 . In 

this work, the 0 and 1 in the sub-indices of the non-dimen-
sional spring stiffness K0t , K0r , K1t , and K1r indicate the left 
end and the right end supports, respectively; while the letter 
t and r indicate the translational and rotational elastic sup-
ports, respectively.

Specifically, the classical boundary conditions for 
the pinned support, clamped support, free end and slid-
ing restraint in terms of the non-dimensional coordinate 
( � = 0or1 ) are presented below

where the primes indicate taking derivatives with respect to 
the non-dimensional coordinate �.

(42)Q(x, t) = E0I0y
���(x, t)

(43)M(x, t) = E0I0y
��(x, t)

(44)����(0) = −K0t�(0)

(45)���(0) = K0r�
�

(0)

(46)����(1) = K1t�(1)

(47)���(1) = −K1r�
�

(1)

(48)Pinned ∶ � = 0 and ��� = 0

(49)Clamped ∶ � = 0 and �
�

= 0

(50)Free end ∶ ��� = 0 and ���� = 0

(51)Sliding restraint ∶ �
�

= 0 and ���� = 0

Frequency equation and mode shape 
function

In this section, the general form of the frequency equation 
and the mode shape function for the general boundary condi-
tions are presented.

Based on the exact explicit mode shape solution in 
Eq. (37), it is observed that the mode shape of the beam 
with multiple translational elastic supports takes the form of

where Ψ0(�) , Ψ1(�) , Ψ2(�) and Ψ3(�) are four functions 
in terms of the non-dimensional coordinate � . The func-
tions Ψj(�)(j = 0, 1, 2and3) are linearly independent and 
serves as the basic set of solutions of the mode shapes. 
When there is no intermediate translational elastic support, 
Ψj(�) = Sj(�)(j = 0, 1, 2and3) . In explicit forms, they are 
written as

In this work, we call the above four functions the shape 
functions of the Euler–Bernoulli beam with multiple trans-
lational elastic supports, which is a modification of the 
shapes functions of the uniform Euler–Bernoulli beams 
without translational springs.

Substituting the general translational and rotational 
boundary conditions in Eqs. (44)–(47) and considering 
the mode shape function in Eq. (52), a system of four lin-
ear homogeneous equations in terms of the four constants 
�(0),�

�

(0),�
��

(0) and ����

(0) are yielded

(52)
�(�) = �(0)Ψ0(�) + �

�

(0)Ψ1(�) + ���(0)Ψ2(�) + ����(0)Ψ3(�)

(53)Ψ0(�) = S0(�) −

Ns∑
i=1

KiS3
(
� − �i

)
Ω−1

ij
S0
(
�j
)
H
(
� − �i

)

(54)Ψ1(�) = S1(�) −

Ns∑
i=1

KiS3
(
� − �i

)
Ω−1

ij
S1
(
�j
)
H
(
� − �i

)

(55)Ψ2(�) = S2(�) −

Ns∑
i=1

KiS3
(
� − �i

)
Ω−1

ij
S2
(
�j
)
H
(
� − �i

)

(56)Ψ3(�) = S3(�) −

Ns∑
i=1

KiS3
(
� − �i

)
Ω−1

ij
S3
(
�j
)
H
(
� − �i

)
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From linear algebra theory, to achieve a non-trivial 
solution, the determinant of the coefficient matrix must 
be zero. Setting the determinant of the square matrix in 
Eq. (57) equal to zero leads to the frequency equation of a 
beam with elastic supports at the ends:

As suggested by Eqs. (48) and (58), the exact explicit 
mode shape solution of the multi-supported Euler–Ber-
noulli beam is completely determined by four unknown 
constants �(0),��

(0),�
��

(0) and ����

(0) regardless of the 
boundary conditions, assuming the positions and the 
stiffness parameters of the elastic supports are known. 
Besides, considering the combination of the boundary 
conditions, the highest rank of the coefficient matrix in 
Eq. (57) is four, making the proposed method more com-
putationally efficient when the number of elastic supports 
is large.

In the work of Rončević et al. (2019), a total of 49 cases 
of combinations of boundary condition is tabulated, whereas 
in the represent investigation they were accommodated by a 
system of four homogeneous equations in Eq. (57). The com-
putational efficiency and practical convenience are obvious. As 
can be seen from the above equations, the proposed solution is 
consistent for all boundary conditions and is more convenient 
to apply, compared with the Green’s function method (Kukla 
1991a, b; Rončević et al. 2019).

It is worth noting that the general equation in Eq. (57) can 
be further simplified for the conventional boundary condi-
tions. In this study, we also present the mode shapes and 
frequency equations of four frequently encountered bound-
ary conditions in civil engineering, namely, pinned on both 
ends, clamped on both ends, clamped at � = 0 and free at 
� = 1 , and clamped at � = 0 and pinned at � = 1 . The cor-
responding frequency equation and mode shape function are 
given below.

Case I: pinned–pinned (P-P).
The frequency equation is

(57)
⎡
⎢⎢⎢⎣

Ψ���
0
(0) + K0t

Ψ��
0
(0)

Ψ���
0
(1) − Ψ0(1)K1t

Ψ��
0
(1) + Ψ�

0
(1)K1r

Ψ���
1
(0)

Ψ��
1
(0) − K0r

Ψ���
1
(1) − Ψ1(1)K1t

Ψ��
1
(1) + Ψ�

1
(1)K1r

Ψ���
2
(0)

Ψ��
2
(0)

Ψ���
2
(1) − Ψ2(1)K1t

Ψ��
2
(1) + Ψ�

2
(1)K1r

Ψ���
3
(0)

Ψ��
3
(0)

Ψ���
3
(1) − Ψ3(1)K1t

Ψ��
3
(1) + Ψ�

3
(1)K1r

⎤
⎥⎥⎥⎦

⎛
⎜⎜⎝

�(0)

��(0)
���(0)

����(0)

⎞
⎟⎟⎠
=

⎛
⎜⎜⎜⎝

0

0

0

0

⎞
⎟⎟⎟⎠

(58)

|||||||||

Ψ���
0
(0) + K0t

Ψ��
0
(0)

Ψ���
0
(1) − Ψ0(1)K1t

Ψ��
0
(1) + Ψ

�

0
(1)K1r

Ψ���
1
(0)

Ψ��
1
(0) − K0r

Ψ���
1
(1) − Ψ1(1)K1t

Ψ��
1
(1) + Ψ

�

1
(1)K1r

Ψ���
2
(0)

Ψ��
2
(0)

Ψ���
2
(1) − Ψ2(1)K1t

Ψ��
2
(1) + Ψ

�

2
(1)K1r

Ψ���
3
(0)

Ψ��
3
(0)

Ψ���
3
(1) − Ψ3(1)K1t

Ψ��
3
(1) + Ψ

�

3
(1)K1r

|||||||||
= 0

The mode shape is written as

Case II: clamped–clamped (C-C).
The frequency equation is

The mode shape is written as

Case III: clamped-free (C-F).
The frequency equation is

The mode shape is written as

Case IV: clamped-pinned (C-P).
The frequency equation is

The mode shape is written as

For most of the classical boundary conditions, the order 
of the frequency equation is two, as is demonstrated in the 
above four cases.

(59)
|||||
Ψ1(1) Ψ3(1)

Ψ��
1
(1) Ψ��

3
(1)

|||||
= 0

(60)�(�) = �
�

(0)Ψ1(�) + ����(0)Ψ3(�)

(61)
|||||
Ψ2(1) Ψ3(1)

Ψ
�

2
(1) Ψ

�

3
(1)

|||||
= 0

(62)�(�) = ���(0)Ψ2(�) + ����(0)Ψ3(�)

(63)
|||||
Ψ��

2
(1) Ψ��

3
(1)

Ψ���
2
(1) Ψ���

3
(1)

|||||
= 0

(64)�(�) = ���(0)Ψ2(�) + ����(0)Ψ3(�)

(65)
|||||
Ψ2(1) Ψ3(1)

Ψ��
2
(1) Ψ��

3
(1)

|||||
= 0

(66)�(�) = ���(0)Ψ2(�) + ����(0)Ψ3(�)
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Illustrating examples

Example 1: double springs

The clamped beam with two intermediate elastic supports 
and a translational-rotational support in Fig. 3 is studied and 
demonstrated in this example, which was also investigated 
by Rončević et al. (2019). The two intermediate springs are 
located at �1 = 0.6 and �2 = 0.8 , respectively. The left end 

of the beam is clamped, and the right end is supported by 
a translational spring ( K1t ) and a rotational spring ( K1r ). 
The magnitudes of the two intermediate elastic supports are 
K1 = 233.429 and K2 = 2K1 , respectively.

Applying the frequency equation in Eq. (58), the first 
three non-dimensional natural frequencies corresponding to 
all seven different combinations of boundary conditions at 
the right end are tabulated in Table 1. The frequencies by 
the Green’s functions method Rončević et al. (2019) are also 

Fig. 3  A clamped beam with 
double intermediate elastic 
springs and a translational-
rotational support

K2

1

K1t

K1r

K1

0.6
0.8

Table 1  Non-dimensional 
frequency comparison between 
the proposed shape function 
method (SFM) and the Green’s 
function method (GFM) 
in the literature for seven 
combinations of B.C.s

Mode 
number

Label Boundary conditions (left end–right end) Non-dimensional frequency

SFM GFM (Rončević 
et al. (2019))

Error (%)

1 (a) Clamped–clamped ( K
1t
= K

1r
= ∞) 5.676232 5.6762 5.684E−04

(b) Clamped-pinned ( K
1t
= ∞,K

1r
= 0) 5.606247 5.6062 8.352E−04

(c) Clamped-sliding ( K
1t
= 0,K

1r
= ∞) 5.660353 5.6604 8.249E−04

(d) Clamped-free ( K
1t
= 0,K

1r
= 0) 5.196692 5.1967 1.546E−04

(e) Clamped-translational spring
(K

1t
= 233,K

1r
= 0)

5.595073 5.5951 4.869E−04

(f) Clamped-rotational spring
(K

1t
= 0,K

1r
= 15)

5.650446 5.6504 8.082E−04

(g) Clamped-elastic support
(K

1t
= 233,K

1r
= 15)

5.650872 5.6509 4.966E−04

2 (a) Clamped–clamped ( K
1t
= K

1r
= ∞) 8.327469 8.3275 3.757E−04

(b) Clamped-pinned ( K
1t
= ∞,K

1r
= 0) 7.769047 7.7690 6.069E−04

(c) Clamped-sliding ( K
1t
= 0,K

1r
= ∞) 6.151873 6.1519 4.352E−04

(d) Clamped-free ( K
1t
= 0,K

1r
= 0) 5.694131 5.6941 5.499E−04

(e) Clamped-translational spring
(K

1t
= 233,K

1r
= 0)

7.045574 7.0469 1.882E−02

(f) Clamped-rotational spring
(K

1t
= 0,K

1r
= 15)

5.979877 5.9799 3.785E−04

(g) Clamped-elastic support
(K

1t
= 233,K

1r
= 15)

7.050699 7.0507 1.986E−05

3 (a) Clamped–clamped ( K
1t
= K

1r
= ∞) 11.203982 11.2040 1.576E−04

(b) Clamped-pinned ( K
1t
= ∞,K

1r
= 0) 10.453509 10.4535 8.233E−05

(c) Clamped-sliding ( K
1t
= 0,K

1r
= ∞) 8.824779 8.8248 2.325E−04

(d) Clamped-free ( K
1t
= 0,K

1r
= 0) 8.174211 8.1742 1.318E−04

(e) Clamped-translational spring
(K

1t
= 233,K

1r
= 0)

8.564996 8.5659 1.055E−02

(f) Clamped-rotational spring
(K

1t
= 0,K

1r
= 15)

8.631283 8.6313 1.972E−04

(g) Clamped-elastic support
(K

1t
= 233,K

1r
= 15)

8.868405 8.8684 6.189E−05
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presented in the table, together with the percentage error. 
It is observed in Table 1 that very encouraging agreement 
between the shape function method and the Green’s function 
method is achieved. Besides, the normalized mode shapes 
of the first three modes by both the shape function method 
in Eq. (52) and the Green’s function method are graphed in 
Fig. 4, and excellent agreement between the two methods are 
obtained, justifying the validity of the shape function method.

Example 2: 100 springs

It is known that when the number of the elastic supports 
is sufficiently large (100), the frequencies and the mode 
shapes of the beam in Fig. 5 are approaching that of the 
pinned–pinned beam on an elastic foundation with equiv-
alent stiffness Kf  as shown Fig. 6, respectively. In this 
example, the beam with 100 intermediate elastic supports 

Fig. 4  The first three mode shapes by the shape function method (━: 
first mode; ━ ━: Second mode; ━•: third mode) and the Green’s 
function method (Rončević et  al. 2019) (❋: first mode; square: sec-

ond mode; star: third mode) for a beam with a K
1t
= K

1r
= ∞ , 

b K
1t
= ∞,K

1r
= 0 , c K

1t
= 0,K

1r
= ∞ , d K

1t
= K

1r
= 0 , e 

K
1t
= 233,K

1r
= 0 , f K

1t
= 0,K

1r
= 15 , and g K

1t
= 233,K

1r
= 15
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Fig. 4  (continued)

Fig. 5  A pinned–pinned beam 
with 100 intermediate elastic 
supports

...

K1 K2 K3 K96 K97 K98 K99 K100

Fig. 6  A pinned–pinned beam 
on an elastic foundation

Elastic foundation Kf
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in Fig. 5 is investigated to show that the proposed method 
could accommodate a large number of elastic supports.

The governing equation of vibration of a beam on an elas-
tic foundation is formulated as

the solution of which can be obtained by the Laplace 
transform method as presented in Sect. 3.2.

It is noticed that

where Ki is the stiffness of each elastic support (Fig. 5), Δ 
is the space between the elastic supports as shown in Fig. 5, 
assuming the stiffness of the elastic foundation Kf  is given.

(67)�(iv)(�) − (�4 − Kf )�(�) = 0

(68)Ki = KfΔ(i = 1,2, ..., 100)

Applying Eq. (59), the first three vibration frequen-
cies of the beam with 100 intermediate elastic supports 
in Fig. 5, and the vibration frequency of the beam on an 
elastic foundation (see Fig. 6) are tabulated in Table 2, 
together with the percentage error. The typical normalized 
vibration mode shapes for the beam with 100 intermedi-
ate elastic springs by the shape function method and the 
solution of the beam on an elastic foundation is graphed 
in Fig. 7.

It is observed in Table 2 and Fig. 7 that the frequency 
responses and mode shapes of the proposed shape function 
method are in excellent agreement with the solution of 
the vibration of a beam on an elastic foundation, justify-
ing that the shape function method could handle a large 
number of elastic supports.

Table 2  Non-dimensional 
frequency comparison between 
a pinned–pinned beam with 100 
intermediate elastic supports 
and a pinned–pinned beam 
on an elastic foundation with 
equivalent stiffness

Method Foundation stiffness Mode no

1 2 3

Shape function method K
f
= 10 3.219291 6.293240 9.427763

K
f
= 10

2 3.748364 6.381633 9.454500

K
f
= 10

3 5.755620 7.112107 9.710176

K
f
= 10

4 10.024263 10.368735 11.565207

K
f
= 10

517.787117 17.851675 18.123635
Elastic foundation K

f
= 10 3.219291 6.293240 9.427763

K
f
= 10

2 3.748364 6.381633 9.454500

K
f
= 10

3 5.755620 7.112107 9.710176

K
f
= 10

4 10.024264 10.368736 11.565207

K
f
= 10

517.787123 17.851681 18.123640
Error (%) K

f
= 10 5.429E-10 1.915E-09 2.217E-09

K
f
= 10

2 1.700E-08 5.015E-09 1.636E-09

K
f
= 10

3 3.002E-07 1.246E-07 3.891E-08

K
f
= 10

4 3.300E-06 2.892E-06 1.876E-06

K
f
= 10

5 3.334E-05 3.289E-05 3.100E-05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1

-0.5

0

0.5

1

Fig. 7  The first three mode shapes by the shape function method for 
a pinned–pinned beam with 100 intermediate springs (━: first mode; 
━ ━: Second mode; ━ •: third mode) and the mode shapes of a 

pinned–pinned beam on an elastic foundation (❋: first mode; square: 
second mode; star: third mode)
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Parametric study

In this section, the influences of two parameters, i.e., the 
spring position and the magnitude of spring stiffness, on 
the frequency responses of a beam with an intermediate 
elastic support are demonstrated and the four cases of 
boundary conditions in Fig. 8 are considered. Applying the 
frequency equations for the conventional boundary con-
ditions in Eqs. (59), (61), (63), and (65), the non-dimen-
sional frequency responses of the beam corresponding to 
the different positions of the spring � under the P–P, C–C, 
C-F, and C-P boundary conditions are shown in Figs. 9, 
10, 11 and 12, respectively. This parametric study is 
intended to show that there is a strong link between the 
frequency change and the weakening of the stiffness of the 
intermediate translational support, which may be useful 
for the inverse problem, i.e., weakened supports detection.

The following key observations are made based on 
Figs. 9, 10, 11 and 12. First, when the stiffness of the elastic 
support decreases from K = 104 to 10, the first four natural 
frequencies drop considerably for the four combinations of 
boundary conditions, suggesting that there is a strong link 
between the spring stiffness and the frequency change.

Second, along the beam, the frequency responses of the 
lower modes (first and second) are relatively sensitive to 
the weak stiffness ( K < 5000) for all four cases of conven-
tional boundary conditions and the higher modes (third and 
fourth) are relatively sensitive to strong stiffness ( K > 5000). 
This observation can be applied to the inverse problem to 

identify the stiffness of the elastic support if the frequencies 
are obtained. For instance, to detect the damaged supports 
with high residual elastic stiffness, the higher modes (third 
and fourth) should be utilized while the lower modes (first 
and second) should be implemented to identify the supports 
with low residual stiffness. As far as the first mode is con-
cerned, it should be pointed out that the spring position of 
the maximum frequency drop is influenced by the boundary 
conditions. For the P-P beam and the C–C beam, the maxi-
mum frequency drop for the first mode occurs at the middle-
point of the beam. For the C-F beam and the C-P beam, 
the maximum frequency drops are achieved at � = 0.78 and 
� = 0.56 , respectively.

Third, when the stiffness of the elastic support decreases, 
the vibration frequency of the beam also decreases. How-
ever, for a beam with the same boundary conditions, the 
different modes are separated by the asymptotic lines. This 
indicates that when the stiffness of the elastic support is 
decreased to zero the frequency will infinitely approach the 
frequency of the immediate lower mode with an elastic sup-
port of infinite stiffness, as suggested in Figs. 9, 10, 11 and 
12.

Besides, it is also noticed that for the clamped-free beam 
(Fig. 11) when the spring is located close to the right end 
( �=1) and the increasing the spring stiffness to infinity, the 
frequencies for all four modes are approaching to the corre-
sponding frequencies of the clamped-pinned beam (Fig. 12) 
with no elastic support, suggesting that the conventional 

Fig. 8  A beam with an interme-
diate translational support under 
different boundary conditions 
(Up-down: P–P, C–C, C-F, and 
C-P)

K

K

K

K
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pinned boundary condition can be simulated by the elastic 
support with infinite stiffness.

Conclusion

Vibrations of Euler–Bernoulli beams with multiple 
translational elastic supports are of theoretical and 
practical importance. In this paper, the problem of 

free vibrations of beams supported by multiple trans-
lational elastic supports under the elastic boundary 
conditions is solved. The locations and the stiffnesses 
of the intermediate supports are arbitrary. The Dirac’s 
delta function is introduced to formulate the equation 
of motion, which is solved by the variational iteration 
method and the Laplace transform method. Four novel 
shape functions are introduced, based on which the exact 
and explicit solutions of the characteristic frequencies 

Fig. 9  Non-dimensional 
frequency responses versus the 
spring position for varied spring 
stiffness under P-P boundary 
conditions
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and mode shapes for the general boundary conditions 
are obtained. The derived solution is verified with the 
Green’s function method in the literature and encourag-
ing agreements are demonstrated.

The resulted mode shape function is completely deter-
mined by four shape functions and four constants, the 
latter of which can be determined by considering the 
boundary conditions. Both the frequency equation and the 

mode shape function could accommodate all 49 possible 
boundary conditions in the literature in one consistent 
form. The parametric study shows that the weakening of 
elastic supports is reflected by the vibration frequencies 
and suggests that it is applicable to identify the stiffness 
of the elastic support based on the frequency responses 
of the beam. Two main contributions are made in this 
work. First, the highest order of the frequency equation 

Fig. 10  Non-dimensional 
frequency responses versus the 
spring position for varied spring 
stiffness under C–C boundary 
conditions
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is four for an arbitrary number of elastic spring supports 
and arbitrary boundary conditions, which is independent 
of the number of elastic supports. Second, a much more 
compact and efficient solution is presented to incorpo-
rate all 49 possible cases of combinations of boundary 
conditions in the literature. Compared with the methods 

in the literature, the present paper is more efficient and 
convenient to implement. This paper mainly deals with 
the forward problem (vibration analysis) and is potentially 
useful for attacking the inverse problem, i.e., detection of 
the weakened supports.

Fig. 11  Non-dimensional 
frequency responses versus the 
spring position for varied spring 
stiffness under C-F boundary 
conditions
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